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Abstract

This article examines large-time behaviour of finite-state mean-field interacting particle
systems. Our first main result is a sharp estimate (in the exponential scale) of the time
required for convergence of the empirical measure process of the N-particle system to
its invariant measure; we show that when time is of the order exp{NA} for a suitable
constant A > 0, the process has mixed well and it is close to its invariant measure. We
then obtain large-N asymptotics of the second-largest eigenvalue of the generator associ-
ated with the empirical measure process when it is reversible with respect to its invariant
measure. We show that its absolute value scales as exp{—NA}. The main tools used in
establishing our results are the large deviation properties of the empirical measure pro-
cess from its large-N limit. As an application of the study of large-time behaviour, we
also show convergence of the empirical measure of the system of particles to a global
minimum of a certain ‘entropy’ function when particles are added over time in a con-
trolled fashion. The controlled addition of particles is analogous to the cooling schedule
associated with the search for a global minimum of a function using the simulated
annealing algorithm.
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1. Introduction

In this paper, we study large-time behaviour and the second eigenvalue problem for
Markovian mean-field interacting particle systems with jumps. Our motivation is to provide
an understanding of metastable phenomena in engineered systems such as load balancing
networks [1, 2, 37, 36, 24] and wireless local area networks [7, 6, 11, 28, 41, 8], and in nat-
ural systems involving grammar acquisition, sexual evolution [40, 39], and epidemic spread
[29, 3], to name a few. These systems are briefly described in Section 1.4.

Before we discuss our main contributions, let us describe the setting of our mean-field
interacting particle system.
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1.1. The setting
Let there be N particles. Each particle has a state associated with it which comes from

a finite set Z; the state of the nth particle at time 7 is denoted by X (¢) € Z. The empirical
measure of the system of particles at time ¢ is defined by

N
1
@)= 5 Y Sx € Mi(2),

n=1

where 8. denotes the Dirac measure on Z. Here, M|(Z) denotes the space of probability mea-
sures on Z equipped with the total variation metric (which generates the topology of weak
convergence on M(Z)). Each particle has a set of allowed transitions; to define this, let (Z, &)
be a directed graph with the interpretation that whenever (z, 7') € £, a particle in state z is
allowed to move from z to 7. To specify the interaction among the particles and the evo-
lution of the states of the particles over time, for each (z, 7') € £, we are given a function
Azt M1(Z2) — [0, 00). We consider the generator W acting on functions f on ZV by

N

W)=Y X hag@)(r(8) -16)

here

N
— 1
z :NZ(SZ” eM|(Z)

denotes the empirical measure associated with the configuration z"¥ € ZV, and

N
z /
N,2n,2,

denotes the resultant configuration of the particles when the nth particle changes its state from
7y 10 2,
We make the following assumptions on the model:

(A1) The graph (Z, £) is irreducible.

(A2) The functions A, »(-), (z,Z) € €, are Lipschitz continuous on M;(Z), and there exist
positive constants ¢, C such that ¢ < A, y(§) < C for all (z, Z’) € € and all £ € M (2).

Let D([O, 00), ZN ) denote the space of ZN _valued functions on [0, co) that are right-
continuous with left limits (cadlag), equipped with the Skorokhod J; topology (see
[19, Chapter 3]). Since the transition rates are bounded (by Assumption (A2)), the
D([0, 00), ZV)-valued martingale problem for W is well posed (see [19, Exercise 15,
Section 4.1]); therefore, given an initial configuration of the particles (X,IIV 0),1<n< N) €
ZN_ we have a Markov process ((XnN n,1<n< N), t> 0) whose sample paths are elements
of D([O, 00), ZN ) To describe the process in words, a particle in state z at time ¢ moves to
state Z’ at rate A, y(uy(7)) independent of everything else; i.e., the evolution of the state of a
particle depends on the states of the other particles via the empirical measure of the states of all
the particles, hence the name mean-field interaction. Note that the empirical measure process
(un(1), t = 0) is also a Markov process with state space MjlV (Z), which is the set of elements of
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M;(Z) that can arise as empirical measures of N-particle configurations on ZV. Its generator
LY acting on functions f on MY (Z) is given by

Npey — , Sz %z _
Lf(é)—(Z%;gNs(mz,z ) [f (s+ N N) f(é)]

Since uy is a Markov process on a finite state space, and since the graph (Z, £) of allowed
particle transitions is irreducible (Assumption (A1)), there exists a unique invariant probability
measure for py, which we denote by gp. Also, let P, denote the law of (uy(?), t > 0) with
initial condition uy(0)=v € MIIV(Z) (i.e., the solution to the D([0, c0), M(Z))-valued mar-
tingale problem for IN with initial condition v € Mllv (2)), and let E,, denote integration with
respect to IP,,; in both P, and [E,, we suppress the dependence on N for greater readability.

1.2. Main results

Let us now discuss the main results of the paper. All our results are established under
Assumptions (A1) and (A2) on the particle system, and a further assumption (B1) on the
structure of the large-time behaviour of the ordinary differential equation (ODE) (1.1) (see
Section 3).

1.2.1. Convergence to the invariant measure. Our first main result is on the time required
for the process wy to equilibrate. This time grows at an exponential rate with the number
of particles NV, where the rate is the constant A > 0 which will be defined in (3.6).

Theorem 1.1. Given § > 0 there exist € > 0 and Ny > 1 such that, with T = exp{N(A + 3)},

sup  |Eu(f(un(T) — {f, on)| < |1 flloo exp{— exp(Ne)}
veMY(Z)

for all N > Ny and all bounded Borel-measurable functions f on M1(2).

The result says that when time is of the order exp{N(A + §)} for any é > 0, the process has
mixed well and it is close to its invariant measure. The proof of this result is based on the study
of the large-time behaviour of the process . Before we describe this, let us mention a well-
known law of large numbers for the process uy [33, 22, 44, 6]. This will not only pave the way
for a suitable description of the constant A but also lead us to a converse of Theorem 1.1 and
the significance of A.

Assume (A1) and (A2), and suppose that the initial conditions {ux(0)}n>1 converge weakly
to a deterministic measure v € M(Z). Then for any fixed T > 0, the empirical measure process
(un(?), 0 <t <T)converges in D([0, T], M1(2)), in probability, to the solution to the ODE

MO =Nyu®,  0=r<T,  uO)=v; (L.1)

here, for any § € M1(Z), A¢ denotes the |Z]| x |Z]| rate matrix when the empirical measure
is & (ie., Ag(z, Z)=x,(§) when (z,2) €&, Ag(z,7)=0 when (z,Z) ¢ &, and Ag(z,2) =
— Zz, £ Az (€) for all z € Z), Ag denotes its transpose, D([0, T], M1(Z)) denotes the space
of M(Z)-valued cadlag functions on [0, 7] equipped with the Skorokhod J; topology (we
assume that all paths are left-continuous at 7'), and both w(f) and fu(7) are viewed as column
vectors. The above ODE is referred to as the McKean—Vlasov equation. The above convergence
result enables one to view the process uy as a small random perturbation of the ODE (1.1).
We now elaborate on the large-time behaviour of uy. Suppose that the limiting McKean—
Vlasov equation (1.1) has multiple w-limit sets (multiple stable equilibria and/or limit cycles).
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If we focus on a fixed time interval [0, 7], let the number of particles N — oo, and let the initial
conditions uy(0) converge weakly to a deterministic limit v, then the mean-field convergence
suggests that the empirical measure process tracks the solution to the McKean—Vlasov equation
(1.1) over [0, T] starting at v. If we then let T — oo, the solution to the McKean—Vlasov
equation goes to an w-limit set of (1.1) depending on the initial condition v. On the other
hand, for a large but fixed N, the process would track the McKean—Vlasov equation with high
probability and, as time becomes large, would thus enter a neighbourhood of the w-limit set
corresponding to the initial condition v; however, because of the randomness in the finite-NV
system, the process can exit the basin of attraction of this w-limit set. It is then likely to remain
in a neighbourhood of another w-limit set for a large amount of time before transiting to the
next one, and so on. These are examples of metastable phenomena, and it turns out that the
sojourn times in the basin of attraction of an w-limit set are of the order exp{O(N)}, as we shall
soon see. The proof of Theorem 1.1 exploits quantitative estimates of the following metastable
phenomena:

(i) the mean time spent by the process near an w-limit set,

(ii) the probability of first reaching a particular w-limit set’s neighbourhood before reaching
the neighbourhood of another one, and

(iii) the probability of traversing the neighbourhoods of a given set of w-limit sets in a
particular order.

These quantifications are important in their own right as they help predict the performance
of engineered systems, some of which we will describe in Section 1.4. We study the aforemen-
tioned metastability questions in Section 3. Such large-time phenomena for diffusion processes
with a small noise parameter have been studied in the past by Freidlin and Wentzell [20] under
the ‘general position condition’ (see [20, Sections 6.4-6.6]). Hwang and Sheu [25] studied
large-time behaviour for diffusion processes under a more general setup. The key in both these
works is the large deviation properties of the small-noise diffusion processes over finite time
durations, which have been established in [20, Chapter 5]. In this paper, we extend the analysis
to Markov mean-field jump processes, specifically (un(-))n>1.

The proof of Theorem 1.1 is carried out using lower bounds (Theorem 3.2) for the prob-
ability that, starting from any point in Mév (2), the process uy is in a small neighbourhood
of (one of) the most stable w-limit set(s) (see Section 3.5 for a precise definition) of the
McKean—Vlasov equation (1.1) when time is of the order exp{N(A — &p)}, for a small &9 > 0.
The constant A is defined using ‘costs of passages’ between the w-limit sets of the McKean—
Vlasov equation (1.1). These costs are quantified in terms of the large deviations rate function
associated with the process uy via certain graphs called W-graphs (see Section 3.2 for the def-
inition of W-graphs). In particular, A is positive when the limiting dynamics (1.1) has multiple
stable w-limit sets. See (3.6) for a precise definition of A.

Our next result is, in a certain sense, a converse of Theorem 1.1. Let iy be (one of) the most
stable w-limit set(s) of (1.1).

Theorem 1.2. There exist vo € M1(2), 6 >0, 8 >0, p1 >0, and Ny > 1 such that, with T =
exp{N(A —3)},

P, (,uN(T) € (the p1 — neighbourhood of io)) <exp{—Np}

‘or all v in the p1-neighbourhood of vy in MN(Z) and N > N.
1
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In other words, when time is of the order exp{N(A — §)}, there are initial conditions v € M]1V (2)
such that the probability that uy(exp{N(A — §)}) is in a small neighbourhood of (one of) the
most stable w-limit set(s) is exponentially small. The process is then not likely to have equi-
librated because it has not visited a set with high invariant measure. Thus, Theorem 1.1 and
Theorem 1.2 together indicate that the constant A is sharp (in the exponential scale) for the
time required for equilibration of wy(-).

A convergence result similar to that of Theorem 1.1 for the mean-field discrete-time setting
but without the specification of the constant A was established by Panageas and Vishnoi [40].
Let us reemphasise that our setting is a continuous-time setting. To identify the constant A
in this setting, we must study the large deviation asymptotics in greater detail. Theorems 1.1
and 1.2 combine time and the number of particles. Additionally, Theorem 1.1 is a statement
that holds uniformly over all initial conditions, unlike convergence bounds (over time) for a
fixed number of particles with a given initial condition, e.g. [45]. The proof of Theorem 1.1
is inspired by that of Hwang and Sheu in [25, Theorem 2.1, Part 1], where similar results are
established for small-noise diffusions.

1.2.2. Asymptotics of the second-largest eigenvalue. Our second main result is on the asymp-
totics of the second-largest eigenvalue of the generator LV of the Markov process uy =
(un(?), t = 0) when it is reversible with respect to its invariant measure gy . That is, the operator
LV is self-adjoint in L?(gy) and it admits a spectral expansion; let 0 = )le > —)»12\’ > —)J3V >
denote its eigenvalues in decreasing order. (See Example 4.1 for a description of a reversible
system that arises in statistical physics.) For a fixed N, the convergence speed of the process
U to its invariant measure (over time) can be understood by studying the modulus of the
second-largest eigenvalue of L. Using the results on the large-time behaviour of 1y and the
convergence result in Theorem 1.1, we show that the modulus of the second-largest eigenvalue
of LN (i.e., )JZV ) scales as exp{—NA}; here A (defined in (3.6)) is the constant that appears in
the statement of Theorem 1.1. More precisely, we have the following.

Theorem 1.3. Assume that LV is reversible with respect to gy for each N > 1. Then

.1 N
lim — logAy, = —A.
N—oo N

It turns out that A can be positive only when there are metastable states in the limiting dynamics
(1.1) (i.e., when (1.1) possesses multiple w-limit sets). In such situations, one expects slower
convergence to the invariant measure for large values of N. On the other hand, A can be O,
for example, when the limiting dynamics (1.1) has a unique globally asymptotically stable
equilibrium; in this special case, convergence of wy to its invariant measure does not suffer
from the slowing-down phenomenon associated with positive A. In fact, Panageas and Vishnoi
[40] and Panageas et al. [39] show that the mixing time is O(log N) in the discrete-time setting.
Kifer [26] considers a more restrictive discrete-time model, which does not cover the mean-
field model, and identifies the constant analogous to A [26, Theorem 4.3]. The restriction is
that the state space of wy is the same for each N and that a certain uniform finite-duration large
deviation principle (LDP) should hold with the rate function satisfying a continuity property.
One can view our result as an extension of Kifer’s [26, Theorem 4.3] to the continuous-time
mean-field setting, where the state space of the Markov process uy changes with N. Hwang
and Sheu [25] establish a result similar to ours on the scaling of the second-largest eigenvalue
of a reversible small-noise diffusion process, and our method of proof is inspired by their
approach.
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1.2.3. Convergence to a global minimum via controlled addition of particles. Our third main
result is on the convergence of the empirical measure process to a global minimum of a natural
‘entropy’ function when particles are injected over time at a specific rate reminiscent of the
simulated annealing algorithm’s cooling schedule, N(f) = L%J for a suitable ¢* and any
8 > 0. This entropy function is the large deviations rate function associated with the sequence
of invariant measures {¢y, N > 1}, which is in turn defined in terms of the large deviations rate
function associated with the process uy; see (3.5) for its definition.

Fix ¢ > 0. Let No =min{n € N: exp{nc} —2 > 0}, t5, =0, and for each N > Ny, let ty =
exp{Nc} — 2. We construct a process with controlled addition of particles as follows. We start
with Ny particles with certain initial states and let the process evolve according to the gen-
erator LMo until time tNy+1. For each N > Np, we add an extra particle at time ty, and for a
fixed state zo € Z, we set the state of the new particle to zg and let the process evolve accord-
ing to the generator LN from ty to tn+1 (see Section 5 for a more precise description of the
process). Let i denote the above time-inhomogeneous Markov process and let Py ,, denote the
law of & on D([0, o), M{(Z)) with initial condition (0) = v. Also, let I:o denote the set of all
global minima of the entropy function (see Section 3.5.1 for the precise definition of Lg). Our
convergence result is the following.

Theorem 1.4. Assume that Lo # L. There exists a constant ¢* > 0 such that for all ¢ > c* and
any p1 >0,

Po,, (2(1) € (the py — neighbourhood of Lo)) — 1

as t — 0o, uniformly for all v € Mjlvo(Z).

Note that the convergence to a global minimum holds for all starting points. This is of use
in situations where a population growth schedule is applied in order to engineer the mean-
field system’s movement to a desired equilibrium point, as time t — co. One can also use this
approach to study numerically the most likely region in which the process uy spends time
for large values of N, under stationarity. Again, our proof is inspired by the analysis of the
simulated annealing algorithm in [25, Part III]. We can also choose the transition rates of the
particles so as to minimise a given ‘nice’ function on M;(Z2); see Example 5.1.

1.3. Key ingredients for the proofs

The proofs of our main results follow the outlines in [25]. However, in order to make
them work in our present context (which involves jump Markov processes and the mean-field
setting), we make use of the following properties:

e a uniform version of the finite-duration LDP for {(un(¢), 0 <t <T), N > 1}, where the
uniformity is over the initial condition;

e continuity of the cost function associated with movement between points on the simplex
M (2);

e the strong Markov property of up(-).

The key insight of this paper is the abstraction of these three properties and their importance in
establishing the large-time behaviour and metastability properties of mean-field systems. We
leverage the results of [12] to establish the above properties.

We now describe the key ideas in each of the main results.
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To prove Theorem 1.1, one possible approach is to wait long enough for the process puy to
hit a neighbourhood of (one of) the most stable w-limit set(s) of (1.1), regardless of the ini-
tial condition, and then allow sufficient additional time for the process to mix well. We prove
Theorem 1.1 using this idea; we first consider a sequence of passages of uy between neigh-
bourhoods of w-limit sets of (1.1) to reach (one of) the most stable w-limit set(s). Each of these
passages takes place between ‘stable’ subsets of w-limit sets called cycles (see Section 3.3).
The probability of each of these passages over time intervals of the form exp{/N x constant}
for appropriate constants can be bounded below, thanks to the uniform large deviation prop-
erty of uy (see Theorem 3.2). We then tie them up using the strong Markov property of wuy.
These steps yield a lower bound on the transition probability for uy (see Corollary 3.4), and
Theorem 1.1 follows as a consequence of this. We can also produce an upper bound for the
probability of these passages for suitable initial conditions if not enough time has elapsed (see
(3.8) in Theorem 3.2). Theorem 1.2 follows as a consequence of this upper bound.

Theorem 1.3 follows from an application of Theorem 1.1. We use the spectral expansion
of the generator of uy, when it is reversible with respect to its invariant measure gy, and the
LDP for {gon, N > 1} to prove Theorem 1.3.

In Theorem 1.4, to bring the process wy to (one of) the most stable w-limit set(s) of (1.1)
(i.e., one of the global minima of our entropy function), regardless of the initial condition, we
introduce new particles over time in a controlled fashion. Before reaching a global minimum,
the system may possibly explore other local minima. Since addition of particles amounts to
reduction of ‘noise’ in the process uy, we must make sure that particles are introduced suffi-
ciently slowly over time so that the system does not get trapped in a local minimum. This is
achieved by the choice of our particle addition schedule N(¥), t > 0, which is the analogue of
the cooling schedule in simulated annealing. The schedule also enables us to apply the uni-
form LDP over sufficiently long time durations to i so as to extend the results on large-time
behaviour used in the proof of Theorem 1.1 to the present situation when the number of par-
ticles changes over time (see Lemmas 5.1-5.3). These extensions, along with the method of
analysing the passages of the system through cycles (the idea used in the proof of Theorem 1.1),
enable us to prove a 1 — o(1) lower bound on the probability that (i(7) belongs to a neighbour-
hood of a global minimum of our entropy function as ¢ — 0o, no matter where we start the
process.

1.4. Examples

The mean-field interacting particle system that we have described can be used to model
many interesting phenomena that arise in various domains, such as physics, engineering, and
biology. In this section, we shall describe some applications that are relevant to communication
networks and shall indicate the related literature that studies these applications via mean-field
models. Naturally, the examples and the related literature that we mention below are by no
means exhaustive.

The first example is load balancing in networks. We describe the simplest model, the power
of two choices, studied by Mitzenmacher [36]. Here, each particle is a single-server M/M/1
queue, and the state represents the number of customers waiting in the queue. In load bal-
ancing, one is interested in routing the incoming customers to an appropriate queue so as to
minimise the average delay experienced by a customer. The obvious way to do this is to route
the customer to a queue with the lowest number of waiting customers. But, since there are
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a large number of queues, it is expensive to poll all of them and find the ones with the low-
est number of customers. So a simple alternative is to pick a queue at random and route the
incoming customer to that queue; this is studied in [24]. It turns out that, if we pick two queues
at random and route the customer to the least loaded queue of the two (with ties broken uni-
formly at random), the delay decreases dramatically. This algorithm demonstrates the power of
two choices, and the evolution of the state of each queue under this algorithm can be described
using the mean-field model which has been used to analyse the delay performance [36]. For
related problems on load balancing in networks, see Mukhopadhyay et al. [37], who study
heterogeneous servers, Aghajani et al. [1, 2], who study non-Markovian queues, and the ref-
erences therein. Note that one important difference from our setting is that the state space of
a queue is countably infinite in this class of problems. The finite-state-space model arises in
the above settings when the buffers are finite and packets arriving at a fully buffered queue are
lost.

Another example arises in the modelling of a wireless local area network (WLAN). Here,
each particle is a wireless node trying to access a common medium, and the state of a particle
represents the aggressiveness with which a packet transmission is attempted. The nodes interact
with each other via the medium access control (MAC) protocol implemented in the system.
Whenever a wireless node encounters a collision due to a transmission from another node, it
changes its state to a less aggressive one, and whenever it succeeds, it changes its state to a
more aggressive one. Therefore, the evolution of the state of a node depends on the empirical
measure of the states of all the nodes, as in our mean-field model. This model was first proposed
by Bianchi [8] and has proved to be useful in analysing the performance of the MAC protocol.
Other works that focus on the WLAN application include Bordenave et al. [11], who studied a
two-time-scale mean-field interacting particle system with a fast-varying background process
to model partial interference among nodes; Kumar et al. [28], who used the mean-field model
to study the performance of WLANSs using a fixed-point analysis; and Ramaiyan et al. [41]
and Bhattacharya and Kumar [7], who looked at the problem of short-term unfairness using the
aforementioned fixed-point analysis. Note that our model is a continuous-time modification of
the discrete-time models in the above papers. Yet the continuous-time model provides accurate
predictions about the discrete-time model; see [12, p. 4]. Some papers work directly with the
continuous-time model; see, for example, Boorstyn et al. [10].

Other applications that use the mean-field model include analysis and control of spread of
epidemics in networks [6, 3, 29], dynamic routing in circuit-switched networks [4], scheduling
in cellular systems [32], and game-theoretic modelling and analysis of behaviour of agents in
societal networks [42, 31].

1.5. Outline of the paper

The rest of the paper is organised as follows. In Section 2, we discuss LDPs for the empirical
measure process iy over a finite time horizon. These play an important role in the study of the
large-time behaviour of py and the LDP for the invariant measure {¢y}y>1. We then study
the large-time behaviour of the process wy in Section 3, and prove our first main result on the
proximity of the law of wy to its invariant measure. In Section 4, we study the asymptotics of
the second-largest eigenvalue of the generator of the process uy in the reversible case. Finally,
in Section 5, we study the convergence of the empirical measure process to a global minimum
of the aforementioned entropy function when particles are injected into the system at a suitable
rate.
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2. Preliminaries: large deviations over finite time durations

In this section, we present a large deviation principle (LDP) for the process py over finite
time durations. This result will be used later to study the large-time behaviour of uy and the
rate of convergence of uy to its invariant measure.

Fix T>0. We introduce some notation. Let ]P’gx) (0.7] denote the solution to the
D([0, T], M1(2))-valued martingale problem for IN, ie., the law of the empirical measure
process (un(1), 0 <t <T), and let IP’%?T denote the law of the terminal-time empirical mea-
sure un(T) € M{(Z), with a deterministic initial condition uxn(0) = vy. Let AC[0, T] denote
the space of absolutely continuous M;(Z)-valued paths on [0, T] (in particular they are
differentiable for almost all ¢ € [0, T1; see [30, Definition 3.1]). Define

o0 ifu<-—1,
™) = {1 ifu=—1,
(u+Dloglu+1)—u ifu>-—1,

which is the Fenchel-Legendre transform of t(u) = ¢ — u — 1, u € R. Recall the definition of

the family of rate matrices (Ag, § € M1(2)) from Section 1. We have the following LDP for

the sequence {P(v’x)[o - }N _on D0, 1. M1(2)) (see [30, Theorem 3.1, [12, Theorem 3.2]).
[ >

See [17, Section 1.2] for the definition of an LDP and a good rate function.

Theorem 2.1. Suppose that the initial conditions vy — v in M{(Z). Then the sequence of
probability measures {IP’%)[O ot N> 1} on the space D([0, T], M1(Z2)) satisfies the LDP with
good rate function Syo,1)(-|v) defined as follows. If (0) = v and p € AC[0, T}, then

Sto.71(klv) = / sup {Za(Z)(ﬂz(z)—A,’i,m(z))

0.7 aeRIZI | cZ
- Y @) = a@)h () (.
(z.2)e€

and Sjo,71(t|v) = 400 otherwise. Moreover; if Sjo, 11(|v) < 00, then there exists a unique fam-
ily of rate matrices L(t) = (lz,zr(t), z,7 € Z), 0 <t <T, such that t — L(t) is measurable, | is
the solution to

@) =L)* @), 0<t<T, u0)=v,

and

o Lo® )
S = Az oo~ l)dt,
(0.77(14 ) /[ o (MZ);& w7 (u()T ( o (D) !

where L(t)* denotes the transpose of L(t), t € [0, T}.

We can interpret the rate function Sjo,7; as follows. Starting at vy, the process py is likely
to be in the neighbourhood of the solution to the McKean—Vlasov equation (1.1) with initial
condition v (with high probability). In order for the process py to be in the neighbourhood
of some other path, we need to apply a control given by the rate matrix L; Sjo,77(p|v) is the

https://doi.org/10.1017/apr.2022.11 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.11

94 S. YASODHARAN AND R. SUNDARESAN

cost of this control. In particular, since the solution to the McKean—Vlasov equation starting
at v has zero cost (i.e., Sjo,77(tv|v) = 0, where u, denotes the solution to (1.1) starting at v),

the limiting behaviour that pp(-) E wy(+) in D([0, T, M (Z)) as N — oo follows. See [18]
for some remarks about the form of the rate function and for another representation of the rate
function in terms of a relative entropy.

Here is an outline of the proof of Theorem 2.1: one looks at a system of non-interacting
particles where the transition rates of a particle do not depend on the empirical measure, and
considers the corresponding empirical measure process over [0, T]. Since at most one par-
ticle can jump at a given point in time, the measure IP’%)[O 77 1s absolutely continuous with
the measure corresponding to the above non—interacting’sﬁfstem on D([0, T], M{(Z)). One
can then write the Radon-Nikodym derivative using the Girsanov formula and show conti-
nuity properties of the same. An application of an extension of Sanov’s theorem (see [14,
Theorem 3.5]) tells us that the non-interacting particle system obeys the LDP on
D([0, T], M{(Z)). The above theorem then follows by an application of Varadhan’s integral
lemma (see [17, Theorem 4.3.1]). This approach has been carried out for a system of interact-
ing diffusions in [14] and for jump processes in [30, 12]. One can also prove various special
cases of Theorem 2.1 via other simpler methods; for example, for fixed initial conditions, i.e.,
when vy =4, for some z € Z and for all N > 1, one can use a modification of Varadhan’s
lemma to obtain the LDP for IP’ES]Z)[O’T] (see [16]). However, it is crucial to let the initial condi-
tion be arbitrary, except for the constraint that vy — v weakly, to obtain a uniform version of
Theorem 2.1 (see Corollary 2.1), which is used to prove our main results.

We now recall a theorem that gives the LDP for the sequence {IP’(N) } ,on M(Z). This

VN,T N>
can be obtained from the above theorem by an application of the contraction principle to
the coordinate projection map D([0, T], M1(2)) > u+ w(T) (see [17, Theorem 4.2.1], [12,
Theorem 3.3]).

Theorem 2.2. Suppose that the initial conditions vy — v in M{(Z). Then the sequence of
W) }N | on the space M|(Z2) satisfies the LDP with the good rate
>

VN,T

probability measures { P

function

St(&[v) := inf{Spo,ry(u|v) : w(0) = v, W(T) =&, n € AC[O, T]}.
Moreover, the above infinum is attained, i.e., there exists a path 1 € AC[0, T] such that
a0y =v, W(T)=§, and Sio,r(L|v) = St(§|v).

Here, S7(£|v) can be interpreted as the minimum cost of passage from the profile v to the
profile £ in time 7', among all paths from v to £ in time 7. It can be shown that S7 is continuous
on M1(Z) x M1(Z) by constructing piecewise constant velocity trajectories between points on
Mi(2) (see [12, Lemma 3.3]).

We also have the following uniform LDP for the sequence {]P’ij)[O T]} (see [12,
NI N>

Corollary 3.1]) when the initial condition is allowed to lie in a compact set.

Corollary 2.1. For any compact set K C M1(2), any closed set F C D([0, T], M1(2)), and any
open set G C D([0, T], M1(Z)), we have

1
limsup —log  sup  PU . (uy € F) < — inf inf Spo7y(ilv), @2.1)
N—00 veknM¥(z) vek pek
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and

1
. . N) .
lim inf — lo inf P (un € G) > —sup inf Spo 77(pe|v). 2.2)
Nooo N 08 veKNMY () »[0.7] verueG 0T

For a proof of the above, see [17, Corollary 5.6.15]. Note that, since the space M(Z) is
compact, we may take K = M (Z) in the above corollary.

Remark 2.1. The version of the uniform LDP presented in Corollary 2.1 is slightly dif-
ferent from the definition of the uniform LDP in Freidlin and Wentzell [20, Section 3,
Chapter 3]. The version presented here suffices for the proofs of our main results, since our state
space M(Z) is compact and the rate function S7 defined in Theorem 2.2 is continuous (see
[43, Theorem 2.7] and [12, Appendix A]).
3. Large-time behaviour

In the study of the large-time behaviour of uy, an important role is played by the Freidlin—

Wentzell quasipotential V : M{(Z) x M1(Z) — [0, 00), defined by
V(v, &)= inf{Sjo 71(lv) : w(T) =&, T > O};

i.e., V(v, &) denotes the minimum cost of transport from v to £ in an arbitrary but finite time.

We say that v ~ & (v is equivalent to &) if V(v, £)=0 and V(§, v) =0. It is easy to see
that ~ defines an equivalence relation on M(Z). To study the large-time behaviour of the
process uy, we make the following assumptions on the McKean—Vlasov equation (1.1) (see
[20, Chapter 6, Section 2, Condition A]):

(B1) There exist a finite number of compact sets K1, K3, . . ., K; such that the following hold:
e Foreachi=1,2,...,1, v, v, € K; implies v; ~ v;.
e For eachi#j, v1 € K; and v, € K; implies vy ~ v;.

e Every w-limit set of the dynamical system (1.1) lies completely in one of the compact
sets K;.

Since V(v1, v2) =0 whenever v, vy € K; for any 1 <i </, we can define
V(K;, K;) := inf{Sjo,71(elv) : v € K, i(T) €K, T > 0},

which is interpreted as the minimum cost of going from K; to K;. We also define the minimum
cost of going from K; to K; without touching the other compact sets K, k # i, j, by

V(Ki, K;) := inf{Sjo,7j(ulv) : v €Ki, pult) & Upsi K
forall 0<r<T, wW(T)eKk;, T>0}. (3.1)

Using the definition of the rate function S7, note that

Vv, &)= %n% Sr(&lv) and V(Ki, K,) = inf V@, §).

vek; EeK;
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Example 3.1. We provide two examples where (B1) is satisfied.

1. (Wireless local area network.) Let Z = {0, 1}. The edgeset £ consists of the edges (0, 1)
and (1, 0). Define the transition rates

co(1 —exp{—(co§(0) +c16(1)}) ifz=0, Z'=1,
C1 ifZ=1, Z/ZO,

)‘z,z’(g )=
where cp, c; > 0. The limiting dynamics (1.1) is a one-dimensional ODE, and it is
given by

i(0) = —com(0)(1 — exp{—(cou+(0) + c1(1 — (0N} + 1 (1 — ws(0)), 1=0.

Let f(x) = —cox(1 — exp{—(cox + c1(1 —x))}) + c1(1 — x), x € [0, 1]. Note that f(0) > 0
and f(1) <0. It is easy to check that if co > cy, then f'(x) <0 for all x€ (0, 1). As
a consequence, there exists a unique &* € M{(Z) such that all trajectories of the
above dynamical system converge to £*(0). Thus, Assumption (B1) holds with /=1,
K ={§"}.

2. (Dynamic alternate routing in loss networks.) Fix CeZy and let Z={0, 1, ..., C}.
The edgeset £ consists of the forward edges {(z, z+ 1), 0 <z < C — 1} and the back-
ward edges {(z,z— 1), 1 <z<C}. For (z,7) € £ and & € M|(Z), define the transition
rates

h €)= z ifz#£0, 7 =z—-1,
ST G 4 af(C) x 201 —£(C))  ifz£C, /=241,

where o > 0. This model arises in the context of dynamic alternate routing in loss net-
works. For certain values of «, the limiting ODE (1.1) possesses two stable equilibria
(say & and &7 ) and an unstable equilibrium (say & ) [23, 38]. Thus, Assumption (B1)
is satisfied with [ =3, K; = (£}, i=1, 2, 3.

For a model of malware propagation where a limit cycle and an unstable equilibrium arise,
see Benaim and Le Boudec [6, Section 4.1].

3.1. Preliminary results

It turns out that, under Assumption (B1), the large-time behaviour of the process wy can
be studied via a discrete-time Markov chain whose state space is the union of small neigh-
bourhoods of the compact sets K;, 1 <i <. To study this chain, we introduce some notation.
Let L={1,2,...,1}. Given 0 < p; < pg, let y; (resp. I';) denote the p;-open neighbour-
hood (resp. pp-open neighbourhood) of K;. Let y = UL] yi, I = Ule I';,and C=M(Z)\T.
For a set AC M{(Z) and 6 > 0, let [A]s denote the §-open neighbourhood of A, and for a
subset W C L, abusing notation, let [W]s denote the 5-open neighbourhood of U;cwK;. For
each n > 1, we define the sequence of stopping times tp := 0, oy, := inf{¢t > 7,1 : un(?) € C},
T, := inf{t > 0, : un(t) € y}; and we define Z,IlV := un(t,). Since uy is strong Markov, ZV
is a discrete-time Markov chain, and ZflV ey ﬂMllv (Z) for all n> 1. For a measurable set
A e M|(Z), we define the stopping time 74 := inf{r > 0: uy(¢) ¢ A}, which denotes the time
of first exit from the set A. Finally, for a subset W C L, we define the stopping times Ty :=
inf{t > 0: un(?) € Uiewy;} and Ty := inf{t > 0 : uyn(¢) € Uiep\wyi}, which denote the time of
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entry into the pj-neighbourhood of W and the time of entry into the p;-neighbourhood of
L\ W, respectively.

We now state some results on the behaviour of the exit time from certain sets, which will
be used in the paper subsequently. These results are known in the case of both Markov jump
processes and diffusion processes; see [12, Appendix], and [20, Chapter 6, Section 2]. The
main ingredients that are used in proving these results are (i) the strong Markov property of
the uy process, (ii) Theorem 2.1 and Corollary 2.1 on the LDP for finite time durations, and
(iii) the joint continuity of the terminal-time rate function S7(-|-) (see [12, Lemma 3.3]). Recall
that IP,, denotes the law of (uy(?), ¢ > 0) with initial condition uy(0) =v and E, denotes the
corresponding expectation.

Lemma 3.1. ([12, Lemma A.3].) Let K C M{(Z) be a compact set such that all points in K are
equivalent to each other (i.e., vi ~ vy for all vy, vy € K), and K # M1(2). Then, given ¢ > 0,
there exist 8 > 0 and Ny > 1 such that for all N > Ng and v € [K]s N MIIV(Z),

E, k)5 < exp{Ne}.

Lemma 3.2. ([12, Lemma A.4].) Let K C M{(Z) be a compact set and let G be a neighbour-
hood of K. Then, given ¢ > 0, there exist § > 0 and Ny > 1 such that for all v € [K]s N MIIV(Z)
and N > Ny,

G
E, (/0 l{uN(z)e[I(L;}dt) > exp{—Nz¢}.

Lemma 3.3. ([12, Lemma A.5].) Let K C M1(Z) be a compact set that does not contain any
w-limit set of (1.1) entirely. Then, there exist positive constants c, To and No > 1 such that for
allT > Ty, N> Ng and any v € KHMJIV(Z), we have

Py(tk = T) < exp{—Nc(T — To)}.

Corollary 3.1. Under the conditions of Lemma 3.3, there exist C > 0 and No > 1 such that for
allve KNMY(Z) and N > Ny,

E,tx <C.

Recall the definition of the discrete-time Markov chain ZV on y N lev (2). The next lemma
gives upper and lower bounds on the one-step transition probabilities of the chain ZV. These
estimates play an important role in the study of the large-time behaviour of the process uy, as
we shall see in the sequel.

Lemma 3.4. ([12, Lemma A.6].) Given & > 0, there exist py > 0 and Ny > 1 such that, for any
02 < po, there exists p1 < pp such that for any v € [K;]p, N MiV(Z) and N > Ny, the one-step
transition probability of the chain ZV satisfies

exp{—N(V(Ki, K)) +¢)} <P(v, y;) <exp{—N(V(Ki. K;) — &) }. (3.2)

Remark 3.1. In the above statement, ]P’(v, yj) is defined as IP’(v, yj) =P, (ZIIV € yj) =
P, (un(z1) € ¥j).

The key ingredient in the proof of the above lemma is Corollary 2.1 on the uniform LDP
on bounded sets. For the lower bound, one constructs a specific trajectory from v to K; and
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examines its cost. For the upper bound, one uses the strong Markov property at the hitting
time of [L],, and the uniform LDP. For details, the reader is referred to the proof of [12,
Lemma A.6] for the case of Markov jump processes, and the proof of [20, Lemma 2.1, p. 152]
for the case of small-noise diffusions.

3.2. Behaviour near attractors indexed by subsets of L

We now recall some results on the behaviour of the process uy near a small neighbourhood
of attractors indexed by a given subset of L. Let W C L, W # (. A W-graph is a directed graph
on L such that (i) each element of L\ W has exactly one outgoing arrow and (ii) there are no
closed cycles in the graph. We denote the set of W-graphs by G(W). For each i € L, we denote
G({i}) by G(i). For a W-graph g, define

V= Y VKn K. (3.3)

(m—n)eg

If g does not have any edges (e.g., when L is a singleton), we use the convention V(g) = 0.
Note that, using the estimate (3.2), V can be used to estimate the probability that the process
un traverses a sequence of neighbourhoods in the order specified by the graph g.

Forie L\ Wandje W, let G; j(W) denote the set of W-graphs in which there is a sequence
of arrows leading from i to j. Define

1 j(W):= min{V(g) : g € G; (W)} — min{V(g) : g € G(W)}.

We recall the following result on the probability that the first entry of p into a neighbourhood
of a set W C L takes place via a given compact set K;, starting from a neighbourhood of X;.

Lemma 3.5. Let W C L, and leti € L\ W and j € W. Given ¢ > 0, there exist p > 0 and Ny > 1
such that for any p1 < p, v € ;N Mllv(Z), and N > Ny, we have

exp{—N(I;j(W) + &)} <P, (un(tw) € vj) <exp{—N(l; (W) —¢)}.

Proof. The proof of [20, Lemma 3.3, p. 159] holds verbatim, by making use of the estimates
in Lemma 3.4. ]

Remark 3.2. While the above lemma provides an estimate of the probability P, (un (Tw) € ¥j).
it does not provide any information about the sequence of states in L visited by the process uy
while traversing from i to j. The latter can be understood via studying the minimisations in the
definition of I; j; see [21].

Our next step is to understand the mean entry time [, Ty . For this, we need the following
estimate on the stopping time 71; see [25, Lemma 1.3, Part I] for a similar estimate for small-
noise diffusion processes.

Lemma 3.6. Given ¢ > 0, there exist p1 > 0 and Ny > 1 such that, forany v € y N MZIV(Z) and
N > Ny, we have

E,t; <exp{Ne}.

Proof. With a sufficiently small p; > 0 to be chosen later, let pg =2p; so that [K;],, does
not intersect with [Kj],, for all j # i. Note that, for any v € y,

E,ti =E,o1 +Ey(71 — 01).
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Consider the first term. By Lemma 3.1, there exist p > 0 and Ng > 1 such that for all p; < p,
veyn M{V(Z), and N > Ny, we have

E,o1 <exp{Ne/2}.
Let F =M (Z)\ y. By the strong Markov property, the second term is
Ey(t1 — 01) =Eune)(tr).

Therefore, it suffices to estimate E, tr for v’ € F. Since the compact set F does not contain
any w-limit set, by Corollary 3.1, there exist a constant C > 0 and N| > Ny such that for any
vV e FNMY(2)

Eytr<C.
This completes the proof of the lemma. O
Define
(W)= min{V(g) : g € G(W)}
— min{f/(g) :geGWU{ihorge G (WU}, i#j,je L\ W}

The next lemma is about the mean entry time into a neighbourhood of a given set W C L
starting from a neighbourhood of K;; see [25, Lemma 1.6, Part I] for a similar estimate on
small-noise diffusion processes.

Lemma 3.7. Let W C L, and let i € L\ W. Given € > 0, there exist p > 0 and Ny > 1 such that
forany p1 <p,vey; ﬂMJIV(Z), and N > Ny, we have

exp{N([i(W) — &)} <E,Tw < exp{NUi(W) + &)}.
Proof. We first prove the upper bound. Note that, by the strong Markov property, we have

Vey

00
Eviw=E,7, < Z IEu(l{v_m} X m sup Ev’tl) ,

m=1

where v is the hitting time of the chain Z,IlV on the set W. Using Lemma 3.6 and the upper bound
on E,v derived in [20, Lemma 3.4, p. 162], for sufficiently small p; and sufficiently large N,
we have that

E,tw < exp{N(i(W) + &)}

holds for all v € y; N Mﬁv (2). For the lower bound, Lemma 3.2 implies that, for all sufficiently
small p; and sufficiently large N, we have that

E, 11 > exp{—N¢}
holds for all v € y. Also,
o
Etw=Ey7, > ) IE,,(l{V:m} x m inf ]Eu/r]) ;
Vey

m=1
hence, using the lower bound on E, v derived in [20, Lemma 3.4, p. 162], we get
E,tw > exp{N(;(W) — &)}
forallvey;N MIIv (Z) and sufficiently large N. O
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3.3. Cycles

We now define the notion of cycles, which helps us to describe the most probable way in
which the process uy, for large N, traverses neighbourhoods of various compact sets K;, and
the time required to go from one to another. Recall the definition of V from (3.1). We interpret
V(K;, K;j) as the ‘communication cost’ from i to j. Define V(K;) := minj; V(K;, Kj). We say
that i — j if V(K;) = V(Ki, Kj) For j # i, the probability that py hits a small neighbourhood
of K upon exit from a small neighbourhood of K; is of the form exp{ —N(V(K;, K;) — V(K))},
and the mean exit time from a small neighbourhood of K; is of the form exp{N V(Ki)} [20,
Chapter 6, Section 5]. In particular, the indices that attain the minimum above are the sets most
likely to be visited by the process uy, for large enough N, starting from a neighbourhood of
K;. For i, j € L, we say that i = j if there exists a sequence of arrows leading from i to j, i.e., if
there exist iy, io, . .., iy in L such that i — i} — i — - - - — i, — j. Again, the above sequence
of arrows from i to j is one among the locally most likely sequences for the process to traverse
from a neighbourhood of K; to a neighbourhood of K, for large N.

Definition 3.1. A 1-cycle 7 is a directed graph on a subset of elements of L satisfying the
following:

l. iemr andi= jimpliesj € m.

2. Foranyi#jinm, we have i=jandj=i.
That is, a 1-cycle is a subset of the elements of L along with a certain assignment of arrows
among them according to the numbers V(-, ). For example, if L={1, 2,3}, and 1 — 2,
2~—> 1,and 3 - 1 are the only~possible~arrows (.e., f/(Kl) = V(Kl, K>) < V(Kl, K3), V(Kz) =
V(K3, K1) < V(K2, K3), and V(K3) = V(K3, K1) < V(K3, K3)), then the graph on {1, 2} con-
sisting of the arrows 1 — 2 and 2 — 1 is a 1-cycle. The set {3} is not part of a 1-cycle. It can

be shown that a 1-cycle always exists for all L (see the proof of [25, Lemma 1.9, Part IJ).
We now define cycles of 1-cycles. Let Ly = L. Define

Ly:={m:misal-cyclein L} U {i € L:iis notin any 1-cycle}.

That is, the elements of L are either 1-cycles in L or elements of L that do not belong to any
1-cycle. In the previous example, L is the set {{1, 2}} U {{3}}. Ultimately, we view the elements
of Ly as subsets of L. If m € L, we write K € 7 to indicate that the index of the compact set
K in {1,2,...,1} is an element of w. We now proceed to define the ‘communication cost’
between the elements of L. For 1, 7y € Ly, m| # my, define

V() := max{V(K): K em},
V1, m2) := V(1) + min{V(K1, K2) — V(K1) : K1 € 71, Kz € 2,
and
V(m) = min{V(m, mp):my €Ly, mp 75711}.
That is, ‘7(711, ) is the communication cost from my to mp, and it generalises the quantity
V(K,-, Kj) to 1-cycles. Similarly, \7(711) generalises the quantity V(K,-) to 1-cycles. If w1, m»

are 1-cycles, m| # o, then upon exit from a small neighbourhood of the elements of 1, the
probability that the process uy enters a small neighbourhood of the elements of 3 is of the
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form exp{ —N (\7(711, ) — V(m)) }, and the mean exit time from a small neighbourhood of
the elements of ; is of the form exp{NV(m)}. We say that 71 — m if \7(711) = ‘7(711, ),
and we say that 71 = 7 if there is a sequence of arrows leading from 71 to m,. This gives a
cycle of 1-cycles, which we call a 2-cycle.

Let us now define the hierarchy of cycles. Having defined (m — 1)-cycles and the sets
Lo, Ly, ..., Ly—2, we define m-cycles as follows. Define

Ly = {nm_l 7™ Visan (m — 1)-cycle}
U {nm_z € Ly_y 7" % is not in any (m — D-cycle}.
That is, the elements of L,,_; are either (m — 1)-cycles or elements of L,,_» that are not part
of any (m — 1)-cycle; in both cases, they are ultimately viewed as subsets of L. Given amle

L,,—1 and an (m — 2)-cycle 72, we write 7”2 € 7"~ if the elements of 7”2 (when it is
viewed as a subset of L) are part of a1 Forn™'elL,_,, define

‘A/(JTm_l) = max{f/(nm—z) cpm=2 ¢ nm—l}7

Pt m ) = P

+ min{f/(n;"*z, 715"72) — ‘7(711"72) : n{"fz € 711’"71, ng"fz € 712”“1 1.
and

\7(711'"_1) = min{f/(ni"_l, rr;”_l) :715"_1 €Ly,_1, 7r£"_1 £ nf”_l }.

We say that rrlm_l — 715"_1 if \7(111’"_1) =\7(nlm_1, 715"_1). We then have the following
definition.

Definition 3.2. An m-cycle =™ is a directed graph on a subset of elements of L,,_| satisfying
the following:

m—1 m -1

1. Forn{""", ) -1 €Ly_1, 7y m=1 m

e ™ and n{"‘l = th”_l implies 7y e 7",

1 m—1 m m—1 m—1

2. Forany 7", )"~ e "™, we have ] LN ' and )" = n]’”_l.

If we continue this way, for some m > 1, the set L,, will eventually be a singleton, at which
point we stop. See [46] for a numerical example that consists of three 1-cycles and a 2-cycle
when L has 9 elements.

We now state some results on the mean exit time from a cycle and the most probable cycle
for the process upy to visit upon exit from a given cycle. For convenience, the set of elements
of L constituting a k-cycle % (through the hierarchy of cycles) is also denoted by 7*. Also,
for W C L, we define yw = Ujcw¥i.

Corollary 3.2. Let 7% be a k-cycle and K; € w%. Let W = L\ 7t¥. Given & > 0, there exist p > 0
and Ny > 1 such that for all py < p, v € y; ﬂMIIV(Z), and N > Ny, we have

exp{N(V(nk) — 8)} <E,tw < exp{N(f/(nk) + 8) }

Corollary 3.3. Let n{‘, nf be k-cycles, n{‘ # né‘, and K; € n{‘. Let W=L\ 71{‘. Given ¢ > (,
there exist p > 0 and No > 1 such that for all p1 < p, vey;N MZIV(Z), and N > Ny, we have

expl N (7 (et k) — V(o) + £)) = By () € )
< exp{~N (V. 4) ~ V() o).
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Remark 3.3. Note that Corollary 3.2 follows from Lemma 3.7 and the fact that [;(W)=
V(%) (which is shown in [25, Corollary A.4, Appendix]). Corollary 3.3 is a consequence
of Lemma 3.5 along with the fact that min{Ii,j(W) RS ﬁk} = \7( k frk) — \7(71") (see [25,
Corollary A.6, Appendix]). Similar estimates as in Corollaries 3.2 and 3.3 in the case of small-
noise diffusion processes have been shown in [25, Corollary 1.10, Part I] and [25, Corollary
1.11, Part I], respectively.

We also need the following lemmas that provide estimates on the probabilities of exit within
certain times from given cycles.

Lemma 3.8. Let n{‘, nf be k-cycles and let n{‘ — 715. Then, given & > 0, there exist § >0,
p >0, and Ny > 1 such that for all py <p, v € yﬂ{c N MIIV(Z), and N > Ny, we have

P, (fﬂ{c < exp{N(f/(rr{‘) -3)}, ,uN(fﬂ{{) € ynéc) > exp{—Ne}.

Lemma 3.9. Let 7% be a k-cycle. Then, given ¢ > 0, there exists p > 0 such that for all p; < p,
we have

Nli_)moo sup P, (exp{N(V(nk) — &)} < T <exp{N(V(7") + s)}) =1.
vey M (Z)

Furthermore, given € > 0, there exist § > 0, p > 0, and No > 1 such that for all p; < p, N > Ny,
and v € y N M{V(Z), we have

P, ('L_'T[k < exp{N(V(yrk) — 8)} <exp{—Ne}, and
P, ('Enk > exp|N(V(7¥) + 8)}) <exp{—Ne}.

Remark 3.4. Lemma 3.9 can be proved as follows. From Corollary 3.2, we have that the mean
exit time from a small neighbourhood of the elements of n{‘ is of the form exp{N ‘7(71{‘)}
From Corollary 3.3, we have that, upon exit from a small neighbourhood of the elements of
n{‘ , the probability that the process uy enters a small neighbourhood of the elements of 715 is
of the form exp{ —N(f/(n{‘, rrk) - \7(71{‘) } Using these facts, we can proceed via the proof of
[20, Chapter 4, Theorem 4.2] to transfer the estimate on the mean of 'E”{\' to the estimates on
the probability for 7 to lie between exp{N(V(rf) — 8)} and exp{N(V(f) + 8)}. To prove
Lemma 3.8, in addition to the above facts, we note that with high probability, the process py
enters a small neighbourhood of the elements of né‘ upon exit from a small neighbourhood of
the elements of n{‘ when n{‘ — né‘. Similar estimates as in Lemmas 3.8 and 3.9 in the case of
small-noise diffusion processes have been shown in [25, Lemma 2.1, Part I] and [25, Lemma
2.2, Part I], respectively.

Lemma 3.10. Let ¥ be a k-cycle and assume that \7(71]‘) > 0. Given ¢ > 0, there exist 6 > 0,
p >0, and Ny > 1 such that for all p1 < p, v € Mf’(Z), and N > Ny, we have

Py (Tor < exp{N(V(nk) +68}) < exp{—N(V(nk) - V(nk) —¢)}.

Proof. We proceed via the steps in the proof of [25, Lemma 2.1, Part IIT]. Let gkl e gk
be a (k — 1)-cycle such that V(7*~1) = V(zX). With p; > 0 to be chosen later, for each n > 1,
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define the minimum of 7« and successive entry and exit times from a pj-neighbourhood of
k=1 as follows:

o= inf{r>0: py €[]} AT

inf{r > 1 : N (D) € [L\JTk_l] } A Tk,

)
N
”

Opt = inf{t >0, pun(0) € [7*71] ) A T

With § > 0 to be chosen later, using the strong Markov property, for any v € [71"]/)1 NMY(2),
we have

]Pv(fnkfexp{ ( ( )
=Pv(éo=f Tk <

+P, (90<z 6 U [T =6, T = ex p{N(V(nk)Jra)},fﬂkzén}). (3.4)

n>1

We now upper-bound each of the terms in (3.4). Consider the first term. It can be shown using
Corollary 3.3 and [25, Corollary A.6, Appendix] that there exist p; > 0 and § > 0 such that for
any v € [J'rk]p1 and sufficiently large N, we have

P, (éo =Tu) < exp{—N(V(nk) ‘7( ) e)}.
Consider the second term in (3.4). For any v € [nk l]pl MN (Z), the probability of the
unionised event can be bounded above by

Py | U {Zes =00 T s exp{N(V (") +8)}, 7 2 601 |
n>1
M
<P, < T k= ., Tk < exp{N(V(nk) +8)}, T k> 9,,_1}>
. Tok = exp{N(V(7%) +6)}, e = 6,1
n>M

<Py, (Tp =0y and T i > 6,_; for some n <M)
+ P, (9M < exp{ ( (nk) + 8)} and 6y < fn,k)
<P, (éM = _nk) +P, (éM < exp{N(V(nk) + 8)} and éM < 'Enk).
Again, the first term above can be bounded by

P, (éM <Tp) < exp{—N(V(nk) — V(nk) —¢)},
for all vy € [nk”]pl NMY(Z) and sufficiently large N. The second term can be bounded by
exp{—NM]} for large enough M, by the same argument used in the proof of [25, Lemma 1.7,
Part I]. If we choose M sufficiently large, the above implies that the second term in (3.4) is

bounded by exp|{—N(V(¥) — V(7*) — ¢)}. A similar argument gives the same bound for the
third term in (3.4). U

https://doi.org/10.1017/apr.2022.11 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.11

104 S. YASODHARAN AND R. SUNDARESAN

3.4. LDP for the invariant measure

Using the estimates (3.2) of the transition probabilities of the discrete-time Markov chain
7N, we can study large deviations for the process iy in the stationary regime. Recall that oy
denotes the unique invariant probability measure of the process uy. Also recall that G(7) is the
set of all directed graphs g on L such that (a) every node other than i has exactly one outgoing
arrow and (b) there are no closed cycles in g. We state the following result.

Theorem 3.1. ([12, Theorem 2.2].) Assume (Al), (A2), and (B1). Then the sequence
of invariant measures {gn}n>1 satisfies the LDP on M(Z) with good rate functions

given by
s(§) = min {W(@@) + V(K;, §)} — min W()), (3.5)
1<i<l 1<j<I
where
W(i) = mi V .
(@) glél(l;l(li) V(m, n)
(m,n)eg

The form of the rate function s in Theorem 3.1 is also related to the form of the invariant
measure in the context of Markov chains on finite state spaces whose transition kernels are
of the form (3.2); see, for example, [15, Section 1.1]. Also, see [9] for an analogous result in
a boundary-driven symmetric simple exclusion process, which involves the study of the LDP
for the invariant measure in an infinite-dimensional setting. However, our focus is on sharp
estimates on the rate of convergence to the invariant measure, which is the subject of the next
section.

3.5. Convergence to the invariant measure

In this section, we prove our first main result on the time required for the convergence of
U to its invariant measure.

Let igp € L be such that min{V(g) 1g € G(io)} = min{ V(g) g€G(),ie L}. We anticipate
that Kj, is one of the most stable w-limit sets (possibly among others) for the dynamics (1.1).
This is because Theorem 3.1 tells us that the rate function that governs the LDP for {¢n}n>1
vanishes on Kj,. Hence, for a large but fixed N, over large time intervals, one expects that
there is positive probability (in the exponential scale) for the process uy to be in a small
neighbourhood of Kj.

Define

0 if L] = 1.
(3.6)

{min{V(g) :g€G({i}),ieL} —min{V(g): g € G{i,j}.i,jeL.i#j} if|L|>2,

Since we are interested in the case when (1.1) has multiple w-limit sets, we assume throughout
that A > 0. The motivation to define this constant A is the following. Since the process py
spends most of the time near one of the compact sets K;, we expect that it mixes well when the
discrete-time Markov chain ZV, with transition probabilities of the form exp{—NV(K;, K;)}

given in (3.2), mixes well. The mixing time of ZV is determined by the real part of (l — ):12\’ ),
where )AJZV is the second-largest (in absolute value) eigenvalue of an / x / transition probability
matrix whose (i, j)th entry, for i # j, is given by exp{—NV(K;, K;)}; it turns out that this scales
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as exp{—NA} [20, Chapter 6, Theorem 7.3]. Thus, we expect that, when time is of the order
exp{N A}, the process py mixes well.

Let Pr(v, -) =P, (un(T) € -) denote the transition probability kernel associated with the
process uy. Note that we suppress the dependence on N for greater readability. We first show
a lower bound for the transition probability ]P’T(v] , K,-O) of reaching a small neighbourhood of
K;, when T is of the order exp{N(A — §o)} for some &y > 0.

Theorem 3.2. Given ¢ > 0, there exist 5o > 0, p > 0, and No > 1 such that for all p; < p, N >
No, v € MIIV(Z), we have

Pry(v, ¥iy) = exp{—Ne}, (3.7

where To = exp{N(A — 8¢)}. Furthermore, there exist vo € M1(Z) and B > 0 such that for all
N > Ny and v € [vol,, "MY(2),

Pry(v, ¥ip) < exp{—NB}. (3.8)

Proof. We follow the steps in Hwang and Sheu [25, Part I, Theorem 2.3]. With p > 0 to be
chosen later, we first show that (3.7) holds for all v € y ﬂMiv (Z). Towards this, let m be the
smallest integer such that L, is a singleton. For 0 <k <m, let n(’)‘ € Ly be the k-cycle con-
taining ig. Let Vi = max{V(nk) cxk né‘“, * =+ n(])‘}. Using [25, Lemma A.10, Appendix],
we have A = max{V;:0 <k <m}.

Fix je L and consider v € [K}],. Let m{" € L;, be such that K; e w{". If n{" # 7, then

we have 7{" = 7y'; that is, there exist 7}, 73", ..., m' = 7', n <[, such that 7" — 7}’ —
ny' — - -« — m' =)' Therefore, with § to be chosen later, by the strong Markov property,
we have

P, (Zan < nexp{N(V,, — 8)})
2B el as(ep)ve)
B () (l{fn31<exp{N<vm—8>}} Hun(eg)ens)

) (o oo ) st o))

Since V(ni’") <V, forall 1 <i<n, the above becomes

P, (f,,(;n < nexp(N(Vy — 5)})

>E, (1 {f,,in <exp{N(Vx-s)}} I{HN(‘L_'ﬂfn)GJTE”}
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By Lemma 3.8, there exist p > 0, § > 0, and Ng > 1 such that each of the above probabilities
is at least exp{—Ne/I} for sufficiently large N, i.e., we have

P, (fﬂgz <n exp{N(Vm — 8))}) > exp{—Nne/l} > exp{—Ne¢},

On the other hand, if K; is such that K; € ng’, the above holds trivially. Therefore, there exist
81 > 0 and Nq > 1 such that forallv € y ﬂMIIV(Z) and N > N, we have

Py (&ng < exp{N (Vi — 81)}) = exp(—Ne].

We now use the above bound to show (3.7). Let T = exp{N(A — 1)}, Ty, = exp{N(V,, — 1)},
and T,,—1 = exp{N(V;y—1 — 61)}. Then, forany v e y N MIIV(Z) and N > N, we have

Py (un(T) € viy) ZEv(l{t 8’<T"’} . 1{MN( 6”)63"0}>

:Ev(l{fﬂglf ( l/vN T ‘r m Ey,o}))

= inf N ) Py (MN(t) € yi())EDU( Tl = Tm)
> inf Py (un(0) € viy) exp{—Ne}, (3.9)

where the second equality follows from the strong Markov property. To get a lower bound for
the above infimum, fix v € [716”][) NMY(Z)and T — T,, <t < T. Define the stopping time 6 :=

inf{s >t—Tp1:un(s) e [n(’)”]p}. Then, for a large T (not depending on N) to be chosen
later, we have

Py (un (1) € vig)

= E, (1 {GSI—Tm—l'f‘T*,fﬂ(t)n >T} ' E“N(Q) (1 {;LN(t—G)eVio })

>P, (9 <t Tt + T Ty > T) inf Py (1n(®) € vip)- (3.10)
v/e[n(’)”]pﬂMllv (Z)
TmflfT*Slmefl

Note that
Po(O0 <t =Tt + 7% Tp > T) =Py (Tap > T) = Pu(6 > 1 = Tyt + T, g = 7).

By Lemma 3.9, since A < \7(71(’)"), we have

P, (f,,(z)n > T) >P, (fn(z)n > exp{N(f/(n(’)") -8} —1
as N — oo. For the second term, note that
Py(0 >t —Tpuoy + T, Tap > T)
Z]P)V(MN(S)¢[JT6"] forallt — Ty <s<t—Tyu_1 +T%, rﬂm>T)
=IPU(,uN(s)¢y forallt — Ty <s<t—Tp_1 +T%, 1”6" > T)
<Py(un(s) ¢y forallt — Ty <s <t—Tp_1 +T).
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The second equality follows since uy(s) ¢ [716”]'0 and Tpym >T implies that we have exited

[716”]/) and we have not yet entered a neighbourhood of any other attractor, which is the same
as saying un(f) ¢ y and Tym > T. By the Markov property, the above probability equals

By (EuN(r—Tml) <1{uN<s>¢y for ause[r—Tml,r—Tml+T*]}>> = sup Py (wr 2 T7),

where F =M (Z)\ y. By Lemma 3.3, T* can be chosen large enough (not depending on N)
that the above probability is at most 1/2. Therefore, (3.10) becomes

1
inf P, (un(0) € viy) = 3 inf Py (un(®) € viy)
ve[n(')"]pﬂMllv(Z) u’e[n(’)”]pﬁM?’(Z)
T—T<t<T Typ1—T*<t<Tp_1

and (3.9) becomes

1 )
Py (un(T) € vip) = 3 exp{—Ne} inf Py (un (1) € vi),
ve[rg] (@)
P
7‘,71,1—7‘*5157‘,7,,1

for sufficiently large N and vey N Mﬁv (Z). Repeating the above argument m times, we see
that there exists N > 1 such that for all v € y and N > N, we have

1\ .
Py (un(T) € vip) > <§> exp{—Nme} inf Py (un(®) € viy)
v’e[n(}]pmM]N(Z)
To—T*<t<Ty

1\" .
> (—) exp{—N(@m + 1)e} inf IP’,,/(/LN(Z) € Vio)
2 V' elKol, MY (Z)
To—T*<t<Ty

m+1
> (§> exp{—N(@m + 1)e},

where Ty = exp{N(Vp — mé)}. Thus, we conclude that there exist N3 > 1, §3 >0, and p >0
such that forallve y N MIIV(Z) and N > N3, we have

Py (un(T) € viy) = exp{—N(m + 3)¢},

where T =exp{N(A —§3)}. This establishes (3.7) for all veyﬂM{V(Z). For any
veMIIV (2)\y, from Lemma 3.3, there exist 7" large enough and N4> N3 such that

P, (‘L'MI(Z)\V < T/) > % for all N > N4. Therefore, we have
P, (MN(T) € )/io) >E, <1{TM1(Z)\VET’} By <1{MN(T—T’)€)/1'O}))
1. ,
> — inf Py (un(T —T') € ;)
2 vey
1
> 3 exp{—N(m + 3)¢}.

Thus, we have established (3.7) for any v € Mllv (2).
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We now turn to (3.8). Since A = max{Vy, 0 <k <m}, there exists a k such that V; = A.
From the definition of Vj, we see that there exists 7% € L; such that

\7(71") =A, T*c né“, and 7% # 7§,

where né‘“ is the (k+ 1)-cycle that contains Kj,. Therefore, Lemma 3.9 implies that, for
some B > 0, for some §4 < §3 and an appropriately chosen p > 0, with T = exp{N(A — §3)} =

exp{N(V(*) — 83)}, we have
Py (un(T) € vig) <Py (Tpx < T) <exp{—NB},

for any ve [nk]p ﬂM’l\' (Z) and sufficiently large N. This completes the proof of the
theorem. 0

The above theorem immediately gives a lower bound on P7(v, &) for any £ in a small neigh-
bourhood of Kj;, over time durations of order exp{N(A — §)} for some § > 0. Let us make this
precise.

Corollary 3.4. Under the conditions of Theorem 3.2, forall v € Mllv (2)&ecy,N Mllv (Z), and
N sufficiently large, we have

Pr,(v, £) > exp{—2Ne¢}.

Proof. Given ¢ > 0, let p, Ny, and T be as in the statement of Theorem 3.2. Choose ¢ large
enough (not depending on N) and o’ < p so that for all p; < p’ we have S;(v;|v;) < /2 for all
V1, V2 € ¥j,. This is possible by the joint continuity of the rate function S;(-|-) and the fact that
V(v1, v2) =0 whenever vy, v2 € K;;. Therefore, using the large deviation lower bound, there
exists Vo > N such that

Py(v1, v2) = exp{—=N(S;(v2|v1) + &/2)} = exp{—Ne},

forall v, vy € ¥4, N MIIV(Z) and N > N,. Therefore, by Theorem 3.2, for v € M{V(Z), Ecy,N
MiV(Z), and N > N, we have

Pr,(v, &)= Y Pri(vi, v)Ps(v2, &)

vy, MY (2)
> Pro—i(v1, i inf  P(vy, &
o—t(V1> ¥io) mer v ((v2, §)

> exp{—2N¢}.

0

3.5.1. Proofs of Theorem 1.1 and Theorem 1.2. We now prove our first main result
(Theorem 1.1) on the convergence of wy to the invariant measure and its converse Theorem 1.2.
Theorem 1.1 together with Theorem 1.2 shows that the constant A is sharp (in the exponential
scale) for the time required for py to equilibrate.

https://doi.org/10.1017/apr.2022.11 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.11

Large-time behaviour of mean-field models 109

Define Ly := {i € L:s(K;)=0}; i.e, Ly denotes the set of minimisers of the rate func-
tion s (see (3.5)). Let B(M(Z)) denote the space of bounded Borel-measurable functions on
M (2).

Proof of Theorem 1.1. We follow the steps in Hwang and Sheu [25, Part I, Theorem 2.5].
Let ¢ > 0, and let Ty, 8o, p, p1, and Ng > 1 be as in the statement of Theorem 3.2. Note that,
forany v € MJIV(Z), E¢ [Lo]p1 and for some fixed > 0,

Pry(v, &)=Y Proi(v, V)Pi(V, &)
U’E[Ki]

>exp{—2Ne} inf P, (v, &)

v'e K,'O

> exp{—2N¢} exp{ —N sup Si(§]V') }
”/G[Kio]
where the first inequality follows from Corollary 3.4 and the second from the uniform LDP

(Corqllary 2.1). Hence, we can find a function U : M{(Z) — [0, co) such that U(¢) =0 for
S [Lo] and

o1
Pry(v, &) > ey exp{—=NU(&)} (3.11)

holds for all v e MY (2), & ¢ [i‘o]m and sufficiently large N; here cy is such that

7n(§) = ey exp{—=NU(§)}

is a probability measure on MI]V(Z). Define Q7,(v, -) := Pr,(v, -)/mn(:). Note that cy — 0
exponentially fast as N — oo. Indeed, since U(§) =0 for all £ € [Zo]pl, each of these points
yield mn(§) = cn. Since the number of points in [Z‘O]m N M’l\' (Z) is exponential in N and since
7y is a probability measure, we see that ¢y must decay exponentially fast in N. We have, for
any vy, 12 € MY (Z) and sufficiently large N,
Ey, (f (un(T0))) — Ev, (f (un(T0)))
= Y PronL&fE— Y. Pr(n, EfE)

geMy(2) geMY(2)
= Z Or,(v1, E)f (E)nn(§) — Z Or,(v2, E)f (§)mn(§)
geMY(2) geMY(2)
= Y (On(v1, &) —exp{—2NeDf (E)mn ()
geMY(2)
— Y (Qr,(, &) — exp{—2Ne)f (E)mn (&)
geMY(2)

== eXp{—ZNe})( Slgpf(é) - igff(é)),
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where the last inequality follows from (3.11) and the fact that Qr,(-, -) > 1. Therefore, we have
that

sup |Ey, (f(un(T0))) — Ev, (f (un(To)] < (1 — exp{—=2Ne})[|f | co-

V1, V2

Continuing this procedure k times, and by using the Markov property, we get

sup [y, (f(un(kT0)) — Ev, (f(un(kTo))| < (1 — exp{—2NeD*|[f oo,

Vi, V2

and hence we have

sup |, (f(un(KTo)) — (f, )| < (1 — exp{—2Ne D [[flloo-

Choose k = exp{N(8p + 6)}; then we have kTy = exp{N(A + 4)}, and the above becomes
sup |E, (f(un(kT0))) — (f, oon)| < exp{— exp(N(—2¢ + do + 8))}.
v

We can choose ¢ small enough so that the quantity —2¢ + & > 0, and hence for some &’ > 0,
we have

sup [Eu(f(un(T)) — (f. )| < exp{— exp(Ne")},

for sufficiently large N, where 7' = exp{N(A + §)}. This establishes the result. O

Proof of Theorem 1.2. This is a direct consequence of (3.8), established in
Theorem 3.2. O

4. Asymptotics of the second-largest eigenvalue for reversible processes

In this section, our goal is to understand the rate of convergence of wy to its invari-
ant measure for a fixed N. For this purpose, we shall assume that the Markov process uy
is reversible. That is, the operator LV is self-adjoint in L*(py) and it admits a spectral
expansion; let 0 = AJIV > —)»Izv > _)\13\/ ... denote its eigenvalues in decreasing order, and let
ullv =1, 1/2\/ , u/3v , ... denote their corresponding eigenfunctions. Without loss of generality, we
assume that the eigenfunctions are orthonormal, i.e., (uY, u) = 1 for each i and (u?, ) )=0
for each i #j, where (-, -) denotes the inner product in Lz(pN). The spectral expansion [5,
Section 1.7.2] enables us to write, for any f € B(M(Z2)),

Ef(uv@) = {f. o) + D e~ (F, u Ju ). @.1)
k>2

Therefore, the rate of convergence of E,f(un(?)) to its stationary value (f, gp) is determined
by the leading term in the above sum, which is the second-largest eigenvalue —)sz . Hence, to
understand the convergence of uy to its invariant measure, we study the asymptotics of )LIZV .

We first need the following lemma, which estimates the probability that the process py is
outside a small neighbourhood of the set Ule K;.

Lemma 4.1. Fix p1 > 0 and let B be the p1-neighbourhood of Uic K;. Given ¢ > 0, there exist
8 > 0 and Ny > 1 such that for each v € MIIV(Z) and N > Ny, we have

Py (un(T) € M (2) \ B) < exp{—N3},
where T = exp{N(A + ¢)}.
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This result can be proved using Theorem 1.1, which deals with the convergence to the invariant
measure, and Theorem 3.4, which addresses large deviations of the invariant measure {¢n}n>1.
Indeed, from Theorem 3.1, since the function s in (3.5) is strictly positive outside Ulel(i, the
probability of the complement of a small neighbourhood of UleKi under gy decays expo-
nentially in N. But when T is of the order exp{N(A + ¢)}, from Theorem 1.1, the law of the
random variable uy(T) is not far from gpp. Therefore, the probability that ux(7) lies outside a
small neighbourhood of Uﬁle,' decays exponentially in N.

We are now ready to prove our next main result (Theorem 1.3) on the asymptotics of the
modulus of the second-largest eigenvalue (i.e., )sz )

Proof of Theorem 1.3. Lower bound: Suppose that there exists a subsequence {Ni}i>1 such
that

log AJ% < —Ni(A +¢) 4.2)

2
for some & > 0. We will show that this contradicts f (ulzv" (v)) »n(dv) = 1 for sufficiently large

k. Fix p > 0 and define B := Uf=1 [Ki],. Then, using the lower semicontinuity of the rate func-
tion Sy(-|-) and Corollary 2.1 on uniform LDP, we see that for sufficiently large #, there exists
81 > 0 such that inf{S;(&|v) : &, v € B} = 81 > 0. Therefore, for any v € B N MIIV(Z) and any
82 > 0, there exists Ng > 1 such that for all N > Ny,

Py (un(t) =v) < exp{—=N(S(v|v) — 82)} < exp{—N(d1 + 82)}.
On the other hand, (4.1) implies that
Py(un(@®) =v) =E, (14 (un(@)))
> e (Wl () v (),

so that
/ |u'2v|2@1v(dv) <exp{—N( + )} 4.3)
BC

for all N > Ny. To bound the integral over B, by Theorem 1.1, with T = exp{N(A + ¢/2)}, there
exist 83 > 0 and N| > Ny such that for all N > Ny,

[Euf(un(T)) — (f, o) < || flloo exp{— exp(Né3)},

for any f € B(M(Z2)). On the other hand, from (4.1), forany v € BN MJIV(Z), withf = 1(,), we
have

IEof (un (D) — (f, on) =

Z exp{—kﬁvT}(f, ufy(v))uﬁv(v)

i>2
> exp {2 T} () ()2 on (v),

so that, by our assumption (4.2), there exists a ky > 1 such that

1y (1), (V) < exp{ A5 T} exp{— exp(Vi33)}
< exp(2 exp(=Ni(A + ¢€)) exp(Ni(A + £/2))} exp{—Ni83}
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for all k> kg. Since |M11Vk(Z)| < (Nx + DIZ! for all k, the above implies that, for some
64 >0,

Ni 2
| (14w) o) = exp=Nida) @4)

for all k > kg. Therefore, (4.3) and (4.4) imply that, for some § > 0,

Ni 2
[ (140) ety < expl-)
Mi(2)

2
for all sufficiently large k, which is a contradiction to f (ulzvk(v)) gn,(dv)=1 for all

sufficiently large k.
Upper bound: Suppose that there exists a subsequence {Ni}i>1 such that log )»12\’ >
Ni(—A +¢) for some ¢ > 0. Let vy, 8o <¢&/2, p, No be as in Theorem 3.2. Then, with

fwy=1¢r,. (v) and T = exp{N(A — 80/2)}, (3.8) implies that
{[], .}

E.f (1) =P, (un(T) € [Ky ], ) < exp{=NB)

for all N> Ny and v € [vgl,/2 ﬂMIIV(Z). Also, by Theorem 3.1, for any § > 0, there exists
N1 > Ny such that for all N > N, we have

(ff 6/’)N> = pN([Ki()]p/z) > exp{_Ng}

This is possible since inf s(¢) = 0. Therefore, for all N > Ny,

§e [Kio]p/z
/ By (D) — (. o) Po(dv)
M (2)

> f[ BT = . ow) P i)
volp/2

> gn([volp/2)(exp{—Np} — exp{—N35})
> pon([volp/2) exp{—Né1}, for some §; > 0
> exp{—Né,}, for some 5, > 0,

where the last inequality follows by Theorem 3.1. On the other hand, for any function f with
f[f|2d5<)N <1, we have

/ IEu(f(un(T))) — (f, on) > on(dv)
M (2)

_nN 2
- D e T () uy (v)2pn(dv)
MI(Z) k22

< exp{—ijsz} /

If12dgpn
M (2)

< exp{—Z)szvT}.
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Therefore, we have exp{ —2)\12\] T} > exp{—N$é,} whenever N > Np. By our assumption, we see
that

exp{—2 exp(—Ni(A — &) exp(N(A — 80))} = exp{—Nid1}
for sufficiently large &, which is a contradiction since §p < /2. (]

Using the above theorem, we see that if A > 0, then as N becomes large, it takes longer for
the process uy to be close to its invariant measure. This means in particular that metastable
states reduce the rates of convergence of wy to its invariant measure. On the other hand, if
there is a unique global attractor of the limiting McKean—Vlasov equation (1.1), then we see
that A =0, and the rate of convergence of py to its invariant measure does not suffer from
such a slowing-down phenomenon.

Note that the spectral expansion in (4.1) is crucial in the proof of Theorem 1.3, to enable
the use of the results on the large-time behaviour of py established in Section 3 to obtain the
asymptotics of )lev . The main purpose of Theorem 1.3 is to demonstrate that, in the reversible
case, the asymptotics of )JZV can easily be obtained as an application of the study of the large-
time behaviour of uy. Even in the non-reversible case, one can obtain asymptotics of the
real part of )sz via other approaches; see, for example, [47], where the author obtains the
asymptotics of the real part of the second-largest eigenvalue of the generator corresponding
to a small-noise diffusion process by examining the eigenvalues of a discrete-time chain (with
transition probabilities of the form appearing in (3.2)) and transferring them to the operator.
Furthermore, the asymptotics of all the eigenvalues of an / x [ transition probability matrix
whose (i, j)th entry, for i #j, is given by exp{—NV(K;, K;)} can also be obtained; the real
part of (1 — 5\5{\/ ) (where ):2’ is the kth eigenvalue of the matrix, 2 < k <) decays exponentially
in N, where the exponent is given by a quantity analogous to A in (3.6) in which the first
minimum is taken over all graphs in G(W) with |W| =k — 1 and the second minimum is taken
over all graphs in G(W) with |W| =k, see Freidlin and Wentzell [20, Chapter 6, Theorem 7.3].
However, it is not clear how to transfer these asymptotics to the eigenvalues of LV using the
large-time behaviour of uy, a question that we leave for the future. This question is also related
to the behaviour of uy over times of the order of the inverse of these eigenvalues. For reversible
Markov chains with a small parameter, such questions have been studied by Miclo [34, 35].
In particular, it would be interesting to investigate the asymptotics of AY, since the rate of
convergence of uy to gy depends on whether Agv decays as exp{—NA} or A13\/ > exp{—NA}.

Example 4.1. We provide a simplified Curie~Weiss model of magnetisation for which LV is
reversible with respect to gy for all N > 1 [13]. Let Z = {—1, +1}. The states represent the
direction of magnetisation of the particles. For each N > 1, consider the following probability
measure on ZV:

1

N 2

1

v (2) = G exp N (ﬁ Zzn) AN =@ e 2V, 4.5)
n=1

where Cy is a normalisation constant. Given & € M{(Z), define the total magnetisation by
£t = E(41) — E(—1). Define the transition rates

Az (—9(E) =exp{—2z§0i}, z€ Z, § e M1(2).

It is straightforward to verify that the Markov process (Xiv e ,X%) that describes the joint
evolution of the states of all the particles is reversible with respect to its invariant measure my
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in (4.5). That is, for every zV, zZV € Z" that differ on the nth component, we have the following
(recall that N = 1%, ZI,:III 82,):

7N (2Y) ka2 (@) = 7w (@) ., (7). (4.6)
From the reversibility of (X}, ..., XY), noting that py(&) is the sum of 7y (2") over all z¥

such that zV = &, it is straightforward to check that uy is reversible. For completeness, we
show the reversibility of .y by checking the detailed balance condition. Towards this, we first
note that forany &, & € Miv (Z) such that £(z) = £(z) 4+ 1/N for some z € Z (which ensures that

£(z) > 0, and hence £(—z) > 0),
E(z) x (number of 2% € ZN such that zV = é)

= é(—z) X (number of z¥ € 2N such that zV = g) 4.7
Letz € ZV (resp. ig’ € ZN) be such that zZV =& (resp. ¥ = £). Noting that 7 (") depends
only on zV, for any z € Z with £(z) > 0, we have

PNENE @A (—o)(&) = 7y (2 ) (number of 2 € Z¥ such that 2V = £)NE(2)hy (—)(E)

N (zév) (number of z¥ € ZV such that N = E)NE(—2)hz (—2)(8)
N (z’g) (number of z¥ € ZV such that N = E)NE(—2)h(—2).2(E)

o (E)NE(—Dh(—y) - (£),

where we have used (4.7) in the second equality and (4.6) in the third equality. It follows that
Uy is reversible.

Remark 4.1. Another situation where wy is reversible with respect to gy is in the non-
interacting case (i.e., when, for each (z, 7)) € £, Az () is a constant function, which we denote
by A; ), where the Markov process on Z with generator

fe Y (f —f@h, z€Z,

7:(z,7)e€

is reversible with respect to its invariant measure (i.e., when the Markov process correspond-
ing to a single particle’s evolution on Z is reversible with respect to its invariant measure).
This results in a reversible empirical measure process uy. However, the authors are not aware
of a general condition (in terms of the transition rates A, (-), (z, Z') € £) that characterises
reversibility of .

5. Convergence to a global minimum via controlled addition of particles

In this section, our goal is to increase the number of particles N over time so as to obtain,
with high probability, convergence of the empirical measure process to a global minimum of
the rate function s that governs the LDP for the sequence of invariant measure {@y}y>1-

Fix ¢ > 0. Let No =min{n e N: exp{nc} — 2 >0}, ty, =0, and for each N > Ny, let ty =
exp{Nc} — 2. For each N > N define the generator L acting on bounded measurable functions
fon Mi(Z) by

5, 8
LYf(&):= (ZZX,)igNtE(Z))‘Z,Z’(g) [f (E + ﬁr - ﬁi) —f(E)] ) 1€ [N, In+1),
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where N; = N for t € [ty, ty+1). Let z9 € Z be a fixed state and let v € MJIVO(Z). We say that
a probability measure [Py, on D([0, 00), M(Z)) is a solution to the martingale problem for
{LN}N>N0 with initial condition v if Py ,(ft : 1(0) = v) = 1, for each N > Ny, the restriction
of Py, on D([tn, tN+1), lev (2)) is a solution to the D([ty, tN+1), lev (2))-valued martingale
problem for LV, and

— N _,_ 1
Po,v M-M(tN+l)=H_—NM(IN+1)+IV—H(SZO =1.

Again, by the boundedness assumption on transition rates (A2), for each v € MIIVO(Z), there
exists a unique probability measure Py, that solves the martingale problem for {LN } N>No
with initial condition v. Let t be the process on D([0, 00), M1(Z)) whose law is Py ,. To
describe the process in words, we start with Ny particles and follow the mean-field interaction
described in Section 1, except that at each time instant ty, N > Ny, we add a new particle whose
state is set to zg. Similarly, for f > 0 and v € M%lo‘g(t—ﬂ)] , let P, ,, denote the law of the process
(a(t), ¢ > 1) with 1() = v.

We anticipate that if ¢ is small, then MV, is so large that the fluid limit kicks in too quickly over
time and the process it converges (over time) to a local minimum of s with positive probability
depending on the initial condition ft(0). When c is sufficiently large, we anticipate that there is
enough time for exploration and therefore we will converge to a global minimum of s. Recall
that the set of global minimisers of s is denoted by Lo. Our interest in this section is in finding

a constant ¢* such that for all c > c¢* and v € MjlVO (£), we have
Po,, (fi(?) lies in a neighbourhood of Ly) — 1 (5.1

as t — 0o.

We use the results in the previous sections to identify the constant c¢*. Since N; — oo
as t— oo, for a fixed T > 0 and large enough ¢, the large deviation properties of the pro-
cess (i(s), t <s <t+ T) from the limiting dynamics (1.1) starting at an arbitrary (i(¢) can be
obtained similarly to the LDP of the process wy studied in Theorem 2.1 and Corollary 2.1.
Therefore, the results in the previous sections on the large-time behaviour for the process
(un(?), t > 0) are also valid for (1(¢), > 0) when the ¢ is large enough; we make these precise
now.

Lemma 5.1. (See Lemma 3.8.) Let n{‘ and né‘ be k-cycles and suppose that n{‘ — né‘ and

V(n{‘)/c < 1. Then, given ¢ > 0, there exist § > 0 and p > 0 such that for all p1 < p, there is
t* > 0 such that

Pro(tg <1+ VDD (1) ey ) 20

holds uniformly for all v € [nﬂpl N MIIV’(Z) and t > t*.

Remark 5.1. The condition V(7{)/c <1 in the above lemma ensures that during the time

duration [t, tv(nlk )/ C], for large enough ¢, the number of particles does not change, so that
Lemma 3.8 for the process wy is applicable for the process .
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Lemma 5.2. (See Lemma 3.9.) Let % be a k-cycle and suppose that V(nk) /c < 1. Then, given

8 > 0 such that (\7(7'[]‘) + 8)/c < 1, there exist ¢ > 0 and p > 0 such that for all p1 < p, there
is t* > 0 such that

B (s <110 2 ang

Py (fﬂk >t+ t(v(”k)+5)/c) < el

hold uniformly for all v € [nk]pl N lev,(z) and t > t*.

Lemma 5.3. (See Lemma 3.10.) Let 7% be a k-cycle and suppose that V(¥)/c < 1. Given

e >0, there exist § € (O, c— V(nk)) and p > 0 such that for all p; < p, there is t* > 0 such
that

P, (fnk <i+ t(V(nk)—HS)/C) = t—(V(ﬂ")—V(n") —&)/e

holds uniformly for all v € [nk]pl N Mllv‘(Z) and t > t*.
Recall the definition of the sets L and C from Section 3.

Lemma 5.4. (See Lemma 3.3.) Given py > 0 and p1 < po and their associated sets L and C,
given v > 0, there exist T* > 0 and t* > 0 such that

Pro(tL > t+T%) <17V/¢

holds uniformly for all v e C N M?]’(Z) and t > t*.

To answer the question on the convergence of (i to a global minimum of s, we define the
following quantities, analogously to what is done in Hwang and Sheu [25]. Let m be such that
Ly,41 is a singleton (denote it by {n’”‘H }) Define

Ay = {nm €L, :V(r™= V(nm+1)}.

Inductively define, for each !

€ Ly,
Ae(7*H) o= [t eV (7) = V(=HT),

and for each k > 1, define

Av= | A=)

k+1 €Arr
Also, for each 7k € Ly, define

L 0 if {7kt enk:akt ¢ A (7X)} =0,
ck—1(*) == !

max{ V(751 : k=t ¢ Ay (2F), 7K1 e k) otherwise,
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AU(W{)

Ag(m}) Ao(m})

FIGURE 1. An example of the hierarchy of cycles with |L| =9 and m = 2 that illustrates the above defi-
nitions. There are four 1-cycles and two 2-cycles. The nodes in the bottom row represent the elements of
L, and the nodes above it represent the hierarchy of cycles. Dashed and dotted lines indicate the (k — 1)-
cycles belonging to a k-cycle. Thick lines indicate the (k — 1)-cycles that attain max -1 V(nkil) for
a k-cycle ¥, Circles indicate the sets Ag (ﬂk+1). Dashed lines indicate the cycle %1 ¢ A;_; (nk) that

attains the maximum in the second line in the definition of ¢ (JTk ); co (nll) =0 (which is not indicated

in the figure), and all other ¢ (7¥) are positive.

and for each k > 1, define
e Ky . _k
Ch_1:= max{ck,l(n ), 4 GAk}.
Finally, define
c* := max{cg, 0 <k <mj}.
Figure 1 i1~lustrates these definitions. Similarly to [25, Lemma A.11, Appendix], we can show
that Ag = Lo, the set of minimisers of the rate function s that governs the LDP for the invariant

measure {gn}n>1. We now prove Theorem 1.4 on the convergence of [i to the set of global
minimisers.

Proof of Theorem 1.4. 1t suffices to show that, for any § > 0 with (¢* 4 §)/c < 1, there exist
e >0, p1 >0, and r* > 0 such that

P (107 e L], ) 21—
forall > r* and v € MIIV’ (2). Define the stopping time
0 .= inf{s > t: fu(s) € [L]y, }

By Lemma 5.4, for any M > 0, there exists 7% > 0 such that for all v e MIIVO(Z) and large
enough ¢, we have

P, (0 >t 4 T%) <t M,
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By the strong Markov property, we have

Pt,v(ﬁ(l“i- t(c*+3)/c) c [I:O]m)

z B <1 {o<err}” Bo.0) (1 {’_‘(’“(C*M)/C)E[io]m }>>

o B (Rl € o], ) (1) >
_t5t11§t+T* f1.v1 ,u(t—{—t )e[ O]ﬂl ! ) (52)
V€Ml

To bound the first term above, fix a 7| such that r <t <4 T* and v| € [L],,. Define the
stopping time 0, := inf{t > 11 : u(¢) € [Au]p,}. We have

Pll,v1<ﬂ(t+ t(c*+3)/c) c [Zo]m>

EIE“N1<lwm<Hﬂﬁ+W”ﬂ}'E@”ﬁ«%)(l{uu+m*“Vﬂeﬁb] }))
Pl

> inf Ptz,vz (:L_l“(t + t(C*+5)/C) € [Zo]p1>

T ISt DI vy e A,

X Py oy (6 < 1+ £C7HD/e), (5.3)

We first bound the second term Py, ,, (Gm <t+ (" +8/2)/ c). Note that, by Lemma 5.1, for any
M > 0, there exists §; > 0 such that

Pryv (O > 11 + tﬁc'”_‘s‘)/c) <1-— tl_M‘/C

for sufficiently large ¢. Let 71 =t + t(lc’"f'sl)/ ¢, and define the stopping time 6:= inf{t >

T : (1) € [L]p, }. Again, by Lemma 5.4, there exists a T* large enough so that IP’TW(QA >

_ N
T\ +T%)<T, MI€ for all v e M 1 "1(Z). Therefore, using the strong Markov property, we have

th] (9m >t t(c*+5/2)/c)

<Etu (1{9m2(§,9‘<7|+]~*} : Eé,ﬁ(é)(l {0,,,>t+t(f*+5/2)/“})) + Py (é >T1+ T*)

<Py On>T1) sup Pry(6n>1+ t(c*+5/2)/c) + th/c
Ty <t<T\+T*
VELlp,

=(1=0"0) sup By (O TN g (5.4)

T\ <t<T\+T*
velLly,

We now focus on P,,V(Om >+ t(c*+5/2)/c) for a fixed t € [Ty, T1 + T*] and v € [L],,, and

repeat the above steps; this will introduce a multiplication factor of (1 -T, M/ C) along with

Sup By (O > 1+ 1),
Ty<t<TH+T*
velLip,
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where T, =T + ch’”_al)/ ¢ in the first term in (5.4), and an addition of tl_M/ ¢ in the second

/

term. Therefore, repeating the above steps r ~ t‘f 2e times, we get

,
]P)z.,vl (9m S+ t(c*+6/2)/c) < H (1 _ T:;_M'/C) + rth/c,
n=0

where T(’)" =1y, and
I

Note that

r

.
[TOQ=77"/) <expi =) T;;MI/C}
n=0

n=0

r
— eXp _ Z T:fMl/C*(Cm*BI)/C(T;L»l _ T;l:)}
n=0

T
<exp{— / M(Ml/c)(cmﬁl)/cdu}
T
—exp {_ (T;kl—(cher—a.)/c ) f(cm+M1761>/c)} _ (5.5)

Since T, > t; for all n> 1, we see that T} > 1, + rticm_al)/c ~t + t(lc'"_51+5/2)/c. Therefore,
1—(cm+M1—8 I—(em+M1=81)/c
_ (T;k (¢ 1—81)/c _ f 1—01 )

< ((fl + tgcm—fsl+5/2)/6)1*(0m+M1*51)/C _ ti—(cm+M1—51)/C)

e - - _\ I —(em+M=81)/
< <t} (em+M1—81)/c (1 —i—t(lc'" 8148/2)/c 1) G 1=dn/e 1)
< —C/(fi_(cm+Ml_61)/0t<lc"’_61+5/2)/C_1)

_ _C/I(IS/ZfMl)/c

for some constant ¢’ > 0 and large enough ¢;. Hence, (5.5) becomes

,
1—[ (1 _ T:—Ml/f) <exp {—C/I(IS/Z_MI)/C}.
n=0

We choose M| = §/4; the above and (5.4) then imply

Pry vy (O > 14+ 1 H/D/€) < exp {—c’rf/“f} 4 M-8/

and this implies that, for any M’ > 0,
Py vy (O > 1 4 £H/D/C) < =M/ (5.6)

for sufficiently large ¢, t <t} <t+T*, and for all v € [L],,.
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We now bound the first term in (5.3), Py, .., (/1([+t(c*+5)/c) € [io]pl) where t <t <

t+ (/D) and vy € [Ay]p, . Let 7" € Ay be the m-cycle such that v; € [Jrg’]m. Define the
following quantities:

To = 14 £/ _ flen () +/ ‘ and

Fim 1 e flenaa () +5/2)c

Define the stopping time 6 := inf{r > 7y : ji(t) € [rr(’)"]
wise. By the strong Markov property,

Plz,vz (,EL(I + t(c*+5)/c) c [ZO]m)

>Ep v, (1{0§71} Fo.qo <1 {ﬁ(ﬂrl“us)ﬂ)e[zo]ﬂ }))
1

Z ]P)tz,vz (9 S ;1) 1nf Pt3’V3 (/1([ + t(C*+5)/C) e [Z@]pl ) (57)

305t3551,v3€[776"]p

o }if ¢* > et (rrg’), and 0 = t, other-

1

We first estimate Py, ,, (0 < 71) when ¢* > c;—1 (ry') (if this is not the case, then by definition
of 0, we have IP;, ,,,(6 <7;) = 1). Note that

Py 1, (8 > 1) = Pryyu, ((0) ¢ [7'] , forallfo <1 <7)
< Py (A1) ¢ (L1, forall Ty < 1 <T1) + Pry oy (T < ).
Lemma 5.2 implies that
Pry.0 (fng' =< ?1) <o
for large ¢ and small enough p; > 0. Also, with this p;, by using Lemma 5.4, we see that
Py, (fi(t) & [L],, forallfo <t <F) <t M/e

for large ¢, where M can be chosen as large as we want. This shows that there exists €1 > 0
such that

P (0 <11) > 1—201/¢

uniformly for all v, € [n(’)”]p] and large enough ¢. Hence, from (5.6), (5.7), and (5.3), we get

Ptls”l</:l’(t+ t(6*+8)/c) € [Zo]pl)

> (1 _ t—M//C)(l _ Zt—gl/C) X ll’l~f ]P)tZ;VZ <'L_L (Iz + tgcm—l (ﬂ6n)+5)/c> c [io]p] ) 7

=10,

1S [né”]pl
7y €Am
5e[8/4,8]
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and therefore, for some & > 0, we have

inf P (‘ t+ 1) e[ )
tSnlSH-T*, e ,u( + ) [ 0]p1
UIE[L]pl

> (1 _ t—s/c) x inf Plzmz( ([2 +1 ;Lm 1( 'n)+8)/c) c [i()]pl>

=1y
ne [N(;”]pl
~715"(5/\,,,
5€[8/4,8]

We now focus on the second term. This probability inside the infimum can be bounded below
using steps similar to those above, starting with (5.7); instead of the random variable 6, we
consider the hitting time of a suitable (;m — 1)-cycle. Continuing this procedure m times, we
eventually reach Ag. Therefore, we can show

inf ]Ptl ” (M(f+ I(C +8)/c) c [Lo]pl) > (1 _ t—s/C)m—H’

1<t <t+T*
Vi€ [L()]pl
and the result now follows from (5.2). O

We now show that the conclusion of Theorem 1.4 fails if we choosg ¢ < c*. Since Z,o #1L,
we have ¢* > 0. Given ¢ < c*, let 7% € L be such that V(nk) <c< V(nk); this is possible
from the definition of ¢*. Note that Ly N 7% = @J. The result below shows that the exit time

from a neighbourhood of 7% is infinite with positive probability, and this in particular implies
that (5.1) fails.

Proposition 5.1. Let 7% be a k-cycle such that V(n*) <c <V(n*). There exist ¢e
((OR V(nk) —c¢), ¢ >0, p1 >0, and r* > 0 such that for all v € [nk]pl ﬂMjlv’(Z) and t > t*,

we have
Py (Tpx <00) <t () -e)/e,

Proof. We proceed via the steps in Hwang and Sheu [25]. Let Ty = ¢, and define, for all
n>1,

V(i
Tn+1 = Tn + Tn (ﬂ )/C and
1 /
Ty = Tut 5T V(r )‘.
(In the above definitions, we assume that f/(nk) > 0 if this is not the case, then we replace

f/ kY /-
T, (n )/L in the above definitions by a sufficiently large constant, and the following arguments
will go through.) We have, for any r > 1,

Ptu(nk<T) Ptv(nk<T—)+Ptu(r1<Tk<Tr)~ (5.8)

To bound the second term, define the stopping time 6 := inf{r > T , : ji(t) € [L],, }, where p;
is to be chosen later. Then

Ptv( r— 1<Tk<T) qu( 1 ST < Ty, 6 <T) 1+T*)
+ P (Tr—1 STt <Tp, 0> T +TY), (5.9
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where T* is such that the second term above is bounded above by Tr*jd/c, for some M > 0 to
be chosen later (this is possible by Lemma 5.4). To bound the first term, note that

Pro(Tr—1 <Tpu <Tp, 0 <T;_ | +T%)
<P(0<Tpu <Tr, 0 <T | +T%)

<Etv( (i ( ) [ﬂk]pl’ngf,l+T*} ']Eg,ﬁ(g)(l{f,,k<Tr})>

<)) )

holds for sufficiently large t and small enough p;. Here, the second inequality follows from
the strong Markov property and the third from Lemma 5.3. Choose M sufficiently large so that
(5.8), (5.9), and the above imply

—(V(ﬂk) —V(ﬂk) —e)/c

Py (Tt < T,) <Pyu(Fk < Tro1) + 2T,

Then we have

- ~(@ (%) -V (*)-e)/c
Py (T <T’)522T; (k) =7 (k) —ey/
n=0

< Cl Z Tf(V V T )76‘)/()

-
= C/l Z T;(V(ﬂ )78)/L(Tn+l —Ty)

n=0
T, _
r k
<d / u_(v(” )_8)/Cdu,
1
where ¢} is a positive constant. Choose ¢ such that V(nk) — & > ¢, so that the above implies

oo ~
]P[’v(fﬂk < Tr) < C/l / u*(V(ﬂk)fe)/cdu

t
i/ k .
< C/t17<v(n )*8)/47
where ¢’ is a positive constant. Let r — 00, and the result follows since T, — oo. O

Example 5.1. We now provide an example where we can choose the transition rates of the par-
ticles so as to minimise a given ‘nice’ function U on M((Z). Let (Z, £z) denote the complete
graph on Z. Suppose that for every & € M{(Z) and (z, 7') € £z with £(z) > 0, the limit

U(s+27=) - U@
1/N

exists, and is bounded and continuous. Further assume that the above convergence is uniform
over &£. Consider the transition rates

o N(v(e+ 55" o) |
W) = £eMV(2), £)> 0.

() )]

VU= Jim,
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Then, by verifying the detailed balance condition, it is straightforward to show that the
probability measure

Lexp{—NU(z_N)}, zNEZN,
cN

is invariant for the N-particle evolution, where cy =2 v zvexp{ —NU(zV)}. Let
H:M;(Z)— [0, co) be the Shannon entropy defined by

HE)=—) &) logé(2),

€Z

with the convention that 0 log 0 = 0. Since the number of zV € ZV such that zV = £ is between
(N + 1)"12l exp{NH (&)} and exp{NH (&)} [17, Lemma 2.1.8], @y satisfies

(N+ 1)1

1
exp{—N(U(§) — H(§))} < pn(§) < — exp{—N(U(§) — H(§))}.
CN CN

Therefore, {gy} satisfies the LDP with rate function U — H. Noting that Ag\g(é) converges to

exp{—V, U(&)}
1+ GXP{_Vz,z’ U)}

as N — oo uniformly over &, the empirical measure process puy satisfies the process-level LDP;
see [27]. Therefore, if we modify U to cU, ¢ > 0, the particle addition algorithm could ensure
convergence to a small neighbourhood of a global minimum of cU — H. By choosing ¢ large
enough, we can ensure convergence to a neighbourhood of a global minimum of U.

)‘z,z/(s) =
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