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Most integers are not a sum of two palindromes’
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Abstract

For g > 2, we show that the number of positive integers at most X which can be written
as sum of two base g palindromes is at most X/log® X. This answers a question of Baxter,
Cilleruelo and Luca.
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Fix an integer g > 2. Every positive integer a € N has a base g representation, i.e. it can
be uniquely written as

n
A=, 1-.-a0= Y g'ai, wherea;€{0,1,...,¢— 1} and a, #0. (1)
i=0

A number a € N with representation (1) is called a base g palindrome if a; = a,—; holds for
alli=0,...,n. Baxter, Cilleruelo and Luca [3] studied additive properties of the set of base
g palindromes. Improving on a result of Banks [2], they showed that every positive integer
can be written as a sum of three palindromes, provided that g > 5. The cases g =2, 3,4
were later covered by Rajasekaran, Shallit and Smith [4, 5]. Baxter, Cilleruelo and Luca
also showed that the number of integers at most X which are sums of two palindromes is
at least Xe=¢1v192X and at most cX, for some constants ¢; > 0 and ¢ < 1 depending on
g, and asked whether a positive fraction of integers can be written as a sum of two base g
palindromes. This was later reiterated by Green in his list of open problems as Problem 95.
We answer this question negatively:

THEOREM 1. For any integer g > 2 there exists a constant ¢ > 0 such that

#{n < X:n is a sum of two base g palindromes} < ,
log€ X

for all large enough X.

It is an interesting open problem to close the gap between this result and the lower bound
of Baxter, Cilleruelo and Luca [3]. We now proceed to the proof.
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For n > 1, let P,, be the set of base g palindromes with exactly n digits and P = Un>1 P,
be the set of all base g palindromes. Note that

n/2 _ onj2—1

g g , nis even,

|Pnl = g HD/2 _ m=D/2 4 s odd,

For an integer N > 1, we write [N]={0,1,...,N—1}. ForA,BCZ we let A+ B={a+
b, a € A, b € B} denote the sumset of A and B. Let k > 1 be sufficiently large and let X = gk,
it is enough to consider numbers X of this form only. With this notation, our goal is to upper
bound the size of the intersection (P + P) N [X]. We have

P+PNXl= | Pu+PuNIX]
k>n>2m>1

and so we can estimate

(P+P)NIXI< Y Pyt Pul )
k>n>2m>1

We have |P,| < g"tD/2)|P,,| < g"*1/2 50 using the trivial bound |P,, + P,,| < |Py||Py| we
can immediately get rid of the terms where m is small:

Y IPaHPu< Y Pl Y (Pl (3)

k=n>2m>1 k=>n>1 m<k—y logk
m<k—y logk
< Z |Pn| .4g(k+1)/2—)/10gk/2
k>n>1

< 16g+1-7 logk/2 < X X ’
~ krlogg/2  (log X)y logs/2
where y > 0 is a small constant which we will choose. Now we focus on a particular sumset
P, + P, from the remaining range. Write m = n — d for some d > 0.
For an integer a =@, . . . ag let r(a) = ag - - - a, be the integer with the reversed digit order
in base g (we allow some leading zeros here). For d > 0 define

a=10...01,5b=00...00,ad=0¢...2£0,'=0...011,
——— —— —— ——
d d d d

where we denoted £ = g — 1. These strings are designed to satisfy the following:
a+b=d +b and g'r(a)+ r(b) = g'r(d) + r(v)). @)

Indeed, note that
d
d=) gt=g"—g="H +D+0-(g+ D=a+b-V
i=1

and
gdr(a/)zgda/ =g2d+1 _gd+1 =gd(gd+1 4 1)+0_ (gd-‘r] +gd)=gdr(a)+r(b) _ r(b/).

We claim that the fact that (4) holds for some a, b, a’, b’ forces the sumset P,, + P,,_4 to
be small. Roughly speaking, whenever palindromes p € P, and ¢g € P,_4 contain strings a
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and b on the corresponding positions, we can swap a with ' and b with b’ to obtain a
new pair of palindromes p’ € P, and ¢’ € P,_4 with the same sum p’ + ¢’ =p + ¢. A typical
pair (p, q) will have > C~“n disjoint substrings (a, b) and so we can do the swapping in
Zexp (C ~dp) different ways. So a typical sum p + g € P, + P, has lots of representations
and this means that the sumset has to be small.

Denote t = [n/3(d 4+ 2)]. For p =pop1 - - - p1po € Prand g =Goq1 - - - 190 € Pn—a let S(p,
q) denote the number of indices 1 < j < ¢ such that

Pd+2)j+d+1P(d+2)j+d - - - Pd+2)j+1P(d+2)] = 4> (5)

qd+2)j+d+19(d+2)j+d - - - dd+2)j+149(d+2); = b, (6)

i.e. the segments of digits of p and ¢ in the interval [(d + 2)j, (d 4 2)j + d + 1] are precisely
a and b.

PROPOSITION 1. The number of pairs (p, q) € Py X Pn_g such that S(p, q) < t/2g** is at
most exp (—1/8g%1F*) |Py||Py—al.

Proof. Draw (p, q) uniformly at random from P, x P,_4. Then S(p, ¢) is a sum of ¢ i.i.d
Bernoulli random variables with mean g~2@*2)_ So the expectation E,.¢S(p, q) is given by
= tg—2@+2) and by Chernoff bound (see e.g. [1, appendix A]),

PrS(p, q) < n/2] <exp (—u/8) =exp (—ng;ﬁa :

Now we observe that for any p = pop1 - - - p1po € Pn. ¢ =q09q1 - - - 9190 € Pn—4, the sum
s=p+q has at least 2579 distinct representations s =p’' + ¢ for (p,q’) € P, X Pp_q.
Indeed, let j; < ... <j, be an arbitrary collection of indices such that (5) and (6) hold for
J=J1,...,ju. Let p’ and ¢’ be obtained from p and g by replacing the a and b-segments
on positions ji, ..., j, by @ and b’ and replacing r(a) and r(b)-segments on the symmet-
ric positions by r(a’) and r(d"), respectively. Then we claim that p’ € P,, ¢’ € P,_4 and
P’ + ¢ = p + q. Indeed, more formally, we can write

u
p'=p+Y g —a)+ g i (1(a) — ra)),
i=1

u
q/ =q + Z g(d+2)ji(b/ _ b) 4 g(n—d)—(d+2)j[—d—l(r(b/) _ }"(b)),

i=1

and so (4) implies that p + ¢ =p’ 4 ¢'. Since we can choose j; < - - - < j, to be an arbitrary
subset of S(p,q) indices, we get 2579 different representations p + ¢ =p’ + ¢'.
Using this and Proposition 1 we get

t t
|Pn+Pnd|<#{P+CI|S(P,CI)>W}+#{P+Q|S(P7C])gw}

t

<2 F PPyl +exp gy ) IPallPa-dl
X nllFn—d| T €Xp 8g2d+4 nl1En—d

<2exp (— > [Pl |Pr—al.

n
30(d + 2)g2d+
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Using this bound we can estimate the part of (2) which was not covered by (3):

y logk
S Pa+Pul< > Y IPutPudl
k=n>m>k—y logk k>n>k—ylogk d=0

y logk

n
< Z Z 2 exp _:’)()(d—l——Z)gZd""“ |Pn||Pn—al

k>n>k—y logk d=0

n
Y ()
= p K3y logg 8
k>n>k—y logk

so if we take, say, y = 1/4 log g then this expression is less than, say, k~! gk < X/log X pro-
vided that k is large enough. Combining this with (3) gives |(P + P) N [X]| < X/(log X)01
for large enough X (the proof actually gives 1/4 — ¢ instead of 0.1 here).
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