Quantifying Heterogeneity
with Microbeam Analysis
Michael Shaffer, University of Oregon

Electron probe microanalysis (EPMA} is nat enly an excellent tachnique
for measuring ihe chemical composition of a wids varigty of materials, but
also provides an effective means to quantitatively evaluate the chemical
hamogeneity of the material. In this caninbution! | presant an easy approzch
for determining the chemical homogeneity of specimens in a statistically
rreaningful way,

The degrea of chemical heterogensily may be determined by a variety
af methods varying both In &ase and rigor. One might apply a simple fest for
the: sake of classifying the material as homogeneous or heferogensous. One
very useful method has lang been to simply relate the observed standard
deviation, s», for many micraanalyses, 1, to the statistical counting error, ie.,
The square root of the average counts, (M) This simple fest is what is
usualy lermed the sigma rafio;

Sn eq.1
Vs

A ralio of approvimate unity would imply homogeneity, howaver, this
approach does not really 121l us anything about heterogeneity, or of the spe-
cific relationship of a given sigma raio to a particular amount of heterogene-
ity for degre= of homogensity). For example, what does a sigma ratio of 2
imply for heterogeneily?

Analher "yes or no” type of evaluation may be made by comparing all
measurements to the range defined by a 3 sigma counting error:

(Nova— 3Nza) = N = (Noww + 3 Nima) eq. 2

Using this approach, if all measurements fall within the defined range,
tha material could be considered homagenecus, As analysts we often require
a technigue 1o quanitatively determine homaogeneity s that meaningful com-
pansons can be made. Goldsiein? makes reference 1o a -disfibution tech-
nique which would apparenily calculale something maore meaningful. That is,
it would yield a number which would allow the analyst te say with confidence
lhat his sample was af feast some weight percent heterogeneous. Such a
number would be valuable and should be considered a measuremeant which
could ba shared amengst other similar measuremants. However, what if the
analyst warled to describe his sample a3 mo more than, as well as at laast
some weight percent haterogeneous. The analyst would also raguirs tech-
nique to be based on statistical principles, to take infe account the number of
samples, n, the precision associzted with N, and to be associated with a
desined level of confidence. We might also ask the technique to separale the
compositional variance from ather variables, such as counting statisfics,

Principle #1: Individual varances can coniribute to the observed.
An gbserved variance can be considered the result of several specific
varances surnmed in quadraiure. Thus:

eq. 3

Clibmied = G+ Gl + L.

The above equation relies on tha universal acceplance of an abservad
vanance being the sum of individual absolule variances .. that is, if not inter-
dependent, variances can be individualized. Assuming we have justification
for ignoring variances directly attributable to the instrument andior analyst,
we already have a quantitative handie an heterogenaity if we assign one
variance to fundamental counting statistics and another to helamgenaity,.

Principle #2: The chi-square distribution

While it is convenient ta dizcuss the idesd case of & restricted number of
“perfectly” exacufed replicate counfing experiments, in truth we never really
knew whether or nat a set of analyses tuly meets this ideal expectation. In
pracics, all we can do is compare the frequency distribution of aur sample

analyses Io the frequency distribution of its assumed parent population, and then
Try to detide whether he ideal assumption is indeed justified. This is what we da
intuitively when we use the sigma rafio and state ... "when it is approximately
equal to unity, cur sample (characterized by Naw and s.) comeas from a parent
population charactarized by o and o,

The chi-sguare function, x2= 2.2/ o, is a stalistical parameter which com-
pares the observed variance of a sample {o the variance of its parent papulation.
Furthermor, there is a probability thal can be calculated for drawing a sample
with variance 32 from a population with variance a2, ig., g orobability of achiev-
ing & certain value, &% The probability of drawing a sample with 5.2 variance fram
a3 population of variance o [dencled by P{a?)] depends an the value of +2and on
the degress of reedom remaining afler s.? has been calculated from the sample.
For a case of a sample of n raplicate counts, the degrees of freedem remaining
igf=(mn-1).

The usefulness of the chi-square distribution is its prebabilily function. The
analyst can ask this function 1o yield twa numbers both associzted with a desired
corfidence level. For the purposa of determining homaoganeity, we can, af a
given confidence level, evaluate a range defined by lower and upper limits. Func-
tionally, these limits allow the analyst o characterize the specimen's heterogene-
ity wilh the 1erms at least or no more than, or both,

Three counting expariments

It is instructive &t this paint te Introduce three actual examples of replicate
counting experiments, and infroduce some terms:
{1) Replicale counts for 100 different EPMA spot analyses on a optically homo-
genecus, synthelic glass, for which he counting period was relatively shon and
only ~300 counts were oblainad:

Mo =901, and 5.2 =593 and 5, = 3.5

(2] Replicate counts for 100 differant EPMA spot analyses on a optically homo-
geneous synthatic, glass, for which the counting period was long enough fo ob-
tain ~2000 counts:

Neve = 8005, and £.2 = 10,608 and 5, = 103

{#) Replicate counts for 100 different EPMA spot analyses on an unknown
glass specimen, for which the Gounting period was long enough 1o ohtain ~3000
counts:

Nerew = BE74, and 542 = 247 596 and 5, = 497

A calculation of the sigma ratio for each of the 3 cases vields 1,05, 1,08
and 5.25, respectively. Based on the sigma ratio criterion, the first two glasses
appear to be "homogeneous”,

Futting quantitativa limits on sample heterogeneity

The third counting experiment, however, suggests heterogensity. Thers is
practically no chance that our sel of observations could have sampled a parent
papulation wilh obseved ~ Mo, The assumpfion that it did would run counter 1o
overwhelming cdds and we must abandon . Accardingly, we must describe the
sample as being in all probability heterogeneous. We can be more quantitative,
howewer, by using Principle #1 to describe the sample as having a parent popu-
lation eharaclerized by:

eq. 4

whera all unils are counts far a given element (the final product being a conver-
sion of abeolute variances 1o raiative, and apolying the relative arar to absolule
weight percent values),

The first step in what we believe to ba the comect approach ta this problem
is to explait the relationship between the observed population and the parent as
predictad by tha chi-square disiibution:

) =

Tlebpry = Goholerogaraty + Tlunkng

Bl e e
g O¥munts + Thatsrmznsaty Wava + T lhatmuncty 4 :

-14 .

b.10°10p//:sd1Y

=
(=)

o
~
N

ssa.d Ajssanun sbprque) Ag auljuo paysiiand 299690005626 155 LS


https://doi.org/10.1017/S1551929500069662

The next slep is to decide at what probability (confidence) level we wish to
specify the upper and lower limits of heterogensity, thereby allowing us to stale
with & defined dagree of confidenca that 'he heterogenelty exceeds p weight
nercent, but it does nat excead g weight percent’. Common confidences are 5%
assured or absolutely assured at 89%,

Mext, we ulllize the integral A2 probability distribution as tabulated in most
references on statistics (e.g., the table titled percantage poinfs, chi-square over
degraes of fresdom distitufion in the CRC Handbook of Tables for Probability
and Statisfics)®. Far this example we chaonse the absolute confidence interval
9%%, i.8., the tabulated values for A for (1 - F) = 1.0 and P = 53.0, and {100 -
1) a5 the degrees of freedom. Table 1 lists these as well as other comparative
values,

Ly | f lyet-n=1% FaP=0% |fa{l-P=5%| feP=05%
5 | 4 742 13192 1778 23720
w9 2300 1473 3694 15799
TS 916 17009 4106 L4675
50 | 4 5005 15290 4924 13539
1| % G593 13600 i 1.2447

Tahlz . Values af+ fo useful exampdes ufP andn replicate sxplings

The table yields x& = 0.6993 (This value sefs the (ower fimil of AZand
tharefore the upper limit Of Ghmemgsrsny), 2nd a%a = 1,380 (which sets the lower
limit of e haipoganaty)-
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Rearranging eq.5 implies:

a il = & - Naeand o entityl1-PY| = H‘N
Sy ‘\/T g BT eq.6

Using the data callecled, our coviously heterogeneaus specimen and eq. &,
Wwe S0IVE for Shawsseaty Whene a3= DB393 and 1,380, which yields the absclule
counting values of 587 and 416, respectively. IT we desire relative values we
nammalize by the average counts, N, which yields with 53% confidence our
sampla's heterogensity. This varies at least 4.6%, but no more than 6.5%. These
values can be convertad into absolute weight percents by applying them 1o the
concentratlion levels as measurad with the micropraba.

Summarizing with comparisans

As previously described (of. eq. 4), the absolule variance for counting x-
rays is simply the counts obtained over time, N, or the average counts, Nae,
oblained for many painis, A ol can ke replaced with the square of the
observad standard devistion fram averaging, - thus yielding an estimate for the
contribution heterageneity makes to the observed arar:

Theizogensiy = \II 822 — Moo

For our hetercgeneous spaciman, a quick calculation yields 458 or 5.44%.
Considering its simplicity, this is a reasonable value. It should be noted, haw-
ever, that this calculation comesponds to confidence level of B8%. If the same
sigma is calculated for a confidence level comparable fo cur chi-sguare evalua-
tign, @ value near 15% would result. This discrepancy is related fo the fact that
this equation does not leke inte account the large number of replicate samples.

eq. 7

Confinuead on fallowirg page
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The number of replicate samples (7) has a large effect on the chi-
square calculation, For example if m = 5 (f = 4), the valuas of chi-squara for
the same confidence level are 0.0742 and 3.3182, and the upper and lower
values for helerogeneity are 20.3% and 2.8%. This haterogeneily range is
clearly of litile use compared Lo the mare imited rangs chtained from a larger
number of replicate analyses, and because N and 5 remain similar in spite of
n being large or small. Recognizing that 100 random spod analyses on &
single specimen may be considered excessive and not an efficient use of
insirurnent time, consider n = 30; the haterogeneity range for aur sample (3)
based on this number of replicate analyses is 7.8% and 4.1%. Compared
wilh 6.5% and 4.6% (for = 100), and for less than & third of the instrument!
operator time, 30 replicate samplings seams like 2 good compromise.

The counting experimenis presented above for optically homogeneous
glasses (1 and 2) appear similar, in hat application of the simplistic sigma
ratio implies both malerials 1o be "homogensous’. More rigorous analysis
using the lechnigue described above shows fhat the statistical precision is
different and analysis (1) either represanis a case for a minor element not
being analyzed, or a case where the analyst chose too short & caunting lime.
Using case (1) and a 98% confidence level, this ohf squars technigue sug-
gests the ranga of haterogensity 1o be between 2.5% and "zera”, whereas for
case (2) the caleulzted range is 0.87% and "zera”. That is, {r::ur both cases
homogeneity is a possibility, but the stafistical range is significantly largar for
sample (1) than for sample (2). Even though the sigma ratio is batter for sam-
ple (1), slatistically it is less homoganeaus han sample (2), as a result of the
poorer precision due o smaller M. The batom line-is thal application of the
ohi square technigue, and ather robust statistical fechniques will ba limited,
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or misleading for bolh small n and small N, Far studies where quantitativa mfur
mation on he homogeneity of samples Is required, the analyst must take thed
fime to collect sufficient data for a reasonable result.

Such evaluation of homogeneity usually suffices for major elamental con-2
stituents. Hawever, for minor and trace constituents, | need mention the mares
general case of eq. 4 would include the variance assaciated wilh the:

B8
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That iz, we had bean abla to ignore the contribution to the cau nung EffOrasy
long 28 My=>Ms, but this is na longar true for minar elemenls. Tais oon1nt|u110nm
wauld need be considered in tha equalions which fellow eq. 4, bul it may 1akecL
one of sevaral forms because the analyst might use one of several methods :|r3
measuring the background more accurately and more approgrialely than for U
every N, fhus minimizing its variance and optimizing the coniribufion 1o the accu- 9
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