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Abstract

Gaussian process regression is widely used to model an unknown function on a con-
tinuous domain by interpolating a discrete set of observed design points. We develop
a theoretical framework for proving new moderate deviations inequalities on different
types of error probabilities that arise in GP regression. Two specific examples of broad
interest are the probability of falsely ordering pairs of points (incorrectly estimating one
point as being better than another) and the tail probability of the estimation error at an
arbitrary point. Our inequalities connect these probabilities to the mesh norm, which
measures how well the design points fill the space.
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1. Introduction

Given a compact domain DCRY et {E(x)}xep be a centered Gaussian process on a
probability space (€2, F, P). Define

f)=m(x)+Ex), xeD, (1.1)

where m: D — R is a pre-specified ‘mean function’. Suppose that we are given the values
f(x1), ..., f(x,) of f at the design points x1, . .., x, € D. Then we can construct an estimator
fn of f using Gaussian process regression [25]. This is a Bayesian method: for each x, fn(x)
is the conditional mean of the random variable f(x) given f(x1), ..., f(x;). The covariance
function of the Gaussian process is used to infer the value of f at unobserved x from information
collected about the design points.

Gaussian process regression is widely used to interpolate and predict the values of black-
box functions in simulation calibration [26] and optimization [2, 15], biomedical applications
[18], risk assessment of civil infrastructure [27], tuning of machine learning models [28], and
many other problems from diverse branches of science. In all such applications, f models the
output of a complex system (physical or virtual), with x being the input. There is no closed
form for f, but it is possible to observe f(x) at individual x values, e.g. by running expensive
lab, field, or computer experiments with those particular inputs. The goal is to obtain accurate
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Moderate deviations for GP regression 173

estimates at unobserved values using as few experiments as possible. Often, the function f
represents a performance metric, such as the predictive power of a machine learning model
with a given set of parameters, and the goal then becomes to optimize f(x) over x € D.

The analysis of this paper is motivated by concerns that arise in design of experiments,
though we do not explicitly model any design problem. Our main contribution is a theoreti-
cal framework for studying the moderate deviations behavior of random vectors of the form
( fn (x), fn(x*), fX), f (x*)) for two fixed but arbitrary points x, x* € D. This framework can be
used to prove new convergence rates for different types of ‘error probabilities’ related to GP
regression. We demonstrate the usefulness of the theory with two specific applications, though
others may be possible. The first application deals with probabilities of the form

T, X%) = P(fu(x) < fu(x*) — 8 | f(0) = (), (1.2)

where § > 0 is a small threshold. In words, it is given to us that x* has a smaller function value
than x, but interpolation error may cause us to falsely reverse this ordering (the threshold §
makes (1.2) well-defined). When f is an objective function, this is the probability of reporting
x as being ‘better’ than x* when in reality the opposite is the case. For this type of error
probability, we leverage our theory to prove a new moderate deviations inequality

(%, X*) < Cy exp(—8%Cah,*/?), (1.3)

where Cq, C, s >0 are constants depending on the specification of the Gaussian process,
and
hpy=max min |ly —xpul2
yeD m=1,...,n

is the mesh norm measuring the density of the design points. In a special case where the design
points are uniformly distributed on D, it has been shown [13] that #,, is of order (log n /n)l/ d
which justifies the interpretation of (1.3) as a moderate deviations rate.

The second application deals with the estimation error | fn(x) — f(x)| at arbitrary x € D. For
this error, we prove the uniform bound

sug P(|.)A‘n(x) —fx)| > 8) <C exp(—BZC'zh;S). (1.4)

Both types of error probabilities are of broad interest in simulation, statistics, and uncer-
tainty quantification. In particular, the pairwise comparison in (1.2) is motivated by the
approach developed by Glynn and Juneja [12] for the ranking and selection problem, where
one collects samples from a finite number of populations in an effort to select the one with
the highest mean. The probability of correct selection can be related to the probability of false
ordering between pairs of populations. The quantity m,(x, x*) is the analog of this concept in
the GP regression setting, with the additional complication that we are using a Bayesian model
of f, so the event in (1.2) can only be viewed as an error conditionally given f(x) > f(x*).

Interestingly, the mesh norm is in use as a criterion for design of experiments, in the lit-
erature on so-called space-filling designs [16, 24]. As early as Johnson et al. in 1990 [14],
statisticians proposed spreading out the design points in D in a way that essentially minimizes
the mesh norm. From (1.3), we can see that this has the effect of speeding up the rate at
which (1.2) converges to zero, uniformly over all x, x*. Essentially, if we have no specific x*
to serve as the reference solution, we can view space-filling designs as a way to minimize the
probability of false ordering across all possible x*.

The available theory for Gaussian process regression has extensively studied (pointwise)
consistency; see e.g. [4] or [11]. The rate at which fn converges to f has been studied, e.g. in
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[30] and [34], but these papers do not consider tail probabilities, and so their rates have com-
pletely different orders to (1.3)—(1.4), though their analysis also makes some connections to the
mesh norm. A different, less directly related stream of literature focuses on online optimization
problems where the goal is to maximize the sum of the function values of the design points; a
representative example of this type of work is that of Srinivas et al. [29]. In general, many of
the existing rate results are derived for specific classes of kernels, such as squared exponential
[23] and Matérn [30], or specific choices of the design points [6]. Probabilists have investigated
tail probabilities [1, 11] and excursion probabilities [7, 8] of Gaussian processes, and some of
these results also have the form of moderate deviations laws, but they pertain to generic GPs
rather than the GP regression mechanism. Analogously, moderate deviations laws are available
for sums of random variables [5] and random PDE models [20], but these results do not pertain
to GP regression either.

To our knowledge, this paper presents the first moderate deviations results for Gaussian
process regression estimators. It is well known [10] that sample averages of independent and
identically distributed (i.i.d.) Gaussian observations satisfy large deviations laws. Similar laws
hold for ordinary least-squares estimators under Gaussian residuals [37], extrema of Gaussian
vectors [32], and various finite-dimensional statistical estimators [3]. Gaussian process regres-
sion can be viewed as an infinite-dimensional generalization of linear regression, but the
analysis is made much more complicated because, essentially, the dimensionality of the objects
used to construct the estimator grows over time, and their asymptotic behavior heavily depends
on the covariance kernel. One could perhaps recover large deviations laws for certain specific
choices of the kernel and design, but it is far from clear whether this is possible in general. In
the process of proving our results, we also establish a modified version of the Gértner—FEllis
theorem [10], which may be of stand-alone interest.

Section 2 describes the GP regression framework, states the assumptions used throughout
the paper, and gives important technical preliminaries. Section 3 gives the bulk of our analy-
sis, which relies on a general large deviations law for random vectors. This latter result also
requires some new technical developments, but since they are unrelated to GP regression, they
are deferred to Section 6 for readability. Section 4 handles several extensions not covered by
the main theorem. Section 5 uses our analysis to derive (1.3) and (1.4), and presents several
more explicit examples. Section 7 concludes the paper.

2. Gaussian process regression and approximation theory

Before we begin the analysis that leads to (1.3)—(1.4), it is necessary to understand the def-
inition, construction, and properties of the GP regression estimator fn The computation of the
estimator (a form of Bayesian updating) is described in Section 2.1. Our analysis also makes
use of an alternative interpretation, originating from approximation theory, of the GP regres-
sion model. We use this theory to study the asymptotic behavior of the posterior covariance
function, which is crucial to the tail probabilities of fn. The relevant technical preliminaries are
given in Section 2.2.

2.1. Definitions and assumptions

Recalling the model in (1.1), we assume that the mean function m is Lipschitz-continuous,
and the Gaussian process £ is specified by

E(E(x)) =0,
Cov(E(x), EX)) = k(x, x)
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for all x, X' € D. In one application, we will assume that k: D x D — R is a fixed, symmetric
kernel function mapping D x D into R . The kernel is required to be positive definite, meaning
that for any n, any set of n distinct design points {xm};’1=1 C D, and any vector v=(v1, ..., V)
in R", we have

Z Vi Vi KXy Xy ) > 0.

m,m’

Without this assumption, the Gaussian process would be degenerate.

In addition, we assume that there exists a function ¢ on R such that k(x, x') = ¢(Jlx — X'||)
for all x, x’. Such a ¢ is called a radial basis function. We assume that ¢ is twice differentiable
at zero with ¢”(0) < 0. Many commonly used covariance kernels satisfy this requirement,
including Gaussian, multiquadric, inverse quadratic, inverse multiquadric, and others.

Let X, = {xn}),,_, denote the set of design points. We treat the design points as a deter-
ministic sequence, as is standard in the literature on design of experiments, and assume that
X, becomes dense in D as n — 0o, a common condition in the theoretical literature [33]. For

convenience, we introduce the notation

FOn) = (fGx1), oo fOa)) T,
m(x,) = (m(x1), . .., m(x,) ",

KXy, x) = (k(x, x1), . . ., k(x, x,)) T,

as well as K(x, X,,) = K(X,,, x) | . We also let K(X,,, X,,) denote the matrix whose (2, m’)th entry
18 k(X Xpy).

Given the design points X, and observations f(x,), the posterior distribution of f(x), at any
arbitrary x € D, is Gaussian with mean

Fu0) = K(x, X)K (X, X))

and variance
Py, (x) = k(x, x) — K(¥, X))K (X, X))~ K(Xp, ). 2.0

This specific structure of the mean and variance is what is referred to by the name of Gaussian
process regression. The variance Py, (x), viewed as a function of x, is also sometimes called the
‘power function’ in the literature on interpolation. In this paper we use the posterior mean f,, to
interpolate the observed function values f(X,,) over the design space D and make predictions
at unobserved points.

We let H denote the reproducing kernel Hilbert space (RKHS) whose reproducing kernel is
k. The construction and uniqueness of H are discussed by Wendland [35]. For our purposes, it
is sufficient to review the following properties. Letting (-, -)3; be the inner product of H, we
know that

(1) k(-,x) e H forall xe D,
(2) g(x)={g, k(-, x))y forall ge H and x € D,
3) k(x, x") = (k(-, x), k(-, x'))3 for all x, X' € D.

Additionally, from the usual properties of the inner product, we have the Cauchy—Schwarz
inequality |(g1, g2)%| < llg1ll%|lg2l%¢, where || - || is the norm induced by the inner product.
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2.2. Approximation theory

With the assumptions made in Section 2.1, Gaussian process regression can be seen as a
special case of radial basis function (RBF) interpolation, enabling us to make use of some
results from interpolation theory. We should note, however, that this theory treats interpolation
models as purely deterministic, and thus has assumptions and interpretations very different
to GP regression. Below, we present key facts from the theory that will be important for our
analysis, and discuss their applicability to our setting when necessary.

Like GP regression, RBF interpolation requires a kernel k with the properties described
in Section 2.1, as well as a matrix X,, describing n design points. Recall that under these
assumptions we have k(x, x') = ¢(||x — x’||). Let Ly x, denote the operator mapping some fixed
function g : D — R to its interpolant according to

Lix,80) =Y atmk(x, xp), (22)

m=1

where the coefficients «;, solve the linear system

n
> k. Xpr) = gxr). M =1,....n. (2.3)

m=1

In fact Wu and Schaback [36] presented a more general form where (2.2)—(2.3) include addi-
tional polynomial functions, but this will not be necessary for our purposes. It can be shown
that Ly x, g(x) = K(x, X, )K(X,, X))} g(xp), similar to the calculations used in GP regression.

Let g be the Fourier transform of g, and suppose that the generalized Fourier transform
(as defined in Section 8.2 of [35]) of the function x — ¢(]|x]|) exists and coincides with a
continuous function ¢ on R? \ {0} satisfying

0 < ¢() < chllxll == as [lx] - oo (2.4)

for suitable constants ¢ § Soo > 0. In particular, the constant s, will play a significant role in
our analysis, and it is worth pointing out that this quantity is explicitly computable for a variety
of commonly used kernels. For example, for Gaussian kernels s, can take on any arbitrarily
large value (this special case is treated separately in Section 5.3), while for the Matérn kernel,
Teckentrup [30] showed that soo =20 where o is the kernel smoothness parameter. Other
examples are given in Section 8.3 of [35].
We now define
2 ; / (0 12d 00! dx
G0 = Gyt |, BOPO0 .

The results below require c§ < 00, which essentially means that g resides in the RKHS whose

reproducing kernel is k. Before stating these results, we should make it clear that we will not
require c]%’ ¢ <00 i.e. we will not apply the above definitions with f as the choice of g. Lukié
and Beder [21] showed that a sample from a GP prior is almost surely not in the RKHS induced
by the kernel assumed in the prior. Therefore it is not possible for the function f to satisfy
cj%’ ¢ < 00 This is a major difference between GP regression and interpolation theory, where f

is modeled as a deterministic function and so the condition cj% p <0 is seen as fairly innocuous
(for example, it is assumed in [36] and many other papers in pure interpolation theory, e.g.
[19]). In the present work, however, we cannot make this assumption, and will instead apply
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this framework to other choices of g related to the kernel, for example the function (-, x) for
fixed x.

For any compact E C D, let h,(E) = maxyeg ming,—1,....n |y — Xu |2 be the mesh norm of E.
We slightly abuse notation by using 4, to denote £, (D) when the entire domain is considered.
Let B, , denote the closed ball of radius p centered at x € R?. We can now state the results that
will be referenced and applied throughout this paper.

Lemma 2.1. ([36].) Fix p > 0 and assume that the kernel k satisfies (2.4) with some so. Then
there exist positive constants h and cp such that for any X,, and any point x € R with hu(By,p N
D) < h, the power function Px, defined in (2.1) satisfies

PX,Z x) < CP(hn(Bx,p N D))soo-

Lemma 2.2. ([36].) Fix g satisfying cg ¢ < 00 and assume that the kernel k satisfies (2.4) with
some Sxo. Then, for any X, and any x € ]Rd, we have

1800 — Li.x,8)I* < cf 4Px, ().

We note that in Lemma 2.1 the constant cp depends only on d and s« but not on the fixed
value p. The same is true of the ratio &/ p, indicating that / is proportional to p.

3. Large deviations for a fixed pair of points

We now fix x, x* € D and focus on the sequence of random vectors

Zn = (Fa@). o). fO0. £ @)

Letting 1, be the probability law of Z,, we will derive the inequality of the form

lim sup i log un(E) < — 1nf I(u), (3.1
n— oo n
which holds for any closed measurable set E and any sequence {a,} satisfying
lim;,—, 5o @, = 00. Our end goal is to characterize the function / and specify a, and E in a
manner that causes (3.1) to yield results such as (1.3).
Inequalities of the form (3.1) can be obtained by invoking the Gértner—Ellis theorem from
large deviations theory [10]. In general, the derivation of the function / consists of two main
steps. The first step is to derive the scaled limit

W(y)=limsup i\IJ w(any), 3.2)

n—oo )’[

where W,,(y) =1logE,, (eW'Z")) denotes the cumulant-generating function of Z,, and (-, -) is
the usual L? inner product on R”. The scaling W is allowed to take values on the extended
number line (i.e. may be +oo for some y). The second step obtains / via the Fenchel-Legendre
transform

I(u) = sup (y, u) —W(y) (3.3)
yeRP

of W. Inequality (3.1) then follows under certain technical conditions on W.
Our analysis in this section follows this outline. Section 3.1 studies the cumulant-generating
functions of {Z,} and characterizes W. Section 3.2 then studies the Fenchel-Legendre
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transform of W, and Section 3.3 analyzes the convergence rates of various terms in the Fenchel—
Legendre transform, which helps us to select {a, } in a way that makes (3.1) yield an informative
inequality (stated in Section 3.4). In Section 5 we will instantiate this inequality with certain
choices of E that yield (1.3)—(1.4).

One complication that arises in this procedure is that the technical conditions of the classical
Girtner—Ellis theorem do not hold in our setting, so additional analysis is required to obtain
(3.1). This analysis is carried out in the setting of general random vectors, and thus is somewhat
tangential to the setting of Gaussian process regression. For this reason we defer it to Section 6
at the end of the paper; the core result of that section is Theorem 6.1, which recovers the
desired inequality. Here we take (3.1) as given, referring readers to Theorem 6.1 for the proof,
and focus on applying this inequality to the specific sequence {Z,}.

3.1. Analysis of cumulant-generating functions

We write Z, as

Fa) K(x, X)K (X, Xn) ™ f () K(x, X)KXn, Xa)™' 0 0
Falx™) _ K™, XK (X, Xn) ™ f () _ KO, XK, X! 00 FR)
Jx) J) 0 1 0
f&x) f&x) 0 0 1

where X,, = X,, U {x, x*}. The distribution of Z, is Gaussian with mean vector A,m(X,) and
covariance matrix V, = A, Z,A,’ , where

K, Xn)K (X, Xn) 7!

0
K( * X )K(X X )—1 0 K(Xn, Xn) K(Xn,.x) K(Xn,x*)
X An ns An
1
0

, Zp=| K, X,) k(x, x) k(x, x*)

0
k(*, X)) k(x®, x) k(x®, x¥)

0

- o o O

For convenience, we introduce the notation

Ox, () = K(x, X)K(Xp, X») "' K(Xy,, %),
Ox, (x, x*) = K(x, X)K (X, Xo) " K (X, x*).

Then the power function Py, in (2.1) can be written as Py, (x) = k(x, x) — Qx, (x). We also use
the analogous notation Py, (x, x*) = k(x, x*) — Ox, (x, x*). With some trivial computation, we
obtain

Ox,(x)  Ox,(x,x*)  Ox,(x)  Ox,(x, x%)
Ox,(x, x*)  Ox,(x*)  Ox,(x,x")  Ox, (")

Ox,(x)  Ox,(x, x*)  k(x, x) k(x, x*)
Ox,(x, x*)  Ox,(x*)  k(x,x*)  k(x*, x¥)

Since Z, follows a multivariate normal distribution, it follows straightforwardly that

Vo=

T o L+
V(y)=y Anm(Xn)“"EV Vay
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for any y € R*. Then, by (3.2),

W)=y ( im Aum(X,)) + Dimsupy T (@nViy. (3.4)
n— 00 2 n—oo
provided that the limit on the right-hand side of (3.4) exists.

To study these limits, it is helpful to observe that Qx, (x, x*) can be viewed as the RBF
interpolant of the function k(x, -) evaluated at the point x*, or, equivalently, the RBF interpolant
of k(x*, -) evaluated at the point x. This allows us to leverage the results from approximation
theory that were stated in Section 2.2.

First, we consider the limit of

Agm(Xy) = [K(x, X)K X, X) 7' m(X)  KO*, X)K X, X)) 'm(X)  m(x)  m(x)).

We may observe that Ly x,m(x), with Ly x, being the operator that maps a function to
its interpolant given k and X, as in (2.2), is a (differentiable) linear combination of the
values k(x, x,,). Hence the difference y+— m(y) — L x,m(y) is a Lipschitz function whose
zeros become dense (as n — oo) around x and x*. That is, there exist p, p* > 0 such that
hu(Bx,p N D) — 0 and h,(By+ o+ N D) — 0 as n— oo. Consequently, m(x) — Ly x,m(x) — 0,
whence limy,—, oo Apym(X,)) = mg, with mg = (m(x), m(x*), m(x), m(x*))". Thus (3.4) becomes

1
W(y)=y my+  lim sup y @ Va)y. 3.5)

n— o0

The precise behavior of the limit superior will depend on a, and the asymptotics of the
matrix V,,.

3.2. Analysis of Fenchel-Legendre transform

We begin by examining the limit of V,,. It is easy to see that Py, (y) >0 for all y e D.
Furthermore, by Lemma 2.1 we can see that Py, (y) — 0 if X, is dense in D as n — oo. This
implies that Qx, (x) — k(x, x) and similarly Qx, (x*) — k(x*, x*), with k(x, x) = k(x*, x*) by the
properties of the radial basis function. Although we do not know the sign of Py, (x, x*), we can
note that

Px,, (x, ) = k(x, x*) — (Li x, k(. x)@x) = k(™ x) = (Li x, k(. 0))().

By Lemma 2.2, we have Py, (x, X2 < c,%(i’x*)’ ¢Pxn (). The finiteness of cx(. y+),¢ can be veri-
fied. Therefore, if X,, is dense in D as n — oo, we have Py, (x, x*) — 0, whence Qy, (x, x*) —
k(x, x*). Thus we have shown that V,, — V entrywise, where

k(x, x)  k(x, x*)  k(x,x) k(x, x*)

k(x, x*)  k(x,x)  k(x,x*) k(x,x)

k(x,x)  k(x,x*)  k(x,x) kCe, x*) |

k(x, x*)  k(x,x)  k(x,x*)  k(x, x)

It is easy to verify that V has eigenvalues A1 = 2(k(x, x) + k(x, x*)), Ap = 2(k(x, x) — k(x, x*))
with respective eigenvectors

1 1
U=-1,1,1,0)", U==(1,-1,1,-1T,
1 2( ) 2 2( )
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and A3 = A4 = 0 with respective eigenvectors

1 T 1 T
Us ﬁ(l,O, 1,0)", U, ﬁ(O, 1,0,-1)". 3.6)
Similarly, let A;, and U, , (for 1 <i<4) denote the eigenvalues and corresponding eigen-
vectors of V,,. Since V,, = V, we also have A;, — A;. Accordingly, we also have U; , — U
and U , — U,. However, the zero eigenvalue of V has multiplicity 2, so U3 ,, Us , will con-
verge to limits U}, UA’1 that belong to the span of U3, Uy, but these limits need not be Uz, Uy
themselves. We know, however, that

(U5, Uy) = (U3, Ua)T, (3.7

where T € R?*? is an orthonormal matrix.
Looking back to (3.3) and (3.5), we can write the Fenchel-Legendre transform as

I(u)= sup (u— mo)Ty - = hm sup y (anV )y

)/GR4 n—oo

1
= sup (u— mo)TUy 3 lim sup yTUT(anVn)Uy

y€R4 n—o0

1
= sup (u —mo)TUy —3 limsupanyTUTU,,AnU,;rUy

)/GR4 n—oo
2
1
= sup (u—mO)TUy—EhmsupZ Zle Ujn Ajn-
yeR4 i

Observe that lim,,_, o Ui Uj n = 1{i=j;, whence

2
hmsup<2y,U U/n> a, /n_yjk lim sup @, = 00

n— oo n—o0

as long as y; # 0 for j € {1, 2}. Therefore the supremum in (3.3) can only be achieved at y for
which y; = y» =0, whence

2
1
I(u) = sup (u —mg) Uzy3z + (u—mg) U. ——11msu UU
()= sup ( 0)' Usys + (@ —=mo) Usya = 5 pZ(Zl:% Jn) Ajon

2
= sup |:(M—m0) Usys + (u—mo) " Usy. ——Z)» hmsup(Zy,U an) an
n—oo

V3 v4 i P

n—o0

4 4 2
1 . .
-3 Z l1;rl)solép (Z ]/iUl-T U]n> lim sup a,,)uj,n:|
j=3 i=3

2 4 2

= sup |:(u—m0) Usys + (u — my) U4)/4——Zk hmsup(z viU; an) a,

Y3,Y4 —>
j=1 i=3

4
- = Z (T J—2y3 + T2] 27/4) lim sup a, J, n:| (3.8)

j 3 n—oo
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The supremum value in (3.3) is thus governed by the rate at which a,, increases. If this rate is
fast, we will have to take y3 = y4 =0, leading to / = 0. To avoid this situation, @, should be
assigned the highest order that makes one of the limits superior in (3.8) finite. Some matrix
perturbation analysis is required to understand the rate that a,, can take.

3.3. Perturbation analysis for rate function
Define the notation
Px,(x)  Px,(x,x*)  Px,(x)  Px,(x,x%)
- Px,(x,x*)  Px,(x*)  Px,(x,x*)  Px,(x*)
Px,(x)  Px,(x,x%) 0 0
Px,(x,x*)  Px,(x*) 0 0

Let us also write Uj , = ) _; v;j,U;. Then
XjnUjn =V = V)Uj
=Y VUi = VUj,
i

= Z VinhiUi = VUjn,

1

where the last line follows because 1; is an eigenvalue (and Uj is an eigenvector) of V. Left-
multiplying by the unit vector U;, we obtain

Vijnhjn = Vijnhi — U VUj . (3.9)
Recalling that A3 = A4 =0 and A; , > 0, we find that

UTVU/,}l

L

, 1€{3,4}, je({l,2}. (3.10)
Ajn

Viin = —
This allows us to bound the limits superior in (3.8) as shown in Lemmas 3.1 and 3.2 below.

Lemma 3.1. For fixed y3, ya € R, we have

4 2
(Z rU! U) = O(P}, 0+ P}, (6, x) + P (), jedl,2).
i=3
Proof. Using (3.10), we write

(U]Tnf/()@ Us + y4Us))

2
3 .
)Lj’n

4 2
(Z ad Uj,n) = (V3jn¥3 + Vajnya)” =
i=3

Plugging in the closed-form expressions for Uz, Us from (3.6) yields
1
V2

1

VU; = —(0, 0, Px,(x), Px,(x, x*)", VUy= 7

(0, 0, Py, (x, x*), Px,(x*)".
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Since y3, y4 are fixed and Us, Uy are unit vectors, the Cauchy—Schwarz inequality yields

4 2 2 .2

maxiys, ¥,

(Z )/,‘Ul-T UJ,,) < %(P%ﬂ(x) + P%n(x, x*) + Pg(n(x*))’
i=3 j.n

as desired. O

12—
2 P , *k
T X, (X, X ))

Lemma 3.2. Suppose that the matrix T defined in (3.7) has no zero-valued entries. Then
1,j-2

)\j,n = <% + 0(1)) <Pxn(x) +
T,

(l + 0(1)) <Pxn(x*) + L2 py (x, x*)) G.11)
2 T2

forje {3, 4}.

Proof. Recall (3.9) and note that v;;, — T3 j» for i, j € {3, 4}. Since T is assumed to have
no zero-valued entries, we do not need to worry about zero values of vjj,. Then (3.10) can be
rewritten as .

U'Vui,
Ajn=——"""—, 1,j€{3,4}. (3.12)
Vijn
The first equality in (3.11) can be obtained by setting i = 3, whence (3.12) yields

Ajn = — (0, 0, Px, (x), Px, (x, x)) - Uj .

1
V3jn\/§
By expressing (0, 0, 1, 0) and (0, 0, 0,1) in terms of U;, we obtain
A ! (P x\U (1 L ! O>T+P (x, XU <1 10 1>T>TU

in=—— X ‘N[ AT T = nxax ‘NA T A Y T T = i,
M 2V A 2l

= — ! (px (x).<l l _L 0>+Px (x x*).(l _1 0 —L))v.-
V3jn\/§ ! 2’2’ ﬁ’ " 2’ 2’ ’ ﬁ "
= (l +0(1)> <Px () + Tz’jszx (x, x*)),
2 n T . n

1,j-2

where the last line follows from the fact that v, — 0 for i € {1, 2} and j € {3, 4}, while v;;;, —
Ti—2j o fori,je€ {3, 4}. The second equality in (3.11) can be obtained by repeating the above
arguments with i = 4. O

The analysis in Lemma 3.2 is easily extended to handle situations where T has zero-valued
entries. If this occurs, we must have ||T1| — |T21|| = 1 because T is orthonormal. In the first
case we can repeat the proof of Lemma 3.2 withi =4, j =3 and i =3, j = 4, and obtain

1 1
A3 = (5 + 0(1)>Pxn(x*), Ay = (5 + 0(1)>Pxn(x). (3.13)

In the second case we repeat the same proof with i = 3, j =3 and i = 4, j = 4, and obtain

1 1
A3 = (5 + 0(1)>Pxn(x), o= <§ + 0(1))Px,,(x*)-
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In general, the bounds in Lemmas 3.1 and 3.2 depend on Py, (x, x*), which is a difficult
object to study. Lemma 3.3 establishes a bound that relates this quantity to a simpler function
of the design points. Then Lemma 3.4 derives a similar lower bound on Py, (x). Note that these
results provide lower bounds; we will later multiply them by negative quantities to convert
them to upper bounds, which will enable additional analysis of the terms in (3.8).

Lemma 3.3. Let Anin(-) denote the smallest eigenvalue of a square matrix. The following
bound holds:

2Px, (x, x*) + Px, (x) + Px, (x*) > 2Amin(K (X, Xp)).

Proof. For notational convenience, define a vector «(x) = K(x, X;,)K(X,, X,)~!. Note that
k(x) takes values in R”, and observe the identities

D (km @) + k()G X) = O, (x) + O, (x, x*),

m=1
D (em(x) + k(& DkCon, X°) = Ox, () + Ox, (x, x),
m=1
D Gem) + Kom () () + e F DK ) = O, (%) + 20x, (x, x%) + Ox, ().

We extend « to R"*2 by taking &, 1, k12 = —%. Plugging in the above identities, we derive

n+2

Z (kem(x) + K (X)) (K (X) + Koy (KX, X))

m,m'=1
= (K1 () + K1 (F)KCE, X) + (K2 () + K2 (F) 2k (¥, )
+ 2(kp1(0) + K1 (X)) K2 (X) + K2 (X)k(x, x*)
+ 2(kp1(0) + K01 1(X))(Ox (%) + Ox(x, X))
+ 2(kng2(x) + K 2(F)N(Ox (x¥) + Ox(x, x¥))
+ Ox, (x) + 20x, (x, x*) + Ox, (x")
=2Px, (x, x*) + Px,(x) + Px, (x™).

Thus we arrive at

2Px, (x, x*) + Px, (x) 4+ Px, (x") = (kK(x) + (x*) T KXy, X)) + 1(x*))
> [l () + € )I3 - Amin(K (X, X))

= (Z () + ki (55)? + 2) Smin(K Ko, X))

m=1

Z 2)‘-min(K()_(n’ )_(Vl))’

which completes the proof. U
Lemma 3.4. Let X, = X, U {x}. Then

PX,, (x) > )\min(K(X;/w X;,))
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Proof. Define k (x) as in the proof of Lemma 3.3 and extend it to R"*! by taking «,,+1 = —1.
Then, by repeating the arguments in the proof of Lemma 3.3, we obtain

n+1
Px, ()= km(Ocm (OkCom, Xr)
m,m'=1
n+1
> Amin(K(X), X)) Y k()
m=1

= )Lmin(K(X;p X;//L))s

as desired. O

Now, we can study the rate at which Amin(K(X),, X],)) OF Amin(K X, X)) converges to zero.
For this, we cite the following result (Theorem 12.3 of [35]).
Lemma 3.5. ([35].) Define qx, = miny,, £y , [|Xm — Xy ll2 and ¢po(M) = inf)y|,<m (;;(y), where
¢ is the generalized Fourier transform of the radial basis function ¢. Then

Md —d
Amin(K Xy, X)) = Cacho q_ qx, »

where the constants Cq, My depend only on d.

Combining Lemmas 3.3-3.5, we have

Ma' —d
Px,(x) = Cago| — )qy: -
qx/ n

n

Consequently, the inequality in Lemma 3.3 becomes

* * My —d
2P, (x, X7) + Px, (X) + Px, (x7) = 2Cadpo| — )q5 (3.14)

Xn

The lower bound in (3.14) can be connected back to the upper bound obtained in Lemma 3.2
in the following manner. Note that if 7 has no zero-valued entries as assumed in Lemma 3.2,
by orthogonality we either have T11/T21 > 0 and T12/T>2 < 0 or vice versa (note also that
T11 = —T»). Without loss of generality, we only treat the first case here.

Supposing that 712/722 < 0, we apply (3.14) to (3.11) with j = 4 and argue that

1 T . Ma\ _4
han = (5 400 )| P, = S22 (P, + P, () = 2Cago = ) a (3.15)
12 q n

Xn

1 T2 T2 % S0
- (5 + o(l)) [(1 - E)Pxn(x) 57 Pa e +0(g )} (3.16)

= O(h,(By., N D)*). (3.17)

In this derivation, (3.15) uses the fact that T12/T2> < 0 to convert the lower bound in (3.14)
into an upper bound, while (3.16) applies (2.4) to bound ¢y. Noting that the multipliers
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1 — T22/(2T12) and —T»,/(2T17) are both strictly positive, we then obtain (3.17) by applying
Lemma 2.1 together with the fact that

hn(Bx,p ND)> qx, = qx,-

Next we return to (3.11) with j = 3 and obtain

1
A3n =< (5 + 0(1)) <Px,,(X) + —\/¢(0 v Px, (x) )

by using the Cauchy—Schwarz inequality for the RKHS inner product to produce the simple

bound
|Px, (x, x*)| < /¢(0)/Px, (x).

Applying Lemma 2.1, we conclude that A3 , = O(h,(By , N D)*>/?). Finally, applying Lemma
2.1 to the bound in Lemma 3.1 straightforwardly yields

4 2
(Z iU U,) = O(hu(By.p N D)™).

When X, is dense in D as n — 00, we have h,(By, , N D) < h,(D) with h,,(D) — 0. Thus, among
the limits superior in (3.8), one is O(hj, Soo/2 ) and the others are O(h3>). This will also happen

in the symmetric situation where T12/T2, > 0, but with the order switched for A3 ,, and A4 ;.

3.4. Main moderate deviations inequality

The conclusions of Section 3.3 suggest that a,, should have the exact order A, Soo/ 2, which
we denote by a, ~ hy, $20/2 Then we obtain

4 2
<Z y,'UiTUj,n> a, — 0

i=3
in (3.8), and bound I(x) > I'(u), where I' is defined as
1
'wy= sup (u—mo) Usys + (u—mo) Usys — —C3(T11V3 + T2174)°
73, v4€R
when T1,/T2 < 0, and
1
I'wy= sup (u—mo) Usys + (u—mg) Usys — —C4(T12)/3 + Tooya)?
73, 4€R

when T12/T»; > 0, for some suitable constants c3, c¢4. Furthermore, recalling (3.6) and the
definition of mg, we find that m, TUs = g U4 = 0. Now, applying (3.1), we can finally state our
main result.

Theorem 3.1. Let T be as in (3.7), take a, Nh_sm/z, and let c¢; be a constant satisfying
lim sup,,_, o ankjn < ci forj€ {3, 4} If ||T11] — |T21l| € {0, 1}, we have

1
lim sup — log un(E) < — 1nf Il(u) (3.18)

n—oo dp
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for any closed E C R4, with

'wy= sup u'Usys+u' U4J/4——01(|T11|)/%+|T21|J/4) (3.19)
y3,V4€R

Throughout this analysis we have assumed that X,, is dense in D when n — oo, but it is
possible to recover Theorem 3.1, for fixed x, x*, as long as the design is dense only in neigh-
borhoods of those two points, e.g. in By , U By , for some p > 0. In that case a, will take the
order of min{h,(By, ) ™*%/2, hy(By ) ~5/2}.

The right-hand side of (3.18) is some strictly negative, problem-specific constant, and it is
the order of a, that governs the convergence rate of u,(E). The moderate deviations inequality
allows the rate to depend on the kernel through the quantity s, but otherwise the complex
interdependence of the various elements of K(X},, X;;) has been streamlined using Lemmas 2.1
and 3.5. For this reason, the bound in (3.18) may not be the tightest possible.

4. Extensions and special cases

In this section we treat several special cases not covered by Theorem 3.1. First, Section 4.1
handles the situation where ||T711| — |T21]| € {0, 1}. Section 4.2 discusses how the bound of
Theorem 3.1 is improved if we only consider one reference point x instead of two points x, x*.

4.1. Special cases of Theorem 3.1

Again, let T be as in (3.7), and suppose that ||71| — |T21|| = 0. For simplicity we consider
the case 711 = T»1, as the other cases are very similar.

Because T is orthonormal, we must have T =Tr = \/5/ 2. Then, returning to the
derivation of (3.8) and recalling that m,, TU;= gU4 =0, we have

2
I(u) > sup u U3y3+u U4y4——hmsup|:z (Zy,U UJH) a,

Y3,Y4

1
- 5((1/3 +ya) A3+ (v3 — V4)2)»4,n)an] 4.1)

Using an argument similar to that in Lemma 3.1, we explicitly derive

2

4 2
1 1
DN (Z s U]> = +8°( ) [—(mPX,,(x) + (73 + va)Px, (x, X) + yaPx, ()

1
+ )Tz(y3PX’l ) + (va — ¥3)Px, (x, x*) — V4Px,l(X*))2}- (4.2)

By direct application of Lemma 3.2, we have
1 k 1 * k
Man=|7 +o(1) )(Px,(x) + Px,(x, x)) = 3 +o(1) )(Px,(x") + Px, (x, x7)),

1 1
An= (5 + 0(1)> (Px, (x) — Py, (x, x*)) = (5 + 0(1)> (Px, (x*) — Px, (x, x")).
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Let us now take a, ~ h,*>, which guarantees

lim sup a,Px,(x) <¢; and limsupa,Px,(x*) <¢
n—0oo n—o00

for some finite ¢; > 0. This allows us to place a bound on (4.1) that drops all negligible terms
in (4.2) that contain Py, (x) and Px, (x*). That is,

I(u)
> sup uT Usys + " Ugys — — lim sup[—(ys + 74Py, (x, x*) + —(y4 — y3)* P, (x, x*)
V3.4 16 100
+2(y3 + 74)*Px, (X) + 2(y3 — y4)*Px, (x") — 4y3y4Py, (x, X*)} an (4.3)
The last term in (4.3) requires us to take y3y4 <0 to avoid /(x) becoming —oo. Then (4.3)
becomes
I(u)

1
> sup u' Usys +u' Usys — 1¢ lim sup[—(yz + ya)* Py (x, x%) + —(y4 — y3)° P, (x, x%)
7374=0 n—>00

+2(y3 + y4)*Px, (X) + 2(y3 — y4)*Px, (x*) — 4y3y4(Px, (x) + Px, (x*))}an (4.4)

1
> sup u' Usys+u' Usys — 6 [—(ya + V) 0 s — V4 Ry p
7374=<0

+2(p3 4+ ya)* + (13 —7a)* — 4)/3)/4)] 4.5)

Y
= sup u' Usys+u' Usys— —[—(7/3 + )’ Ck( e T3 — V4)2<# +4>]-
7374=<0 16 A2

where (4.4) applies Lemma 3.3 to bound Py, (x, x*), and (4.5) uses the bound Pg(n (x, x*) <

c%(_’x*)’ ¢PX,, (x) from Lemma 2.2. After some algebra, we obtain a version of the moderate
deviations inequality (3.18) with

1 1
I'w= sup su' (Us+Usys tra)+su T(Us = Us)(ys — va)

7374=<0
€ e
16 [—(7/3 + 3)? Ck( e T (V3= V4)2<# + 4)]- (4.6)

The second special case ||T11| — |T>1|] =1 is handled in almost the same way. For sim-
plicity we take T11 = T2 = 0, as the other possible cases are very similar. Then (4.2) remains
unchanged, but we use (3.13) instead of Lemma 3.2. We can thus omit the final cross-term
—4y3y4Px, (x, x*) in (4.3), so we no longer need y3y4 < 0. The other arguments are unchanged
and yield another version of (3.18) with

1 1
I'w) = sup ~u' (Us + Us)(ys + ya) + Ju (U3 — Us)(ys — ya)
Y3,Y4

2
cl Ck~,*, Ch(- x%),
— Lo+ (222 4 0) 4 (s — )P (222 4 0) | @)
16 A Ao
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4.2. Moderate deviations for a single point

In the following, we treat the special case where Z, = ( f‘n(x), f (x))T, for a single, fixed
x € D. Although one can obtain moderate deviations inequalities for such Z, directly from
Theorem 3.1, it is possible to tighten the bounds by modifying the analysis. Below we highlight
those parts of the argument that require changes.

As before, we let u,, denote the probability law of Z,, and assume that the set X, of design
points becomes dense in D as n — oco. We write Z, = A,f(X),), where X, = X,, U {x} and

K(x, X)K(Xp, X))~ 0
A= .
0 1
The covariance matrix of Z, is given by
s _[2n0 o
Ox, (0 k(x,x) |

where Qyx, is as defined in Section 3.1. Equation (3.5) remains unchanged with mg =
(m(x), m(x)T. Repeating the arguments in Section 3.2, we have V,, — V entrywise, where
V is a 2 x 2 matrix whose elements are all equal to k(x, x). This matrix has two eigenvalues
A1 > 0 and Ay =0, with corresponding eigenvectors

1 1
V2 G
Similarly, let A; , and U; , denote the eigenvalues and eigenvectors of V.

Again following Section 3.2, the supremum in (3.3) can only be achieved at y € R?
satisfying y; = 0. Repeating the derivation of (3.8), we obtain

U=—(,D", U (1, -1

1 2 L. 2.
I(u) > sup(u — mg) ' Usys — EM()QU; Uin) an — 3 lim sup(y2U; Ua,n)” lim sup ayhop,
n—oo

V2 e
where lim sup,,_, . (12 U, Uz,n)2 =y; and

1 2
()’2U2TU1,n)2 = F(VzUIn(V - Vn)U2)2 < )3/721’%("()6) = O(P;Z(”(x)),
1,n

1,n

analogously to Lemma 3.1. Repeating the proof of Lemma 3.2, we obtain

1
Ap= (E + O(]))Pxn(x).

The rest of Section 3.3 remains the same, but it is sufficient to use Lemma 3.4, as there
is no longer any cross-term. Thus we avoid the factor of 2 in the lower bound derived in

Lemma 3.3, which allows us to take a, ~ h, . It then follows that (yz U;— Ul,,,)za,, — 0, while
lim sup,,_, o, anh2,, < c; for some ¢; < co. We thus obtain I(u) > I'(u), where

1
I'w) = sup(u — mo) " Unys — —Cle2

Y2 2
T Lo
=supu Ury2 — zc1y5
Y2 2
(g —up)?
4¢;
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We now apply (3.1) to obtain the desired result. Note that the support set {y € R?: W(y) < oo}
is a subspace, so (3.1) still holds by the results of Section 6.

Theorem 4.1. Take a, ~ h,*> and let ¢; be a constant satisfying limsup,,_, o, apr2., < c|.
Then 5
(u1 —u2)

1
lim sup — log u,(E) < — ;16111; 4,

n—oo dp

for any closed E C R2.

By considering one reference point x instead of two points x, x*, we obtain a better bound
because it is no longer necessary to bound a cross-term, as in Lemma 3.3. However, the bound
will not get worse if we consider K > 2 points, i.e. with

Z, = {fn(x,f),f(x,’:)}kK:] for some K < oo.
This is because the same bound in Lemma 3.3 can be applied to every possible cross-term.

5. Applications: pairwise comparisons and estimation error

In Sections 5.1-5.2 we use Theorems 3.1 and 4.1 to prove (1.3) and (1.4), respectively. The
proofs are very similar, but use different definitions of the error set E in (3.18). Section 5.3
presents several other results of interest where the moderate deviations bound can be made
more explicit.

5.1. Moderate deviations for false ordering
We return to (1.2) and write

P(fu0) <fux®) — 8, F(x) = f(x5))
P(f(x) > f(x*)) '

For fixed x, x*, the denominator is a strictly positive constant, so we can focus on the numerator,
which fits into the framework of Section 3 with

(x, x*) = 5.1

E={ueR* u; <up—38, uz > us). (5.2)

We will apply Theorem 3.1 and derive a more explicit form for (3.19). First, note that the
supremum in (3.19) can only be finite when
u' Us _ u' Uy
Tl (Tl

(5.3)

Letting n be the value in (5.3), we then have I'(u) = n2/(2¢;). Then we minimize I'(u) subject
to (5.2)—(5.3). From the optimality conditions, it can be seen that the inequalities in (5.2) must
be binding at optimality, which leads to
8? 1

inf I'(u) = .

uek 4 (Tl = 1T211)
Applying Theorem 3.1, we complete the proof of (1.3). The formal statement of the result is
as follows.
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Theorem 5.1. Let T be as in (3.7), take a, ~h, S0 /2 and let c¢; be a constant satisfying
limsup,,_, o, aphjn < ciforje {3, 4}. If [|T11| — |T211] € {0, 1}, we have

82C,
_ —S00/2
Fale 7)1 eXp< T )

where C1, Cy are positive constants.

In fact, we can show that the moderate deviations bound holds uniformly for all x, x* € D.
To do so, we must make sure that the denominator of (5.1) is well-behaved. It is easily seen

that *
P(f(x) >f(x*) = q>< m(x) — m(x*) >’
\/Z(k(x, x) — k(x, x*))

where @ is the standard Gaussian cumulative distribution function. We let ¢y, be the Lipschitz
constant of m, and derive

(m(x) — m(x*))? . 7 lx — x*|I3

lim < im
lx—x*|—0 2(k(x, x) — k(x, x*))  [lx—x*[—0 2(¢(0) — ¢(||x — x*])))

2 2
_ <. y

=—lim —————
2 N0 9(0) — ¢ ()
2 y
= —cy lim —
N0 @'(y)
__d

T $7(0)

<0

using the assumption made in Section 2.1 that ¢ is twice differentiable at zero with ¢”/(0) < 0.
Because D is compact, there exists some cp > 0 satisfying

inf P(f(x)> f(x*)) > cp.
x,x*eD

Furthermore, the constant C; in Theorem 5.1 does not depend on x, x*. The constant C; may
depend on x, x*, but we can take C| to be its largest value over the compact set D. We then
conclude the following.

Corollary 5.1. Suppose that we are in the situation of Theorem 5.1. Then

C, 8’c
sup 7T, (x, x¥) < —L exp(— 2 zh;SOO/z)
xx*eD D 4ei(ITi] — 1T21 D)

where C’l, C», cp are positive constants.

Finally, we consider two special cases covered in Section 4. First, in the case where
T11 =T or T1o = Tao, we apply (4.6). It can be shown that the supremum is attained when
y3 + ¥4 =0, which satisfies the condition y3y4 <0 and achieves u'(Us+Us) =0 and
u'Us —u'Uy| = 5/(2\/5). Consequently, we have

Tn(x, x*) < Cy exp(—82Chhy, "), (5.4)
where C/2 depends on A3, ¢, ¢i(.,v*),4- In the second special case where [|T11| — [T21|| =1, we
apply (4.7). Again, the supremum achieves u' (U3 4+ Us) =0 and |u' U3 —u' Uy| = 8/(2\/5)
and (5.4) follows. In summary, both special cases admit an exponential bound in 4, > rather
than h, */2.
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5.2. Moderate deviations for pointwise estimation error

The convergence rate of the tail probability P(| f,,(x) —fx)| > 8) for fixed x can be obtained
from Theorem 4.1 using the error event E' = {|u; — us| > §}. It is easy to see that

L —w)? 82

inf ——— = —

uck’ 4¢; 4¢y
whence we have

. 82Cy
P(| fu(x) — f(x)| = 8) < Cy exp _4_(:1h” &

where C1, C; > 0 are constants. As in Corollary 5.1, we can take the supremum over all x € D
to obtain the desired result, which is formally stated as follows.

Theorem 5.2. There exist constants Cy, C2 > 0 such that

. §2c
sup P(| fu(x) —f®)| = 8) < Cy eXP<——2h;S°°)-

xeD dc

A natural question is whether this result can be extended to bound P(supx | f",, x)—fx)| >
8), the tail probability of the estimation error over the domain, perhaps by combining Theorem
5.2 with the continuity of f and an epsilon-net partition of D. Such an argument could work if
f and fn were uniformly equicontinuous over all sample paths, a property known as ‘uniform
modulus of continuity’ [22]. It is possible to obtain such results for generic GPs in certain
settings [9], but they are currently not available for the specific mechanism of Gaussian process
regression; recent work, such as [17] and [31], has only bounded the modulus of continuity on
a restricted set of sample paths, not almost surely. This extension is an interesting topic for
future work.

5.3. Other results of interest

In the following, we give several examples in which our main results can be made more
explicit. To avoid excessive repetition, we focus on the uniform bound in Corollary 5.1 in
our presentation, but analogs of the other results in Sections 5.1-5.2 can be straightforwardly
obtained as well. For simplicity, let us take D = [0, 1]‘1.

Gaussian kernel. Suppose that & is the Gaussian kernel with parameter o, that is, k(x, x*) =
exp(—allx —x*||%). For this particular kernel, it is known that s, can take arbitrarily large
values. However, Theorem 11.22 of [35] proves the bound

log h
PX,,(X)SGXP<Ca O}% "),

n

where ¢, depends only on «, d, and D. In addition, Corollary 12.4 in [35] provides a modified
version of Lemma 3.5 for this setting, namely,

o\ _
Amin(K (X, X)) > ¢, GXP(—4O~71 a—2>qxd~

Thus, using the above results instead of Lemmas 2.1 and 3.5, we can repeat our analysis with

log i,
an ~exp| —cq 7
n
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and obtain, for example,

log h
sup mu(x, x*) < ¢y exp(—8202 exp(—c—a &)>
x,x*eD 2 hy

under the same assumptions as Corollary 5.1.

Uniform design. Consider a uniform grid, discretized evenly in each dimension, with n being

the total number of points in the discretization. One can find that &, = O(n~'/?), leading to the
explicit rate

C §2C
sup my(x, x*) < — exp(— 2 2nsoo/(2d)>
x.x*eD 9 dei(|Tn] — [T211)

under the assumptions of Corollary 5.1.

Uniform random design. Suppose that the design points are sampled from a uniform distri-
bution on [0, 1]¢. By adapting results in [13], one can show that , = O((log n/n)'/), leading
to the explicit rate

c 52C So0/(2d)
sup 7, (x, x*) < —L exp <— 2 5 ( " ) )
x.x*eD cp dei(|T11] = [T211)* \logn

under the assumptions of Corollary 5.1. One can also extend this result to a setting with inde-
pendent but non-uniform sampling. Suppose that the nth design point is sampled independently
from some fixed density g, with support [0, 1]¢. Then one can show that

1/d
= o<<1g<_g>) ! )
con
and the rate follows.

We remark that the above discussion implicitly assumes that ||T71| —|T21]| ¢ {0, 1}.
However, the exceptions can be handled using the same arguments that were presented in
Section 5.1.

6. General large deviations inequality

Let {Z,} be a sequence of random vectors taking values in R?”, and let w,, denote the proba-
bility law of Z,. Let W,, be the cumulant-generating function of Z,, and let {a,} be a sequence
satisfying a, — oo as n — 00. Define W(y) as in (3.2). The functions ¥, and W are convex.
Let Dy ={y € R” : U(y) < 0o} be the convex support set of W and note that 0 € Dy .

Let I be the Fenchel-Legendre transform of W as in (3.3). The classical Gartner—Ellis the-
orem [10] establishes the inequality (3.1) for any closed measurable set E, under the condition
that the origin belongs to the interior of Dy. This condition will fail to hold in our setting,
because we will consider situations in which Dy is a subspace of R”. Thus it is necessary to
prove (3.1) under weaker conditions.

In the following, let P be the orthogonal projection operator onto the subspace Dy, and
define PE = {Pu : u € E} to be the projection of any E C R”. Let ,unp be the probability law of
the random variable PZ,.

Our goal is to prove (3.1), for any closed measurable set E, under the assumption that
Dy # {0} is a subspace of R”. This is accomplished in three steps with progressively fewer
assumptions on E. In the first two steps (Lemma 6.1), the large deviations inequality is proved
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for PE, with the first step making the additional assumption that this projected set is compact.
The final step (Theorem 6.1) then proves the inequality for E.

Lemma 6.1. Suppose that Dy # {0} is a subspace of RP, and E C RP has the property that PE
is compact and measurable. Then

lim sup — log 758 (PE) <-— 1nf I(u).

n—oo dpn

Proof. Let I'' (u) = min{l(u) — 7, 1/7} for t > 0. By definition of this function, for any u €
‘PE we can pick y* € Dy for which (y*, u) — W(y"*) > I"(y*). We can also pick p" such that
e"lly*ll = T and let B, o« be the closed ball of radius p* centered at u.

By Chebyshev’s inequality,

11 () = Elpz,e) < Elexp((. PZy) — inf (v.u) |
for any n, y € R” and measurable G C Dy . In particular,

I (PBup) < Elexp (an(y", PZi)lexp(—  inf (any", u)).
u/E'PBu,pu

For any u € PE,

u

— inf (a,y", M/> <anp"ly"l = an(y", u) < ayt — an(y", u),

w'eB, pu

whence

1 1
— log 1P (PBy ) < — log Elexp (an(y", PZ)] +17 — (", u)
n

n

1
=~ log Elexp (anPy*, Zn)] + 1 — (v, u) (6.1)

1
=—W,(a,Py")+ 17— (y", u),

Qn
where (6.1) follows from the fact that P is self-adjoint.
Since PE is compact, we can select a finite covering from the open covering | J,cpg Bu, o 0f
‘PE. Let N be the number of balls in this covering, and denote their centers by u;,i=1, ..., N.
For simplicity, let y;, p; denote the corresponding y*, p* values. Then

1 1
— log MP(PE) < —1logN + 1 — min {(yi, uj) — —
an an 1<i<N n

W(anPyi) } ,
and we can take the limsup of both sides to obtain

1 1
lim sup — log u,, (PE) <7 — min {(y,», u;y — lim sup — ,,(a,ﬂ?y,)}
<n

n—oo dp I<i n—o0 dp

=1 — min {(y;, u;) — Y(Py)).

1<i<n
Recalling the properties of y;, we arrive at
1
lim sup — log u,, PPEy<t— mm IFy)<t-— mf I (u).
n—oo dn 1<

This holds for any t > 0, so we take 7\ O to prove the desired result. O
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Lemma 6.2. Suppose that Dy # {0} is a subspace of R?, and E C R? is closed and measur-

able. Then
lim sup — 1og /LP('PE) <-— 1nf I(u).
n—oo dp
Propf. Let uy, ..., u; be a basis for the subspace Dy, with £ < p being its dimensionality.

Let 42}, denote the probability law of (uj, Zy).
Let y = a,u; and take some ¢ > 0. By Chebyshev’s inequality,

(15, 00) <Efexp((any, PZy) = inf _ {ayuy.u)]

w: (uj,u)>¢

=< E[GXP (an (“ja PZy))] exp(—an?),

whence :
lim sup — log 1/,([¢, 00)) < W(uj) — ¢ < 00.
n—oo dp
Consequently,
lim lim sup — log W[, 00)) = —
(=0 pooo ap
forallj=1, ..., £. Using symmetric arguments, one can also obtain

1 .
lim lim sup — log u},((—o0, —¢]) = —o0.

(=00 p—soo Ap
Now define the compact set Gy ={u €Dy : {uj, u) €[ — ¢, ¢] forall j=1, ..., £} We then
derive

1
lim limsup — log u,, (D,/, \ G¢)

=0 p—oo dp

1 , )
< lim limsup — log Z wh (=00, =¢1) + i, ([, 00))

{—>00 psoo dp ;
J=1

< lim limsup 1 log(ZZ max { wh (=00, —=21), i (¢, oo))})
J

(=00 p—oo ap
= —00, (6.2)
where the first inequality uses a union bound together with the monotonicity of probability

measures.
Observing that PEN G; is compact, we can apply Lemma 6.1 to obtain

li —1 PENG:)<— inf I(u)<-— inf I(u).
ool gy 8 q == g T == il 1w
On the other hand, PE N Gg C Dy \ G, s0

1 1
lim sup — log ., (PE N GC) <lim sup — log u,, (D,p \ G¢).

n—oo dp n—oo n
Combining both inequalities, we find that
1 1
lim sup — log ,uP(PE) <2 max{— 1nf I(u), lim sup — log u,, (Dw \ G;)}
n—oo n n—oo n

Taking ¢ — oo and applying (6.2) yields the desired result. O
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Theorem 6.1. Suppose that Dy # {0} is a subspace of RP, and ECRP is closed and
measurable. Then
lim sup — log un(E) < — 1nf I(u).

n—oo dp

Proof. We rewrite (3.3) as

I(u)= sup (y, u) —W(y),
y€Dy

because W(y ) takes finite values only for y € Dy,. Observe, however, that

sup (y, u) — W(y) = sup (Py, u) — ¥U(y)
yeDy yeRP

= sup ({y, Pu) — ¥(y)
yeRP

because P is self-adjoint. Therefore, by Lemma 6.2,

1 1
lim sup — log u,(E) < lim sup — log MP(PE) <- 1nf I(u) < — 1nf I(u),

n—oo dp n—oo dp

which completes the proof. O

We remark that the large deviations inequality can be recovered under the weaker condition
0 ¢ relint(Dy, ), without requiring Dy, to be a subspace of R”. However, this is beyond the needs
of the present work so we do not give the proof here.

7. Conclusion

We have presented a theoretical framework that leverages the connections between Gaussian
process regression and approximation theory to derive new moderate deviations inequalities for
different types of error probabilities. The utility of these results is demonstrated through two
applications of broad interest: probabilities of pairwise errors between fixed errors of points,
and uniform tail probabilities for the pointwise estimation error. Furthermore, our results
illustrate the effect of the kernel on the convergence rate.

It is difficult to say whether it is possible to improve on these bounds; perhaps this also
depends on the class of kernels that is chosen. The main limitation of this work is that for
purposes of tractability, we bound difficult posterior covariances by the much more tractable
mesh norm. The mesh norm only measures the extent to which the design points are evenly
spread out, and thus has limited ability to distinguish between different strategies for choosing
the design points. We leave this problem for future work, noting that the results presented here
are the first of their kind.
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