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On two congruence conjectures of Z.-W. Sun
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In this paper, we mainly prove the following conjectures of Z.-W. Sun (J. Number
Theory 133 (2013), 2914-2928): let p > 2 be a prime. If p = 22 + 3y? with 2,y € Z
and z =1 (mod 3), then
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where fn =3 71_, (2)3 stands for the nth Franel number.
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1. Introduction

In 1894, Franel [2] found that the numbers

fn:i(z>3 (n=0,1,2,..)

k=0

satisfy the recurrence relation (cf. [14, A000172]):
(n+1)2 1= (T2 +T+2)f +80%f 1 (n=1,2,3,...).

These numbers are now called Franel numbers. Callan [1] found a combinatorial
interpretation of the Franel numbers. The Franel numbers play important roles in
combinatorics and number theory. The sequence { f,, }»>0 is one of the five sporadic
sequences (cf. [23, § 4]) which are integral solutions of certain Apéry-like recur-
rence equations and closely related to the theory of modular forms. In 2013, Sun
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[19] revealed some unexpected connections between the numbers f,, and represen-
tations of primes p = 1(mod3) in the form 22 + 3y? with x,y € Z, for example, Sun
[19, (1.2)] showed that

—1 f p—1 f
Z = (_Z)k =927 — % (mod p?), (1.1)

k=0

and in the same paper, Sun proposed some conjectures involving Franel numbers,
one of which is

CONJECTURE 1.1. Let p > 2 be a prime. If p =22+ 3y with z,y € Z and v =1
(mod 3), then

p 1

L
512:: (3k + 4) 276551;(31%2)

—Z)k (mod p?).

For more details on Franel numbers, we refer the readers to [3, 4, 6, 8, 9, 18, 20]
and so on.

In this paper, our first goal is to prove the above conjecture.
THEOREM 1.1. Conjecture 1.1 is true.

Combining (1.1) and theorem 1.1, we immediately obtain the following result.

COROLLARY 1.1. For any prime p =1 (mod 3), we have

2 (mod p?).

kfi _ R~ ki
2

‘TM‘

k=0
Sun [19] also gave the following conjecture.

CONJECTURE 1.2. Let p > 2 be a prime. If p=1 (mod 3), then
-1

N

ok

Our last goal is to prove this conjecture.

p—1
(mod p%).

k=0

THEOREM 1.2. Conjecture 1.2 is true.

We are going to prove theorem 1.1 in §2. Section 3 is devoted to proving theorem
1.2. Our proofs make use of some combinatorial identities which were found by
the package Sigma [13] via software Mathematica and the p-adic gamma function.
The proof of theorem 1.2 is somewhat difficult and complex because it is rather
convoluted. Throughout this paper, prime p always = 1 (mod 3), so in the following
lemmas p > 5 or p > 3 or p > 2 is the same, we mention it here first.
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2. Proof of theorem 1.1
For a prime p, let Z, denote the ring of all p-adic integers and let Z) := {a €

Zy : a is prime to p}. For each o € Z,,, define the p-adic order v,(a) := max{n €
N: p" | a} and the p-adic norm |a|, := p~vr(@) Define the p-adic gamma function

Ip(-) by
L) =" [ k n=123,...,
1<k<n
(k,p)=1
and

(o) = | lirln OFp(n), o € L.
a—n|p—
neN

In particular, we set I',(0) = 1. In the following, we need to use the most basic
properties of I',,, and all of them can be found in [11, 12]. For example, we know
that

Ipy(z+1) I if |z|, =1, 2.1)
T,(2) —1, if ||, < 1. '

Lp(1 —a)Ty(x) = (~1)@), (2.2)

where ag(z) € {1,2,...,p} such that z = ap(x) (mod p). And a property we need
here is the fact that for any positive integer n,

21 = 29 (mod p") implies T'p(z1) =Tp(22) (mod p™). (2.3)
LEMMA 2.1. ([19, lemma 2.2]) For any n € N we have

Z": (Z>3zk ) t%? (n . k:) (2:) (3:) P o

k=0 k=

ECHEEe

k=0

and

For n,m € {1,2,3,...}, define

H,(lm) = Z L, H(gm) =0,

m
1<k<n

these numbers with m = 1 are often called the classic harmonic numbers. Recall
that the Bernoulli polynomials are given by

Bn(z) = f: (Z) Brz" ' (n=0,1,2,...).

k=0
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LEMMA 2.2. ([15, 16]) Let p > 5 be a prime. Then

2 2
H;()—)l =0 (mod p), H((pl1)/2 =0 (mod p), H, 1 =0 (mod p?),

L@ _ @ _1(p 1
gHLp/m =H, ) = 2 (g) Bp—2 3 (mod p),
_ 3 3p (D 1
Hwa2%@)F4ﬁ@)6Qﬂszaﬂ(mﬁp%
Hp—1y2 = —26,(2) + pgi(2) (mod p?), Hfi}zu = (-1 V24, 3 (mod p),

p (P 1
mmm=wa+Hmmm—4QJBm2QJ(mwp%

__3 3p p(p 1
HL2P/3J = —§qp(3) + Zqz(g) + g (g) Bp72 (3) (mod p2)7

where g,(a) = (a?~' —1)/p stands for the Fermat quotient.

LEMMA 2.3. Let p > 5 be a prime. If 0 < j < (p—1)/2, then we have

3j\(pr+J D
(I (277) = g0 - oty 4 01T mod )

Proof. 0 < j<(p—1)/2 and j # (p — 1)/3, then we have
(%)<p+j)_(p+ﬁ~“@+1m@—1%~@—2ﬂ
J/)\35+1 JH29)1(35 + 1)
_ pj'(1 +pH;)(=1)*(25)!(1 — pHa;)
B JU29)13B5 +1)
(1 = pHaj + pH;) (mod p®).

p
3j+1
If 5 = (p—1)/3, then by lemma 2.2, we have

p—1\(p+i5
p—1 p—1
3 3

2
B p 2 (2)
= (1 —pHp_1y3+ ?(H(pfl)/g - H(pl)/3)>

2
p 2 (2)
<1+-Pfﬂp—1w3‘+2(fﬂp1V3“fﬂp1w3)>
2
_ 2.2  _ ., P[P 1 3
1])H@4N312(3)B¢Q(3>(Hmdp)

and

PP 1 3
1 7pH(2p_2)/3 +pH(p_1)/3 =1- ? (§> Bp_g <3) (mod P )

Now the proof of lemma 2.3 is complete.
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Proof of theorem 1.1. With the help of (2.4), we have

p—1 —1 lk/2] .
3k + 4 kot 37\ po;
k 4 = ok—2j
(3% + Z oF 2(39')(.7)()

k=0 k=0 =0 J
(p— 1)/2 -
k+j
2.
]Z (") 26)

By loading the package Sigma in software Mathematica, we find the following

identity:
n—1 . . .
k 9 3n+9j+5
Z(3k+4) +J\ _ 9+ ﬁ+ j + n’+.7 .
=, 37 37+ 2 37 +1

Thus, replacing n by p in the above identity and then substitute it into (2.6), we

have
-1 (p—1)/2 .
Zi(3k+4)f—’; _ pz (7)) 9p]+3p+9j+5<2?.+]).
Py 2w = 47 3742 37 +1
Hence, we immediately obtain the following result by lemma 2.3,
p—1 (r—1)/2 (2§ .
fi &) 9i+5 2
Z(3k+4)—k =p » ~Lr—————— (modp?) (2.7)
= = 47 (354+1)(35+2)
It is easy to verify that
p(p—l)/2@ 9j +5
= 47 (354 1)(35+2)
(p—1)/2 (25 .
L W B +DG+2) | p+l \(p-1)/3
#(p—1)/3
(p—1)/2 —1 .
2\ G0 0 i Lo 13
J#(p=1)/3
=51 + S (mod p?), (2.8)
where
(p—1)/2
—1)/2 (2 1
1)/ 2.9
> ( )( ) (3j+1+3j+2) 29
and

s (2o (522)
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Applying the famous partial fraction identity

~ (n) (=1)* _ n!
Z(k>k+l_x(x+1)...(x+n) (2.10)

k=0

with z =1/3,n=(p—1)/2 and z = 2/3,n = (p — 1)/2, we may simplify (2.9) as

g — 4p  (Dp-1y2 20 (D12
3p—=1(1/3)p-1y2  3p+1(2/3)p-1)/2

where (a), =ala+1)---(a+n—1) is the rising factorial or the Pochhammer
symbol.
In view of (2.2), we have

p We-ne  4p T

) dp (=1)FVRr,(E
= 1(3)p-ne  3p—1T(E+25)  3p—1 (=) D2E0, (5 +
12 Tp(P2)Tp(5) _ 12(

“Tm LD 1—3pV%}<p;1> <> < >’

where T'(-) is the gamma function. In view of [7, theorem 14] and [5, (2.4)]
(or [10, (3.2)]), for , s € Z,, we have

ool
\+
v

I /\
)—Aw\)-t
~—

wh—t N

v ‘

Tp(a+ ps) = Tp(@) + psL, (@) (mod p?) (2.11)
and
(@)
P =1+H,_(_o — d 2.12
Fp(Oé) + p—(—a)p—1 (mo p)a ( )
where I',(z) denotes the p-adic derivative of T',(z), (), denotes the least non-
negative residue of & modulo n, i.e. the integer lying in {0,1,...,n — 1} such that
(), = @ (mod n).
Therefore,

4p (1) (p=1)/2
—1(5)p-1)2
(—

DwYT, (5) Ty (5) T (5)
1-3p (

12

p
1+ Q(H(p—l)/Q - H(p—7)/6)) (mod p?).

In view of (2.1) and (2.2), we have

4p  (Dp—1),2
30— 1(3)p-1)/2

p
1+ §(H(p71)/2 - H(pq)/e)) (mod p?).
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In view of [22, proposition 4.1], we have

(5p—5)/6
Ly (%) Ly (%) — ((p—l)/?») (mod pz)‘
Ty (3) (1 + §(GHsp-s5)/6 = 3H(p-1)/2 = 2H(p-1)3))
Then with the help of [22, theorem 4.12] and lemma 2.2, we have
dp (Mp-1)/2 P 5
=4z + 3pxq,(3) — — (mod p 2.13
and
2 1)
P Mp-ny =P (mod p?). (2.14)
3p+1 (2/3)(1,,1)/2 x
Hence,
Sy = 4x + 3prq,(3) (mod p?). (2.15)
O
LEMMA 2.4. Let p > 3 be a prime. For any p-adic integer t, we have
P +pt 0 2
< p—1 > = (p—l> (1 + pt (H(p—l)/Q — H(p—l)/ﬁ)) (mod P ) (216)
3 3
Proof. Set m = (p —1)/2. Tt is easy to check that
< m + pt ) _(mpt)---(mA4pt—(p—1)/3+1)
(rp—1)/3 ((p—1)/3)!
_m--(m—(p—1)/3+1)
= ((p — 1)/3)| (1 +pt(Hm - Hm—(p—l)/3))
=(, ™ )a+ptH,-H d p?
=13 (1+ pt(Hp — Hi—(p—1)/3)) (mod p7).
So lemma 2.4 is finished. O
Now we evaluate S modulo p?. It is easy to obtain that
_1 p—1 p—1
_ 2 2 — 2
Sy =2 <<p1> - <pl>> = —P<pl> (Hp-1)/2 = Hp-1)6)
3 3 3
= —3pxq,(3) (mod p?) (2.17)

with the help of lemmas 2.2, 2.4 and [22, theorem 4.12].
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Therefore, in view of (2.7), (2.8), (2.15) and (2.17), we immediately get the desired
result

On the contrary, we use equation (2.5) to obtain

pz_:l(?)k + 2)<_f:)k _ = ;?;:r)f b (k ;rj2j> (2]]) <3jj>(4)kj

k=0 k=0 =0
)= k+2j
- e ("),
= 4= J

By using the package Sigma again, we find the following identity:

n—1 . .
2 1 2
Soah (M) < ALV,

= 3 +2 \3j+1
Thus,
p—1 p—1 (27 (37 (p+2] .
fr (j)(j)(3j+1)9pj+3p+1
3k +2 = . . 2.18
Skl = X g (215)

LEMMA 2.5. Let p > 5 be a prime. If0 < j < (p—1)/2 and j # (p—1)/3, then

()G 2) =22 o

I(p+1)/2<j<p—1, then

. . _ J
<3J> (p + 2J> 2p( D) (mod p?).
J 3j+1 3j+1

Proof. 0 < j<(p—1)/2 and j # (p — 1)/3, then we have

(3j)<p+2j):(p+2j) (p+Dplp—1)---(p - J)

J/)\3j+1 JN25)N35 + 1)
P2+ pH;) (—1) '()!(1 — pHj)
- JN25)N35 + 1)
p(=1)

j
(14 pHaz; — pH;) (mod p?).
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If(p+1)/2<j<p—1,then

35\ (p+2j
()G
_(p+2)---@Cp+ D) -1 ---(p+Vpp—1)---(p—j)
71(25)1 (35 +1)
_20%(25) - (p+ D= D=1’ () 2p(=1) (mod p?)
a 32535+ 1) Co3j+1 P

Now the proof of lemma 2.5 is complete. O

It is known that (%) =0 (mod p) for each (p+1)/2 <k < p — 1, and it is easy
to check that for each 0 < j < (p—1)/2:

()6 =555 e

These, with (2.18) yield

pf(:am pim S aRs A2
Pt = 73j+1 37+ 2
= (2]7) op(-1y 1 PP e pe1y 1
D> (—4)i 3j+13j+2 2 )arigats
Pty j J = \J)3i+13)
(=1/2 ,p1 . .
= 2 ) (1) | — — S d p? 2.19
p S () (7 ars) v ot (2.19)
where

2p3 1 21 1 4p374 1
o (D)t (Dt (D)t

p—1
3

- zﬁ (((p_—lﬁ/i%) - C;)) - ((229_—1/22)/3)'

As above, with (2.10), (2.13), (2.14), lemma 2.2 and [22, theorem 4.12], we have
the following congruence modulo p?:

(p—1)/2

—1
, 1 1 3px 3p
) - =20+ 222, (3) - L. 2.2
P Z ( ) <3j+1 3j+2> e -, (220)
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Now we evaluate S3. It is easy to see that

( ~1/2 ):(—é)(—é—l)-“(—é—”fH)
(2p—2)/3

BB

(357!
B R Rt C R I )
- (22)!
_ ()RR (—)e D2y 1
. . Pl
= CDE o 1),

()

In view of (2.17) and [22, theorem 4.12], we immediately obtain

3p 2
S3 = ——-ap(3) + 5 (mod p).

This, with (2.19) and (2.20) yields

Now the proof of theorem 1.1 is complete.

3. Proof of theorem 1.2
Proof of theorem 1.2. With the help of (2.4), we have

-2 £ (D)0
) /2 (%) (%) Z (k—i—]) (3.1)

=0 v k=2j 3j

By loading the package Sigma in software Mathematica, we have the following

identity:
ni:l k+3\ (n+3J
—~\ 35 ) \3j+1)

k=2j

Thus, replace n by p in the above identity and then substitute it into (3.1), we have

p—1 (p—1)/2 3j
fe CHE) (p+
;027_ D 47 (3g+1)‘

=0
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Hence, we immediately obtain the following result by lemma 2.3:

p—1 (p—1)/2 2j

fr ( ) —pHy; +pH; 3
Sk = S S PP TP LS, (mod
Zaok =P W @y o (med ),

j:07j7£(p71)/3

where
2p—2

GG 2 o1 o4 2t
b1= A(—1)/3 e\ et p )

It is easy to verify that

(p-1/2 (2
. () 1 - pHy; + pH;
47 41
=0, (p—1)/3 B +1)
? D2 (") (=1)/(1 - pHa,; + pH;)
j=0j#p—1)/3 (37 +1) (1 _er 12— 1)

(p—1)/2 ;1)( ) (1_|_PH)

p

_ _ 3
=p Jz: Gl Sy (mod p°),
where
p—1
52:<2> 1+ H( 1)/3
2) 00 ).
So,
p—1 (p—=1)/2 (B5H\(_1Y\i DI,
fr (7)1 (1+5H)) ,
Jk — d .
kZ:O2k p JXZ:O (3]+1) +S1 S2 (HlO p )

It is easy to see that

Wz () = (21) tmodsr
3p=1(3p-v2 5 G-DE+D -5+ \&F
On the other hand, we have

So by lemma 2.5 and the fact that for each 0 < k < (p—1)/2,

I 5 I
(—4)k — (1_le1;:1 2]%1)( d p7),
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and for each (p+1)/2<j<p—1,

(27 20 — 29
J< j)( P ,’) = 2p (mod p?),
J p—1J

we have the following congruence modulo p?:

p—1 P=1)/2 (20)(1 4+ pHo: — pH,; p—1 2
Z fZ S =p Z ()¢ (3.2:_ i;y? J)+2p 3 (3.(4{)1)4].
k:O 2070 s J =12
_ (pi/z p(=1)7(°F) (1 +2pHa; — $pH,) N ”i:l 4p?
- : 2p—2,
#(;iol)/s W+l Jj=(p+1)/2 Y(Ej+1)j ( g ]J)

., p—1 _ .
P () (14 2ty pty) | O

= > . Y g,
. ) )
7=0 3'] +1 j=1 (3] - 1)](]])
where
2p—2 1 2p—2
g _ (%)(Z%)(Hps ) B <§>(p_1> <p+2p 2)
3 () )\t U )
: 3
Sa = <2> (1 +2pH9p-2)/3 — H(pl)/s) :
3
Hence, we have
p—1 —1
Ik
Z (— 4 Z ok
k=0 k=
(p—1)/2 (%)(_1)3'(]{2. — H) (p—1)/2 24
=% > ———— S+ D, e (mod p°),
— 37+1 = (3] _ 1)](]g)
(3.5)
where

S5 =53 —S4+ Sy — 5.
By Sigma, we can find and prove the following identity:
2 2(7) (=1 (Hz; — Hy)

> 3j + 1

j=0
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In view of [17, lemma 3.1] and lemma 2.2, we have

(p—1)/2 (;) (p—1)/2 (—1/3) 3 3 (p—1)/3 k
3k k) — D 2 4 2
= N =5003) - 1640) -3 (mod p”)
P VT CU I LI L I T )
(3.7)
(p—1)/2 (;) (p—1)/2 (71/3) 4 3 3
3k _ Z k :f( 1)(1)*1)/2E +24.(3 ,£23
i e = 3+ 540(3) ,(3)
k=1 k (§)k k=1 k( k/ ) 3 2 4
(p—1)/3 k
2p —1)/2 4 2
— S (== s (mod p?) (3.8)
3 k=1 (Zk - 1)k(k)
It is easy to check that
(p—1)/3 k (r—1)/3 k -1/3
4 4 4
Sty MY A 6
2k 2k 2k
k=1 (2k71)k(k) k=1 (2k71>(k) k=1 k(k)
And by [21, (6)], we have
1 " /n 1
(T (n+ )Z<r>( Vi (3.10)

(p—1)/3 4]€ (p—1)/3 (_1)k
_ =2 e
,; (2k = 1) ,; (k- 1)(7)

(p—3)/2 (~1 k

= (—1)PtV/2 Z

)
i=(rye K+ 1T
e ) 0Dy

:(_1)(p+1)/2 Z — Z

— ——————— | (modp). (3.11)
i— (k+1)("7) i—o (k+1)(7

By Sigma, we find the following identity which can be proved by induction on n:

- 2(—1)" —1 -
gk—i—l =22 ~ (D - Z k2

IcO n+l k=1

So by setting n = (p — 1)/2 in the above identity and with lemma 2.2, we have

=) ((—1)<P—1>/2 - 1) — (-1)®*D/22E_, (mod p). (3.12)
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And by (3.10), we have

(19—27:)/6 (—1)k B (p—z?:)/6 1
P, — p—1
i (F+1)( z ) i (k+1)( +k)
- (p—7)/6 1 1 (p 3)/2 <p;3>( )T 1
— E+1 2 = r k+r+1
- 1 (p—1)/6 1 (p—3)/2 (pQS)( 1)7, 1
2 — k = r k+r
(p—3)/2 —3y (pP—1)/6
I N 11
= —3H -5 ; —( 2 ; r ) (modp)
It is easy to check that
(b-1/6 r 1
H,_ — = - —_— d
o0~ DL i = 2 heho ) medp)
k=1 k=1
By Sigma again, we have
zn: (=1)" (n) - 1 —g® _ - (Dr
n 5\
— r) = k(6k — 1) — k2 (E)k
So in view of lemma 2.2 and [22], we have
(p=7)/6
pz (=1)*
p—1
i (k+1)(F)
- (p—1)/2 k
_ (0o s N 10
= 2-1(5)B(5) 5 X -y (med )

(p—1)/2 (_l)k _§ (pzli/2 (—l)k N g<p73)/2 (—l)k
_5 _ 11y — 5p—11
i k2 (0) o kGS) 0 i k+D(E)
6 (p—z?))/2 1 6 (p—3)/2 1 p+5 (p—zl)/ﬁ( 1y
- r p+5 - = 7. .1 A -
Sl (k+1)(® +k) S o k1l 6
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Also it is easy to see that

. C N . ;
(p-1)/2 = kz::l s X Rk —1) medp)-

r

And by Sigma, we have

(1) (1) « 1 R
2 r <r>§k(2k—1)Hn2 Zk2(2’€)'

r=1

So in view of lemma 2.2, we have

(p—l)/Q (_1)k (p—l)/ﬁ

Z = Z k24(];k) _g

pe ] () I
Hence,
(p—7)/6 (_1)k B (_1)(p_1)/2 1 (p—1)/6 k
Z = —-2—-= s (mod p)
im0 (k+1)(7) v 2 = k)
This, with (3.11) and (3.12) yields
(p=1)/3 Ak
k=1 (2k — 1)(215)
1 1 (p—1)/6 4k
=2+ . +2E,_3— 5(71)(1771)/2 kzl - (2:) (mod p). (3.13)

By Sigma, we find the following identity which can be proved by induction on n:

k 4qn

"4
=212 (3.14)
2 i &

So in view of [22], we have

(p—1)/3

4k 2 1
=-24+— =-2+— (mod p).
T TR

This, with (3.9) and (3.13) yields

(p—1)/3 4k 1 (P—Zl)/ﬁ k
—  __=2F, 53— —(—1)71/2 (mod p).
2k p—3 2k
k=1 (2k71)k(k) 2 k=1 kQ(k)
Thus, with (3.8) we have
(p—1)/2 (;) 3 3 (p—1)/6 k
3)k D o p 2
- =-qp(3) — —a4,(3) + 3 - (mod p?). (3.15)
2w, ey 2 e
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So by (3.7), we have

(pzliﬂ (l) (p—1)/2 ; b (pzli/3 4k (pzl%/6 4k
3k (3)e _ 2
=-= + (mod p*)
1 2k 2k
k=1 k(L) k=1 k(3) 3 k=1 k(%) k=1 k(%)
Therefore, by (3.6) and (3.4), we deduce
- p=1 ;
2p2@§i¥2( 7 ) (=1)! (Ha; — Hj)
= 3j+1
pz p—1 (p—1)/3 4k (p—1)/6 4k
=B S mmt X g e G0
3 k=1 ( k=1

Now, we evaluate the second sum on the right-hand side of (3.5). It is easy to see

(p—1)/2 i (r—1)/2 i (r-1/2
47 47 4’
y oY yy Yy P gy
. .2 . 2 < (2
j=1 (3] - 1)] ( ]J) j=1 (3j - ]') ( ]J) j=1 ](j])
By (3.14), we have
(p—1)/2 4.7'
—— = =2+ 2(-=1)*"Y/2 (mod p). (3.18)
j=1 ](j)
Now we consider the first sum of the right-hand side in (3.17):
(r—1)/2 (r=1)/3 (r=1)/2 4

47 47
o o o T TN
; 35— 1)(%) ; (35— 1) (%) j_%:z)/g (35 -1 (%)
The following identity is very important to us:

2n

Zn: gyt ) & (3.19)
i ( k+” 2k) (2;) "o kQ(Zkk)

This, with [22] yields

(r—1)/3

11/t g 4
=2+ —+- ————— (mod p). 3.20
z 3(%}) 2 ey (et ) (820)
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And by (3.19), we have

(p—1)/2 ; (p—7)/6

49 B (_1)(p—1)/2—j
3 Z (3'_1)<2j) =3 Z p—1 . p—1
j=(pr2)/3 I ; i B - -1(7)
(p—7)/6 i (p—7)/6 i
49 (=1
= 6(_1)(P+1)/2 Z — = (_1)(;D+1)/2 Z —_—
= ©+5)(F) im0 G+E(7)
6 “”*i”ﬁ 4 3
= —(=1)PHD/2 4 (1) p+1)/2 ———=—~ + ——— (mod p). (3.21)
5 j=1 (j + pT)(g]) (g)
3
In view of (3.19) and [22], we have
(”i)/ﬁ 4 16 5(—1)@-1/6
— = —— +
L GrEnE 5w
(—1)(—1)/6 <p21> (P1)/6 4k (mod p)
- ‘) i~ (mod p
3 pT k=1 kZ(Qk)
This, with (3.21) yields
(p—1)/2 p—1~ (p—1)/6 k
47 1 1 4
30Y o tam sl Ly (2] S S (mod p)
j=(preyys B — (%) AN A=
Combining this with (3.20), we have
(p—1)/2 j
49
3 Y ———
j=1 (3.] - 1)(;)
= (P—Zl)/3 4k (p—1)/6 4k
=—242(-1)P"D/2 4 ( 31) s T —m | (mod p).
3 pT k=1 kz(k) k=1 k2(k)

Thus, by (3.17) and (3.18), we have

(p=1)/2

1 /Bt (p—1)/3 4k (p—1)/6 4k
— 2
G ) | & met & we) e

3

j=1

This, with (3.5) and (3.16) yields

p—1 f p—1 f
(_Z)k > 2% = S5 (mod p®). (3.22)
k=0 k=0
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(D)) 0)

p
+ Zp(p_> (Hp-1)/3 = Hizp-2)3) -
3

It is easy to check that

2p 2 2
p+ p
( 23 )51+PH(2p—2>/3+2
3

2 (2) 3
(H(2p72)/ H(zp 2)/3) (mod p°)
and

P+ P (e ) 3
( p—1 ZHPH(p—l)/?»*?<H<p—1>/3*H<p—1)/3) (mod p°).
3

So by lemma 2.2 and the fact that H]ﬁ)kk = —HIEZ) (mod p) foreach 0 < k <p—1,
we have

2p 2 p—1 2
P+ P+ L P @) (2)
( 2p— 2 > - ( p—1 > = p(H(2p-2)/3 — Hp-1y/3) + E(H(pq)/s - H(2p72)/3)

3 3
=p’ (g) Bys (;) (mod p?)

and

1
2 (Hp-1y3 = Hizp-2)/) = —9* (5 ) By <3> (mod p*).

—1 p—1

So by (;,%1) = (ﬁ) (mod p) and (5-1) = (-1)*5 =1 (mod p), we can immedi-
3 3 3
ately obtain that
S5 =0 (mod p?).
This, with (3.22) yields

S SV
k k
> @ > g% (mod p’).
k=0 k=0
Now the proof of theorem 1.2 is complete. O
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