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Asymptotic estimate of solutions in a
4th-order parabolic equation with the
Frobenius norm of a Hessian matrix

Ke Li, Bingchen Liu®, and Jiaxin Dou

Abstract. This paper deals with a 4th-order parabolic equation involving the Frobenius norm of a
Hessian matrix, subject to the Neumann boundary conditions. Some threshold results for blow-up
or global or extinction solutions are obtained through classifying the initial energy and the Nehari
energy. The bounds of blow-up time, decay estimates, and extinction rates are studied, respectively.

1 Introduction

In this paper, we study the following 4th-order parabolic problem involving the
Frobenius norm of a Hessian matrix:

Uy — Au+ A u = 2|Au)? +2|D*ul? = |ulP"'u, (x,t) e Qx(0,T),

(1.1) u=0, g—u =0, (x,t) € 90Q x (0, T),
"
u(x,0) = up(x), xeQ,

where Q ¢ RY (1< N < 3) is a general bounded domain with smooth boundary, 7 is
the unit outward normal vector on 9€), the initial datum u, € HZ(Q), the exponent
p is a positive constant, T is the maximal existence time of (1.1), and the Frobenius
norm of the Hessian matrix is defined as

3 azu 272
D*ul := .

i,j=1

By direct computation, problem (1.1) can be rewritten as

u; — Au+ Au — div(Auvu) + AlVul® = [ulP7'u, (x,t) e Q% (0,T),

(12) { u=0, g—u =0, (x,t) € 0Q x (0, T),
n
u(x,0) = up(x), x € Q.

Problem (1.1) or (1.2) could be used to describe the growth of thin surfaces when
exposed to molecular beam epitaxy (see [13, 17, 9, 5]). In particular, u can either
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represent the absolute thickness of the film or rather the relative surface height - that
is, the deviation of the film height at the point x from the mean film thickness at time
t (see [14]); —Au indicates the diffusion due to evaporation-condensation (see [12]);
A*u indicates capillarity-driven surface diffusion (see [12]); A|Vul* - div(2AuVu)
is related to the equilibration of the inhomogeneous concentration of the diffusing
particles on the surface (see [1]); the source term u” denotes the mean deposition flux
of the superlinear growth conditions with respect to u at oo, which could lead to the
singularity of solutions or their derivatives to (1.1) or (1.2).

The parabolic equation in (1.1) or (1.2) is a typical equation of the continuum model
of motion for the evolution of the film surface height u(x, t):

Uy + A Au + Ay A?u + Asdiv([Vul*Vu) + AyAlVul* = f+1, x€Q, t>0,

where f is the deposition flux and # is the Gaussian random variable which describes
the fluctuations in the average deposition flux.
In the case A;, A, >0, A3 < 0and A4 = 0, Kohn and Yan in [10] considered

ur + Au+div(2(1- |Vul)Vu) =0, xeQ, t>0,

where Q c R? is a square domain. They obtained the decay of energy in time.
In the case A}, A3 <0, A, >0,and A4 = 0, Liu and Li in [11] studied

ur — Au+ Nu— div(|VulP2vu) = f(u), xeQ, t>0,

where Q c R¥(N >1) is a square domain. They obtain the sufficient conditions
on the global existence, asymptotic behavior, and finite time blow-up of weak
solutions, but also show exact descriptions of smallness conditions on the initial
data.

In the case A, Ay, Ag > 0, and A; = 0, Winkler in [14] investigated the following
equation by using the computational methods

(1.3) Uy + pAu + Au + AA|Vu)* = f(x), xeQ, t>0,

where Q ¢ RN (1< N < 3) is a bounded convex domain with smooth boundary, y > 0
and A > 0. Under appropriate assumptions on f, the global existence of weak solutions
was obtained. Under an additional smallness condition on g and the size of f, it was
shown that there exists a bounded set which is absorbing for (1.3) in some sense for
any solution. Blomker and Gugg in [3] also studied the related problem

Ui+ AAu+ Nu+AVul? =5, xeQ, t>0,

where ) c Risabounded interval. The global existence of weak solutions was proved.
This result was extended by Blomker et al. in [4] to the parabolic equation

U+ AAu+ AN u+ AgAVul =v[vulP +1, xeQ, t>0,

where Q c R is a bounded interval and v > 0.
In the case Ay, Ay, Ay > 0and Aj < 0, Agélas in [1] dealt with

Uy + vAu + vy APy — vadiv(|Vul Vi) + vaA|Vul® = vs|Vu]?, xeQ, t>0,

https://doi.org/10.4153/50008439524000572 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000572

Asymptotic estimate of solutions in a 4th-order parabolic equation 93

where Q = RN(N =1,2). He proved the existence, uniqueness, and regularity of
global weak solutions. Moreover, under the condition v,v; > v3, the author proved
the existence and uniqueness of global strong solutions for sufficiently smooth initial
data.

In [6], Escudero dealt with both the initial and initial-boundary value problems
for the partial differential equation u, + A*u = det(D*u) posed either on R? or on
a bounded subset of the plane, where det(D?u) is the determinant of the Hessian
matrix D*u. The author studied the blow-up behavior including the complete blow-
up in either finite or infinite time. Moreover, he refined a blow-up criterium that was
proved for this evolution equation. The interested authors could find other results in
[16, 18] and the papers cited therein.

To our knowledge, the 4th-order parabolic problem (1.1) involving a Frobenius
type nonlinearity has been rarely considered before. Moreover, the mean deposition
flux of the superlinear growth conditions would play an important role in the property
of the solutions, including the existence of blow-up, extinction solutions. Inspired
by the works [14, 3], we want to study the threshold results on the initial data with
respect to the existence of blow-up, global, and extinction solutions of (1.1) or (1.2).
Throughout this paper, we denote by | - |, the L?(Q) norm and by (-,-) the inner
product in L*(Q), respectively. For u € Hi(Q) with norm lull 2y = [Aull2, we
define the energy functional and the Nehari functional, respectively,

1 1 1 1
)= 5 IVull e fauli e [ VuPaudy -2 fulf,

A4 )= [Vl fauld+3 [ uPauds - [l
which satisfy
1 1 1 p-2 »
u) = —I(u) + = ||Vu|3 + = | Au|; + ulPr
0 = 510+ 1wl glaul + S22 g

We give the weak solutions of problem (1.1) as follows.

Definition 1.1 Let T >0. A function u(x,t)eL>(0,T;H:(Q)) with u, e
L*(0, T;L*(Q)) is the so-called weak solution to (1.1) or (1.2) in Q x [0, T), if
u(x,0) = up(x) € H3(Q), for any ¢(x) € Hy(Q),

(u, 9) + (Vu, Vo) + (Au, Ap) = (2|Aul’, 9) + (2|D*ul’, ¢) = (JulP'u, ),
(15)
or (up, @) + (Vu, Vo) + (Au, Ag) + (28uvu, Vo) + ([Vul*, Ag) = ([ulP'u, ¢).

Moreover, there is the relationship for the energy of the weak solutions,

(16) fot lus|2dz + J(u) = J(uo) forae. ¢ € (0, T).
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Table 1: Complete classification of initial energy.

Initial energy | J(uo) —d | I(uo) p [luo]l2 Solution | Main Theorems
Subcritical + p>2 G.E. Theorem 3.1
Subcritical | —,J(uo) #0| - p>2 B.U. Theorem 3.2
Subcritical | J(uo) <0 p>2 B.U. Theorem 6.1
Subcritical | J(up) <0 p<1 luol5? > D4D;' | NE. Theorem 7.2
Subcritical | J(up) <0 p=lorp>2 N.E. Theorem 7.2

Critical 0 +or 0 p>2 G.E. Theorem 4.1
Critical 0 - p>2 B.U. Theorem 4.2

Supercritical + + p>2 luoll2 < Aycuy) G.E. | Theorem 5.1(i)

Supercritical + 0 p<2N=1||uol5? > D,D;* E. Corollary 7.2

Supercritical + - p>2 luoll2 > Ajeuy) B.U. | Theorem 5.1(ii)

Define the Nehari manifold N := {u € H3(Q)| I(u) = 0, |Au], # 0}. The poten-
tial well and its corresponding sets are defined by
W= {u e Hy(Q)| I(u) >0, J(u) <d}u {0}, V:={ueHs(Q)|[I(u)<0, J(u)<d},
Ny = {ue Ho(Q)|[I(u) >0}, N_:={ueHj(Q)|[I(u) <0},
where d:=  inf  supJ(Au) = inf J(u) is the so-called depth of the potential
ueHS(Q)\{0} 120 ueN
well W.

For any & > 0, we further define the modified functional and the Nehari manifold
as

To(w) = 0] aul+ [ul3 +3 [ [TulAuds ~ JulfZ)

N :={u e Hy(Q)| Is(u) = 0, |Aul, #0}.
The modified potential wells and their corresponding sets are defined respectively by
W = {u € Hy(Q)| Is(u) >0, J(u) < d(8)} u {0},
Ve = {u € HE(Q)| Is(u) <0, J(u) < d((S)}.
Here, d(6) := inf e, J(u) > 0 is the potential depth of Ws. We also define the open

sublevels of ], J* := {u € H}(Q)| J(u) < s}. Furthermore, by the definitions of J(u),
Nand J*, we see that N* :=N'n J* # @ for Vs > d. For any s > d, we define

(1.7) As=inf {Ju2|u e N},  Ag:=sup{|uls| ueN°}.

It is clear that A, is nonincreasing and A; is nondecreasing with respect to s, respec-
tively.

We summarize the main results through the following table. The abbreviations
“N.E.J “E.” “B.U.; and “G.E.” denote non-extinction, extinction, blow-up, and global
existence of weak solutions of (1.1) or (1.2), respectively. It could be checked that if
J(uo) < d, then I(ug) # 0.

This paper is arranged as follows. In the next section, we give some important
lemmas. Sections 3, 4, and 5 are devoted to the subcritical, the critical, and the
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supercritical energy cases, respectively. Section 6 gives the upper and the lower
bounds of blow-up time of weak solutions. In Section 7, we show some results about
non-extinction or extinction of weak solutions.

2 Preliminary Lemmas

In this section, we give ten lemmas which play important roles in the proof of the
main results.

Lemma 2.1 Let p > 2. For any u € H3(Q) with |Aul|, # 0, we have
(i) lim J(Au) =0, lim J(Au)=-
A—-0+ A—+o0

(ii)  There exists an unique constant A* = A*(u) > 0 such that d%]()‘”)hd* =0.
J(Au) is increasing for 0 < A < A*, is decreasing for A* < A < +oo, and takes its
maximum at A = 1.

(ii)) I(Au)>0for0<A<A*, I(Au) <0 for A* <A < +oo, and I(A*u) = 0.

Proof (i) Define the function j: A » J(Au) for A > 0. Then
) /12 )LZ Ap+1
O =T0w) = 5wl + 18wl +2° o - S ul

We obtain Alirgl J(Au) =0and Alim J(Au) = -
-0+ —+00

(ii) Elementary calculations imply that

7 Al + AJAul3 +30 [ [FuP dudx - 17 Julf)
Let k(1) := A=2j/(1). After direct calculation, we have
K (A) == 27| Vul3 =27 dul3 ~ (p - )M [ulj1 < 0

Since hm k(1) = +o0, hm k(L) = —o0, there exists a unique constant A* > 0 such
thatk()t)>0f0r0<)t<)t* k(L) <0 for A* < A < +00, and k(1*) = 0. By j/(A) =
A%k(X), I(Au) = Aj'(A), cases (i) and (iii) hold. |
Lemma 2.2  Let p > 2. The depth d of the potential well W is positive.

Proof = Employing Holder’s inequality, we obtain

—f|w|2Audxg(f |Vu|4dx)2 ([ Auf? dx)z < B Aull.
Q Q Q

Fix u € N. Since p > 2 and by (1.4),

1 1
| Aull3 < Julf +3B31Aul; < BY ™| Aulf™ + 383 Aul3,
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where B is the optimal constant in the embedding H3(Q) = L?*'(Q), and B, is the
optimal constant in the embedding W,*(Q) < L*(Q). Let

(2.1) By :=inf {x € (0,+00)|1< B‘IDJrlx"”1 + Sng} .
-2 1
Then J(u) = LI7ulf + L 8ul3 + s [ul2ih+ 2(u) > L|Aul3 > 1B} > 0. There-
fore, d = inj{r](u) > 0. [
ue

Lemma 2.3 Suppose p>2 and u € Hy(Q). Define r(8) = inf{x € (0,+00)| 8§ <

B‘f“xl’_1 +3B3x}, where By, B, are defined in (2.1). These are the following results.

(D)  IfIs(u) <0, then |Auly > r(8). Specially, if I(u) < 0, then | Aul|, > r(1).

(i) If 0<|Auly<r(8), then Is(u)>0. Specially, if 0<||Aul, <r(1), then
I(u) > 0.

(iii) If Is(u) =0, then |Aul,=0 or |Auly>r(8). Specially, if I(u) =0, then
[Aulz = 0or |Aul, > r(1).

Proof If Is(u) <0 and 8| Aul3 < 8|Aul + [ Vul3 < BY™ |Au|§™ + 383 Aul3,
then |Au|, > (), and hence, cases (i) and (ii) hold. If I5(u) = 0, we get ||Au|, >
r(8).1f |Aul; = 0, Is(u) = 0. ]

Lemma2.4(Lemma2.4in[7]) d(98)isincreasingfor0 < & <1, is decreasing for § > 1,
and takes its maximum d = d(1) at § = 1.

Lemma 2.5 (Lemma 5 in [15]) Let p > 2. Assume u € H3(Q), 0< J(u) <d, and
8 <1< &, is the two roots of the equation d(8) = J(u). Then the sign of Is(u) does
not change for §; < § < 6,.

Lemma 2.6 (Lemma 8 in [15]) Let p > 2 and assume that u is a weak solution of
problem (1.1) in Q x [0, T) with 0 < J(ug) < d. Let 6, <1< &, be the two roots of the
equation d(8) = J(uy).

(i) IfI(ug) >0, thenueWsfor§ <8< 8and0<t<T.

(i) IfI(ug) <0, thenueVsford <8< &and0<t<T.

Lemma 2.7 Let p > 2. dist(0,N) > 0 and dist(0,N_) > 0.

Proof  For any u € N, by the definition of d, we obtain

1 1 -2
d = inf J(u) < < B3| Aul} + —[Aul}+ LB Au)f,
ueN 6 6

3(p+1)

which indicates that 1B%[Au|3+ %|Aul3 >4 or 3fpfl)Bp+l\|Au|\g+l > 2. Then

B3+l 2(p-2)B}"
W2 (Q) = L*(Q). Let

N e
|Aulz > ( 3d )2, or |Aul, > (M)PH, where Bj is the optimal constant in
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. 3d \? 3d(p+1) =
(2.2) CO._m1n{(B§+1) ,|:2(p—2)Bf+l] }

Then dist(0,N) = in?ff |Aull, > Cy>0. For any ueXN_, we have |Aull}<
ue

B! HAquH + 3B3| Aul|3, which implies |Au|, > By. Here, By is given in (2.1). Then
diSt(O,N_) = 11’31\1; ”AM”Z > By > 0. |
UueN™

Lemma 2.8 Letp>2 Foranys>d,uec] NNy, |Aul, < Cs:= (65)2.

Proof Foranys>dandp>2,uce]°nN,, wehave
P2

3(p+1)

which yields |Aul|; < Cs. |

1 1 1 1
s> J(u) = —[[Vuly + —[Aul; + ullpiy + 1) > — [ dul3,
6 6 r 3 6

For suitable 1 and p > 2, by using the Gagliardo-Nirenberg inequality, we have

(23) IVuls < Coldul3uly  lulpa < Coldullz|uly™,

where a := ¥4 ¢ (0,1) and b := (% - ﬁ) - e(0,1).

Lemma 2.9 Let p>2. For any s >d, A; and A; in (1.7) satisfy 0 < Ky < Ay < A <
Ky < 400, where Cy is defined in (2.2) and the constants a, b, C,, C, are defined in
(2.3); Ky = B4Cs,

1

Cg_h("“) (1=b)(p+1) S+N
Y » P<—Y>

K; = 2

2 2-b(p+1) 1-bl 1
c (GOl QN
T ) 2
C;—Zu 2(11—41)
Kj = oC2 ,  Ky:=min{K,, K3}.
1

Proof  Foru e N°,wehave $ B;?|u[3 < 1| Aul3 < J(u) < s, where By is the optimal
constant in the embedding H2(Q) — L?(Q). Then ||u|, < K;. By (2.3), we have

1
lAaul3 < ulyys +3|vuli]dul

1 b(p+1 1-b) (p+1 201-
< O3 a7+ 3wl fu 50,
and hence,
(2.4)
1 b(p+1 1-b)(p+1) 1 2(1- 1
P Auly ™ uly ™ > S jAul, or 3CH|AwF w3 > JAuls.

By the similar proof of Lemma 2.8, we get | Au|» < C5. Combining with (2.4), we have
[ull > K, or |ul|, > Ks. Then ||u|, > Ky > 0; hence, A > 0. [
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Lemma 2.10 (Lemma 2.1in [8])  Suppose that a positive, twice-differentiable function
0(t) satisfies the inequality 6" (¢)0(t) — (1+B)0'(t)* >0, t> 0, where >0 is a
constant. If0(0) > 0and 6'(0) > 0, then there exists 0 < #; < such that 6(t) tends
toooast — tj.

ﬁ9'(0)

3 The subcritical case

This section is devoted to the property of weak solution of (1.1) or (1.2) under the case

](M()) <d.

Theorem 3.1 Let p>2. If J(up) <d and I(ug) >0, then problem (1.1) admits a

global weak solution u € L™ (0, oo; H3(Q)) with u; € L*(0, 00; L*(Q)) and u(t) ew

for 0 < t < 0o. Moreover, there exists a constant C > 0 such that |u|3 < |uo|3e ¢,

Proof  The proofis divided into two steps.
Step 1. Global existence. We would use the Galerkin’s approximation with some
priori estimates. Let {w;(x)} be the orthogonal basis of Hj(Q). Construct the

m
approximate solutions u,,(x,t) of (L1), uy(x,t) =Y ani(t)w;(x), m=1,2,-,
i=1

i =1,2,---, m, which satisfy

(Ul @;) + (Vtky, Vi) + (Athy, Aw;) = (2| Au|*, @) + (2D t]?, @)
3.1) = (|tm|” i, wi),

and ug,, = me,(t)wt(x)euo( ) in H2(Q) as m — +oo.

By the standard theory of ODEs (e.g., the Peanos theorem), we deduce that the
existence of a local solution to (3.1). Multiplying (3.1) by aj,; (¢), summing over i from
1 to m and integrating with respect to t, we have

(3.2) fot ! 12d7 + T (i (5, ) = J(tim(x,0)), 0 <t<T.

Due to the convergence of ug, — to(x) in H3(Q), one has J(un(x,0))—
J(uo(x)) < d, I(t4y(x,0)) = I(ug(x)) > 0. Therefore, for sufficiently large m and
any 0 < t < +00, we obtain

(3.3) fot ! 12d7 + T (1) = Tt (x,0)) < s I(1tm(x,0)) > 0,

which implies that u,, (x,0) € W for sufficiently large m.

By applying the similar discussion of Theorem 8 in [15], one could show from (3.3)
thatu,, (x,t) € Wiorlargemand 0 < ¢ < +oco. Thus, I(um(x,t)) > 0, J(um(x,t)) <d
forall ¢ € [0, T]. Then

p-2
3(p+1)

1 1
(34) gHVumH§+ gHAumH§ + 2 < T (um (1)) < d

https://doi.org/10.4153/50008439524000572 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439524000572

Asymptotic estimate of solutions in a 4th-order parabolic equation 99

In addition, by using (3.2-3.4), we get for some positive constant C,

(3.5) lu lz2(0,1322(0)) < G

(3.6) |t || L= 0, 7512 (2)) < C
(3.7) ”um”L“’(O,T;WJ’Z(Q)) <G,
(3.8) lttml L= (0,520 (02)) < C.

By the uniform estimates (3.5-3.8), it was seen that the local solutions can be
extended globally. Thus, by the standard diagonal method and the Aubin-Lions-
Simon theorem, we know there exists a function u and a sequence of {u,,} (still by
{1, }) such that for each T > 0, one could obtain

(3.9) ul, —~u', weakly in L*(0, T; L*(Q)),

(3.10) Uy —u, weakly in L= (0, T; Wy*(Q)),

(3.11) Uy —u, weakly in L= (0, T; H:(Q)),

(3.12) |t |P sty — |ulP'u,  strongly in LI’TH(Q x(0,T)),
(3.13) |Au,|* = |Au|?, weakly star in L>(0, T; L'(Q)),
(3.14) |D*u,,|* — |D*ul?, weakly star in L>(0, T; L' (Q)),

as m — +oo. Fix k € N. In order to show the limit function u in (3.9-3.14) is a weak
solution of (1.1), we choose a function v € C}([0, T]; H2(Q)) defined as v(x,t) :=
k

> Li(t)w;(x), where {li(l‘)}f:1 are arbitrarily given C' functions. Taking m > k in
i=1

(3.1), multiplying (3.1) by /;(¢), summing for i from 1 to k, and integrating with respect
to t, we obtain

T
f (Ul V) + (Vik, VV) + (Athyy AV) = (2| Att]?v) + (2] Dy, v) dt
0

T
3B15) - f (|t |P 11y, v) .
0
Taking m — +o0 in (3.15) and recalling the convergence yield that
(3.16)
T
f (u',v) + (Vu, Vv) + (Au, Av) — (2|Au
0

T
2, v) + (2|D*uf’,v) dt = f (JulP ™ u, v)dt.
0

Since functions of the form in (3.15) are dense in L*(0, T; HZ(Q))), (3.16) also holds
for all v € L*(0, T; H:(Q))). By the arbitrariness of T > 0, we know

(u',v) + (Vu, Vv) + (Au, Av) = (2|Aul’,v) + (2D ul*,v) = ([uff 'u,v), ae. t>0.
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Then u is a global weak solution to problem (1.1). To prove (1.6), we first assume that u
was smooth enough that u; € L2(0, T; H(Q)). Taking v = u, in (3.16), it is seen that
(1.6) is true. By the density of L*(0, T; H2(Q)) in L*(Q x (0, T)), we know (1.6) also
holds for weak solutions to (1.1). The existence of global solutions to (1.1) is obtained.
Step 2. Decay rate. Taking ¢ := u in (1.5), we get %HuH% =2(uy,u) = -2I(u). From
Lemma 2.6, we know that u(x,t) € Ws for §; < § <8, and 0 < t < oo under the
condition J(up) < d and I(up) > 0. Thus, I, (u) > 0 for 0 < ¢ < co. Therefore,

d Jul3
dt 2
where By >0 is the best embedding constant from HZ(Q) to L*(Q) (ie.,

|ul2 < By|Aul, for Vue H2(Q)). Consequently, |ul|? < |uo H%e’é' with
C:=2B*(1-6) > 0. [

= ~I(u) = (8 - D] Aul3 - Is, (u) < (81 - 1) B |ul3,

Theorem 3.2 Let p > 2 and u be a weak solution of (1.2). If J(uo) < d, J(uo) # 0 and
I(up) < 0, then u blows up at some finite time T in the sense oflin% fot |u|3dT = +o0.
t—

Proof We employ the concavity method. Assume on the contrary that u was a
global weak solution to (1.2) with J(uo) < d, J(uo) # 0, I(19) < 0 and define F(¢) :=
J; Jul3dr, £ 0. Then F/(1) = [l

(3.17) F"(t) = 2(u, us) = -2I(u).
By (1.6), (1.4), and (3.17), we have

t
F'(t) > -6](u) + | Aul3 = ~6] (uo) + 6 fo [ [2d7 + | Aul3.

Noticing that §(F'(t) - F'(0))* = (fy [quu'dxdr)? < [ |u]ddz [y |u'|2dz, we
have

(3.18)  F"(1)F(t) - g (F'(£))* > B;2F(£)F' () - 6] (uo)F (1) — 3F'(0)F'(1).

In the forthcoming proof, the cases that J(u9) < 0and 0 < J(ug) < d will be discussed
separately.

(i) If J(up) <0, then (3.18) implies F"(t)F(t) -3 (F'(t))* > ByF(t)F'(t) -
3F'(0)F'(t). Now we will prove that I(u) <0 for all t>0. Otherwise, there
must be a constant o >0 such that I(u(t))) =0 and I(u) <0 for 0<t< t.
From Lemma 2.3 (i, iii), [|Au], > r(1) for 0 < £ < ty, and ||Au(to)|2 > r(1), where
|Au(to)]2 # 0. In fact, using (1.6) and J(uo) <0, we have J(u(#y)) <0. Since
0=F"(ty) 2-6](u(ty)) + |Au(ty)||?, we have |Au(to)|,#0. Hence, we have
J(u(to)) > d, which contradicts to (1.6). By (3.17), we get F”/(¢) > 0 for ¢ > 0. Since
F'(0) = |ug|3 > 0, F'(t) > 0, for large t, F(t) > 3B%|uq |3, we have

(3.19) FY(£)E(t) - g (F'(£))* > 0.

(i) If 0 < J(uo) < d, then by Lemma 2.6 (ii), we know that u(x,t) € Vs for
t>0 and 8; < § < &5, where §; <1< 8, are the two roots of d(&8) = J(uo). Hence,
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Is,(u) < 0and |Au|, > r(8,) for ¢t > 0. It follows from (3.18) that for ¢ > 0, F"'(
2(8, = 1)r*(8,), which shows for all ¢ > 0 that F'(t) > 2(8, — 1)r*(8,)t and F(
(8, —1)r*(8,)t*. Therefore, for sufficiently large ¢, we have

t) >
t) >

B,*F'(t) >12](uo), B;*F(t) > 6F'(0).

Then we obtain (3.19). Due to (F~2(¢))" = —%F‘g(t)[F(t)F"(t) -2 (F'(1))*] <0,
F~2(t) is concave in (0, +00). So there exists a positive constant to such that F(t,) >
0, F'(tg) > 0and (F7# (1)) < 0.Since F(r) > 0, F"(t) > 0for t 2 to and F'(tg) > 0,
one can find (F~/2)(t) < 0 for t > t,, and hence, there is a constant T > t, such that
lim F~2(t) = 0; that is, lim Jo u(x, 7)[3d7 = +oo. =

4 The critical case

For J(ug) = d, the invariance of Wy could not be proved in general. By using
approximation, we could prove the global existence of weak solutions.

Theorem 4.1 Let p>2. If J(ug) =d and I(ug) > 0, then problem (1.2) admits a
global weak solution u € L= (0, co; H2(Q)) with u; € L*(0, 00; L*(Q)) and u € W =
WU oW for0 < t < co. Moreover, if I(u(x, t)) > 0 forall t > 0, u(x, t) does not vanish
and there exist positive constants Cy and C, such that ||u||3 < Cre~ . If not, problem

(1.2) admits a solution that vanishes in finite time.

Proof LetA;=1- %, k =2,3,---. Consider the approximation problems
Uy — Au+ Au - div(eVulAu) + AlVul® = [ulPu, (x,t) e Qx (0, T),
41 { u=0, 5r=0, (x,1) €9Q x (0, T),
u(x,0) = uk(x) := Adeuo(x), xeQ.

Noticing that I(u) >0, by Lemma 2.1 (iii), we could deduce that there exists a
unique constant A* = A*(up) >1 such that I(1*uy) =0. By A <1< 1%, we get
I(uk) = I(Axuo) > 0 and J(uX) = J(Axuo) < J(uo) = d. In view of Theorem 3.1, for
each k, problem (4.1) admits a global weak solution u* (x, t) € L (0, co; H2(Q)) n'W
with u¥ € L2(0, 00; L2(Q)) for 0 < t < oo satisfying [, |uX|3dz + J(u¥) = J(uk) < d.
Applying the similar discussion in Theorem 3.1, there exist a subsequence of {u*}
and a function u such that u is a weak solution of (1.2) with I(#) > 0 and J(u) < d for
0<t<oo.

Let us discuss the decay rate of ||u3. First, suppose that I(u) > 0 for 0 < t < oo;
then u does not vanish in finite time. Combining with (3.17), we have u; # 0. By (1.6),
for small ¢y > 0, we have 0 < J(u(t9)) < J(uo) = d. Taking = t; as the initial time
and by Lemma 2.6, we get u € W; for §; < § < 8, and ty < f < oo. Hence, I, (1) 2 0
for ty < t < oo and

1d

Eal\ul\ﬁ = —I(u) = (& = )| Aul3 - I, (u) < By* (81 = 1) Ju3,
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which implies [u]2 < [|u(to)[2e 285 1=8)(t=%) The decay rate holds with C, :=
2B;2(1-6)) and C; == |u(to)[3e2B+ (=000,

Next, suppose there is a positive constant #; such that I(u) > 0 for 0 < t < f; and
I(u(x,t,)) = 0. Obviously, u; # 0 for 0 < ¢ < £; and fot' |u-|3d7 > 0. Applying (1.6)
again, we have J(u(#;)) = J(ug) — [Otl |u-|3dT < J(uo) = d. By the definition of d, we
know ||u(t;)||2 = 0Oand |u|, = 0 forall ¢ > #;. It is seen that such a function u is a weak
solution of (1.2) which vanishes in finite time. [

Theorem 4.2 Let p > 2. If J(uo) = d and I(uy) < 0, then there exists a finite time T
such that the solution u blows up at that time T in the sense oflin% [Ot [ul3d7 = +oo.
t—

Proof  Similarly to the proof of Theorem 4.1, we could get
I/ 3 U - U U U
E"(DF(1) = S (F'(1)" 2 BPF/(DF(1) - 6] (o) F(1) = 3F () F'(0).

Since J(uo) =d, I(ug) <0, by the continuity of J(#) and I(u) with respect to f,
there exists a constant fo > 0 such that J(u(x, t)) > 0and I(u(x,t)) < 0for 0 < t < t.
From (u;, u) = —-I(u), wehave u, # 0 for 0 < t < to. Furthermore, we have J(u(tp)) =
d- ]Ot" |ur]|3dr < d. Taking t = t as the initial time and by Lemma 2.6, we know
that u(x, t) € V4 for 8; < § < 8, and ¢ > t, where §; <1< §, are the two roots of the
equation d(8) = J(up). Thus, I5,(u) < 0 for ¢ > t,. The rest of the proof is similar to
that of Theorem 3.2. ]

5 The supercritical case

We obtain some results for arbitrarily high initial energy.

Theorem 5.1 Let p > 2 and J(uo) > d.

(i)  Ifuo € Nyand |ug, < AJ(uy)> then the weak solution u of (1.1) exists globally and
u—->0ast— +oo.

(i) Ifup € N_and |uol2 2 Ajcuy), then the weak solution u of (1.1) blows up in finite
time.

Proof Let Tp,., be the maximal existence time of (1.1). If Ty« = 00, we denote the
- _H(Q
w-limit set of ug as w(ug) = N {u(r) : 7>t} ol ).
£20

(i) Assume that uy € N, with |ug|, < Aj(uo). We first claim that u(¢) € N, for
all ¢ € [0, Thax ). If not, there would exist a constant #q € (0, Tayx) such that u(t) €
N, for 0 <t < toand I(u(to)) = 0. It follows from I(u(t)) = — [, uudx that u, # 0
for (x,t) € Q x [0, tp). Using (1.6), we have J(u(to)) < J(uo), which deduces u(#) €
J/(#0) Therefore, u(ty) € J/(*) n N = N/(#0) By the definition of Aj(u,)> we have

(5.1) Ajug) < u(to)|l2-

Noticing I(u(t)) >0 for t €[0,t), [u(to)]2 < |lto]2 < Ajuy)> @ contradiction to
(5.1). So u(t) e N, and u(t) € /) AN, for all ¢ € [0, Tiax). Lemma 2.8 shows
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| Aul|z < Cs, t € [0, Tinax ), 0 that Ty = co. Let w be an arbitrary element in w(uy).
We have J(w) < J(uo), |@]2 < A;uy)> which implies @ ¢ N/(#*), Recalling the defini-
tion of 1;(,,), w(uo) NN = @. Hence, w(uo) = {0}. Therefore, the weak solution u of
problem (1.1) exists globally and 4 — 0 as t - +oo.

(ii) Assume that ug € N_ with [ug2 > Aj,,). We claim that u(t) e N_ for all ¢ €
[0, Thax )- If not, there would be a constant ¢ € (0, Tpax ) such that u(¢) € N_for 0 <
t < topand I(u(ty)) = 0. Similarly to case (i), one has J(u(#9)) < J(uo), which implies
u(te) € /0, and u(ty) € N/(*)_ By the definition of Aj(y,)> we have

(5.2) Aj(ug) 2 [[u(to) 2

However, I(u(t)) <0 for t € [0,t), and we get ||u(to)[2 > |uo]2 > Aj(u,)> a con-
tradiction with (5.2). So u(t) € N_, t € [0, Tpax ). Suppose Tpax = oo; for every w €
@(uo), we get ||w|z > Ajeuy), J(w) < J(uo), and hence, w € J/(*0) and w ¢ N/(0),
Recalling the definition of Aj(,,), we obtain w(uo) NN = @. Thus, w(uy) = {0}, a
contradiction to Lemma 2.7. Hence, T, < +00. [ |

Remark 5.1 For any M > d, there exists uy € N_ such that J(uy) > M and the
solution of (1.1) blows up in finite time. In fact, by using Theorem 5.1, if the initial
data satisfy the following inequality

3(p+1)

p-2

then the solution of (1.1) blows up in finite time.

p-1 1 1 p-1
J(o)|QI= < uol™ < JuolpialQ=,

6 Blow-up time estimates

Theorem 6.1  For p > 2 and J(uy) < 0, the solution u(x, t) blows up at finite time

ol
6.1 T, < .
(6D (o)

, -1
The upper bound of blow-up rate is given as ||ul, < [3~2_5 11] (T. —t)7", where
7= T (uo)|L72(0) and L(1) := 5 [ul3.

Proof LetK(t):=—J(u(t)). Then L(0) > 0and K(0) > 0. By (1.6), we get K'(¢) =
|u'|3 > 0, which implies K(t) > K(0) > 0 for all ¢ € [0, T). By (1.4), we have

(6.2) L'(t) = -I(u) > -3](u) = 3K(t).
Combining (6.2) with the Cauchy inequality, we obtain

(63)  LIOK'(1) = Jul3lu’lE 2 5 () = S (K (0) 2 SL(OK().

According to (6.3), (K(t)L73(t))" = L73 (t)(K'(t)L(t) - 3K(t)L'(t)) > 0. There-
fore,

(64) 0<K(0)L2(0) <K(£)L 7 (¢) < %L'(t)L_%(t) - —g(r%(t))'.
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Integrating (6.4) with respect to ¢, we have 7t < —%(L’%(t) - L72(0)), where

n:=K (O)L_% (0), and hence, we obtain that there exists a constant T, < +oco such
that liI;l L(t) = oo (i.e., the weak solution blows up). Hence, (6.1) holds. Similarly,
t—T,

integrating (6.4) from  to T, we have L(t) < [3- 2‘111]_2 (T, —t)™2 [

Theorem 6.2 For p > 2 and 0 < J(uo) < £B;*|uo |3, the solution u blows up at finite

. 16Huo\|2
time Ty € —r—7-%—.
* = B*|luol3-67(uo)

Proof ~ We assert that for any ¢ € [0, T), I(u) < 0. From (1.4), I(uo) < 3J(uo) -
2 Aug |3 < 0.1f the assertion was not true, there would be a constant £, € (0, T') such

that I(u) < 0 and I(u(ty)) = 0. From (6.2), we know |ul|3 is strictly increasing with
t € [0, to). Therefore,

1 1
65 () < (o) < Aol < 1 Au(to) 3
From the definition of J(u)and I(u(ty)) = 0, we have J(u(to)) > £[Au(to)]3. It
contradicts to (6.5). Therefore, we have I(u) < 0 forany ¢ € [0, T), and |u 3 is strictly

increasing with respect to t. For any T € (0, T*), p > 0, £ > 0, we define an auxiliary
function

G(t)= [ lulide + (T Ollwoli +p(1+ 87, 1[0,7°].

By direct calculation, we have G’(t) = |lu|3 - |uo|? +2p(t+ &) = fot %||u\|§dr+
2p(t+ &) = 2[0t(u, ur)dr+2p(t+&),and

t
G"(t) > -6](u) + |\Au||§ +2p>—6](up) +6 /0 ||u,\|§d1+ HAuH% +2p.

Itis obvious that G”(¢) > 0. Then G'(¢t) is increasing on [0, T]and G’ (¢) > G’(0) > 0.
This indicates that G(¢) is increasing on [0, T]. Define

t t t
70| [l s pe+ ) ([ hunlidesp) [ [ o de+pte+ )
By Cauchy-Schwarz inequality, we have f(¢) > 0. For any ¢ € [0, T],

2

GG (1) = 2(G'(1))* 2 G(1) [-6] (o) + B2 ol - 4p] 2 0,

2 2
Hla2E Fixing
Po &
poé—[uol3"

2] o}

The right side of the above formula takes the minimum value at & := R Then

where 0 < p < =2J(uo) + B;*|uol3 := p. From Lemma 2.10, T <

(£

2
po € (0, 5], wehave 0 < o < 1forany € e (”t}%ﬁoo)."[his indicates T <

T < 2k For py € (0,5], T < T* < grpiottels n
0

= B;?[uol3-6J(uo)"
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Theorem 6.3  Let N = 1. If u blows up in finite time in its Hy(Q) norm, there exists a
positive constant such that

+o00 dM
(66) T() = f —— < T,
M(0) &MP + PM

where M(0) := | Auo|3, &:=y**/u, f:=1/A, and y is the embedding constant from
H3(Q) to L*(Q).

Proof Let M(t) :=|Au|3and M(0) > 0. When N = 1, problem (1.1) can be simpli-

fied to

Uy —Au+ Au=[ulpu, (x,t) e Qx(0,T),
(6.7) u=0, 51=0, (x,1) €00 x (0, T),

u(x,0) = up(x), x € Q.
By computation, we have
(6.8) M'(t) :2[(Au—A2u+|u|P_1u)A2udx.

Q
Let us estimate the integrals in (6.8). We have
1
(6.9) 2 f A*uludx < — f |Au|* dx + A [ (A*u)*dx,
Q A Ja Q
1

(6.10) 2 / [ulP ' uA udx < — f [u|*? dx + u / (A*u)*dx,

Q u Jo Q
with two arbitrary positive constants A, . By replacing (6.9) and (6.10) in (6.8), we
obtain

(6.11) M'(t) < i/ﬂ \u|2pdx+%fQ |Auf* dx + (‘u+)t—2)/Q(A2u)2dx.

Choosing A + < 2, inequality (6.11) reduces to M'(t) < @MP(t) + M(t). Then we
get (6.6). [ |

7 Extinction and non-extinction

Theorem 7.1 If p <1and N =1, then the weak solution u of (1.1) becomes extinct in
finite time if the initial data satisfies |ug H;_p > D, Di*. An upper bound of extinction
rate for u is

1
) Jull < [luol5? + 52 (D2 = Difluol37) ¢] ™, 0 <<,
Jul> =0, te [T, o),

1-p
2|u
where T := [uolly

._ p-2 -2 . pbtl
SRS N PRIt Dy :=B3*+B;*, and Dy := B .

Proof When N =1, we get (6.7). First, we give the upper bound of extinction rate.
Multiplying the equation in (6.7) by u and integrating it over Q x (¢, ¢+ h) with h > 0
and then dividing the result by h yields that
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(72)

1 t+h 1 t+h 5 1 t+h 5 1 t+h i1
ﬁ[ /(;”T”dxd7+ﬁf, Hvu“zd‘l’-kﬁ[ HAuusz:ﬁ/; 7 dx.

Let h - 0% in (7.2). Using the Lebesgue differentiation theorem in [2], one could
obtain

(73) H'(t) + 2 Vul3 + 2] Aul3 = 2|u] 27,

where H(t) = |u3. According to the embedding relationship W,*(Q) = L*(Q) -
LPT(Q) and H3(Q) < L*(2), we have |[u, < B3||Vu|z, [u]2 < Ba|Auls, [Ju]pa <
Bs|u|,. Then (7.3) can be written H'(t) +2DH(t) < 2D2HPTH(t), where Dj :=
B;? + By%, D, == BE*'. Defining ¢(t) := H'Z (£), we get the following differential

inequality:

(7.4) ¢'(t) < (1-p) (D2 = Dig(1)) := {(1).

It is clear from (7.4) that {(0) < 0. Recalling the continuity of {(¢), there exists a
sufficiently small Ty > 0 such that {(¢) < @ <0for0 <t < Ty. Then ¢'(¢) < {(0)/2,

which implies that
¢(t)3¢(0)+@, 0<t<T,
o(t) =0, t>T.
Obviously, by the definition of {(¢), (7.1) holds. [

Corollary 71 Ifp <1, N =1, and J(uo) < 0, then the weak solution u of (1.1) becomes
extinct in finite time with the initial data satisfying D, D" < ||luo; ? < aD,D;". The
results of Theorem 7.1 hold, and a lower bound of extinction rate for u is

1
(75) HMHZ > I:(HuoH;*P - D4D§1)6D3t + D4D3:1:|]_I7 , 0<t< Tz,
Julz =, (e [Ty, o0,

= 1 __ DiDy' T ._ (2-p)(-p)
where T, := D; log Do Jul D; := 5 Dy >0, Dy:= s D, >0, and
. 4-2p
Top+l

Proof  The proof of a upper bound of extinction rate for u is the same as Theorem
7.1. We only give the proof of a lower bound of extinction rate. Let H(t) := |u|3. We

have
, 20p-2), 1o
(1) =69 () + [yl + sl + 22 )
(76) > (B;? + B2)H(t) + Z(IfJ:lz)Bg*lH"?(t).

By the definition of ¢(t) in Theorem 71, we have ¢'(¢) > D3¢(t) — D4; hence, we
get (7.5). [ |
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Corollary 7.2 Let p<1, N =1, and |ug H;_p > DDyt If J(uo) > d and 1(ug) =0,
then the results of Theorem 7.1 hold.

In the following, we give a result on non-extinction of weak solutions.

Theorem 7.2 Let J(uo) < 0. If one of the following conditions holds: (i) p <1 and
luolly? > DaD3Y; (ii) p = 1; (iii) p > 2, then the solution u of (1.1) does not vanish in
finite time.

Proof Let H(t) := |ul|3. In the forthcoming proof, the cases p <1, p =1, and p > 2
will be discussed separately.
(i) p<1,|uo H;_P > D4D3'. By the similar proof of Corollary 7.1, we have

1
Jula > [(Juoll* = DuD5") ™ + D,03'|

(ii) p = 1. By (7.6), we obtain H'(t) > DsH(t), where Ds := B3* + B;?~B2. Hence,
D
luls > uol3e=".
(iii) p > 2. By (7.6), we obtain H'(t) > DgH(t), where D¢ := B;? + B;2. Hence,

D,
lull2 > Juol5e ", L
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