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Abstract. For 8 C N, the %-free subshift X,, is the orbit closure of the characteristic
function of the set of %-free integers. We show that many results about invariant measures
and entropy, previously only known for the hereditary closure of X, have their analogues
for X, as well. In particular, we settle in the affirmative a conjecture of Keller about a
description of such measures [G. Keller. Generalized heredity in B-free systems. Stoch.
Dyn. 21(3) (2021), Paper No. 2140008]. A central assumption in our work is that n* (the
Toeplitz sequence that generates the unique minimal component of X)) is regular. From
this, we obtain natural periodic approximations that we frequently use in our proofs to
bound the elements in X, from above and below.
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1. Introduction

1.1. Background. Given % C N, consider the corresponding set Mz = Ube # bZ of
the multiples of 2 and its complement F = Z \ M 4, that is, the set of B-free integers.
We study the dynamics of n = 17, € {0, 1}%, that is, of the orbit closure X » of n under the
left shift . The motivation for such studies goes back to the 1930s, when sets of multiples
were investigated from the number-theoretic perspective by Besicovitch, Chowla, Erdés
and others (see [12] and the references therein). In 2010, Sarnak [34] suggested to study the
dynamics of the square-free system, i.e. X,, corresponding to % being the set of squares of
all primes. In this case, 1|y is the square of the Mobius function w, and the aim was to gain
more knowledge about the Mobius function itself. Sarnak formulated a certain ‘program’
for u? and indicated how to prove the statements about x>, Without going into details,
there was a list of properties related both to measure-theoretic and topological dynamics
of X 2. A natural question arose whether analogous results are true for other sets %. The
dynamics of X, was studied systematically for the first time in [9] in the Erd8s case, that is,
when Z is infinite and pairwise coprime with ), _» 1/b < oo. In this case, the properties
of X, resemble the properties of X 2 In particular, X, is hereditary, thatis, if x € X, and
y € {0, 1}Z is such that y < x coordinatewise then y € X,,. In fact, we have

Xy=Xg:={xecl0, 1}Z : |supp x mod b| < b — 1 for any b € S}

(X g is called the #-admissible subshift). When we relax the assumptions on 4, various
things can happen to X, in particular, it may no longer be hereditary. Thus, one often
looks at its hereditary closure X »» that is, the smallest hereditary subshift containing X,.
Such general %-free systems were studied in [7]. We may have X, C X n € X (see [7]
for various examples).

In this paper, we concentrate on invariant measures on X ;. Let us give now some more
detailed background related to this. In the Erdés case, n turns out to be a generic point for
the so-called Mirsky measure [9] denoted by v,:

1
I Z Sty = Vy
<L

(in this case, the above formula can be treated as the definition of v;). In other words, the
frequencies of 0—1 blocks on 7 exist (in the square-free case, they were first studied by
Mirsky [30, 31], hence the name). In general, n might not be a generic point. However,
it is quasi-generic along any sequence (¢;) realizing the lower density of M 4 (that is,
such that lim;_, o (1/£;)|IM g N [1, £;]| = lim inf; oo (1/L)IM gz N [1, L]| =: d(Mg)).
This is a consequence of the deep number-theoretic result of Davenport and Erdds [3] that
the logarithmic density of M g4, that is, §(M g) = limy_, oo(1/In L) ZEEM@O[],L](I/Z)
always exists and we have

3(Mz) =d(Mz) = lim d(Mgy,) where By ={be Z:b<K} ()
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(d(A) for A C Z stands for the natural density: d(A) =limy_oo(1/L)|A N[1, L]}).
Again, we call the resulting measure the Mirsky measure and denote it by v,:

lim — Z Sty = Vs

i— 00 l Z<£

see [7]. The following problems, already asked by Sarnak in the square-free case, arise.

e Give a description of the set P(X ) of all invariant measures on X;.

e Compute the topological entropy 4(X ) of X,,.

e Determine whether X, is intrinsically ergodic, that is, whether it has only one measure
of maximal entropy.

The solution to the second problem and the positive answer to the third one in the

square-free case were given by Peckner [32]. However, the proof used the properties of

the squares of primes and it was not clear if it can be extended to a more general setting. It

turned out to be true:

for any & C N, X » is intrinsically ergodic. 2)

This was proved in [22] in the Erdds case (where X, = =X ») and then, in [7], for all sets
% < N. Moreover, the topological entropy h(Xn) of X,, is equal to the upper density

of Fp:
h(Xy) =d =d(Fp) 3)
and
the measure of maximal entropy on X y is of the form M, (vy ® B1/2,1/2), 4)

where Bj,31/2 is the symmetric Bernoulli measure on {0, 1% and M: ({0, 1}%4)? —
{0, 1}% stands for the coordinatewise multiplication (in each case, the proofs were given in
the corresponding paper covering the intrinsic ergodicity in the same class). We also have

h(X,) =0 < P(X,) = {80} < X, is uniquely ergodic (5)

(this is true, in general, for hereditary subshifts; for a proof, see [26]).
As for the set of invariant measures, it was shown in [22] that in the Erdds case,

P(X,) = (Ma(v, V&) : k€ € P({0, 1}2)), (6)

where v, V « stands for any joining of v, and «, that is, any probability measure o on
({0, 1}%)2 invariant under o %% whose projection onto the first coordinate equals v, and the
projection onto the second coordinate equals «. Later, in [7], this result was extended to
any set 8 C N.

Recall that a central role in the theory of Z-free systems is played by the notion of
tautness [12]:

%# < Nis taut if for every b € %, we have §(M g ) < (M ).
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It was shown in [7] (see Theorem C therein) that for any & C N, there exists a unique
taut set ' € N with Mg C M and v, = v,y (for more details about #', see §1.2.3).
In fact, we have

P(X,) = P(X,). 7

Moreover, in [7] (see Corollaries 4.35 and 9.1 therein), the following combinatorial result
on taut sets was proved. Fix # C N and a taut set ¢ C N. Let ng := 1. Then the
following are equivalent:

for each b € A, there exists ¢ € €such thatc | b = ny < n < )?ncg c in
= nye X, & vy, € P(X,) &= PX,,) SPX,). 8

In particular, an immediate consequence of this result is a list of conditions equivalent to
P = 6, whenever both % and ¥ are taut, see [7, Theorem L].

Last but not least, let us mention some results related to the subset 736()?,,) of the
ergodic measures on f,,. It was shown in [23] that P(fn) is a Poulsen simplex (that is,
a non-trivial simplex with dense subset of ergodic measures with respect to the weak-star
topology) whenever h()? n) > 0. Recall that the density of ergodic measures implies the
arcwise connectedness of the set of invariant measures [29] (the latter property was proved
to hold in a hereditary setting wider than just %B-free systems in [20]). Recently, a yet
stronger result was obtained by Konieczny, Kupsa and Kwietniak [21]: namely,

the subset P° ()? ») of ergodic measures on X » 1s entropy-dense in 73()? ) ©))

that is, for any u € 73()? ), there exist u, € Pe()N( n) such that w, — u weakly
and the measure-theoretic entropies h()~( 7 05 Up) Of ()Nf n O, Up) converge to the
measure-theoretic entropy h(i ns O, 1) of ()? 7, 05 ).

Clearly, if X, is hereditary, all of the above results apply to X, = %,7. We study
analogous questions and prove the analogues of (2)—(9) for X, in the non-hereditary case.
For a summary of our results, see §1.3.

1.2. Notation and main objects

1.2.1. Dynamics. We say that (X, T) is a topological dynamical system if T is a
homeomorphism of a compact metric space X. We equip X with the Borel sigma-algebra.
The set of all probability Borel T-invariant measures will be denoted by P(X, T') (or just
P(X) if T is clear from the context). The subset of ergodic measures will be denoted
by P¢(X, T) or P°(X). For each choice of u € P(X), the triple (X, T, u) is called
a measure-theoretic dynamical system. Given two measure-theoretic dynamical systems
(X, T,un) and (Y, S, v), we say that (Y, S, v) is a factor of (X, T, u) whenever there
exists a measurable map 7w : X — Y (defined p-almost everywhere (a.e.)) such that the
image () of w viaw equalsvandm o T = Som u-a.e.

Both in the measure-theoretic and in the topological setting, there is a notion of
entropy that describes the complexity of a given system. The measure-theoretic entropy
of (X, T, u) is denoted by h(X, T, 1). We skip its lengthy definition and refer the reader,
for example, to [5]. For a topological dynamical system (X, T'), the topological entropy is
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denoted by 2 (X) or h(X, T). We will mostly deal with 0—1 subshifts, that is, (X, o), where
X C {0, 1}% is closed and invariant under the left shift o : {0, 1}% — {0, 1}%. In this case,
the fopological entropy is easy to define: if p,(X) is the number of distinct blocks of
length n appearing on X, then £(X) = lim,,—, oo (1/n) log, p,(X). If X is the orbit closure
of x € {0, I}Z, we will write p, (x) instead of p,(X). There is the following variational
principle (valid in general, not only for subshifts): A(X, T) = sup, cpx 7y h(X, T, n). In
the case of subshifts, there is always at least one measure u realizing the supremum from
the variational principle. If this measure is unique, we say that X is intrinsically ergodic.

Given a topological dynamical system (X, 7)) and a point x € X, we say that x is a
generic point for p € P(X, T) if (1/L) 3" ,.; 8¢, — u weakly. We say that x € X is
quasi-generic for p along (¢;) if (1/¢;) Ze<; dre, — pu weakly.

Given two measure-theoretic dynamical_ systems (X;, T;, i), i = 1,2, we say that
p € P(X1 x Xy, Ty x Tr) (with X x X» equipped with the product sigma-algebra)
is a joining of (X1, Ty, n1) and (Xo, To, o), whenever w; = (;)«(p) for i =
1,2 (m; will always denote the projection onto the ith coordinate, we will also
use similar notation for projections onto more than one coordinate). We write
then p =1 Vs or p € J(X1, Th, 1), (X2, T2, n2)). We always have u) ® us €
J((X1, Ty, m1), (X2, T, £2)). In fact, if (Y;, S;, v;) is a factor of (X;, T;, u;) via a factor
map F;, i = 1,2 and p = v; V 1y, then there exists p € J((X1, T1, 1), (X2, T2, 12))
such that (Y] x Y2, S1 x S, p) is a factor of (X x X, T1 x T, p) via F| x F, (for
example, the so-called relatively independent extension of p has such a property). Last
but not least, for S: (X1, T1, n1) = (X2, Tr, u2), we will denote by Ag the graph joining
of (X2, Tz, n2) and (X1, T1, 1) given by Ag(Ax x Ap) = y,l(S_lAg N Ap) for any
measurable A1 € X1, Ay € X». (Note that usually Ag stands for the joining of 77 and 75
where the coordinates are written in the opposite order.) For more information on joinings,
we refer the reader to [11].

1.2.2. Toeplitz systems. A sequence x € {0, 1}7 is called Toeplitz if for each i € Z, there
exists s € Nsuchthatx(i + sk) = x (i) forall k € Z. A Toeplitz subshift is the orbit closure
of a Toeplitz sequence under the left shift. Any Toeplitz subshift is minimal [35] (the orbit
of each point is dense). For each symbol a € {0, 1} and any s € N, we set

Per(x,a,s):={i € Z : x(i + sk) = a forall k € Z}.
The s-periodic part of x is defined to be the set of positions
Per(x, s) := Per(x, 0, s) U Per(x, 1, s).
A Toeplitz sequence x is called regular if

lim_ d( U Per(x, s)) =1

s<r
(Notice that this is equivalent to the usual definition via the so-called period structure.)
The remaining Toeplitz sequences are called irregular. For any regular Toeplitz sequence,
the corresponding Toeplitz subshift is uniquely ergodic, see [13, Theorem 5]. For more
information on Toeplitz sequences, we refer the reader, for example, to the survey [4].
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1.2.3. %B-free systems. Since the notation differs a bit between various papers related to
PB-free systems that are crucial for this work, we need to make certain adjustments.

Subshifts.  First, let us recall the main subshifts that are of our interest. Given Z C N, we
consider

X ={okn:keZ) C Xz={xel0, I}Z:|suppx mod b| < b — 1 foreach b € A},

where supp x = {n € Z : x(n) = 1} stands for the support of x. They are called the %B-free
subshift X, and the %-admissible subshift X g corresponding to the set . Moreover,
the so-called hereditary closure }N(,, of X, is given by }~(,7 = M(X, x {0, 1}%), where
M: ({0, 1}%)2 — {0, 1}~ stands for the coordinatewise multiplication of sequences (this
is equivalent to defining X » as the smallest hereditary subshift containing X ). Since X o
is hereditary, we have

X, CX,C Xgp

Usually, we will assume that % is primitive, that is, for any b, b’ € %, ifb | b’,thenb = b’.
This assumption has no influence on the studied dynamics since Mg = M zpim, Where
by ZP"™, we will denote the maximal primitive subset of 2.

In fact, there are also some other interesting subshifts of X 4 that we will discuss in
a later paragraph. Let us now give an overview of the most important classes of sets 4
appearing in the literature. We say that 2 C N is:
e Erdds if A is infinite, pairwise coprime and ), »(1/b) < 00;
e Besicovitch if d(M p) exists;
o taut if for every b € %, we have §(M g\ (1)) < 8(M»);
e Behrend if §(Mg) = 1.
Recall (see [7, Theorem 3.7]) that any non-trivial Behrend set contains an infinite pairwise
coprime subset. Moreover, 4 is taut if and only if c. A € 28 for any Behrend set A and any
c € N, see [12].

Given # C N, we can now define the following.
o A :=(BUC)MM where

C ={c € N:cA C % for some Behrend set A}.

The set %' is called the tautification of %, and it is the unique taut set such that
vy = vy (see [7, 6J for more details about %').
o P := (AU D)P"™ where

D ={d € N:dA C £ for some infinite pairwise coprime set .A}.

The set #* corresponds to the unique minimal subshift X,« of X, (see [17,
Corollary 5]). By [17, Lemma 3(c)], %* does not contain a scaled copy of an infinite
pairwise coprime subset. Thus, 28" does not contain a scaled copy of a Behrend set
and, hence, % is taut (for another proof, see [14, Lemma 3.7]). Moreover, n* is a
Toeplitz sequence (see [14, Theorem B]) with a subsequence of (Icm(#%))k>1 being
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its period structure, which in particular means that n* is a regular Toeplitz sequence if
and only if

Klim d(Z \ Per(n*, lem(Ay)) = 0. (10)

(We will not need the notion of a period structure of a Toeplitz sequence, so let us skip
it here and refer the reader to [4].)

We have
X C Xy C Xy, (I

see [6, Remark 3.22] for the first inclusion, and [24, (27)] for the second one. Note also
that it was shown earlier that X, C X, see [17, Corollary 1.5]. We have

(B)* = B*. (12)

Indeed, X ()« is the unique minimal subshift of X,/, while X« is the unique minimal
subshift of X,. Hence, since X,y C X, it follows that X/« = X,+. This is equivalent to
(12) by [7, Theorem L], cf. (8).

Basic algebraic objects. There are also certain important objects of algebraic nature

related to Z:

e the product group G := [[,c 4 Z/bZ;

the canonical embedding A: Z — G givenby A(n) = (n, n, .. .);

the subgroup H := A(Z);

the rotation R = Ra(1y: H — H givenby R(h) = h + A(1);

the window associated to %, given by W := {h € H : hy, # 0 for each b € A}, and

the closure of its interior, which we denote by W := int(W);

e the coding function ¢4 : H — {0, 1% for A C H, given by pa(h)(n) =1 <= h +
A(n) € A; note that o4 o R = 0 o @4; in particular, we will use

¢:=¢w and @ :=¢w;

note that n = ¢(A(0));
e the subset of admissible sequences with only one residue class mod each b € #
missing:

Y:={xe{0,1}%: |supp x mod b| = b — 1 foreach b € B} C X ;

the function 6: ¥ — G ‘reading’ the (unique) missing residue class mod each b € 4,
which is given by 6(y) = h <= suppy N (bZ — hp) =P forb € A.
All these objects can be defined just as well for 2’ and %*. We will use the superscripts
" ‘and * to indicate which of them we mean. For example, we have H' = A’(Z) where
A': Z — G’ and similarly
W :={heH :h, #0mod b foreachh € &} and W = int(W’).
Also, we will write ¢’ for ¢y, and ¢’ for ¢,

Remark 1.1. Notice that the meaning of W’ differs from the one used in [17]: Keller used
W’ for int(W), which we denote as W.
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Group homomorphisms. By [17, Lemma 1.2], there is a continuous surjective group
homomorphism

FH,H*: H— H*

given by the unique continuous extension of the map A(n) — A*(n) to H. In fact, the
following lemma provides a direct formula for 7 z7+ (by the definition of %*, for each b*,
there exists b € % such that b* | b).

LEMMA 1.2. Leth € H. Then U g+ (h)p+ = hp mod b* for any b € 9B and any b* € B*
such that b* | b. In particular, Uy g+ (h)p = hyp for any b € BN B*.

Proof. Let (ny)r=1 be such that limy_, o A(ng) = h.Fix b € . Then ny mod b = hy, for
sufficiently large k > 1. Therefore, ny mod b* = h, mod b* for any b* such that b* | b.
The assertion follows by the continuity of I'gy_g+. O

Moreover, it was shown in [17, Lemma 1.4] that
TrW) = W* and Tpe(H\ W) = H*\ W*. (13)
It follows that
¢(h) = ¢*(Ch,u+(h)). (14)
Indeed, ¢* (g g+ (h))(n)=1if and only if 'y g+ (h) + A*(n) =Tm g+ (h + A(n)) e W,
which is equivalent to 2 + A(n) € W due to (13).

More subshifts. We will also need:

Xy = @(H)
and

[o, ¢] .= {x € {0, 1}Z : g(h) <x < @(h) forsome h € H}. (15)

The subshift X, first appeared in [19] (under the name M%) and was later studied in [14].
The set [, ¢l that may not be a subshift (it is o-invariant, but is not necessarily closed)
was introduced in [17]. If A is primitive, then ¢ (H) € [g, @] € X, by [17, Theorem 1.1],
S0 in particular,

X, = o9l (16)

Y

Moreover, if 4 is taut, then by [17, Corollary 1.2], we have
Xy =Xy =g, ¢l A7)
Similar notation to that in (15) will be used for sequences. Given w, x € {0, I}Z, we set
[w, x]:={c™y € {0, 2 w< y <x, meZ}.

Again, this may not be a subshift; one can consider its closure [w, x] if necessary.
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Remark 1.3. Let us comment here on the codomain of 6. Since 6 is defined on whole Y, in
general, we cannot say much more than that 6(y) € G. It was shown in [7, Remark 2.45]
that (Y N X ») € H. However, this is not sufficient for us: we need to think of 6 as of a
function from (at least) ¥ N [¢, ¢] to H. We will show that

(Y NX,)=6(YNX,) CH.

In the first equality, ‘2’ follows from )?w 2 X,. For the converse inclusion, consider
yeryn )?(p and x € Xy = @(H) with y < x. Notice that ¢(H) € X g since supp ¢(h)
misses the residue class —/, modulo b for each b € & and X 5 is closed. Thus, supp x
misses at least one residue class for each b € #. Due to y € Y and y < x, the support
of x misses exactly one residue class for each b, namely the same as supp y. This yields
0(y) =0(x) e 0(Y NXy).

To see (Y NX,) € H, we fix be % and x € X, = ¢(H). Then there exists a
sequence (¢ (h,)) which converges to x, and (by definition) we have ¢(h,)|—x,),+bz = 0.
Since H is compact, we can assume that (%,)) has a limit 2 € H. In particular, there exists
no € N with (h,)p = hy, for all n > ng. This yields ¢(hy)|—p,+pz = 0 for all n > ng and
thus x|_p, 447z = 0.Forx € Y N X, it follows that —h;, is the unique residue class modulo
b that supp x misses. Since b € % was arbitrary, we obtain 0(x) = h € H.

1.2.4. Dynamical diagrams. The aim of this section is to introduce a certain language
related to diagrams involving dynamical systems and factoring maps between them. It
will allow us to summarize some of our results on diagrams, which, in turn, can help to
understand the structure of some more complicated proofs since the diagrams are easier
to ‘glue together’ than the assertions written in the form of sentences. We will use the
language of category theory. Namely, we consider the category where:

e the objects are triples of the form (X, T, Pyx), where (X, T) is a topological dynamical
system and ¥ # Py € P(X); if Px = P(X), we skip it and write (X, T) instead of
(X, T, P(X));

e a morphism from (X, T,Px) to (Y, S,Py)isamap f: (X,T,Px) = (¥, S, Py)
such that there exist Xg € X where X is T-invariant with u(Xo) = 1 for any u € Py,
f:Xo—>Y, fk(Px) CPyand So f = f oT on Xj.

Any graph whose vertices are the above-defined objects and whose arrows denote

morphisms is called a dynamical diagram.

Remark 1.4. We identify two morphisms f, g: (X, T, Px) — (¥, S, Py), whenever f
and g agree on a subset Xy € X that is of full measure for every measure u € Py.

Definition 1.5. We define the composition of morphisms f: (X, T, Px) — (¥, S, Py)
andg: (Y, S, Py) — (Z, R, Pz) as the composition g o f. Notice that such a definition is
correct in view of Remark 1.4. Indeed, let f: X9 — Y and g: Yo — Z, where u(Xp) = 1
for every u € Px and v(Yp) = 1 for every v € Py. Then the composition g o f is defined
on XoN f~1(Yp) and u(Xo N f~1(Yp)) = 1 for any i € Py.

Definition 1.6. We will say that a dynamical diagram commutes if for any choice of
(X, T, Px) and (Y, S, Py) in this diagram, the composition of morphisms along any
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path connecting (X, T, Px) with (¥, S, Py) does not depend on the choice of the path,
including the trivial (zero) path.

Remark 1.7. In the definition of commutativity, we implicitly assume that our diagram
includes, for each vertex (X, T, Px), the identity map id: (X, T, Px) — (X, T, Px). To
increase the readability of the diagrams, we will skip the corresponding arrow in our
figures. Notice that this means in particular that whenever a dynamical diagram of the
form

f
(X,T,Px)=(,S,Pr)
g

is commutative, then g o f = idy a.e. with respect to any u € Py and f o g = idy a.e.
with respect to any v € Py. Note that usually, diagrams with loops do not appear in the
context of commutative diagrams in category theory—they will however appear in the
present paper.

Remark 1.8. In a commutative diagram for any pair of its vertices (X, T, Px), (Y, S, Py),
there is at most one morphism f: (X, T, Px) — (¥, S, Py). Notice also that any linear
dynamical diagram is automatically commutative (by a linear diagram, we mean any
diagram whose underlying undirected graph consists of vertices arranged in a line). The
same applies to any dynamical diagram that is of the form of a directed tree (a graph whose
underlying undirected graph is a tree, that is, a connected acyclic undirected graph).

Definition 1.9. We will say that a morphism f: (X, T, Px) — (Y, S, Py) is surjective if
f«(Px) = Py. We will say that a dynamical diagram is surjective if every morphism in
this diagram is surjective. If (X, T, Px) i) (Y, S, Py) is surjective, we will sometimes
just say that (the morphism) f is surjective. Notice that this notion is not the same as the
surjectivity of the map f: X — Y.

Remark 1.10. (Cf. Remark 1.7) Any commutative dynamical diagram that is a loop is
automatically surjective. For example, if

f
(X,T,Px) = (¥, S, Py)
8

is a commutative dynamical diagram, then it is surjective. Indeed, Py = id.(Px) =
8+ (f«(Px)) C g+«(Py) C Py, so, infact, Px = g«(Py). By the same token, Py = f.(Px).

Example 1.11
(1)  Suppose that 4 C N is taut. Then v, € P(X, NY) by [7, Theorem H], so P(X; N
Y) # @. Thus,

(X, NY,0) 5 (H R % (X,.0)

is a dynamical diagram. Its subdiagram (X, NY, o) i (H, R) is surjective (by the
unique ergodicity of (H, R), we have 6, (v) =my € P(H) forany v € P(X; NY)),

https://doi.org/10.1017/etds.2024.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.7

Invariant measures for 9B-free systems revisited 2911

while (H, R) 4 (X;,0) is not surjective unless X, is uniquely ergodic (cf.
Corollary G in §1.3.1).
(2) The dynamical diagram

o
(0. 1}%, 0) = ({0, 1}%, 0)
o
does not commute: indeed, o oo # id (except at the four fixed points of o).
Notice, however, that if we equip each vertex with @ £ P C {, %(5“.10101“. +
8..01010...), 61}), then

(0. 1%, 0. P) = ({0. 1), o', P)

becomes a commutative dynamical diagram (and thus it is surjective by
Remark 1.10).
(3) If # C Nis taut, then

-1
(Xy. 0. ) = (H. B)
is a commutative dynamical diagram (and thus it is surjective by Remark 1.10).
Indeed, ¢: (H, R,my) — (X;, 0, vy) is a measure-theoretic isomorphism, see [9]
for the Erdds case and [7, Theorem F] for the taut case. The map ¢ ~! can be replaced
with 6 (recall that for taut %, we have v, (X, NY) =1, so 0 is well defined v,-a.e.
on X,).
(4) The diagram

(0. 152,62, (v vk 1k € PO, 1D)) 2 (X, 0)

is clearly a dynamical diagram (as M o (o X o) = 0 o M everywhere). It is linear,
hence commutative. Moreover, it is surjective by (6).

1.3. Summary. In this section, we present our main results. They are divided into three
groups:

e results about invariant measures;

e combinatorial results related to the notion of tautness;

e entropy results.

We also discuss how to interpret some of them in terms of dynamical diagrams and indicate
the main steps in their proofs.

1.3.1. Main results: invariant measures. In [17], Keller formulated a conjecture on the
form of P(X;). Let us restate it using our notation.

Conjecture 1. [17, Conjecture 1] Let 8 C N be such that n™* is a regular Toeplitz sequence.
Then for any v € P(Xy), there exists p € P(H x {0, 1)%, R x o) such that for any
measurable A C X,

V(A) = / 1a(@(h) +x - (p(h) — ¢(h))) dp(h, x).
H x{0,1)Z
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In other words, for each v € P(X,,), we have v = (Mp)«(p) for some p € P(H x {0, 1}Z,
R x o), where My : H x {0, 1}Z — [2, @] is given by

M (h, x) = 9(h) + x - (9(h) — ().

Notice that each p € P(H x {0, 1}2, R x o) is a joining of my with some measure
k € P({0, 1}%), that is, p = mpy V k. Our motivation for writing this paper was to prove
the above conjecture. In fact, we will prove not only that all o -invariant measures on X, are
of the form (My)«(mp V k), but also that the opposite inclusion holds and that P(X,) =
P(Xy). Thus, we not only settle Keller’s conjecture, but also answer his question from
[17] about the existence of invariant measures supported on X, \ X, (there are no such
measures). The following theorem that captures all of this is our main result.

THEOREM A. For any # C N such that n* is a regular Toeplitz sequence, we have
P(Xy) = P(Xy) = {(Mm)s(mp V ) k € PO, 1}7).

An auxiliary result, used to prove Theorem A, but also interesting on its own, is another
description of the set P(X;) = P(Xy).

THEOREM B. (Cf. (6)) For any % N such that n* is a regular Toeplitz sequence, we
have

P(Xy) = P(Xy) = (Nu((pulavy) V ) : k € PO, 1))},

where N : ({0, I}Z)3 — {0, 1}Z is the map given by N(w,x,y) =w+y - (x —w) and
vy Ay is the joining of vy« with vy for which the pair (n*, ) is quasi-generic along any
sequence ({;) realizing the lower density of M .

Remark 1.12. Note that it is non-trivial that (n*, ) is quasi-generic under o x ¢ along
(¢;) realizing the lower density of M z—this will be shown in course of the proof of
Theorem B. In fact, we will describe the limit measure, see Lemma 2.3. Notice also that
once a pair (x, y) € {0, 1}% is quasi-generic under o x o for some measure p, then p is
(o x o)-invariant. Moreover, x and y are quasi-generic (along the same subsequence) for
the marginals of p and thus, p is a joining of its marginals.

THEOREM C. (Cf. (7), recall also (11)) For any & C N such that n* is a regular Toeplitz
sequence, we have P(X;) = P(X,).

1.3.2. Main results: tautness and combinatorics

PROPOSITION D. (Cf. (8)) Let  C N. Suppose that € C N is taut. Then the following
are equivalent:

(@) (Vpep Ieewc | b) and @) (VyegIeewc|b) and
(VCECK Elb*eu@*b* | ©); (VCE‘K Elb*ey@* b* | ©);

b n*<ng<wn ®) n*<ng<n’

(©) Xpe © Xys (©)  Xpe S Xy:

(d) nge Xy d) ngeXy;
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(€) vy, € P(Xy); €) vy € PXy);
0 PXpy) S P(Xy), ) PXypy,) S PXyp).

Given & C N, let
Taut(#) :={¢ S N: €istautand X, S X;}.
Consider the following partial order < on T aut (%4):
G <G = Xy, S X, -

Clearly, ', %* € Taut(%). Moreover, %" is the smallest element of Taut (%). Indeed,
if €€ Taut (%), then X,» C X, since X, is the unique minimal subset of X,,. As an
immediate consequence of Proposition D (more precisely, by (¢) <= (c¢’)), we obtain the
following.

COROLLARY E. Forany 2 C N, %' is the largest element of T aut (%) with respect to <.

1.3.3. Main results: entropy. Last, but not least, we prove some results on the entropy
of Z-free systems.

THEOREM F. (Cf. (3)) Forany % C N, we have h(X;) > d—d', whered = d(Fp) and
d = d(Fo). If additionally Xy is uniquely ergodic (in particular, if n* is a regular
Toeplitz sequence), then h(Xy) = d — d*, where d* = d(F ).

COROLLARY G. (Cf. (5)) For any # < N such that n* is a regular Toeplitz sequence, we
have

h(X;) =0 P(X,) = {v,;} & X, is uniquely ergodic
(note that if the above holds, then v,y = vy« ).

Remark 1.13. In Corollary G, the second equivalence is true without any assumption on
n*. It seems open whether there exists 4 such that n* is an irregular Toeplitz sequence
with 2(X;) = 0 and P(X,,) being not a singleton, cf. Remark 1.14 below.

THEOREM H. (Cf. (2) and (4)) For any % C N such that n* is a regular Toeplitz
sequence, the subshift Xy is intrinsically ergodic. The measure of maximal entropy equals
Ni((vy=Avy) ® Biy2,172).

THEOREM 1. (Cf. (9)) For any B C N such that n* is a regular Toeplitz sequence, the
ergodic measures are entropy-dense in P(X).

1.3.4. Dynamical diagrams viewpoint.  In this section, we present a dynamical diagrams
viewpoint on Theorems B, C, A and H. The first three of these results can be formulated
in terms of dynamical diagrams and the structure of the proofs also relies on this notion.
As for Theorem H, the dynamical diagrams serve as a tool in the proof.
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On Theorems B and C. These two results can be proved separately (Theorem C is then
a consequence of Theorem B); however, there is a nice way to treat them together, which
has the additional advantage of slightly shortening the proofs. Recall that by (11), (16) and
(17), we have

[g/, 90/] = X(p’ = Xn’ - Xn - Xga = [f? <,0]

Moreover, under the extra assumption that n* is a regular Toeplitz sequence, by
[17, Remark 1.4] and observing (12), we have

P(Xy) =Pg, ¢D) and P(Xy) =P(¢, ¢'D. (18)

Remark 1.14. The first equality in (18) is actually the main reason for the extra assumption
on n* in Keller’s conjecture from [17] (see Remark 1.4 therein). In fact, this goes deeper.
If #* is a regular Toeplitz sequence, then P(X,+) = {v,+}, while when we drop the
assumption on n*, various things can happen to P(X,+): it can be a singleton consisting
only of vy, see [18, Theorem 2] (even if n* is an irregular Toeplitz sequence!), but
it can also contain some positive entropy measure, see [18, Theorem 1]. Thus, since
X+ € X;;, we cannot expect to obtain a consistent description of P(X;,) without imposing
any restrictions on n*. We will use the fact that the Toeplitz sequence n* is regular very
frequently in our proofs.

Continuing our argument from (18), we obtain for a regular Toeplitz sequences n* that

Py, ¢'D) =P, ¢') = P(Xy) = P(Xy)

€ P(Xy) S P(Xy) =Pg, D) =P(e, ¢D. 19)

Therefore, the assertions of Theorems B and C are equivalent to the following two
inclusions:

P, 1) S (Nu((vy=2vp) V &) 1 & € P{0, 1})} C P(X). (20)

Consider the following diagram:

(10, 1}5)3, 03, {(vyr Avy) Vi 2 1 € PO, 1}5)})

x

(g, @], 0) Ds,c)

o

(X(p/9 U)

and notice that the assertions of Theorems B and C are equivalent to (Dp ) being a
surjective commutative dynamical diagram. Indeed:

o (Dp ) is a dynamical diagram if and only if the maps N and id are morphisms, which
implies the second inclusion in (20) holds.

Notice that by (19), the map id is a morphism if and only if P([g, ¢]) = P(Xy). Therefore,
id is then automatically surjective.
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e (Dp) is in addition surjective if and only if the morphism N is surjective, which
implies the first inclusion in equation (20) holds.

Moreover, if both inclusions in (20) hold, then by (19), we obtain the equality
{Nx((yrAvy) Vi) 1k € PO, 1%y} = P, ¢]) = P(Xy), which implies that N and
id are surjective morphisms.

On Theorem A. Having proved Theorem B first, to prove Theorem A, we will only need
to show that

N2 (yelsvg) Vi) 1 € PO, 1Y)} = {(Mp)«(mu V1) : 1 € P{0, 1))}

Let 9 ®@¢: H — ({0,1}%)? and (¢ ® ¢)(h) = (p(h), ¢(h)). Consider the following

diagram:
(H x {0, 1}2, R x o)
l(g ® @) xid
({0, 1}%)3, 673, {(vye Avy) V i < i € P({0, 1}E))) My (Dy)
JN
(Xy, 0)
Then:

e if (Dy) is a commutative diagram, then
{(Mp)(mp Vi) s k€ PUO, 1))} € {Niu((vysAvy) V &) = &k € P10, 1))}

(indeed, by the commutativity, ‘travelling’ via My is the same as ‘travelling’ first via
(¢ ® @) x id and then via N);
o if (Dy) is surjective, then

{Na((yeDvg) Vi) s k € PUO, V) S {((Mp)s(mp Vv &) = k € P({0, 1}5))

(indeed, we can travel up from N, ((v;+Avy) V k) to (vyAvy) V k via N, then again
up by (¢ ® ¢) x id, that is, use the surjectivity of (¢ ® ¢) x id and finally use that
My = No ((f ® @) x id) as (D4) commutes). B
In other words, the assertion of Theorem A follows from Theorem B and the commutativity
and the surjectivity of (Dy).
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In fact, Theorems A, B and C can be summarized using a single diagram, namely:

(H x {0, 1}2, R x o)

(p®¢) xid
(10, 1}%)3, 03, {(vy= Avy) V i = ke € PO, 1}5)}) My
N
([¢. ¢1.0)
id
(X, 0)

Notice that if we prove that the above diagram is a commutative and surjective dynamical
diagram, then indeed we get:
o PXy)=PXy) =PXy =P, ¢D;
e P(X,) = {Nu((wyrAvy) V&) 1k € PO, 1}2))
= {(Mp)s(my v ) 1k € PO, 1P},

On Theorem H. The main idea of the proof of Theorem H is to equip the diagram
(H x {0, 1}%, R x 0) 25 (X,. 0)
(which is surjective by Theorem A) with an ‘intermediate’ vertex:
(H x {0, 1}%, R x 0) > (H x {0, 12, B) > (X,. 0).

where R is a certain skew product over R: H — H and the maps ® and W are morphisms
defined later. We prove then that h(H x {0, )2, R) = d — d* (which equals to h(Xp)
by Theorem F) and prove the intrinsic ergodicity of (H x {0, 1)Z, R). For the details,
see §4.2.

2. Invariant measures

Before we begin working on the description of P(X,), let us concentrate on X, itself.
Keller [17] proved that for any taut set 98, the subshift X, is in a way ‘hereditary’. We
rephrase his result in the following way.

PROPOSITION 2.1. For any # C N, we have X, C [n*, n]l € X,. In particular, if & is

taut, Xy = [n*, n] = X,.

Proof. Clearly, ¢(A(0)) =n € [n*, n]. Moreover, by [17, Corollary 1.4], we have
n* = @(A(0)). Thus, [n*, n] € [, ¢]. This yields

Xy S n* nl € le, ¢l = Xy.

By [17, Corollary 1.2], if # is taut, we have X, = X, which completes the proof. O
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2.1. Proof of Theorems B and C

2.1.1. (Dg ) is a (commutative) dynamical diagram. ~We will need a certain lemma from
[2] about ‘lifting’ quasi-generic points to joinings. We formulate it here for Z-actions,
while the original version is more general (the result is true for actions of countable
cancellative semigroups and arbitrary Fglner sequences).

THEOREM 2.2. [2, Theorem 5.16] Let A, Ay be finite alphabets. If x € AIZ is
quasi-generic for v along (£;) and v V k € 77(.»41Z X A%, o X 0), then there exists y € A%
such that the pair (x, y) is quasi-generic for v V k along some subsequence of ({;).

Let (£;) be a sequence realizing the lower density of Mg and suppose that X, is
uniquely ergodic (in particular, this happens if n* is a regular Toeplitz sequence). If the
pair (n*, ) is quasi-generic along a subsequence (E,-J.) of (¢;) for some measure, then this
limit measure must be a joining of v, and v;. In fact, we have the following lemma which
we will prove in a moment.

LEMMA 2.3. Let 2 C N be such that X, is uniquely ergodic. Let (¢;) be any sequence
realizing the lower density of M g. Then the point (n*, n) is quasi-generic along ({;) for
(¢ @ 9)«(mp).

Remark 2.4. Instead of (g ® @)« (mpy), we will usually write v,« Av,. In this subsection,
we will only use that (n*, 1) is quasi-generic along (¢;), while the specific form of the limit
measure will be used later. Let us justify here our notation v, Av, and show that this is a
certain off-diagonal joining with marginals v,+ and v,. Indeed, by (14), we have

vy Avy = (9" o Ty ) ® @)s(mp).
Notice that
S:=¢*oTuuoe ' (0,1, a,v,) = ({0, )2, 0, vy)
is a factoring map. Moreover, for any measurable sets A, B C {0, 1}%, we have
As(Ax B) =vy((¢* 0T o9~ ) (A)NB)

=mp((¢* o)~ (A Ne ' (B) = (¢* o Th.u*) ® 9)x(mu)(A x B)
= vxAvy(A x B).

Recall also that it was shown in [7] that

n and n’ differ along (¢;);>1 on a subset of zero density, 21

where ({;);>1 is any sequence realizing the lower density of M 4. Moreover (see the proof
of [7, Lemma 4.11]), any sequence (¢;) realizing the lower density of M 4 is also realizing
the lower density of M 4. For any such (¢;);>1, also

(n*, ') is quasi-generic for v« Avy along (¢;), 22)

whenever X+ is uniquely ergodic.
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Let us now prove that (Dp () is indeed a dynamical diagram (and since it is linear, it is
then commutative by Remark 1.8). Notice that it suffices to show that for any measure of
the form N, (p), where p = (vxAvy) V « with k € P({0, 1}%), we have N, (0 (Xy) = 1.
To see that this is indeed the case, fix such a measure p. It follows by Theorem 2.2 and by
(22) that p has a quasi-generic point of the form (n*, 1/, y) with y € {0, 1}Z. Therefore,
z:= N(n*, n, y) is quasi-generic for N, (o) and thus N,(p)(X;) = 1. It remains to notice
that n* < z < n’. Thus,

X S, n'l= Xy,
where the last equality follows from Proposition 2.1.

Proof of Lemma 2.3. Fix (£;) which realizes the lower density of M 4. By a pure measure
theory argument (see the proof of [9, Theorem 4.1]), we only need to prove that

1
- Z 8(ome(A0)).0"p(A0)) (A X A) > (¢ @ @)x(mu)(A X A)

L
n</{;

for
A={xe{0,1}7:x|s=0} and A={xe{0,1}%:x|s=0)},

with S, § € Z being arbitrary finite sets. By c op = ¢ o R and 0 o9 = ¢ o R, this is
equivalent to proving that

1
lim = Y Lot gyt () (R (A©0)), R*(A0)) = (¢ ® p)u(mm)(A x A).

i—o0 {;
n<t;
The main underlying idea is to approximate ¢ ~1(A) and ¢! (A) by clopen sets, so that we
can use the ergodicity properties of rotations. We will begin with the right-hand side, as it
is easier (the approximation of the left-hand side requires the use of the Davenport—Erd&s
theorem, i.e. (1)).
Approximation of the right-hand side. We have

C=¢ ' (A) = R*W"

seS
Let, for K > 1,
Wk :={h e H:hy#0forallb e Bg).
Let
Ck = ﬂ RWE. (23)
seS

Each Wk is clopen and Wg N\ W when K — oo. Thus, given ¢ > 0, for K large enough,
we have

my(CACk) < e. (24)
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Recall from (14) that ¢ = ¢* o 'y = and let

Ci=¢ (A =Ty (@) A) =Ty (NRH W= [ Tyl RO (W

N sES seS
Define W§ in a similar way as W :
Wg ={h* € H* : hj,. # 0 for all b* € Sy }.

Finally, let

Cx =\ Ta'y (RO WH)E. (25)
ses
Then, for K large enough,
mp(CACK) <. (26)

Notice that
(@ ® )x(mp)(A x A) =mp(p~ (A Ne ' (A) =my(CNO).
Thus, it follows by (24) and (26) that
(@ ® @)(mu)(A x A) —mp(Cy NCk)| <2

for K sufficiently large.
Approximation of the left-hand side. Let (£;);>1 be a sequence realizing the lower
density of M 4. By definition,

1 1
z Y Laxa(@(R*(A0))), 9(R*(A(0)))) = A > 1e(RM(AO))1c (R (A0))).

n</{; n<¢;

Moreover, for K large enough,

. 1 n n 1 n n
Jim |- ; Le(R"(AO)1e(R"(AO) = ZZ 1c(R"(A(0) 1y (R™(A(0)))
1 1
< lim = 3 Lok (RNAO)) = Jim 37— 3 Tyeywg (R (A0))
! n<t; = seS i n<t;

.1 1
=S|+ lim ;; Lyeywg (R'(AO) = IS] - lim =I[1, 610 (M \ Mag,)| <,

where the second inequality follows from

C\Cx S| R W\ Wp),

ses

the last equality from

R"(A0) € W\ Wi &= ne Mg\ Mg,
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and the last inequality is a consequence of the Davenport—Erdds theorem (i.e. (1))—we
use that (¢;);> is a specific sequence and that K is large only for this last inequality.
We will now use similar arguments for Cg and C y instead of C and C. We have

llggo Z 1c(R"(A(0))1cg (R"(A(0))) — — Z 1c, (R"(A(0))1ck (R"(A(0)))
Y o<t " n<t;
< lim T ; Ioyc, (R"(A(0)))

l

=S| lim — Z Lawsyeyawye (RM)"(A*(0)))

i—00
n<¢;

= 18] -dMgyp \ Mg) <e,
where in the second inequality, we used

C\Ck | R e (WD (W),

seS

the first equality follows from I'y g+ (R"A(0)) = (R*)"I'g u+(A(0)) = (R*)"(A*(0)),
the second equality is a consequence of

(R)"(A(0)) € (WH\ (Wg) <= n € Mg\ Mg

and the last inequality follows by (1), i.e. the Davenport—Erd6s theorem (notice that we use
here that X+ is uniquely ergodic, so, in particular, 2" is Besicovitch and thus the density
of M 4+ along (¢;) is just its natural density).

Convergence for clopen sets. After the above reductions, it remains to prove that

lim — Z 1c, (R"(A0))) ey (R'(A0) = mpu(Ck N Ck).

i—oo £
n<t;

However, both Cx and Cj are clopen (recall (23) and (25)) and thus the claim follows
directly by the unique ergodicity of R. O

2.1.2. (Dp.c)is surjective. This part of the proof relies mostly on certain natural periodic
approximations of n and n*. More precisely, we will need a periodic approximation of 7
from above and of n* from below.

Foreach K > 1, we set Bk :={b € #:b < K} and B = {b* € #* : b* < K}. We
define px : H — {0, 1}Z by

ok (W) =1 < (R"h), 0 forall b € Bx.

https://doi.org/10.1017/etds.2024.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.7

Invariant measures for 9B-free systems revisited 2921

Recall that there is a continuous group homomorphism Iy pg+: H — H* with
g(h) = @*(T'g,u+(h)), see (14). We define Pyt H — {0, 1}Z by

@()(n) ifn € Per(p(h), lem(%Fy)),

0 otherwise,

0, () = {

_ 1 ifn € Per(p*(Ty,u+(h)), 1, lem(%y)),
- 0 otherwise.

Note that for every h € H, we have
@i (h) = @) < (h) < gk (h). 27

LEMMA 2.5. For any K > 1, the functions ¢x and P depend on a finite number of
coordinates. In particular, they are continuous.

Proof. For ¢, the assertion is clear by the very definition. Let us now turn to ¢ . To
shorten notation, we will write 7* = I'y g+ (h) and s* = lem(%% ). We will show that
Per(¢*(hY), 1, s*) = Per(¢*(h3), 1, s*) whenever i} and h} agree on %y . Since there
exists L € Nsuch thatevery b* € 33}2 divides some b € Ay, by Lemma 1.2, it then follows
that P (h) is determined by (hj)pe, - To see that Per(p*(h*), 1, s*) depends only on
By, take h, hs € H* = A*(Z) with (h5 — h7)p+ = 0 for all b* € HBy.. Then there exists
a sequence (nx) with A*(ng) — h} — k7 and lem(%y) = s* | ni. We notice that
Per(p* (h} + A (nx)), 1, s*) = Per(c"* @™ (h}), 1, s*) = Per(¢* (h]), 1, s™) — ny
= Per(¢*(hY), 1, s¥),

since Per(¢*(h}), 1, s*) is an s*-periodic set. In particular, for every j € Per(¢*(h}), 1, 5¥),
we get @*(hi 4+ A*(n))(j) =1 for all k. Since h]+ A*(ni) converges to h3,
and ¢* is coordinatewise upper semicontinuous, this yields ¢*(h3)(j) =1 for all
Jj € Per(p*(h}), 1,5*) and hence Per(¢p*(h}),1,s*) C Per(¢p*(h3), 1,s*). By the
symmetry between /] and h3, the converse inclusion follows from the same argument,
thus proving the claim. O

Similar to [¢, ¢], we define [QK, okl ={x €{0, 1}%: fK(h) < x < @k (h) for some
h e H}.

LEMMA 2.6. The set [QK, ok] < {0, 1}Z is a subshift.

Proof. That [g K k] is closed follows immediately from the continuity of g and Ox
In addition, it is o -invariant as

(pKoR=00<pKand£KoR=00£K.

Indeed, the first equality holds as ¢k is a coding of orbits of points in H with respect to
{h € H: hp #0forall b € Bk}. The second equality follows from the definition of ¢ K in
terms of [ the equality goR=0co0¢p (since [4 is a coding) and Per(ox, s) = Per(x, s) — 1
for x in the orbit closure of a Toeplitz sequence. O
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We set ng := ¢px (A0)) = 1}-%,1{ and N = gK(A(O)). Then Ng < n* <n<ng
(this is a special case of (27) for h = A(0)).

LEMMA 2.7. Let 28 C N and suppose that n* is a regular Toeplitz sequence. Let (£;) be a
sequence realizing the lower density of M g. Then

dim g (in € N (0 (). 7 () # (" (). () = 0.
Proof. It suffices to notice that
Jim iy ((n € N:ng(n) # n(m) =0
and
dim g (In € N () # ")) = 0.

The first assertion follows by the Davenport—Erdds theorem (that is, by (1)). For the second,
notice that Ny (n) # n*(n) implies that n & Per(n*, lem(%Y)). Thus,

lim d({n e N: N, (n) # n*(m)}) < lim d(Z\ Per(n*, lem(%%))) =0 (28)
K—oo - K—oo
as n* is a regular Toeplitz sequence, cf. (10). O

We will also need the following well-known fact related to quasi-generic points and
the corresponding invariant measures (we skip its proof and refer the reader e.g. to [28,
Appendix C], see also [27]).

PROPOSITION 2.8. Let A be a finite alphabet and suppose that (£;) C N is an increasing
sequence and that xx € A” for K > 1 and x € A” are such that

Jim g (in € N xg(n) # x(m)) = 0.

Suppose additionally that xg, K > 1, and x are quasi-generic along ({;) for measures v,
K > 1, and v, respectively. Then vg — v in the weak topology.

Last but not least, we will need the following result to pass from the description of
ergodic measures to that of all invariant measures on X;,.

PROPOSITION 2.9. Suppose that for a subshift X C {0, 1}%, we have P°(X) C
(N (e Avy) Vi) 2k € PO, 1}E)}. Then P(X) S {Nu((vyr Avy) V &) = k € PO, 1))}

We skip the proof—it is a repetition (with obvious changes such as replacing the map M
by N and the Mirsky measure v, by the joining v, Avy) of the proof of an analogous part
of [28, Theorem 4.1.23] (more specifically, see p. 66 therein). The main tool there is the
ergodic decomposition and the Arsenin—Kunungui theorem on measurable selection (see,
e.g. [15, Theorem 18.18]). A more general result (with a shorter proof) will be published
in [25].
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Now, fix v € P([g, ¢]) = P°([¢, ¢]), see (18). Since v is ergodic, since [¢, ¢] C
[g K ¢k ] and the latter set is a subshift by Lemma 2.6, there exists a generic point
Ug € [f X% x| for v. Without loss of generality, we can assume

Ng S UK =1NK-

(Indeed, since ug € [fK’ @k ], there exists h € H with QK(h) <ug <@g(h).If jeN
is such that 45 + j = 0 mod b for all b in a sufficiently large, finite subset of %, then
Lemma 2.5 shows ¢ . (A(0)) < o/ug < ¢k (A(0)), where o/uk is generic for v.) Thus,
there exits ygx € {0, 1}Z such that ug = N(QK, Nk, Yx). Notice that (QK, Nk, Yk) 18
quasi-generic for some measure pg . Using the periodicity of n X and ng, we hence obtain
that (QK, nk) is generic for (712)«(pk). In addition, (n*, n) is quasi-generic along (¢;)
for vy« Av, by (21) and (22). Thus, Proposition 2.8 and Lemma 2.7 yield

(m12)x(pK) —> vy Avy.

If p is a limit of pg, it follows that (m12)«(p) = vyxAvy,, so p is of the form
p = (vy=Avy) V « for some « € P({0, I}Z). Finally, since (QK, Nk, Yk) 18 quasi-generic
for pg, it follows that ug = N(QK, Nk, Yk) is quasi-generic for N.(pgx). However,
by assumption, ug is also generic for v, which yields v = N,(pkx) for all K € N,
and thus v = Ny (p) € {N«((vyxAvy) Vi) 1 k € PO, 1}%)}. This proves Peg. ¢]) <
{Nx((yrAvy) Vi) 1k € PO, I}Z)}. To complete the proof of the surjectivity of Dp ¢,
we use Proposition 2.9.

2.2. Proof of Theorem A.

2.2.1. (Dga) is a commutative dynamical diagram. The proof that (D4) is a commutative
dynamical diagram uses two ingredients. The first of them is that the following is a
dynamical diagram:

(H x {0, 12, R x o)
l(g@ @) x id
(10, 1}5)3, 03, {(vyr Avy) Vi 2 1 € PO, 1}5)})

which is a consequence of Lemma 2.3.
The second ingredient that we need to prove the commutativity of (D,) is the following
equality (that holds everywhere):

No(lg®¢) xid) = My,

which can be checked in a direct one-line calculation.

2.2.2. (Dy) is surjective. Recall that by (19) and by the surjectivity of (Dp ), the
diagram
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(10, 135)3, 03, {(vyr Avy) Vi 2 1 € PO, 1}5)})

v
(Xi]v 0)

is surjective. Thus (using also the commutativity of (Dy4)), to prove the surjectivity of (Dy4),
it suffices to prove that

(H x {0, 1}2, R x o)
l(g Q) x id (29)

(10, 1}5)3, 03, {(vyr Avy) Vi 2 1 € PO, 1}5)})

is surjective. However, by Lemma 2.3 (cf. Remark 2.4), (({0, 1122, 5 %2, Vs Avy) i8S a
factor of (H, R,mpy) via ¢ ® ¢, so given any joining (v,«Avy) V «, it suffices to take
its relatively independent extension to a joining of mpy with k to conclude that (29) is
surjective.

3. Tautness and combinatorics
Proof of Proposition D. We first show that the conditions (a’)—(f") are all equivalent. We
then pass to proving that, in fact, they are also equivalent to each of conditions (a)—(f).

Note that the implications (d') = (¢/) = (f') = (¢’) are immediate. Next
we show (¢/) = (a’). It was shown in [16] that for taut sets, the corresponding
Mirsky measure is of full support in the corresponding Z-free subshift. Applying this
to %, we conclude that each block that appears on X, is of positive v, -measure.
Thus, it follows from condition (¢/) that Xy € X,y, and hence )~(,]<g C )?,7/. Using
(8), we obtain that ¥, . z3.cpc | b'. Moreover X, C X, implies X,« C X,.., since
X+ is the unique minimal subset of X,. This yields )~(,,* cX n- Using (8) again, we
obtain that V.c¢ I+ b* | ¢, which proves condition (a’). Next we note that (a') —
(b") by the very definition of 7', n¢ and n*. To finish the first part, it only remains to notice
that by Proposition 2.1 and tautness of A, it follows that X » = [n*, n’], which yields
() = (@.

Since the proof of (b') == (d’) was the only place where we used the tautness
of %, the same arguments as above show also that (d) = (¢) = () =
(&) = (a) = (b). We now prove (b) = (b'). As (b') = (d’) was already shown,
and as (d') = (d) follows directly from X 7 € Xy, this will finish the proof. Thus,
suppose that e < 1. It follows then by (8) that v, € P(X n) = P(X 7). Applying again
(8), we obtain n¢ < ', and hence condition (b'). O

4. Entropy
4.1. Entropy of X;: proof of Theorem F and of Corollary G

Remark 4.1. If X,; is uniquely ergodic, then the Mirsky measure v, (Whose entropy is zero)
is the unique invariant measure and it follows immediately by the variational principle that
h(X,) =0.
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Proof of Theorem F. To show the inequality h(X,) > d—d", we first assume that
2 is taut and consider the following block: B = n[1, n] € {0, 1}*. Then B(¢) = 0 for
any £ € Mg N|[l,n] and B(£) =1 for any £ € Fz N[1, n] (so, in particular, for any
¢ € FypN[1,n]). It follows by Proposition 2.1 that any block C € {0, 1}" that agrees
with B on the positions belonging to M gz U Fg+ also appears in X,,. There are

2n—|(M@U]:33*)ﬂ[1,n]\ — 2|.7:@ﬂ[l,n]|—|]:@*ﬂ[l,n]|

such blocks C (they are pairwise distinct). Thus,

2| FNllnll=|Fg=Nllall - Pn().

It follows that

- — FaNIl, FoNJl,
d_d*zhmsupM_hmsupM
n—oo n n—>00 n
‘7:0 m ]3 - .7:0* ﬂ 1, A l
< tim sup L2 O Vo OTL AL gy 1082 20D - 30
n—00 n n— 00 n

For general (not necessarily taut) %, we apply (30) to the tautification #'. We use X,y €
Xy, (#)* = #* and d=4d (see (11), (12) and (21), respectively) to obtain

hX,) = h(Xy)>d —d) =d—d".

Now, assume additionally that X,« is uniquely ergodic. Fix K >1 and let
n € ([Tpez, PIN. Since n* < 1 < n, it follows that

pa(m) < pu(In*, Nk D).
For any block B € {0, 1} which appears in [*, x|, there exists M € Z such that
n'[M+1,M+n]l <B<ng[M+1,M +n].
Clearly, if n*(M + £) = 1, then B(£) = 1 and there are
|supp n*[M + 1, M + n]|

such ‘mandatory’ 1s on B coming from n*. Moreover, if ng(M + ¢) = 0, then also
B(¢) = 0 and there are

n — |supp ng[M + 1, M + n]|

such ‘mandatory’ Os on B coming from ng. All the other positions on B can be altered
arbitrarily, without loosing the property that B appears in [n*, nx]. The number of such
‘free’ positions equals

|supp nx[M + 1, M + n]| — [supp n*[M + 1, M + n]|.

Each choice of Os and 1s on the ‘free’ positions yields a different block of length n from
[n*, nk]. Thus, for each choice of M, we obtain

olsupp ng [M+1,M~+n]|—|supp n*[M+1,M+n]|

https://doi.org/10.1017/etds.2024.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.7

2926 A. Dymek et al

blocks and it follows that

P ()= pu O KD < Pa () -pa () - 2%Pwz (SUPP Ik TMEH LM | =lsapp (A LATERD,

(€2))
Since ng is lem(%Bg )-periodic and lem(Hk) | n, we have
Isupp nx[M + 1, M + nl| = nd(F ). (32)
By the uniform ergodicity of X, for any & > 0 and for large enough n, we have
n(d* — &) < [supp n*[M + 1, M + n]| < n(d* +¢) 33)

for every M € Z. Using (31), (32) and (33), we conclude that

Pu() < pa(*) - pa(ng) - 2" @71 =e),

Hence,
h(Xy) < h(Xp) +h(Xpe) + d(]{@K) —d*.

By Remark 4.1, we have h(X,+) = 0 and h(X,;) = 0 since ng is periodic. Recall also
that by the Davenport-Erd6s theorem (i.e. (1)), limg o0 d(Fz,) = d. This yields

h(Xy) <d —d*,
which completes the proof of Theorem F. O
For the proof of Corollary G, we will need the following lemma.
LEMMA 4.2. For any B C N such that ' # n*, we have d > d.

Proof. Since d = d = d(F ), we can assume without loss of generality that 2 is taut.
Let (¢;) be a sequence realizing the lower density of M 4. It follows by the result of
Davenport and Erdds (that is, by (1)) that

— 1 1
d* = d(Fgp) = lim —|Fg N[, £;]] =liminf —|Fg N[1, £]]
i—o0 ¥; i—oo {;

1 1 — —
< lim inf Z—If@ﬂ (1, £;]] < lim sup E—If@ﬂ (1, 4]l =d(Fp) =d.
1—> 00 i [

i—00 i

Ifd =d", then all inequalities in the above formula become equalities. In particular,

1 _ _
lim ZU‘—@ N[1,¢;]] exists and equals d = d*,

i—oo £

so that 7 is generic along (¢;) for v,. Since n* < 5 (by the construction of ), it follows
that (1/€;){n € [1, £;1: n(n) # n*(n)}| — 0. Thus, since n* is generic along (£;) for v,
it follows immediately that 1 has to be generic along (¢;) for the very same measure,
that is, v,«. However, we know that the Mirsky measure v, is the unique measure of
maximal density, that is, the invariant measure of the greatest value for the cylinder
{x € X, : x(0) = 1}, in each %-free subshift (see, e.g. [19, Theorem 4 and Corollary 4],
cf. also [1, Ch. 7]), which gives us v;, = v;,+. Now it suffices to use [7, Corollary 9.2] which
says (in particular) that the latter condition is equivalent to n = n™* (cf. (8)). O
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Proof of Corollary G. By Remark 4.1, if X, is uniquely ergodic, then h(X;) = 0.
Suppose that 2(X;) = 0. Then, by Theorem F, we have d = d* which implies ' = n*
by Lemma 4.2. The latter condition is equivalent to %' = %* by [7, Theorem L], as both
%' and Z* are taut (cf. (8)). It follows immediately that X,/ must be uniquely ergodic as
it is equal to X+ and the latter subshift is uniquely ergodic since n* is assumed to be a
regular Toeplitz sequence. It suffices to use Theorem C to complete the proof. O

4.2. Intrinsic ergodicity of X,: proof of Theorem H. Consider first the case when
n' = n*. It follows by Theorem C that
P(Xy) =P(Xy) =P(Xy).

Thus, if X« is uniquely ergodic, then X, is also uniquely ergodic. Moreover, the pair
(n*, n) is quasi-generic for v,+ Av, along (¢;) realizing the lower density of M g. It follows
by Remark 4.1 that

{Vr;} = P(Xr]) = P(Xn*) = {Vn*}-

Thus, v, Avy, is the diagonal joining of two copies of vy,. Let (x, x, y) be a generic point for
(vyrAvy) @ Biy2,1/2- Then N(x, x, y) = x is a generic point for Ny ((vy Avy) ® B12,1/2).
It follows immediately that N, ((v;xAvy) ® Bi/2,1/2) = vy.

Assume now that n” # n*. We will study the following diagram:

(Hx {0, 1}2, R x 0) ——
v
(H x {0, 1}4, R) My (34)

P

(o p—

Let us now introduce all maps appearing in this diagram. We define R: H x {0, 12 -
H x {0, 1}% by

7 (Rh, x) if p(h)(0) = @(h)(0),
(h,x) =
(Rh,ox) if0= g(h)(O) <)) =1.
Let
Zoo :=1{z € {0, 1}Z : |supp z N (=00, 0]| = [supp z N [0, 00)| = oo}.

Given x € {0, 1}Z and z € Zo, let £, be the sequence obtained by reading consecutive
coordinates of x which are in the support of z and such that

X;(0) = x(min{k > 0: z(k) = 1}).
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Now, let
Hsx :=1{h € H: R"h € W\ W infinitely often both in the future and in the past}
and define W: Hy, x {0, 12 — Hy x {0, 1}% by
W (h, x) = (h, Xp(n)—g(h))
(notice that ¢(h)(n) —¢(h)(n) =1<+= R"he W\ W, so for h € Hx, we have
o(h) — g(h) € Zoo). It remains to define ®@. Let ®: Hy, x {0, 1}Z — ¢, ¢] be defined
by mapping (h, x) to the unique element in [¢, ¢] such that
@(h) < @(h,x) <) and (P(h, x))pm)—pm) = X-
We will show that the diagram in (34) commutes (it will then follow by Theorem A that

the maps My and @ are surjective morphisms).

LEMMA 4.3. For any  C N, we have mpy(W \ W) =d — d". Moreover, ifn’ #n* we
have mg (W \ W) > 0.

Before we begin the proof of this lemma, recall some results from [17] that we already
mentioned in the introduction: there is a continuous surjective group homomorphism
Iy p+: H — H*, which maps A(n) to A*(n). In addition, it has the following property,
see (13):

Cpu+(W)=W* and Typ«(H\W)=H"\W"
Recall also that it was shown in [14, Lemma 4.1] that
mp (W) =d(Fg) =d. (35)
Proof of Lemma 4.3. We have
mg(WA\W) =mpy(W) —my (W)

=my (W) —mp Tyl (W)

=mu(W) — (Ch,u)x(mu) (W)

=mu(W) —mpy=(W")

(the second equality follows from (13) and the fourth equality follows by the unique
ergodicity of R*). It remains to use (35) to deduce that mpy (W \ W) =d — d " and Lemma
4.2 to conclude that mgy (W \ W) > 0 whenever " # n*. O

It follows now from Lemma 4.3 and from the ergodicity of (H, R,mpy) that
mpyg(Hs) = 1. Thus, to conclude that (34) commutes, it remains to check whether for
every h € Hy and every x € {0, 1}%, we have the commutativity relations

My (h, x) = (P o W)(h, x),
(ﬁo W) (h,x) = (Vo (R x 0))(h, x), (36)
(0 0 ®)(h, x) = (Do R)(h, x).
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The first equality in (36) is immediate by the definition of the maps, while the second and
third follow from

¢ if 2(0) = 0,
2 LR (37)
ox, ifz(0)=1,

(the proof of (37) consists of a straightforward but lengthy calculation; an analogous
property is proved in [22]).

Notice that it follows by Theorem A that the morphism My is surjective. Thus, the
morphism & is also surjective.

Now, we are ready to complete the proof of the intrinsic ergodicity of X,. The main
ideas come from [22]. We will present the sketch of the proof only (similarly as in [7] for
X n). Clearly, any point from Ho, N (W \ W) returns to W \ W infinitely often under R and
my(Hoo N (W\ W)) = mp(W \ W). Recall that

R, x) = (Rh,x)  if 9(h)(0) = ¢(h)(0),

(Rh,ox) if0=¢(h)(0) < @)(0) =1.

Then every pomt from (Hao N (W \ W)) x {0, 1} returns to (W \ W) x {0, 1} infinitely
often under R and v((Hoo N W\ W)) x {0, 1% = v((W\ W) x {0, 1%y for every
v e P(H x {0, 1Y%, R). Thus, the induced transformation R(W\W)x{o 1yz is well defined,
that is, R(W\y)x{o,l z(h, x) = Rn(h. ) (h, x) for v-almost every (h,x)e (W \ W) x
{0, 1%, where n(h,x) :=min{n > 1: R"(h,x) € (W\ W) x {0, 1}%}. It follows that
E(W\E)X{O,I}Z = Ruw\w) X o ae. for any R-invariant measure.

We will show now that R has a unique measure of maximal (measure-theoretic)
entropy. Since myg(W \ W) > 0 whenever n’ #n* (see Lemma 4.3) and since
kK(W\W x{0,1}4) =myg(W\ W) >0 for any Rw\w X o-invariant probability
measure «, in view of the Abramov formula, it suffices to show that R(W\W)X 0.1)% =
Row\w) X o has a unique measure of maximal entropy. For any Rw\w) X o-invariant
measure «, by the Pinsker formula, we have

h({0, 1}%, o, (2)4(K)) < h((W \ W) x {0, 1}%, Ry\w x 0, k)
<h(W\ W, Rw\w, (7)) w\w)) + h({0, N2, o, (12). (1)) =h ({0, 1}, o, (12)(k)),

where h(W \ W, Ry\w, (r1)« (k) |(w\w)) vanishes by the Abramov formula as Ry\w is
an induced map coming from a rotation. Since (72). (k) can be arbitrary, it follows that
a measure « has the maximal entropy among all Ry\w x o-invariant measures if and
only if A((W \ W) x {0, 1}Z, Rw\w x o,«) = h({0, 132, o). Moreover, k is a measure
of maximal entropy for Rw\w x o if and only if (2)«(k) is the measure of maximal
entropy for o, that is, when (712) 4 («) is the Bernoulli measure Bj,,1,2, thatis, when « is a
joining of the unique invariant measure for Rw\w and B 2,1,2. Since the unique invariant
measure for Ry w is of zero entropy, it follows from the disjointness of K-automorphisms
with zero entropy automorphisms [10] that « is the product measure. In particular, « is
unique.
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The last step to conclude the intrinsic ergodicity of X, is to show that
h(H x {0, 12, R) = muy(W\ W) =d — d* = h(X,). (38)

Let us justify each of the equalities above. By the variational principle, by the Abramov
formula and by the Pinsker formula, we have

h(H x {0, 1}%, R) = sup{h(H x {0, 1}%, R, p)}
14
=my(W\ W) -sup{h(W \ W) x {0, I}, Ry\w x o, p)}
P
=my(W\ W) -sup{h({0, Y2, p)} = mu (W \ W),
p

where the suprema are taken over all Borel probability invariant measures for the
corresponding maps. This yields the first equality in (38). Moreover, the middle equality
in (38) follows by Lemma 4.3, while the last one follows by Theorem F.

4.3. Entropy density of X,: proof of Theorem I. The idea of the proof of Theorem I is
the same as that of the analogous result for X, in [21]. Let us introduce the necessary tools
and notation. Given x, y € {0, I}Z, consider the following premetric:

dx, y) = l;rgg;f%m <i<nix@£y0)

(being a premetric means that d is a real-valued, non-negative, symmetric function on
({0, 1}%)? vanishing on the diagonal; the triangle inequality for d fails). As a premetric, d
induces a Hausdorff pseudometric 4/ on the space of all non-empty subsets of {0, 1}Z in
the following way:
d(x,Y):= inf d(x,y) and d"(X,Y):=max{sup d(x,Y),supd(y, X)}
yey xeX yeY

forany ¥ # X, Y C {0, 1}Z andx e X,y €Y.

Let us now recall some results from [21] (we formulate them for 0-1 shifts, however,
they are valid for shifts over any finite alphabet).

PROPOSITION 4.4. [21, Proposition 26] Let x € {0, 132 be a periodic point under o. Then
the hereditary closure of the orbit of x is a transitive sofic shift.

Remark 4.5. We skip here the definition of a sofic shift as it is quite technical and this
notion serves here as a tool only. Namely, in any sofic transitive shift, the ergodic measures
are entropy dense (more general results are known, see [8, 33]). The following modification
of Proposition 4.4 holds. Let w, x € {0, 1}Z be periodic, such that w < x. Then [w, x]
is a transitive sofic shift. The proof is a straightforward adjustment of the proof of [21,
Proposition 26].

PROPOSITION 4.6. [21, Corollary 20] Let (Xg)k>1 < {0, 1}Z be a sequence of transitive
sofic shifts. If X € {0, 1}Z is a subshift such that d® (X g, X) — 0, then ergodic measures
are entropy-dense in P(X).

https://doi.org/10.1017/etds.2024.7 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.7

Invariant measures for 9B-free systems revisited 2931

Proof of Theorem 1. Since P(Xy) = P(X,/) by Theorem C, we can assume without
loss of generality that &8 is taut. Hence, X, = [n*, n] by Proposition 2.1, and in view
of Remark 4.5 and Proposition 4.6, it suffices to prove that d H ([n o1 k1, m) — 0.To
do so, we show that B

d"(In . nx1, %, D) < d(n . n™*) +d(n, nk),

where the right-hand side tends to zero by the regularity of n* (cf. (28)) and the
Davenport-Erd6s theorem (i.e. (1)). Fix now K > 1. We claim that for n K =X =k,
there exists y € [n*, n] with

d(x,y) <d(n,,n") +dm, ng). (39)

Indeed, set y:=N@* n,x)=n"4+x(n—n*). Then y(n)# x(n) implies that
n*(n) = n(n) and Ny (n) # ng (n) (recall that N < n* < n < nk). Thus, forevery n € Z
with y(n) # x(n), we have either that N (n) # n*(n) or that n(n) # ng(n), that is,

{neN:x(m) #ym} S{neN:in () #n"(m}U{neN:nn) #ng )}

This yields (39). To finish the proof, note that for every x € [Q ol x|, there exists m € Z
such that Ng < o™x < nk. By the above construction, for every x € [Q Py x ], there exists
therefore y € [n*, n] withd(x, y) < Q(QK, n*) + d(n, ng). In addition, we have [n*, n] C
(7> nx] O
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