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Abstract

An extension of Shannon’s entropy power inequality when one of the summands is
Gaussian was provided by Costa in 1985, known as Costa’s concavity inequality. We
consider the additive Gaussian noise channel with a more realistic assumption, i.e. the
input and noise components are not independent and their dependence structure fol-
lows the well-known multivariate Gaussian copula. Two generalizations for the first- and
second-order derivatives of the differential entropy of the output signal for dependent
multivariate random variables are derived. It is shown that some previous results in the
literature are particular versions of our results. Using these derivatives, concavity of the
entropy power, under certain mild conditions, is proved. Finally, special one-dimensional
versions of our general results are described which indeed reveal an extension of the one-
dimensional case of Costa’s concavity inequality to the dependent case. An illustrative
example is also presented.
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1. Introduction

Let i(Y) = — me JY(y; 1) log fy(y; t) dy denote the differential entropy of a random vector
Y with probability density function (PDF) fy(y; #) depending on a real parameter 7. The entropy
power of an m-variate random vector Y is defined by
e(2/mh(Y)

N =

which was first introduced by Shannon [13]. One of the most important inequalities in informa-
tion theory is the entropy power inequality (EPI), which gives a lower bound for the differential
entropy of the sum of the independent random vectors X and Y as N(X + Y) > N(X) + N(Y).
The first complete proof of the EPI was given in [15]; in its development, [15] proved an
equality called de Bruijn’s identity. This identity links Fisher information with Shannon’s
differential entropy (see [5]). Consider the additive Gaussian noise channel model

Y=X+W, ey
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Costa’s concavity inequality for dependent variables 1137

in which the input signal X = (X1, .. ., Xm)T and the additive noise W, = (W; 1, .. ., W,,m)T
are two m-variate random vectors and W, is normally distributed with mean vector 0 and
covariance matrix

t 012 ... Olm
021 t .. O
Tw,=| . o e 2
Oml Om2 ... t
where the 0y, i,j=1, 2, ..., m, are real numbers. De Bruijn’s identity, generalized by Costa

[7] to multivariate random variables, is given by
9 h(Y) = 1J(Y) 3)
ot A

in which X and W, are independent random vectors and J(Y) stands for the Fisher information
of fy(y; 1), defined by

JYV)= /R (s DIV log fy(y; 0> dy,

)
:/ ViY@ DI7 @

()
There are several applications of the EPI, such as in bounding the capacity of certain kinds
of channels and proving converses of channel or source coding theorems; see, e.g., [6, 18].

Considering the channel model (1), [7] presented an extension of the EPI for the case in which
W, is independent of X with X, = tI,,, where I,,, is the m x m identity matrix. That is,

NX+ W)= -0)NX)+iNX+ W),

or, equivalently, N(X + W,) is concave in ¢, i.e.

82
—NX+ W) <0. 5
aalV( )= 6))

Later, [8] provided another simple proof for the Costa’s concavity inequality (5) via the Stam
Fisher information inequality [15] defined by

1 - 1 N 1 ’
JX+W) T JX)  JW)

where X and W are independent random variables. Also, [17] used some advanced methods to
simplify Costa’s proof of the inequality (5).

As mentioned before, in all of the above results the assumption of independence between
the input signal X and the additive noise W, has been required. However, there are several real
situations, such as in radar and sonar systems, in which the noise is highly dependent on the
transmitted signal [11]. It was illustrated in [16] that, under some assumptions, Shannon’s EPI
can hold for weakly dependent random variables; [3] extended the EPI to dependent random
variables with arbitrary distibutions; and [10] provided certain conditions under which the
conditional EPI can hold for dependent summands as well.
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One of the best methods for describing the dependency structure among random variables
is by copula functions. Copula theory was first introduced in [14] in order to achieve the con-
nection between a joint PDF and its marginals. In [4], the authors extended two inequalities
based on the Fisher information when the input signal and noise components are dependent
and their dependence structure is modeled by several well-known copulas. There are several
families of copulas with different dependence structures. The Gaussian copula is one of the
most usable, and describes different levels of dependence between marginal components. In
the present paper, by considering the additive Gaussian noise channel model (1) where the
input signal X and noise W; are dependent random vectors obeying the multivariate Gaussian
copula, first, an extension of de Bruijn’s identity (3) is derived, and then Costa’s concavity
inequality (5) is proved, under some mild conditions.

The rest of the paper is organized as follows. In Section 2 we recall the copula theory con-
cept and the basic definition of the multivariate Gaussian copula function, along with one of its
particular cases. In Section 3 we provide a generalization of the first-order derivatives of the
differential entropy and Fisher information, provided that the input signal and noise compo-
nents are dependent variables. Thus, based on these derivatives, Costa’s concavity inequality
for the case that the random vector X is composed of independent coordinates is extended.
Finally, we illustrate the one-dimensional versions of our results in Section 4.

Let us first establish the fundamental definitions and notation used in this paper. Let ¢(y)
and ¥ (y) be twice continuously differentiable functions on R™, and V be any closed and simply
connected m-dimensional region in R” bounded by a piecewise smooth, closed, and oriented
surface S. We recall Green’s identity [1], which is stated as

/qmw dV:/q)Vw.ngdS—/ V.V dv, (©6)
\%4 S \%4

in which V¢ and Vi are the gradients of ¢ and v, respectively, ng denotes the unit vector
normal to the surface S, and V¢ .ng is the inner product of the two vectors. Now, the m-
dimensional Stokes’ theorem is recalled: it states that if F: R — R™ is a vector field over
R™ then

/ VFdV = / F.ng dS, 7)
\%4 vV

where 0V = § is the boundary of V.
We denote the PDF and cumulative distribution function (CDF) of a random variable X by
fx(x) and Fx(x), respectively.

2. Copula background

Copula theory is popular in multivariate distribution analysis as copulas allow easy mod-
eling of the distribution of a random vector by its marginals. A copula is a multivariate CDF
with standard uniform marginal distributions which couples univariate distribution functions
to generate a multivariate CDF and indicates the dependency structure of the random vari-
ables. Copulas are important parts of the study of dependency between variables since they
allow us to separate the effect of dependency from the effects of the marginal distributions
[9]. In recent years, there has been a revival of copulas in applications where the matter of
dependency between random variables is of great importance [2].

The fundamental theorem for copulas was introduced by Sklar [14] and illustrates the role
that copulas play in the relationship between multivariate CDFs and their univariate marginals.
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In an n-dimensional multivariate case, Sklar’s theorem states that if Fr, 7, .7, is an n-
dimensional CDF with marginals Fr,, Fr,, ..., Fr,, then there exists an n-copula C: I" — [
such that

Frinp,..1,(t1 12, oo, 1) = C(FL (1), Fry(22), - - -, Fr,(t)), 3

where I =[O0, 1]. If Fr,, Fr,, ..., Fr, are continuous, the n-copula C is unique; otherwise,

C is uniquely determined on the range of Fr, x the range of Fr, x --- x the range of Fr,.

Conversely, if C is an n-copula and Fr,, Fr,, ..., Fr, are univariate distribution functions,

then Fr, 1,.... 1, is a joint CDF with marginals Fr, Fr,, ..., Fr,.

For any n-copula function C, there exists a corresponding copula density function c:
an

=—————Cu, uz, ..., up). 9
B o o, (ur, up Un) ©

c(uy, uz, ..., uy)

Therefore, if fr, r1,,..7,, fr,.f15, ---fr,» and ¢ are the density functions of Fr, 7, .7,
Fr,, Fry, ... Fr,, and C, respectively, the relation in (8) yields

fT],T2 ,,,,, Tn(tlv t2a ce tn) = C(Ml, M2, cec Ml‘l)le (tl)sz(tZ) o ’an(trl)v (10)

where uy, us, ..., u, are related to t1, o, . . ., t, through the marginal distribution functions
uy =rFr(t), o =Fr,(t2), . . ., uy = Fr,(t4).

Let us recall the definition of one of the most popular copulas, the multivariate Gaussian
copula, which we consider here.

Definition 1. The n-dimensional Gaussian copula with covariance matrix X is defined by
Cxur,uz, ... uy) = Px(® (), @ w2), ..., D7 (wy)), (1D

where ®y denotes the CDF of the n-variate normal random vector with mean vector 0
and covariance matrix ¥, ®~! is the inverse of the univariate standard Gaussian CDF, and
O<up,upy,...,u, <1.

In this paper we consider the special version of the n-dimensional Gaussian copula with

1 p ... p
p 1 ... p .
== . |=0-pL+pL1),
p p ... 1
and —1/mn—1)<p<1in which 1,=(1,1, ..., I)Txn. Thus, from (9), the n-dimensional

Gaussian copula density is given by

n

a
cs@ui, ug, ) =] | =@ wps(@ ), @7 @), ..., D7 ()

i1 i
1 n
=Q2n)"? exp |:§ ZZ?](#):(ZI,ZL s Zn)s (12)
i=1
where ¢y is the PDF of the n-variate Gaussian distribution, and z; = @! (up),i=1,2,...,n.
Since
1Z|=(1+ 0 —Dp)1—py"! g= L (1,- —
k] l—,O n 1+(n_1)pnn ’
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we have

(271’)_”/2
VA + (= Dp)(1 = py~T!

2
P
><e><p{2(1 ZZ +2(1+(n—1)p)(1—0)(211> } "

Now, due to the fact that ( Y7, z,~)2 =YL 2 + X_iy @), substituting (13) into (12) yields

¢x(z1,22, ..., ) =

CE(MI, M2, AR un) Za(p’ n)
n _ 1 3 _
Xexp{ﬂ(pm)(;[cb )l — —y gcb Hup)® 1<u,->)},
(14)
where
- ! _ —(n—1)p*
Y s s e A T e (R Y

Remark 1. Note that setting X =1, i.e. p=0, in (11) leads to the independent copula
Cy,(u1, u2, ..., Uy) =ujuy - - - uy, which is equivalent to the random variables 71, Tz, ..., T,
being independent.

A particular case of the n-dimensional Gaussian copula is the bivariate Gaussian copula. If

we put n =2 and
1
EZ( p)’
p 1

with —1 < p < 1, then the bivariate Gaussian copula is defined by

Colur, uz) = Po(®~" (ur), &' (u2):0),
where p € (— 1, 1) is the Gaussian copula parameter and @ is the bivariate standard Gaussian
CDF. The Gaussian copula density for —1 < p < 1 is obtained as

pz

1
cplur, up) = sz exp { 21— 02

2
([<I>—1<u]>]2 - ;drl(u])cb—l(uz) + [<1>—1(u2>12) }
(15)

3. The general case

Consider the additive Gaussian noise channel model (1). Let X and W, be two dependent
random vectors with a differentiable joint PDF fx w,(x, w;). Then, for the PDF of Y, we obtain

H(y: t)Z/Rme(X)fY\X(Y|X; ) dX=/Rmfx,w,(X, y —x)dx, (16)
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where
Xw,(X,y—x)

fx(x)
First, recall that assuming X and W, are independent random vectors and 2w, =11,,, [7,
17] used the heat equation given by

~NxyIx =

) Ay )= i ” fwin
j=1 J
in their proofs. We now need to generalize this heat equation to the case of multivariate random
vectors, as below.

Lemma 1. Suppose that W; in channel model (1) has the covariance matrix (2), and let X
and W; be two dependent random vectors whose dependence structure is modeled by the
multivariate Gaussian copula (14). Then, we have

Xw, X,y —x)

= B0 exp Lo, m L X 4 o 2m)| 3 107

T Qroym/? yip,m P, cm - Xi\Xi

2 1 (F e D = (Fr Ok =X = 1)
o 1)p<,§® (Fx,(x)® (Fx_,-(x,))+§ ;
+> o7 (P (=) )“fo,m (17)
ik

where

20 —m)p — 1
2(1—p)A+C2m—1)p)

y(p, m)=

Proof. Using (10) and (14), by setting T = (X, W;) and n = 2m, we have

w5 W) =cx(Fx, (x1), . . ., Fx, (), Fw,, 01, - .. Fw,, wn)) [ G | [fwncwo,

i=1 k=1

where
cx(Fx,(x1)s « ooy Fx,, (Gom), Fw,y(W1), oo Fw, (W)
m m 2
=a(p, 2m) exp {ﬁ(p, 2m>[ ;ﬁz + ];Zw’« T @m—1Dp
< Z ZxiZx; + Z ZwiZw; T Z szzwk>:| }
1<J k<l
in which

2 = O (Fx, (x), Ty = Q_l(Fvak(Wk)) =o” <®<ﬁ>> B

Wi
Ji))
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because W, i, k=1, 2, ..., m, are normally distributed with zero mean and variance . Thus,
xow,(x, w)
alp, 2m) “ _1 ||W||
=———7—exp{B(p,2m) [ (Fx,))* + ——
@rn¥ : 2 '

2
(Z O~ (Fy )@ (B ) + ) =

@m — 1)'0 i<j k<l

+Z‘Di (FX( l))«/—>:| ”2} ﬁfX(xl

i,k

By some easy calculations, this expression can be rewritten as (17). U

Lemma 2. Based on the same assumptions as in Lemma 1, we have

9
a—th(y; H=148(p, m)Afy(y; t) — Ap, m)V.q(y; 1), (18)

in which q(y; t) = (q1(y; ), @2(¥; ), - . ., gm(y; 1)) and

5(p. m) = (A —p)1 +(2m—1)p)] Ao, i) = o
' 21 =21 —m)p) ' 2/1(1 —2(1 —m)p)’
m 82
Ay =) —(¥: 1),
j=1 8yj

gi(y: )= / [Z o~ (Fy, () + —= Z O% —xk):|fX w,(X, W) dx
k#}

=pi(y; Ofy(y; 1), j=1,2,...,m,

where pj(y; ) = Exjy[ 21t @ (Fx,(Xi) + (1/v/D Y4y Ve — X0) | Y =],

Proof. According to Lemma 1, differentiating (17) with respect to ¢ and y; yields

y(p, m)

0 —
S/XW Xy —x)= |:t—2||y—X||2+ D Ok =)0 — x1)

B(p, 2m) (
k£l

2m — 1)pt?

+V1Y o7 (Fx (i) — xk>> - %}fx,w,(x, y—x (19

ik

B 2y(p, m) 2[3(0 2m)
8—wfx,w,(x, y—X)= [f(yj —Xj) — 1)pt<Z(Yk—xk)

+ \/; Z q)l(FXi(xi))> :|fX,W;(X7 Y- X)9 ]: 17 27 .., m, (20)

i=1
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respectively. Thus, for the second-order derivative of (17) with respect to y;, we obtain

9? 2y(p,m) | 2y(p, m) 2B(p, 2m)
@fx,w,(x, y—x)= |: ; + |: ; j—xj) — @m—Dpt Z ke — xx)

m 2
+/1 Z cI>_1(F>(l-(xz'))>i| :|fx,w, (X, y — X).

1)
i=1

Now, according to (16) and (19), we have

d d

(i )= f w5y — %) dx

— —fY< " — V(p’ " / ly — xI2fx.wy (X, y — X) dx

B(p, 2m)
am—1p2 [ (;(}’k — x) (1 — xp)
+ V1Y o7 (Fx, (i) x — xk))fX,Wl x,y-xdx,  (22)
i,k

d? d?
S 0i0= /R Ry~

_ 2y, *(p,
HOM i+ T ’")f 0 — 2w, (x. ¥ = X) dx
4B%(p, 2m)
am— 12022 [y (Z()’k—xk)‘l‘\/_;q) 1(Fx,(xz))> Sxw,(x,y —x) dx

8y(p, mB(p, 2m)
B yémm—ﬁl)fnzm/ 0; - xf(z(yk_xk)
k#j

V1Yo (Fy, (xz'))>fx,w, xy-wdx (23)

i=1
Thus, due to (19), by combining (22) with (23), we obtain
L)

ad 1 0
0= mz —f(y: 1)

J

B(p, 2m)

— o1y (x
2y(p, m)(2m — 1)p+/t Z[ [Z (Fx;(x1))

d
Z e — xk)} —fxw, (X, y — x)dx,
Vi 0
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where

s, m), Plo.2m) o, m).
4y (p, m) 2y(p, m)2m — 1)pA/t

Therefore, using (20), the proof is complete. (]

Now, we need to derive the first- and second-order derivatives of the differential entropy
h(Y) that are key instruments in establishing our main result.

Theorem 1. Based on Lemma 2, the first-order derivative of the entropy h(Y) is derived as
0
5,1 =08(p, mJ(Y) + Ay, (24)

where

Ar=—A 3 E i(Y; 0 1 Y;
t— — (Io’m)Xl: Y|:pj( 7t)a_yj ngY( 70i|
j=

Proof. Using (18), we obtain

d a a
—h(Y)=— | fe(y; ) logfy(y; ndy — | logfy(y; )—fy(y; 1) dy,
at Rm at Rm ot

=0-14(p,m) /Rm Afy(y; 1) log fy(y: 1) dy + A(p, m) /Rm V.q(y; ) log fy(y; 1) dy.
(25)

To apply Green’s identity (6) to the second term in (25), we assume that V, is the m—sphere
of radius r centered at the origin with boundary S, = aV,.. Now, we apply Green’s identity to
the second term in (25) with ¢(y) = log fy(y; #) and ¥ (y) = fy(y; 1), and then take the limit on
both sides as r — +o00. Thus,

fR V.(Vfy(y; 1) log fy (y; t)dy=rii{kmOO /S log fy(y; HVfy(y; t).ns,(y) dS,

- .[l;”l VfY(ys 1.V IngY(y; 1) dy7

\Y ot 2
o [ RGO, 06)
m fy(ys o)
where ng, is the unit vector normal in the surface S,. Consider the identity
V.(¢F)=Vo.F+¢V.F, 27)

where F: R™ — R™. We set F(y) =¢q(y; 1) and ¢(y) =logfy(y; 1), and then, using Stokes’
theorem (8) and taking limits on both sides as » — +o00, we get

/H; V.q(y; t)log fy(y; 1) dy=riir+nc>o fs A (y; 1) log fy(y; t)g(y; )., (y) dS,

- /R ) q(y; 1.V log fy(y; 1) dy,

m )
=0-— J; Ey [pj(Y; "5y, log fy(Y; t)}- (28)
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In Appendix A, the surface integrals in (26) and (28) over the surface S, are shown to van-
ish as r approaches +o0o. Therefore, by substituting (26) and (28) into (25), the theorem is
proved. O

Remark 2. Note that, in Theorem 1, from (24) with p = 0, we obtain

. 2
D= [ IO
dt 2 Jrm  fy(y;t)

That is, the first-order derivative of the entropy 4(Y) reduces to the case when X and W, are
independent random vectors with 2w, = t/,, as in [7].

According to Theorem 1, to provide the second-order derivative of A(Y), it is sufficient to
derive the first-order derivative of the Fisher information J(Y). First, we need the following
lemma.

Lemma 3. According to Lemma 2, the following two equations hold:

0 T )
&HVlngY(y, DII* =28(p, m)V log fy(y; t).V( oD

V.q(y; 1)
—2M(p, mV 1 V| —— 29
(p, m)V log fy(y; 1) ( A t)) (29
where
Afy(y;
M = Alogfy(y; ) + |V log fy (y; D)II, (30)
fY(ys t)
V.q(y; t)) V(V.q(y; D) Vq(y; 1
v = - vl 1), 31
(fY(y;t) Ay Ay " oD G
and

32 2
2V log fy(y: 0.V(A log fy (y: 1) — AV log fy (v: D> =—2 Y ( Ty, A z)) . (32)
ij e

Proof. Simply, we know that

3 L) a2
— V1 D=2y —1 Jt 1 i ).
5 IV log fy (y; D)l ,—21 »; og fy(y )ayjal og fy(y; 1)
Also, from (18), we can write
2 8 (3o mAR(Y: D) = Mp,m) YLy 3 q(y: 1)
log fy(y; 1) = —< : )
dy;jot ayj Sy(y; )
which implies (29). To prove (30), we have
Alogfy(y: )= — logfy(y: 1)
— Jy:
j=1 J
32
- 3t 0 .
-y [ ikl ( ke ’)ﬂ = OO0 9 tog fycys 2
— L A0 f(y: 0 f(y:0) ’

Jj=1
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Also, since V.q(y; t) = Z]m:

2
AV log fy(y; ) —Z . ZZ< - log fy (y; r))

l]]

1 (0/0y))g;(y; 1), (31) is obtained. Now, to prove (32), we obtain

3

=2 Z ( By, log fy (y: t)) +2 Z P long(y, t) 5 log fy(y: 0,
]
(33)
where
2 Z oy, e 05 long(y, =2 Z AL b Z 57 R0
j 1 J
=2V log fy(y; 1). V(A log fy(y; 1));
together with (33), this completes the proof. (|

Theorem 2. Under the conditions of Lemma 2, the first-order derivative of the Fisher
information J(Y) is as follows:

%J(Y) =—28(p, m) Z Ey [ 5 Y,; 7 log fy (Y; t)]2 + 27(p, m)Dy, (34)
where J
D= Xm: Ey [ainPj(Y§ A log fy(Y; t)}
32 32
+) Ey [pj(Y N~ long(Y t)< e log fy(Y; 1) — 9Y.07, log fy(Y; t))}-

i#j i
Proof. According to the Fisher information (4), we know that
0 0 ]
—J(Y)= / —AW; DIV log fy(y; 0lI* dy + / A D—IIVIogfr(y; DI dy.  (35)
ot Rrm Of R ot
Based on Lemma 2, the first term in (35) is expressed as

0
/R N DIV log fr(y; D2 dy =b(p, m) /R AR IV Tog fy(y: D> dy

m
a
—Mp,m)y /R 3y, 40 DIV log fy(y: Dl dy.
j=1 TR

(36)

By applying Green’s identity (6) to the first term in (36) and taking the limit as r tends to +oo,
we obtain

| AR oIV Iog Aty 01 dy = tim [ 17 log Ay 0Py 1, ()5,
m r— Sr

- /Rm Vv (y; D.VIIV log fy(y; )| dy. (37)
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Similarly, using Green’s identity for the second term in (37) and taking the limit, we have
- / VDYV logfy(y; P dy =~ lim /S 3 OVIV Tog fy(y; DI, () 45
+ /Rme(y; DAV log fy(y; D> dy. (38)

The first terms in (37) and (38) can be shown to vanish (see Appendix B), and therefore, by
comparing (37) with (38), we can write

|, AR 01V log (s 0P dy = [ A AIV og vty 017 dy.

Substituting this into (36) yields

a
[ A0V og Aty 0l dy =00, m) [ Aty ANV log ety 0l dy
~aoom) [ Vaw ol il ay. (9)

Also, by using (29) in Lemma 3, the second term in (35) can be rewritten as

Afy(y; t)> d
A1)
V.q(y; t)) d

A~y D
(40)

9
/Rmfy(y; I)EHVIngY(y; HI* dy =258(p, m) /Rmfy(y; nV log fy(y; t)-V(

—2M(p, m) /Héme(y; nV log fy(y; t)-V(

Now, according to (30), we obtain

Afy(y;
/ Jfy(y: OV log fy(y: t)V(M) dy :/ Viy(y; 0).V(Alog fy(y; 1) dy
Rm fY(y, t) m

4 /R Viv(y: 0.V IV log fy(y: 01 dy.

Therefore, from this and (38), we have

Afy(y; t)) dy

(V1 1.V
/R me(y, NV log fy(y; 1) < @D

= /R  Vfe(y: ).V(A log fy(y: 1) dy
- fR RO DAIV logfr(y: D> dy.  (41)

Thanks to the identity (31), for the second term in (40) we obtain

V.q(y; 1)

dy = Vi 1. V(V.q(y; 1) d
A t)> y / og fy(y; H.V(V.q(y; 1)) dy

fR me(y; nV log fy(y; t)-V(

- /I;m V.q(y; 0lIV log fu(y; 0> dy.  (42)
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Using Green'’s identity, we arrive at
/ Viogfy(y: O)-V(V.q(y; ) dy= lim / V.q(y; )V log fy(y; 1)-ng,(y) dS,
Rm - Sy

- /R Alog fy(y; HV.q(y; t) dy, (43)

whose first term becomes zero (see Appendix B). Using the identity
= 3 G
Vaqly; )= _ piy; e DR > 3y, P
j=1 / j=1 7
the second term in (43) is rewritten as

“ 3
- /R Alog fy(y; DV.qly; Ddy=— fR ey Dpy(: 05 Tog fu(y: DA log fy(y: 1) dy
m =1 m J

m
)
- f P (s 05 =pjy: A log fy(y: 1) dy.
i Rm y/

By combining this with (42) and (43), we get

V.q(y; t)) d
;0

“ 3
==Y [ ety om0 - og Aty 0 og Aty ) dy
—] JR" Vi

fR me(y; nV log fy(y; t)-V(

m
d
- A OE t)a—y_pj(y; NAlogfy(y: 1) dy — /R V.q(y; IV log fy(y; nlI* dy.  (44)
Also, we have

[ V019 tog ol dy = tim [ 19 logAvty: DlPaty: s 0) S,

—/Rmfy(y; Dp(y; D.VIIVIog fu(y; 0> dy,  (45)

whose first term vanishes (see Appendix B), and p(y; 1) = (p1(y; 1), p2(¥; 1) . . ., pm(y; £)). From
(45), combining (35), (39), (40), (41), and (44), we obtain

3
570
=4(p, m) /Rme(y; N2V log fy(y; ).V(A log fy(y; 1) — AV log fy(y; HI*1dy

“ 3
+21(p, m) ) Ey [ij(Y; DA log fy(Y; t)]
j=1 /

9 e 9>
+24(0, m) Y By | pi(Y; )= log fy (Y; 1) — log fy(Y; 1) - log fy(Y: 1) ) |-
Py 0Y; oY 0Y;0Y;
Hence, based on the relation (32) in Lemma 3, the proof is complete. O
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Remark 3. It is interesting to see that, if we put p = 0 in (34), it reduces to
2

9 9 2
—J(Y)=— E 1 Y;0)| .
5/ Z, Y[amyj og fy( )]

That is, Theorem 2 results in the case where X and W; are independent random variables as a
special case. Hence, Theorem 2 encompasses the result of [17] as a corollary.

Now, we can establish our main result of this manuscript.

Theorem 3. Let X and W, in channel model (1) be two dependent random variables whose
dependence structure is modeled by the multivariate Gaussian copula. For any p > —1/(2m —
1), under the conditions

0A
ma—t’ +2A% 4+ 48(p, mAJ(Y) <0, (46a)
pD; <0, (46b)
the entropy power N(X + W) is concave in t. i.e.
82
—NX+ W) <0.
8t2 ( t) =

Proof. Simply, we have
” N(Y)= 2N(Y) ” hY) + 2(2 h(Y) ’
312 m ar2 m\ 9t '

Since the entropy power is nonnegative, to show that (32/8r*)N(Y) < 0, it is sufficient to prove
that

— ﬁh(Y) > 3 (Eh(Y)> i
012 ~ m\ 0t '
Based on Theorem 1, this is equivalent to
9 28%(p, m)
m

9
—8(p, m)—J(Y) — —A, >
(p M)at() a2

Thus, since p > —1/(2m — 1) and §(p, m) > 0, due to the condition (46a), we must prove that

P(Y) 4 0. m
m

2 2
AJ(Y) + A2,
m

(p, m)

0 28 5
——J(Y) > J(Y).
ot m

According to proof of the proposition in [17, p. 3], we have

32 2 JAY)
E 1 Y; )| > . 47
Zj Y[amyj og fv( )} > 47
Hence, according to Theorem 3, (47), and assumption (46b), the proof is complete. O

4. The one-dimensional case

In this section, by considering the channel model (1) with m =1, we describe special
versions of our main results.
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Corollary 1. Let X and W, in the channel model Y = X + W, be dependent one-dimensional
random variables, and let W; be normally distributed with mean zero and variance t. If their
dependence structure is modeled by the bivariate Gaussian copula (15), then

9 (1=p? .
8_th(Y)_( 5 )J(Y)+At,

where

b P el ey n O .
A= 2\ﬁEy[p(Y, t)aylogfy(Y,t)} (48)

in which p'(y; 1) = Exjy[®~ (Fx(X)) | ¥ =y].

Proof. Since W; is normally distributed with mean zero and variance ¢, from (15),

(@~ (Fx(x))*

e |
Sxw,(x, y x)_mexp{ 2(1 — p?)

2p _ (y—x)?
VA (Fx(x) + o “fx(x>.

Thus, by some simple calculations, we obtain

N e N
a_th(y’ f)—/ afx,w,(x,y—x)

_ / Tl (_p<b‘<Fx(x>)<y—x) o=

=) Ji =) =)

- 1>fx,w,(x, y—x)dx, (49)
82 +o00 82

—fr )= / —Sxw,(x, y —x) dx,

dy? o 0)?

_ /*“ 1 [pz(ﬂIrl(Fx(x)))2 ( —x)
S (1= p?) (1-p?) (1 — p?)

_ 2p0 M (Fx())(y =) }/ B
il — o) 1 |fx,w,(x, y — x) dx. (50)
Now, by comparing (49) with (50), we obtain
9. [(1—p*\ 0
5fY(Y, t)—( 3 )8 Sfr(vit) — \/ 61()’ 1), (51
in which .
q;0= / O (Fx(0)fx.w, (x, y — ) dx = p/(v: Ofy (v 1), (52)

where p'(y; 1) = EX|y[<I>’1(FX(X)) | Y =y]. Hence, g;(y; t) and p;(y; ¢) in Lemma 2 reduce to
q'(y; ©) and p'(y; 1), respectively. Now, since X and W; are one-dimensional, it is sufficient to
set m =1 and p;(y; 1) = p'(y; 1) in (24). Therefore, the proof is complete. U

Remark 4. Corollary 1 is equivalent to a result in [12].
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Now, under the same conditions as in Corollary 1, according to the relations (51) and (52),
the first-order derivative of the Fisher information,

2 2 2
(,%J(Y) =—-(- pZ)EY<887 log fy(Y; t)) + %EY[(%,P/(Y; I)% log fy(Y: t)], (33)
simply follows by setting m = 1 and p;(y; 1) = p/(y; 1) in (34). This coincides with the result in
[4], where a direct proof of (53) is provided.
Using the first-order derivatives of the entropy and Fisher information of the output signal
Y, in what follows the concavity of Shannon’s entropy power for the special one-dimensional
case is obtained.

Corollary 2. Given the channel model (1), assume that X and W; are dependent random
variables modeled by the bivariate Gaussian copula (14). Based on the assumptions
9A’,

242+ 21— PDA <0, (54a)

2

ad ad
Ey| —p'(Y;H— 1 Y;0)| <0, 54b
p Y[ayp( )3y2 og fr( )]_ (54b)

the entropy power N(X + W;) is concave in t.

Example 1. Consider the channel model Y =X + W, with W; =/fW. Let X be standard
Gaussian and suppose that X and W; are jointly distributed according to the bivariate Gaussian
copula, i.e. X and W are two dependent random variables distributed according to a bivariate
standard Gaussian distribution with the PDF

Sxw, w)= % = 2pxw + w?] }

1 1
27/ — p?) P {_2(1 —p?)

We know that Y is normally distributed with mean zero and variance 1 + ¢ + 2+/7p. Thus, since

(X, Y)~ N0, EX,Y) with
1 1+ /tp
Yxy= ,
L+/tp 14+t4+21p

we have i
1+ 4/tp
'y; ) =ExqyX|Y=y)= ————.
Py =Exy(X|Y=y) 1+t+2ﬁpy
Further, we observe that
0
—lo =——y.
P gfr(y; 1) 1+t+2ﬁpy
Thus, by (48), we can write
1 t
A= p(1 4+ V/1p) '
2J/1(1 4+t +2p4/1)

As we can see, both conditions (54a) and (54b) are satisfied when p > 0. Thus, based on
Corollary 2, N(X + W;) is concave in t.
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5. Conclusions

In this paper, based on the multivariate Gaussian copula dependence structure, we have
derived the first- and second-order derivatives of differential entropy of the output signal in the
m-dimensional additive Gaussian noise channel model. Then, by using these derivatives, we
have generalized Costa’s concavity inequality for the particular case where the coordinates of
the input signal and noise are dependent according to a multivariate Gaussian copula model.
In particular, we have studied our results in the one-dimensional case and have provided an
illustrative example.

Appendix A. Vanishing surface integrals of Theorem 1

We need to prove that
r——+00

lim : log fy (y; HVfy(y; 1)-ns,(y) dS, =0. (55)

We first assume that 4(Y) is finite. Next, we integrate the surface integral in (55) over » >0
and then, by applying the identity (27) and Stokes’ theorem, we obtain

400 +o0
/0 /Slogfy<y; DVf(y: )5, (v) dS, = fo [SVfY(y; ).(log fy(: s, (¥) dS, dr

- /R Vfv(y: 0)-(log fy(y: D, (v)) dy

lim / A (y; v log fy(y; 1) dS,
r——+0o00 S,

- /R A (y; HV.(og fy(y; Hng,(y)) dy.  (56)

Since the limit in the first part of (56) exists, due to

= |h(Y)| < 400,

+o00
‘ /0 /S Sy(y; D log fy(y; 1) dS, dr

the first term in (56) vanishes. Now, since

Vv (y; D-ns, DI _ IV (y; 0
D)) - Ay

s

|V.(log fy(y; Hns, ()| =

for the second term in (56) we can write

' /R . A (y; V.(log fy(y; tng, (y)) dy

< /R ¥y DIV o fy; D, (¥)] dy

IVAY: D)l
Ey| —————— ). 57
= Y( ) ) 7

Further, we know that
m 0 . 241
IVAY: D] ) { [ < AR f>> ] 2 }
Eyl ————— | =E —_
Y( A0 v j_Zl A0
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On the other hand, from (20), we have

EW: ;| Y=y)=Exy[(Y;— X)) | Y=Yy]
fxw,(xy X)

d

/ O Ry

3_)/ij(y’ )
N0

Now, since for all j=1, 2, ..., m, |[E(W;;| Y =y)| < +00, the first and second terms in (59)
must be finite too. Therefore, we have

E 3iyij(Y;t) 2 o .
Y(W) <+4oo, j=L2....m, .

and, due to (58), the right-hand side of inequality (57) is finite. Hence, the integral in (56) is
finite and, since the limit in (55) exists, the desired result (55) is proved.
Now, we need to prove that

=—24(p, m)t< ) + 2tA(p, m)p(y; 1. (59

dim /s Sy(y: Dlog fy(y; Dg(y; 1).ns,(y) dS, =0, (61)

in which the integral is taken from » = 0 to r = +00 on the surface integral. Thus, we have
+o00
‘ /0 /S log fy(y; D)q(y; 1).ns,(y) dS, dr
oo
< /0 Jy(y; Dl log fy (y; Dlllp(y; Ol s, (y)I| dS, dr
Sy

=Jm /R Gy Dl log f(y; 0llip(y; o)l dy,
= VmEy| log fy(Y; Dllp(Y; )]l . (62)

Since fy(y; ) converges to zero as y approaches oo, we have fy(y; ) logfy(y; 1) = 0 as
y — Fo0o0. Therefore, log fy(y; ) is finite and, due to (59), the right-hand side of (62) becomes
finite. Hence, since the limit in (61) exists, we can conclude the relation in (61).

Appendix B. Vanishing surface integrals of Theorem 2

We intend to prove that
= lim / IV log fy (v 01>V (y; 1), (y) dS, =0, (63)
r—>+00 S,

up=_lim /fy(y; HVIIV log fy(y; DlI”ns,(y) dS, =0,
r—+00 S,

u3=_lim V.q(y: NV log fy(y; 1).ns,(y) dS, =0, (64)

r—>+o0o J¢

ug=lim | [[Vlogfy(y: 0l*q(y: H)-ng,(y) dS, =0.
r—>—+00 S,
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First, we consider the integral of the surface integral in (63) over r > 0;

+00
‘ /O /S IV log fy(y; DIV (y; )05, (y) dS, dr

) 3
IV (Y; t)ll) . (65)

“+o00
V1 D12V : )| dS,dr=E (
< /0 /S , IV log fy(y: HII*VIfx(y; Ol s, (W)l r=Ey (YD

Simply, based on (58) and (60), the right-hand side of (65) becomes finite and, since the limit
u1 exists, this proves that u; =0.
To show that u, =0, we write

400
fo fs ey DYV log fy(y: )P-ns, (v) dS, dr

+00
_ /0 / VIV log fy(y: DIP-(y(y: Oms, (v)) dS, dr.
_ /R VIV log (y; DI Gy O, (v) dy.

= lim /S A 0lIV log fy(y; 0 dS; — fR V1o fy(y; DIV -(f (y; Oms, () dy. (66)

Because | f0+°° fsrfy(y; DIV log fy(y; t)||* dS, dr| = |J(Y)| < +o0 and

‘ fR IV log (v DIP V- (y: Dms, () dy | < fR IV log fr(y: DIIV.(fy(y: Dms, ()] dy

) 3
< EY( IV (Y; t)ll) 7
YD)

the first term in (66) becomes zero and the absolute value of the second term is finite. Thus,
since the limit u, exists, we have up = 0.

In a similar way, we consider the integral from r =0 to » = 400 of the surface integral in
(64):

+o0
‘ /0 / V.q(y; HV log fy(y; 1).ng,(y) dS, dr
Sy

+oo
< /0 /S IV.q(y; DIV log fy(y; Dl Ins, (y)I| dS, dr

m
=< ZEY[
j=1

a
WQj(YQ DIV logfy(Y; t)ll}. (67)
J
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Using (21), we have

E(W;; | Y =y)=Exy[(¥; — X)* | Y =y]
/ 3 — )2fxw,(x y— )dx

Ky 0
nyY(y’ t)
42)2(p, m) ( )
-—— O (Fx,(x) + —= >k — %) | fxw,(x y — %) dx
fY(y’ t) R™ Z kz;é/

2tk(,0, m)
T TR / Oy =% (Z‘D (FX,(XI))-i-\/- kZ#(yk—Xk)>fx,wt(X,y—X)dX.
(68)

Also, from (20), we obtain
d
——qi(y; 0
8yj /

S — 1 p— —
= 350, m)t{ / o) — x,(Zcb (Fx,(x) + szﬁ(yk xk))fXW,(Xy x) dx

—2t3(p, m) / (Zcb '(Fx, () + —= Z(yk —m) S w, (%, y =) dx} (69)
k#f

Since, forallj=1,2,...,m, E(W2 |'Y =y) < +o0, the first, third, and fourth terms in (68)
are finite too and, due to (69) (a/ By])q](y, t) is finite as well. Therefore, from (59), the right-
hand side of (67) is finite and, together with the fact that the limit u3 exists, it follows that
uz = 0.

Similarly, to show that u4 = 0, we find the sequence of relations

+00
’ fo /S IV log fy(y; H)lI*q(y; ).ns, (y) dS, dr

+00
S/O /S IV log fy (y: DI lg(y; Ol Ins, (W)l dS» dr = V/mEy[lIp(Y; DIV log fy (Y; D1].

Using similar steps, we can see that ug = 0.
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