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Abstract

We use the Weyl bound for Dirichlet L-functions to derive zero-density estimates for L-functions associated
to families of fixed-order Dirichlet characters. The results improve on previous bounds given by the author
when o is sufficiently distant from the critical line.

2020 Mathematics subject classification: primary 11M26; secondary 11N35.

Keywords and phrases: Dirichlet characters, Dirichlet L-functions, zero-density estimates.

1. Introduction

The distribution of the nontrivial zeros of Dirichlet L-functions is of great importance
in analytic number theory. The generalised Riemann hypothesis claims that these zeros
all lie on the line % + iR; however, it is possible that they could lie anywhere in the
region (0, 1) + i/R. In practice, it often suffices to employ an unconditional result,
known as a zero-density estimate, whose statement is not as strong as the generalised
Riemann hypothesis. Let y be a primitive Dirichlet character modulo ¢, and suppose
that o € (%, I)and T € (2, ). Define R(o, T) = [0, 1] + i[-T, T] and let L(s, x) be the
L-function associated to the character y. Zero-density estimates are concerned with
the number

N(o,T,x) =#{o € R(o.,T) : L(o, x) = 0},

or rather, the average of this number over a family ¥ of characters. The families
¥ = O, of primitive Dirichlet characters of order r will be the primary interest.
We denote by O,(Q) the set of y € O, with conductor g € (Q,2Q]. The generalised
Riemann—von Mangoldt formula [8, 18] gives the trivial bound N(o, T, y) < T log gT
for any primitive Dirichlet character y, which is known to be sharp only for o = % (see
[3, 19]).

The earliest zero-density estimates to feature an average over a family of
Dirichlet L-functions are due to Bombieri [4], Vinogradov [20] and Montgomery
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[14, 15]. Results containing averages over O,(Q) were first given by Jutila [12] and
Heath-Brown [11], both of whom followed the method laid down by Montgomery
to derive his results. Montgomery’s method reduces the problem to estimating mean

values of the type
QD= ) f D ann™

xer@ VT Van

T 2k

dt

and

T
WO N= ), f LG+ i di,

XEF(Q)

where ¥ is the character family of interest and the prime (") denotes that the sum is to
be taken over square-free n. A detailed outline of the method has been given in [5]. In
particular, if ¥ = O, for some r > 2, we can show that

(0, T) < (QT)'**  when T¥~! > Q*3. (1.1)

Indeed, (1.1) was proven for the case r = 2 in [13], for the cases r = 3,4,6 in [6],
and can be proven in the remaining cases using Theorem 1.6 of [2]. The zero-density
estimate of Jutila is derived using (1.1) and a suboptimal bound on &(Q, T). In [5, 7],
we used the large sieve for real characters of Heath-Brown [11] to derive an estimate
for S,(Q, T) sharper than those used by Jutila and Heath-Brown to derive their results,
and consequently strengthened Jutila’s estimate to

> N@.T,x) < (QT) min((QT)“ /G20 (0*1%)!=7) (12)
X€0x(0) °

in [6]. Additionally, as analogues to (1.2), we showed for 75 > O that

> N, T.x)
X€03(Q)
< T)¢ mi (16—100')/9T(4—40')/(3—217) (16—160’)/(9—60')T(4——4a’)/(3—20’) 4T3 -0
< (OT) min(Q 0 QT )
(1.3)
and
D N, T.x)
x€04(Q)
< TY mi (5*30’)/3]{4*40’)/(3*20’) (5750—)/(3720—)T(4740—)/(3720—) 4T3 1-o .
< (QT)" min(Q .0 A(QT)7)
(1.4)

These results are derived using the large sieve for O3 and O, respectively. Recently,
Balestrieri and Rome [2] generalised the work of Baier and Young [1] and Gao and
Zhao [9] to derive a large sieve estimate for general O, where r > 2. Using (1.1)
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together with Theorem 1.6 of [2], we can show along similar lines to (1.3) and (1.4)
that, for 77! > 0%,

Z N(o,T,y)
x€0,(Q)
< (QT)° min( Q(6—40’)/3 T(4*40’)/(3*20’), Q(676(T)/(3720') T(4*40’)/(3*20’), ( Q4T3)170')‘
&

(1.5)

If we could demonstrate that the estimate (1.1) still holds when k = 2, then we
could unconditionally improve on these zero-density estimates. Following the method
of Heath-Brown [11], we can at least show for ¥ = O, that

(0, T) < 0'*°T*** when T > Q, (1.6)

which is sharp in the Q-aspect, but unfortunately not in the T-aspect. Nonetheless, we
can use (1.6) to improve on (1.2), (1.3), (1.4) and (1.5) in the Q-aspect. Indeed, in [5, 7]
we used (1.6) to show that

3 N T.x) < (@I min(@' T4/, (Qr)37I7). (1.7)
¥€02(0) ¢

Our results in [5, 7] for O3 and O4 can be improved by showing that Theorem 2.2
therein still holds under a weaker assumption on the relevant large sieve inequality,
as in Lemma 3.1 below. Indeed, under this weaker assumption, we can strengthen the
estimates in [7] to

D N, T.x)

x€0;3(Q)
<« (QT)° min(QU6-100)/9T(4~40)/2=0)  (13-130)/(6-30) p4=40)/2=0) _(yy3-30)/r
€ (QT) (Q 0 Q1) )

(1.8)
for T3 > Q?, and

T T)¢ mi (5—30’)/3T(4—40')/(2—<T) T(4—4o-)/(2—0') T(3—30’)/<T
D, N@.T.x) <(QT) min(Q .(Q7) QD) F77N),

X€04(Q)
(1.9)

for T2 > Q. Again, using Theorem 1.6 of [2], we can add to these the result

> N T.x)
x€0,(Q)
& s (6-40)/3(4-40)]2-0) (5-50)/Q2—0) (d—4c)/(2—0) (3-30)/0
< (QT)° min(Q T , 0 T ,(QT) ),

(1.10)

which is valid for 7 > Q. These estimates all improve in the Q-aspect on the
corresponding estimates obtained using (1.1). In general, a sharp bound for £;,,(Q, T)
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will always lead to a stronger zero-density result than a sharp bound for £,(Q, T). To
derive our main results, we consider bounds on £;(Q, T) when k is arbitrarily large.

2. Statement of results

Unfortunately, no sharp upper bounds have been established for £,(Q,T) when
k > 2. In [6] we adapted the method of Heath-Brown [11] to show that &(Q,T) <,
(QT)>*2 though we can obtain a better result from a much more trivial approach.
Indeed, Petrow and Young [ 16, 17] showed that the Weyl bound

L(} +it,x) < "% + 1)V/0*¢ 2.1)
holds for any Dirichlet character y modulo ¢, from which we derive the trivial bound

(0, T) < (QTM3*1**  forall k > 1. (2.2)

Using (2.2) to estimate £,(Q, T) for arbitrarily large k in the method of Montgomery,
we derive the following result.

THEOREM 2.1. Forany Q,T > 2,

Y N@.T.x) < (QT) min((QT)*77, (Q¥T%)(1 =€),
¥€05(0) :

where o € (%, 1).

The above is stronger than (1.7) in the Q-aspect when o > %, and stronger in the
T-aspect for all o > % Additionally, it improves on (1.2) precisely when o > %. Using
the same method as is used to prove Theorem 2.1, we can show that the density
conjecture

D> N, T.x) < Q=7 (2.3)
X€0x(©) °
is a consequence of the Lindelof hypothesis for L-functions with real characters.
For cubic characters, we have the following analogue of Theorem 2.1.

THEOREM 2.2. Forany Q,T > 2,
Z N(o,T,x)

X€0;3(Q)
< T)¢ min (22*160’)/97*(8*80')/3’ 4*40’T(8780')/3’ 8T5 (1-0)/(60-3) ,
< Q1) (Q 0 Q°7T) )

where o € (%, 1). Furthermore, this result holds if O is replaced by Og.

The immediate advantage of the above result, as compared to (1.3) and (1.8), is that

there is no restriction on the relation between Q and 7. Additionally, Theorem 2.2 is

stronger than (1.3) in the Q-aspect when o > % and in the T-aspect when o > 3, and
stronger than (1.8) in the Q-aspect when o > % and in the T-aspect for all o > % The
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fact that Theorem 2.2 holds for Og as well as O3 is a direct result of Theorem 1.5 of
[1]. For O4, we derive the following slightly stronger result.

THEOREM 2.3. Forany Q,T > 2,

D N(@.T.x)

x€04(Q)
< (OT) min(QU-30BTE=8N3 (=N pE=80/3 (8T5)(1-0)/6r-3)y
< (QT) (Q 0 (Q°T) )

where o € (%, 1).

This improves the Q-aspect of (1.4) whenever o > % and (1.9) whenever o > 1%'

In the T-aspect, improvements are made in the same regions as with Theorems 2.1
and 2.2. Similarly, we have the following result.

THEOREM 2.4. For any Q,T > 2 and any integer r > 2,

> N, Ty

X€0,(Q)
< (OT)° min(QB-60)3TB-87/3 (14-140)/3 (88713 (B 5)(1-0)/67-3)y
< (QT)" min(Q 0 Q°1°) )

where o € (%, 1).

In the Q-aspect, this improves on (1.5) when o > % and on (1.10) when o > %.

REMARK 2.5. The reason for Theorem 2.1 containing the minimum of two quantities,
as opposed to the minima of three quantities in Theorems 2.2, 2.3 and 2.4, essentially
comes down to the fact that the available large sieve inequality for O, is optimal,
whereas this is not the case for O, when r > 2. The available large sieve inequalities
for O, with r > 2 are given as minima of four quantities, two of which are used in the
proofs of the last three theorems above. Note, however, that the last term in the minima
of the above results is derived using the large-moduli approach of Montgomery (see [5,
Theorem 3.1.3]), and as a result is independent of the large sieve inequalities (see (4.5)
below).

3. Lemmas

In this section we present the prerequisites in terms of an arbitrary family ¥ of
primitive Dirichlet characters. To estimate S;(Q,T), we consider the polynomials
A(Q, T, N) such that

S1Q.T) < (ONFAQ.T.N) ) la,P
n<N

forall O, T,N > 2 and any sequence (a,),<y of complex numbers. In practice, a bound
for A(Q, T, N) can easily be obtained from the corresponding large sieve estimate, as in
[5]. The method of Montgomery can then be summarised in the following two results.
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LEMMA 3.1. Suppose that X,Y > 2 are such that X < Y < (QT)* for some absolute
constant A. Then

> N@.T.x)

XEF(Q)
< QT (((Q, A, T, X) Y12 VED L A, T, X)X' 7 + AQ, T, V)Y
for any k > 1, where the implied constant does not depend on k.

PROOF. We demonstrated the case k = 1 in [6]. The remaining cases follow similarly,
by using Holder’s inequality to derive the estimate

H#R, < (QT)SYk(1—2cr)/(k+1)

k/(k+1) 1/(k+1)
: 2 : 2%k
(D e + it 0P DG i)
(@X)ER> (OX)ER2
where R, is as defined in [6]. O

LEMMA 3.2. Forany Q,T > 2,

D, N@.T.x0) < QT ((L(Q, TY QT =7/ @h2) o (@Pr)(1=/rhy
XEF(Q)

for any k > 1, where the implied constant does not depend on k.

PROOF. The case k = 1 is shown in [6]. The remaining cases follow similarly using
the estimate

#l(0.x) € Ra : IL(S + it 01 > V) < (QTFV (0. T)

to derive a bound for #R,, where R, is defined as in [6]. O

In this paper, we consider the case where k is taken arbitrarily large. The above
lemmas are used to derive the following two results, from which our main results
follow.

LEMMA 3.3. Suppose that 1, ¢ > 0 are constants such that the bound
L( +it)) < @ (1+ 1™
holds for all y € F, where q is the conductor of x. Then for any Q, T > 2,
D N@.T.x)

XEF(Q)
< (ODAQY'TNQ, T, X)Y' ™ + AQ, T, X)X' 7 + AQ, T, V)Y' ™),
&

where X,Y > 2 are as in Lemma 3.1.
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PROOF. Using the trivial bound #7(Q) < Q® and integrating trivially over
t € [-T,T], the hypothesis gives

20, T)/*+D . QR+t Do (1+260) (k+ e
E

for any integer k > 1. Consequently,

20, T)/ DA, T, XK/ k+D yk(1=20)/ et 1)
(A+2)/(k+1)+e A2 720 1-20
<(on) oI AQ. T XY,

where A is as in Lemma 3.1. As the implied constant does not depend on k, we
may take k to be sufficiently large that (A + 2)/(k + 1) < &. The result then follows
by Lemma 3.1. ]

LEMMA 3.4. Letn, & > 0 be as in Lemma 3.3 and suppose that Q, T > 2. Then

Z N(O_, T,X) < (Q2+47]T1+419)(1—0')/(20'—1)+8
&
XEF(Q)

whenever o > % + &

PROOF. The result follows from Lemma 3.2 in much the same manner as Lemma 3.3
from Lemma 3.1. a0

4. Proof of the main results

To derive our main results from the above lemmas, we will employ the Weyl bound
(2.1). Note that the last term in the minima of the theorems follows by taking (n, %) =
(%, %) in Lemma 3.4, and thus it suffices to use Lemma 3.3 to prove the remaining
terms.

PROOF OF THEOREM 2.1. As in [6, 7], we can deduce by Corollary 1 of [11] that
ANQ,T,N) < QT + N.
For appropriate 7, ¢ > 0, Lemma 3.3 then gives
Z N(o.T.x) < QT (Q™"T*(QT + X)Y' ™27 + QTX' ™27 + Y*™27)

X€02(Q)
< Q(2+4I])(l—0')+€T(2+419)(1—0')+8 (41)
&

on taking X = QT and Y = Q'*21T'*?? from which the assertion follows on taking
M9 = (3. 2). O
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PROOF OF THEOREM 2.2. As in [6, 7], we can show using Theorem 1.4 of [1] that
AQ,T,N) < min(Q°*T + N, 0"'°T + Q**N).
By Lemma 3.3, we see for appropriate n, ¢ > 0 that
Z N(o, T, x) < (QT)*(Q¥'T* min(Q**T + X, Q"V°T + Q**x)y'=2"
£<050) °
+ min(QY3TX'72 4 y2-2 Q0T 127 4 23y2-20y)
< min(QUOBHMA-0rre | (2/3+(10/9+4n(1-0 ey 2t 1=0)re (4 2y
&
where in the first term of the minimum we have taken
X — Q5/3T and Y — Q5/3+27]T1+219’
and in the second we have taken
X - Q5/9T and Y - Q5/9+2’7T1+219-
The desired result follows from taking (7, 9) = (¢, 1) in (4.2). O
PROOF OF THEOREM 2.3. Asin [6, 7], Lemma 2.10 of [9] can be used to show that
AQ,T,N) < min(Q*?T + N, Q"°T + Q*’N).
Then, by Lemma 3.3, for appropriate 7,9 > 0,
Z N(o, T, x) < (QT)*(Q¥'T* min(Q**T + X, Q"/°T + Q**x)y'-*
X€0:(0) ‘
+ min(QS/Zfz‘xl—ZU' + YZ—ZU' Q7/67X1_2U- + Q2/3Y2—20'))
< min(Q(3+4r])(1—a')+£’ Q2/3+(1+47])(1—0')+8)T(2+41_9)(1—0')+a’ (43)
where in the first term of the minimum we have taken
X = Q3/2T and Y = Q3/2+2’7T1+219,
and in the second we have taken
X - Q1/2T and Y — Q1/2+27]T1+219.
The assertion then follows from taking (n, ¢) = (é, %) in (4.3). O
PROOF OF THEOREM 2.4. It follows from Theorem 1.6 of [2] that
AQ,T,N) < min(Q*T + N, 0**T + Q**N).
Then, by Lemma 3.3, for appropriate n, ¢ > 0,
Z N(o, T, x) < (QT)*(Q*"T?" min(Q*T + X, Q**T + Q**x)y'=%
X€0:(0) °
+ min(QXTX' =27 4+ Y2720, 0P TX 120 4 0?P3y?27)
in(OEHN=0)+e 2/3+(4[3+4n)(1-0)+ey T(2+4D)(1-0)+e 4.4
< min(Q .0 ) S
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where in the first term of the minimum we have taken
X — Q2T and Y — Q2+27]T1+219’
and in the second we have taken
X — Q2/3T and Y — Q2/3+2UT1+20-
The proof is complete on taking (7, 9) = (2, §) in (4.4). O

Itis clear from (4.1) how the density conjecture for real characters (2.3) follows from
the Lindelof hypothesis. However, an analogous result of the same strength cannot be
established for O3, O4 or O, using (4.2), (4.3) or (4.4), respectively. Additionally, it
is clear that the bound derived from Lemma 3.4 has no dependence on the character
family #. Indeed, using the above method, we can show that

Z Z* N(o, T, x) < ( OT)* min( Q(14—140')/3 T(8—8(r)/3, Q(S—So')/(60'—3)T(S—So‘)/(6o‘—3))’
q<Q x mod g

(4.5)

which improves on Theorem 12.2 of [14], and confirms the density conjecture for
o> % Heath-Brown [10], however, was able to show that the density conjecture holds
in the larger range o > %.

Acknowledgements

The author would like to thank the University of New South Wales for access
to some of the resources that were necessary to complete this paper, as well as
the Commonwealth of Australia for its support through an Australian Government
Research Training Program Scholarship. Thanks are also given to Dr. Liangyi Zhao
who brought the article [2] to the author’s attention, and to the referee for the
comprehensive review of the original draft.

References

[1] S. Baier and M. P. Young, ‘Mean values with cubic characters’, J. Number Theory 130 (2010),
879-903.

[2] F. Balestrieri and N. Rome, ‘Average Bateman—Horn for Kummer polynomials’, Acta Arith. 207
(2023), 315-350.

[3] H. A. Bohr and E. G. H. Landau, ‘Ein Satz iiber Dirichletsche Reihen mit Anwendung auf die
{-Funktion und die L-Funktionen’, Rend. Circ. Mat. Palermo (2) 37 (1914), 269-272.

[4] E.Bombieri, ‘On the large sieve’, Mathematika 12 (1965), 201-225.

[5] C.C.Corrigan, On the Distribution of Zeros for Families of Dirichlet L-Functions, Honours Thesis
(The University of New South Wales, Sydney, 2022).

[6] C.C. Corrigan, ‘Mean square values of Dirichlet L-functions associated to fixed-order characters’,
J. Number Theory 256 (2024), 8-22.

[7]1 C. C. Corrigan and L. Zhao, ‘Zero density theorems for families of Dirichlet L-functions’, Bull.
Aust. Math. Soc. 108 (2023), 224-235.

[8] H. Davenport, Multiplicative Number Theory, 3rd edn, Graduate Texts in Mathematics, 74
(Springer, Berlin, 2000).

https://doi.org/10.1017/5S0004972723001156 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972723001156

[10]

[9]
[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]
[18]
[19]

[20]

Zeros of L-functions 261

P. Gao and L. Zhao, ‘Moments of central values of quartic Dirichlet L-functions’, J. Number Theory
228 (2021), 342-358.

D. R. Heath-Brown, ‘The density of zeros of Dirichlet’s L-functions’, Canad. J. Math. 31 (1979),
231-240.

D. R. Heath-Brown, ‘A mean value estimate for real character sums’, Acta Arith. 72 (1995),
235-275.

M. Jutila, ‘On mean values of Dirichlet polynomials with real characters’, Acta Arith. 27 (1975),
191-198.

M. Jutila, ‘On mean values of L-functions and short character sums with real characters’, Acta
Arith. 26 (1975), 405-410.

H. L. Montgomery, ‘Zeros of L-functions’, Invent. Math. 8 (1969), 346-354.

H. L. Montgomery, Topics in Multiplicative Number Theory, Lecture Notes in Mathematics, 227
(Springer, Berlin, 1971).

1. Petrow and M. P. Young, ‘“The Weyl bound for Dirichlet L-functions of cube-free conductor’, Ann.
of Math. (2) 192 (2020), 437-486.

I. Petrow and M. P. Young, ‘The fourth moment of Dirichlet L-functions along a coset and the Weyl
bound’, Duke Math. J. 172 (2023), 1879-1960.

K. Prachar, Primzahlverteilung, Grundlehren der mathematischen Wissenschaften, 91 (Springer,
Gottingen, 1957).

A. Selberg, ‘On the zeros of Riemann’s zeta-function’, Skr. Norske Vid. Akad. Oslo 1(10) (1942),
1-59.

A. 1. Vinogradov, ‘On the density hypothesis for Dirichlet L-series’, Izv. Akad. Nauk SSSR Ser. Mat.
29 (1965), 903-934.

C. C. CORRIGAN, School of Mathematics and Statistics,
University of New South Wales, Sydney, NSW 2052, Australia
e-mail: c.corrigan @student.unsw.edu.au

https://doi.org/10.1017/5S0004972723001156 Published online by Cambridge University Press


mailto:c.corrigan@student.unsw.edu.au
https://doi.org/10.1017/S0004972723001156

	1 Introduction
	2 Statement of results
	3 Lemmas
	4 Proof of the main results

