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Abstract

Assume a point z lies in the open unit disk D of the complex plane C and f is an analytic self-
map of D fixing 0. Then Schwarz’s lemma gives |f(z)| < |zl, and Dieudonné’s lemma asserts that
If"(2)] < min{1, (1 + |z1*)/(4|z|(1 = |z*))}. We prove a sharp upper bound for |f”'(z)| depending only on |z].
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1. Introduction

Let D be the open unit disk {z : [z] < 1} in the complex plane C. The set of all analytic
self-maps of D is denoted by H, and its subspace H consists of those f € H such that
f(0) = 0. We recall some classical growth estimates for the functions in these spaces.

Schwarz’s lemma asserts that |f(z)| < |z| for all f € Hy and z € D. Rogosinski [8]
gave the generalisation: if f € Hj and f7(0) is fixed, then for z € D \ {0}, the region of
values of f(z) is the closed disk {¢ € C : | — ¢| < r}, where

o2 oa -7) ~ 2P L= 1f ()P
1=zl (0P 1= 1zPlf )P

Rivard [7] gave another version of Rogosinski’s lemma for f € H, called the
Rogosinski—Pick lemma. The Schwarz—Pick lemma states that

1-1f@P
1—[z2 °
and equality holds for some z € D if and only if f is an automorphism of D. The

Schwarz—Pick lemma has a higher-order version. Ruscheweyh [9] proved that, for
feHandneN,

If' @)l < feH, zeD,

) nl(1—1f@P)
O T
and the inequality is sharp (see also [1] and [5]).

eD, (1.1)
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The Schwarz—Pick lemma implies the sharp inequality |f(zo)] < 1/(1 — |z0/?) for
f € H and zy € D. This inequality has upper bound depending only on |zy|, and equality
occurs only for f(z) = €?(z — z0)/(1 — Zp2), 6 € R. Szdsz [10] extended this inequality
to odd-order derivatives of f € H and also obtained the following sharp upper bound
for | f”| (see also [1]):

” (8 + |z0l*)?
0| L, eH, z0eD.
1/ (o)l 3201 = 2P f 0
Equality occurs only for
o+ zou— 122 -
f@=et— 230 - 270 eD, geR,
1+ 3Zou — §Zou° I =202
Dieudonné [3] proved the following estimate for the derivative of f € H, depending
only on |z]:
1 iflz < V2 -1, (1.2)
@< (1 +]z»)?
— = iflg> V2-1. (1.3)
4zl(1 = 1z1%)

Equality holds in (1.2) for some zo with r = |zo| if and only if f(z) = €z for some real
constant §. Equality holds in (1.3) for some zo with r = |zg| if and only if

f(z) = €

Z—a
1-az’
where a = (3% — 1)z0/(r*(1 + r*)) and 6 € R is arbitrary. This result is known as
Dieudonné’s lemma and can be seen as Schwarz’s lemma for f’. Another version
of Dieudonné’s lemma for f € H called the Dieudonné—Pick lemma was proved by
Kaptanoglu [4] (see also [2, 7]).

Our main result gives a sharp upper bound for the modulus of the second derivative
of f € Hy and improves the upper bound given by Szasz [10].

Tueorem 1.1. If f € Hy, then

4 1+ V3
|z £ ———, (1.4)
. 1 = 9|z + (1 + 3|z]*)3/2 4
@I < i~
(1 + 8z|%) ||>1+\/§ (15)
—_ z ) .
321z3(1 — [z*)? 4
Equality holds in (1.4) for some zo with r = |z9| < (1 + V3)/4 if and only if
- —a
f@)= e’gzz—_,
1-az
where 3
a= 20, 0€R
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Equality holds in (1.5) for some zo with r = |zo9| > (1 + V3)/4 if and only if
A —-a —a
f(2) = el"zz_l "9

l-aiz 1-a7

where

(2r2—1 L2 —r2)) (2r2—1 21 - 1)
= S a» = —
Y R e N I

Remark 1.2. Asr | (1 + V3)/4,

)zo, 6 eR.

a; — 603 V3- S5)zo =ayp and J|ap| — 1.
When r = (1 + V3)/4, we obtain a = 6(3 V3 — 5)z¢ = ao. Thus

i—ay 71—a iy 2~ 4o
—_— e’z

—_— —_— % —_—
1-azl-axz 1 -apz

f(z) = ez

for some y e Ras r | (1 + V3)/4.

Remark 1.3. The upper bound of |f”(zo)| is continuous but not real analytic. Note
that 4/(1 — 972 + (1 + 3r%)*?) is increasing with respect to r on [0, (1 + V3)/4] and
(1 + 8r2)2/(32r3(1 — r»)?) is increasing with respect to  on (1 + V3)/4, 1).

The remainder of this paper is organised as follows. In Section 2, we present some
auxiliary results on the space Hj. Section 3 consists of the proof of Theorem 1.

2. Auxiliary results on the space H,

In this section, we state and prove some auxiliary results related to the space Hp.
These results are needed for the proof of Theorem 1.1. Before that we fix some
notation. For ¢ € C and p > 0, the discs D(c, p) and D(c, p) are defined by

Dic,p):={{€C: |-l <p}

and _
D(c,p):={€C:|{—c| <p}

ForneN, {z j};le C D and a point 6 € R, a Blaschke product of degree n with zeros {z;}

takes the form
n

4 7—27;
B(z) = ¢" ~1 zeD.
gl—zjz

For f € H, Peschl [6] defined the so-called Peschl’s invariant derivatives D, f(z) by
the Taylor series expansion

(o)

f(z+20)/( +7Z02)) — f(z0) _ Z an(ZO)Zn
1 - fz)f(z+20)/(1+702) = 1!

, Z,z0€D.
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For example, precise forms of D, f(z), n = 1,2, are given by

(1=1zP)f' @)

PUO= e
AP, 2@ 2@
Dojla) = l—If(z)Iz[f @ T2 Y = fer |
In addition, we write
T.(2) = IZ:c_Lzlz’ z,a €D,

and define

—(wo  |z0l? = [wol?
A(z0, wo) = D(—, —)
070 20 lzo0l(1 = lz0?)

With these preparations we are ready to state a classical theorem of Dieudonné [3]
which gives a description of the region of values of f’(zp).

Lemma 2.1 [3]. Suppose that 7o and wy are points in D with |wo| < |zol. If f € Hp
satisfies f(z9) = wo, then the region of values of f'(zo) is the closed disc A(zg, wo).

Further, f(z0) € (20, wo) if and only if f(z) = z T, (€T, (2)), where uy = wo/zo
and 6 € R.

Cho et al. [2] gave a similar result to Lemma 2.1 for the second derivative (see also
[7]). We refine their original version in an appropriate way. We also characterise f
when |f”'(zo) — ¢| = p, where zp, ¢, and p are as in Lemma 2.2. This result may look
technical but it is needed for the argument of Theorem 1.1. Before the statement of
Lemma 2.2, we define ¢ and p by

2(r* = sM)B(1 = woP)
2(1- )

2(r* = sH(1 - |BP)
r(1 —r?)?

¢ = c(z0, wo, w1) =

pP= P(ZO, wo, Wl) =

Lemma 2.2 [2]. Suppose that zo and wqy are points in D with |wo| = s < r = |zg|,
wy € A(z, o), and that f € Hy satisfies f(z9) = wo and f'(z9) = wy. Let B be given
by

_ wo r2 — 52

w| = +—8, with|B| < 1.
. Zo(l—l”z)ﬂ 1Bl

Set ug = wo/zo and vo = 758/ 120/

(1) IfIBI = 1, then f"(20) = ¢ and (2) = 2T, (€*T .,(2)), where 6 = arg(ZB).

(2) If|B| < 1, then the region of values of [ (zo) is the closed disc D(c, p). Further,
F"(z0) € OD(c, p) if and only if f(2) = 2Tup(T—y (Tuy (¥ T, (), for some
0eR When B+0, f"(z0) € OD(c,p) and arg f’(z9) = argc if and only if
F@) = 2T (T, (T, (€T, (2))), where 6 = arg(ZoB(1 — WoP)).
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Proor. Although the proof of the assertion that f”(zo) € D(c, p) can be found in
[2, Theorem 3.7] and [7, Corollary 4.2], we re-prove it here to present a full discussion
for the equality conditions and to show that D(c, p) is covered, which is not explicitly
given in [2, 7]. Let g(z) = f(z)/z, so that g € H. From [11, Theorem 2],

1D28(z0)| < 2(1 — [D1g(20)D,

which is equivalent to
If"(z0) = cl < p. (2.1

Here equality holds for some point zg if and only if f(z) = zg(z), where g is a Blaschke
product of degree 1 or 2 satisfying g(zo) = up and g’(zo) = (zow1 — wo)/z(%.

(1) If |8] = 1, then f”(z0) = ¢ and f(z) = zg(z), where g is an automorphism of D
satisfying g(zo) = up and g’(zo) = (zow1 — wy)/ z(z). Applying this fact, we determine the
explicit form of g. Set

h(Z) = T—u() © g o Z(](Z) Z € D

It is obvious that 4 is an automorphism of D depending on g and satisfying

—2

h(0)=0 and h(O)—| |2B

which means that h(z) = ¢z for z € D and 6 = arg(z38). Now it is easy to check that

. L —da
g(z) = Tuo o h o T—Z() (Z) = Tuo (elaT—Z()(Z)) = el)’ 1 _ 527

where _
 lzol* = woB

= arg(Z2B(1 — woB)?) and Lay
7 = 2Bl = o Zo(1 — wob)

This completes the proof of (1).
(2) Inequality (2.1) means that f”'(zo) lies in D(c, p). To show that D(c, p) is covered,
let@ € D, uy = wy/zp and vo = zO,B/ |z0/> and set f(z) = zg(z), where

8@) =T, (T_;, ()T, (aT_;(2))).

Then f(0) =0 and f(z0) = wo. Next we show that f’(z9) = w;. A calculation shows
that f(z0) = g(20) + 208’ (20)- Note that

T_yy ©8(2) = T ()T (T (2)).

Differentiating both sides,

(T-4,) (8(2))g' (@) = T_ ()T, (@T (@) + T (T, (@T— ()T’ (2)  (2.2)

for all z € D. Substituting z = zo into this equation,

(T-4y) (8(20))8" (20) = T (20)T ', (0),
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which gives

N Gt
g'(20) = —2°ﬁ.
(1=r®rt
Consequently, f also satisfies
|Zo| — |wol?
—f=w.
f(z0) = s |Z0|2),3 1
Next we find the form of f”’(zp). By a straightforward computation,
I (20) = 28’ (z0) + 208" (0)- (2.3)

Differentiating both sides of (2.2),

(T-up)" (8@)(E' () + (T-4y) (8(2))8” (2)
TQZO @7, (aT_,(2)) + 2T_Z0 QT J(@T_ ( Z))aT_ZO ()
+ T, (2) Ty (T (2))(aT” @)+ T, T wo@T— (2)aT”, (2),

—2 —20

for z € D. Substituting z = z¢ into this equation,

27 2(1 - |8
(T-a0) (RS @) + (T Y (808 (20) = 7= ZS)Z B+ ((1 _fl)i”.
Consequently,
., 202 - 5%) (2B wor?p?
= e e -80S

Together with (2.3), this gives

by 207 =sHBA - W) | 22007 = sH(1 - B 20

S (z0) = zé(l—rz)z + 21 =27 a—c+p7.

Since @ € D is arbitrary, it follows that the closed disc D(c, p) is covered.

We know that f”'(zg) € dD(c, p) if and only if f(z) = zg(z), where g is a Blaschke
product of degree 2 satisfying g(zo) = wo/z0 and g’(zo) = (zow1 — W())/Z%. Applying this
fact, we determine the precise form of g. Set

T—MU o g o Z(](Z)

h(z) = e D.

It is clear that % is an automorphism of D depending on g and satisfying

1 - 2\ o/
h(0) = (T_u0 ogo Tzo),(()) = M = vp.
1 = luol

Then T_,, o h is an automorphism of D fixing 0, which means that 7_,, o h(z) = e’z
for ze D and 6 € R. Now it is easy to check that

8(2) = Ty (T—1, ()T, (e"T_,(2))), z€D.

https://doi.org/10.1017/5S0004972719000595 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972719000595

464 G. Chen [7]
Conversely, if f(z) = 2T, (T-;,(2) Ty, (eT_,,(z))), where 6 € R, then
o) =c+ pz7oei9 € dD(c, p).

Next, we prove the last assertion in this case. By basic geometry, we note that
f"(z0) € 0D(c, p) and arg f"'(zo9) = arg c if and only if f”(z9) = tc for t = 1 + p/|c|.
Hence it will be sufficient to show that f”(z9) = tc for t = 1 + p/|c| if and only if

f(@) = 2Ty (T (DT, (€¥T_4,(2))), where 6 = arg(ZB(1 — WoP)).
If f(z9) =tcfort =1+ p/|c|, then

[@) = 28(2) = 2T (T (DT ("T(2))), z€D.
Next we determine the precise value of 8. A calculation shows that
1/ < i
fe)=c+prel,
Therefore, f”(zo) = tc implies that

2Bl = woB|

Conversely, if

N
(D) = 28() = 2T (Tos (DT €Ty D)), = LLLZ 0B

2B - WwoBl’
then 5
77 20 g r ﬁ(l - WOﬁ) C
(z))=c+p—e’=c+p———"—-=c+—p=1tc.
o 5 ngw 11— wopl el
Hence (2) is proved. O

Based on Lemma 2.2, we give a sharp upper bound for |f”'(z)| depending only on |z]
and |f(2)].

Lemma 2.3. Suppose that zoy and wq are points in D with wo| = s < r = |zo|. If f € Hp
satisfies f(zo) = wo, then

2(1 + 8)(? - 5%) 1
—r2(1 ) r—s< > 2.4)
I (zo)l < )
(r+s)dr-—4rs+1) S 1 2.5)
272(1 - ) ) '
Equality holds in (2.4) if and only if
A —a
f@ = ez
1-a
where )
B Dy Tt
0 = arg(—zowo), a= mZO-
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If wy =0, then 6 € R is arbitrary. Equality holds in (2.5) if and only if

Z—a Z—a
f@) =71 2

l-a1z 1-az
where
6= arg(—Zgwo) (and 0 € R is arbitrary when wy = 0),

—1+32—4rs+ (1 - ) V1 + 16rs

a= 272(1 - 2rs) «
-1 +372 —drs—(1-rH)V1 + 16rs
= 22(1 = 2rs)
Proor. First we suppose that wy # 0. From Lemma 2.1,
|Z0| — wol?
(20) = — 0 | <
! 20 Zo(1 — lzol*) Ao
Set |8 = x. From Lemma 2.2,
4 ( 2
@l <l +p = 5 2)2(LBI |1 =Bl + r(1 - [B2)
2(r7 = 5%)
< ey B+ slB + (1= 1B
_ 207 = sHY()
(=22

where
W) =(s— x> +x+r,

and equality holds in the second last inequality if and only if —wy8 = s|8|.

Observe that W(x) takes its maximum at x = 1/(2(r — s)), which is less than 1 if and
only if » — s > 1/2. In this case, the sharp upper bound for |f"'(zg)| is

2(r7 = sSHP(1/Q2(r - 5))) _(r+ $)4r? —4rs+ 1)
r2(1 - r2)2 o 2r(1 -2y

Moreover, from Lemma 2.2, the sharp upper bound for |f”’(z¢)| is obtained if and
only if f(z) = 2T, (T4 (2) vo(eieT—zo(Z)))s where 6 = arg(Z3f), uo = wo/zo and B =
—wo/(2s(r — 5)). In other words, equality holds in (2.5) if and only if the form of f
is

lg = al Z—ap
—a1z 1-@z7

fl@=e
where

6= arg(—ZSwo),

1432 —4rs+ (1 =) V1 + 16rs

“= 272(1 - 2rs) o
-1 +3r2 —4rs—(1 - ) VI + 16rs
@ = 22(1 = 2rs)

If wy = 0, then 8 € R is arbitrary.
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Forr—s<1/2,¥(x) <¥(1) =1+ sinthe interval 0 < x < 1, so that

207 = sHY) 21 + ) - 57)
r2(1 _ r2)2 - r2(1 _ r2)2

I/ (zo)l <

Equality holds in the above inequality if and only if f(z) = zT,,(€?T_,,(z)), where
Uy = wo/z0, 0 = arg(—Z%,B) and |B| = 1. In other words, equality holds in (2.4) if and
only if f is a Blaschke product of degree 2 of the form

f@) =2,
1-a
where 5
_ ) _ r-+s
0 = arg(—-zywo), a= mzo-
If wyp = 0, then 6 € R is arbitrary. O

We close this section by noting that from Ruscheweyh’s inequality (1.1), for f € H,
2(1 = |wol*)
(1 + Izol)*(1 = |zol)”

where zo and wy are as in Lemma 2.3. Lemma 2.3 offers a smaller bound for |f"(z¢)|
when f € H.

/" (zo)l <

3. Proof of Theorem 1.1

Fix zo € D and take f € Hy, wo = f(20), s = |wol, r = |z0]. If r = 0, then equality in
(1.4) holds if and only if '
fx) =€, 6eR.

Suppose that r # 0 and s <r. (If s=r, then f(z) = ¢z and f”(z) =0.) From
Lemma 2.3, we consider the two cases forr —s < 1/2and r — s > 1/2.
Case (i). Forr—s<1/2,

20+ ) =51 20(s)
r2(1 _ ,,2)2 - ,,2(1 _ r2)2’

/" (o)l <

where ¢(s) = —s® — s> + r’s + r* and s < r. The values of s for which
P(s)=-3s2 =25+ =0
are
-1- V1+3r? -1+ V1+3r2
_ Sy =—
3 ? 3
Note that s; < 0, while s, < r is equivalent to 67> + r > 0. Thus, ¢(s) is increasing with

respect to s on [0, s,) and is decreasing on (s, 7]. In this case, if r — s, < 1/2, then
r < (1+ V3)/4, so that

S1 =

2¢(s2)  _ 4
(-2 1=972+(1+32p2

Gl < —
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In addition, if » — s, > 1/2, then r > (1 + V3)/4. Hence o(s) < p(r—1/2)and

20(r=3) _ Qr+1)@r-1)
21 -r2y> 4 -r)

I/ (zo)l <

Case (ii). Forr—s>1/2,

(r+s)4r* —4rs+ 1) B D(s)
22(1-r12 221 - )Y

/" (zo)l <

where
D(s) = —4rs> + s +r+4r°.

But @(s) reaches its maximum at s = 1/(8r), which is less than r if and only if
r> V2/4. In this case, if r — 1/(8r) > 1/2, then r > (1 + V3)/4, so that the sharp
upper bound for | f”'(zo)] is

O(1/(8r)) (872 + 1)?

2r2(1 = r2)2 32731 = r2)?°

Moreover, if 1/(87) <r but r— 1/(8r) < 1/2, then 1/2 < r < (1 + V3)/4. Hence
D(s) < O(r—1/2) and

(r+5)®r-73)  Qr+1)@dr-1)

|fN(ZO)| < 2r2(1 — }’2)2 - 4’,2(1 _ r2)2

From cases (i) and (ii), noting that

QRr+1)dr-1) < (8}’2 + 1)2
4r2(1 - r?) 32r3(1 — r2)?’

for r > (1 + V3)/4,

and
Q@r+D@r-1 4
<

4r2(1 = r?) 1202+ (14327 for 1/2 <r<(1+ V3)/4,

we see that inequalities (1.4) and (1.5) hold.

From Lemma 2.3, equality holds in (1.4) at a point zp with r = |zp| < (1 + \/5)/4
if and only if f(z) = 2T, (¢“T_.,(z)), where uy = wo/z0, 0 = arg(-z8), B = —wo/s
and s = (=1 + V1 + 3r%)/3. In other words, equality holds in (1.4) at a point zo with
r=lzol < (1 + V3)/4 if and only if f is of the form

7—
1-az’

f(z) = €

where
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For such an f, we compute

2(1 = 1a) _ 4
(I—lalr®  1=9r2+(1+3r2)32

/" (o)l =

Further, equality holds in (1.5) at a point zg with r = |zo| > (1 + V3)/4 if and only
if f(2) = 2Ty (T-5y (D) Toy (€T, (2))), Where ug = wo/20, vo = ZgB/Iz0l%, 6 = arg(ZB),
B =-wy/2s(r — s)) and s = 1/(8r). In other words, equality holds in (1.5) at a point
2o with r = |z9| > (1 + V3)/4 if and only if the form of f is

g X~ a) . Z—dap

fr)=¢€"z

l-az 1-az
where

2-V3+2(V3-1r? ~2+ V3) +2(V3 + D2
= \/§r2 205 a = \/§r2 20,

For such an f, we calculate

6eR.

ap

b (1+8r7)?
@l = 3550
This completes the proof.
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