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ON A BIFURCATION THEOREM OF
HOPF AND FRIEDRICHS*

BY
H. 1. FREEDMAN

ABSTRACT. For the autonomous system x'= F(x, €), the case
where the second Hopf-Friedrichs condition fails is analyzed in that
sufficient conditions for bifurcation of non-trivial periodic solutions
to occur are given. An application to mathematical ecology is also
discussed.

1. Introduction. Recently there has been much interest in the Hopf-
Friedrichs bifurcation theorem. The theorem, first proved by Hopf [8] and later
rediscovered by Friedrichs [7] in two dimensions, gives a set of sufficiency
conditions under which an autonomous system with a scalar parameter may
exhibit non-trivial, ‘“‘small amplitude” periodic solutions for certain values of
the parameter.

Various applications and extensions have been made of this theorem since
the original work. Joseph and Sattinger [10] have applied the theorem to
investigations of the Navier-Stokes equation, Pimbley [13] has utilized the
theorem in developing and analyzing a model of immunity and Waltman [17]
in a model of population growth. Alexander and Yorke [1] have considered
global bifurcation, Chaffee [3] has considered a similar theorem for functional
differential equations. Hsu [9], Poore [14] and others have given formulas for
predicting the direction of bifurcation, whereas Takens [15] has considered the
case when the parameter is itself a vector.

It is the main purpose of this paper to consider for the two dimensional
system the case where one of the Hopf-Friedrichs conditions is violated, and to
show that bifurcation may still occur. Results obtained will be similar to those
obtained by Chaffee [2], who, in considering a similar theorem, showed that
the critical point may bifurcate into several periodic solutions.

In the next section we will state our notation and techniques together with
the preliminary analysis. In Section 4 we state and prove the main result. In the
final section we apply the theorem to a perturbed system of equations which
has been utilized in pest control theory.
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The techniques used to prove the main theorem are similar to those used by
Loud [11, 12]. The calculations involved in this paper are long and tedious.
Hence they will be eliminated from the text and only the results reported.
Detailed calculations are available from the author upon request.

2. Preliminaries. We consider then the system

2.1) x'=F(x, €) ('=%>

where x, F are two-dimensional vectors and ¢ is a real scalar parameter. We
assume that for sufficiently small ¢, there exists a(e) such that

2.2) F(a(e), €)=0.
We further define the matrix A(e) by
(2.3) A(e)=F.(a(e), ¢),

and for notational purposes let a, = a(0) and A, = A(0). Further let F(x, €) be
analytic in a neighborhood of (a,, 0).

The Hopf-Friedrichs hypotheses (given in the Friedrichs formulation) which
guarantee the bifurcation of periodic solutions either (a) for £ >0, or (b) for
€>0, or (c) all at =0, are

(H1) tr Ay=0, det Ap>0
(H2) tr A, (0)#0.

In the main theorem we will preserve (H1), but violate (H?2).

At this point we introduce the notation which we shall use throughout the
rest of this paper. We will need to discuss the matrices A, A., and A,, at € =0.
Hence we set

(2.4) Ap= (aij), A.(0)= (aij), A (0)= (Oij)-

We will also need to consider higher order derivatives of F in x and & both in
their entirety and componentwise. Hence by F,,(x, €) we mean that tensor such
that the ith component of the vector F,x* is Y, (°F/dx; %) x;x.. We give
similar meaning to F,,, and F,,,. Componentwise, we set

62E(a09 0) — (i)

2.5 + =

(2.5) ax ax3 Ypa> p+q=2,
63F-(a0 0) ;

2.6 g T, V) +g=3.

( ) ang axg pa> p q 3

Then we let

2.7 o =./(det |Ay)).

At this point we note that (H1), (H2) becomes (H1) a,,=—ay:1, o real, (H2)
811+ 85, #0. We will need additional notations, but first we make the change of
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variables

(2.8) y =x—a(e).

Then y satisfies the equation

@9 y=AEy e (=4)
where

(2.10) f(y, €)= F(a(e) +y, &)~ A(e)y.

We note the following properties of f which follow immediately from its
definition.

(2.11) f(0, &)= f.~(0,€)=0, n=12,...,
(2.12) £y(0, £)=f,.-(0, £) =0, n=12,...,
(2.13) £,-(0,0) = Fix(ao, 0), n=2,3,....

We now let y(t, £, ¢) be that solution of system (2.9) such that y,(0, & &)= ¢,
y2(0, & €)= 0. We note an important property of y(t, &, €):

m

d™y.n
(2.14) y(t,0, €)= " (t,0,€)=0, mn=0,1,....

We now define the function G(7, & ¢) by

(2“15) G(T’ g’ 8) = Y(T’ gy 8)_ (g) s

and note that for arbitrary 7, ¢,

(2.16) G(1,0,)=0

by (2.14). Hence £ =0 is always a solution of G(7, & ¢) =0, and we may define
H(r, ¢ €) by

2.17) H(T, 3 8)={§ﬁ G(’T, ¢ 8); £#£0

Gg('f, O, 8), §=0.
We clearly have H(ty, 0,0) =0, where 1= 27/ w.

In what follows, we will want the various partial derivatives of H up to
second order. First we note

H.=G,=y; H, =3G¢ =13y

H, = Gge = e H. =G = y§
(2.18) H.e=3G = yie H,. =G =i

Hye =3Gee = 5Vere Hee =3Geee = 2Veze

Hee = Géee = yfse’

where all functions are evaluated at (7o, 0, 0).

7
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In order to define the last function we shall need, we will at this time
compute H,, H,, and H, explicitly. The techniques of computing these as well
as the second partials later may be found in various papers of Loud, and in
particular in [11, 12]. It turns out that

Q1

H‘F(TO’ O’ 0)= ( ) ’ Hé(TOs 0’ 0):0

(073

(2.19)
He (TO’ 07 0)

_ m (‘(2‘1%1 + a12a21)811 — 01101812 011012021 — a12a21622)
o’ —a1101611— 01%1812 — Q12021021 T @1102102;
Since det Ag#0, then a,; #0 and since H(7,, 0,0)=0, by the implicit
function theorem, it is possible to solve H, (7, & €)= 0 for 7(¢, €) near (7o, 0, 0),

2w T
(220) 7T=—+ 5 (@11021811 + 031815+ Q1205187 — @110518,1)e + H.O.T.
w Ay

We then substitute for 7 in Hy(7, & €) and define

(221) J(ga 8) = Hl(T(fa 8)’ g’ 8)~
We note that
(2.22) J(0,0)=0

and computing the first partial derivatives of J, we get

(2.23) 1,(0,00=0,  J.(0,0)= g tr A, (0).

3. The main theorem. Unless otherwise stated, throughout the rest of this
paper, we shall assume that the condition (H2) is violated, i.e.

(3-1) 022 = —011.

This then implies by (2.23) that J, (0, 0) = 0 and hence we will want to compute
the second partial derivatives of J(¢, €) at (0, 0). They are given in the obvious
way by the second derivatives of H. These are computed from (2.18) by rather
lengthy calculations utilizing Loud’s techniques. The results are as follows:

T

— 1) (&Y 2 (D (2)

(3.2) Je(0,0) = 405 [(mapaz1k30 + 2001@21K57 + @21K12 — 012021K57
®

(2) 2 2y 2 (1)
+2011021K72 + 021K63) 0" — Q1101202120

2 ., 1) 2 (1, 1)
+ a21(2a11 - alzazl)’)’zo Y11t @11@21Y20 Y03
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- a%2a21 ’Yglo)'Y(zzo) + 011012021790)7(121)"' 26Y110l§1 7(111)2
+ 01217(1)')’02 + a11a12a21711 ’Yzo + a11a21 ’Y11 'Y(Z)

+ allazl'Yoz ’Y(2)+ a21'Y§)12)‘Y§)22 012021720 'Yl1

?) (2)?
+ 0‘11“12“21720 Yoz T 2011012021 Y11

2 ?),,2) 2 .(2)2
- azl(zau_alzazl)')’u Yo2 — ®11X21Y02 ]

(3.3) Je(0,0)= (2011811 + 021812+ @12821) (@11 Y50 — @21750),

® 0pq

(3-4) Jee (O 0) = (911 + 022) + (70!11511 +40518:,+ 40112821)

X (011321 - a21511)

472
T (2011811 + @21812+ @12851)°.

We now state and prove the main theorem.

TueoreM 3.1. Let F(x, €) be analytic in x, € in a neighborhood of (a,, 0). Let
(H1) hold, but (H2) fail to hold. Further let

(3'5) Jée (0, 0)2_J§§(0’ O)Jee (0’ O)>0’

where J.(0,0), J..(0,0), J..(0,0) are given by (3.2), (3.3), and (3.4) respec-
tively. Then there is a bifurcation of non-trivial periodic solutions from & = 0.

Proof. By the definition of y(t, & €), there will be “small amplitude”
periodic solutions if we can find 7(¢), £(e) such that y(7(g), &(g), €)= (gg:))

with (7(e), £(g)) = (70, 0) as € — 0. This will occur if we can solve G(7, £, £)=0
for such 7 and ¢ as functions of &. Since we are interested in non-constant
periodic solutions, this would be equivalent to solving H(7, & ¢) =0 for 7 and ¢
as such functions of &.

We have already solved H, for 7 as a function of £ and ¢ and substituted
into H, to define J(¢, ¢). The question then reduces to whether or not we can
solve J(& €)= 0 for £ as such a required function of . However, by the results
contained in [4], we can so solve, given that J and its first partial derivatives
vanish at (0, 0), provided that (3.5) holds. This completes the proof of the
theorem.

Remark 3.2. Since in general the question of solving J(£ ¢)=0 for £ as a
function of & reduces to solving a quadratic equation for real solutions
(guaranteed by (3.5)), there will be two distinct amplitudes &, both of order &,
giving the required periodic solutions. This corresponds to results obtained by
Chaffee [2] for his system. Here, however, we may predict precisely when the
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two solutions reduce to one, namely when either J. (0, 0)=0 or J,.(0,0)=0, or
J..(0,0)=0.

Remark 3.3. Bifurcations of even more periodic solutions may occur if
Je:(0,0) = J.. (0, 0)= J.. (0, 0) = 0 or if one of the second partials is not zero, but
Jee — JeeJ.. = 0. Then higher order critical cases of the implicit function theorem
are involved.

ReMARK 3.4. In the case of the Hopf-Friedrichs bifurcation, i.e. tr A_(0) # 0,
then the condition

(3.6) Jee(0,0)#0

is a sufficiency condition for the system at £¢ =0 not to be a center. This
condition (together with the formula (3.2)) had been previously derived by
Loud [12] provided that certain preliminary transformations had been made. It
was also derived by Hsu [9] for higher dimensions (with preliminary transfor-
mations) as well as by others (e.g. Poore [14]).

4. An application. In this section we give an application to certain growth
equations in mathematical ecology. Freedman and Waltman [6] considered the
perturbed Lotka—Voiterra system

x'=x(a—By) - ¢filx, y)
y'=y(=y+8x)-efalx, y)

in order to give sufficiency conditions for the existence of stable limit cycles.
However, the case where

@ e LA

Y a
+
f1x< ) f2y<8 B)
was not resolved.

Theorem 3.1 cannot be applied to system (4.1), since the system is of the
form

(4.3)

4.1)

x'=xF(y)— efi(x, y)
y' = yF(x)— efa(x, y)

(discussed by Utz and Waltman [16] for £ =0) for which with (4.2) holding
violates (3.5). However, an applicable generalization would be a system of the
form

44 x'=xP(x, y)— efi(x, y)

yl = yQ(x) - 8f2(x7 Y),

a special case of which was used in [5] in an analysis involving pest control by a
natural enemy.
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We consider then system (4.4) under the assumptions that there exists a >0,
b>0 such that

4.5) P(a, b)=Q(a)=0, P,(a,b)Q,(a)<0,
and that (4.2) holds with y/6=a and «/B =b. Then
0 aP,
A0)=(ay)= (be 0 )

AL0)=(5,)= (:}’fj :;2”) L AL0)=(8)=0,

(4.6)  y@=aP,  AY)=P,+aP,  ¥i=aP,, Y5=bQ
7(121) = Qx, 702 = 0 K(310) = anxx+3Pxxa K(211) = anxy+2P
K 12 anyy+Pyy’ K03 aPyyya K(320) = bexx,
ngl) = me (2) = K(z) = 0,
where all functions are evaluated at (a, b).
It is clear from (4.6) and (4.2) that tr A= tr A.(0) =0, det A,>0. Hence by
Theorem (3.1) there will be a bifurcation of periodic solutions from =0
provided (3.5) is satisfied, where here

m
Jgg(o, 0) = _WP_‘;@ [aPy(Pxxex_Pxexx) + 2PxxP30i
+ bQi(nyPyy"nyyPy)]
7P,
er (O> 0) = bP’;Q3 (bQ fly + aP f2x)
4 47* 2
Jse(o’ 0) = m (beflv + aPYfZY)flx 2b2P2QZ (bQ fly +aP, f2x)
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