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Groups whose Chermak-Delgado lattice
is a subgroup lattice of an abelian group

Lijian An

Abstract. The Chermak-Delgado lattice of a finite group G is a self-dual sublattice of the subgroup
lattice of G. In this paper, we prove that, for any finite abelian group A, there exists a finite group G
such that the Chermak-Delgado lattice of G is a subgroup lattice of A.

1 Introduction

Suppose that G is a finite group, and H is a subgroup of G. The Chermak-Delgado
measure of H (in G) is denoted by mg(H), and defined as mg(H) = |H| - |Cs(H)|.
The maximal Chermak-Delgado measure of G is denoted by m*(G), and defined as

m*(G) = max{mg(H) | H< G}.
Let
eD(G) = (H | ma(H) = m" (G)}.

Then the set CD(G) forms a sublattice of £(G) (the subgroup lattice of G), which
is called the Chermak-Delgado lattice of G. It was first introduced by Chermak and
Delgado [9], and revisited by Isaacs [12]. In the last years, there has been a growing
interest in understanding this lattice (see, e.g., [1-11, 13-17, 19-22]).

A Chermak-Delgado lattice is always self-dual. So the question arises: Which types
of self-dual lattices can be Chermak-Delgado lattices of finite groups? In [5], it is
proved that, for any integer n, a chain of length #n can be a Chermak-Delgado lattice
of a finite p-group.

A quasi-antichain is a lattice consisting of a maximum, a minimum, and the atoms
of the lattice. The width of a quasi-antichain is the number of atoms. For a positive
integer w > 3, a quasi-antichain of width w is denoted by M,,. In [6], it was proved
that M, can be a Chermak-Delgado lattice of a finite group if and only if w = 1+ p*
for some positive integer a and some prime p.

An m-diamond is a lattice with subgroups in the configuration of an
m-dimensional cube. A mixed #n-string is a lattice with n components, adjoined
end to end, so that the maximum of one component is identified with the minimum
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of the other component. The following theorem gives more self-dual lattices which
can be Chermak-Delgado lattices of finite groups.

Theorem 1.1 [4] If £ is a Chermak-Delgado lattice of a finite p-group G such that
both G/Z(G) and G’ are elementary abelian, then so are L+ and L™, where L* is a
mixed 3-string with center component isomorphic to £ and the remaining components
being m-diamonds, and L** is a mixed 3-string with center component isomorphic to
L and the remaining components being lattice isomorphic to M.

By [18, Theorem 8.1.4], £L(A) is always self-dual for any finite abelian group A. If A
is a cyclic p-group, then L£(A) is chain, and hence can be a Chermak-Delgado lattice
of a finite p-group. In [2], it is proved that, if A is an elementary abelian p-group, then
L(A) can be a Chermak-Delgado lattice of a finite p-group. In this paper, we prove
that, for any finite abelian group A, £ (A) can be a Chermak-Delgado lattice of a finite
group. The main results are the following theorems.

Theorem 1.2 For any finite abelian p-group A, there exists a finite p-group G such that
CD(G) is isomorphic to L(A).

Theorem 1.3  For any finite abelian group A, there exists a finite group G such that
CD(G) is isomorphic to L(A).

2 Preliminary

We gather next some basic properties of the Chermak-Delgado lattice, which will be
used often throughout the paper without further reference.

Theorem 2.1[9]  Suppose that G is a finite group and H, K € CD(G).

(1) (H,K) = HK. Hence, a Chermak-Delgado lattice is modular.

(2) Cg(HnK)=Cg(H)Cg(K).

(3) Cg(H) € CD(G) and Cs(Cs(H)) = H. Hence, a Chermak-Delgado lattice is
self-dual.

(4) Let M be the maximal member of CD(G). Then M is characteristic in G and
CD(M) = CD(G).

(5) The minimal member of CD(G) is characteristic, abelian, and contains Z(G).

We also need the following lemmas.

Theorem 2.2 (7, Theorem 2.9] For any finite groups G and H, CD(G x H) =
CD(G) x CD(H).

Lemma 2.3 [2, Lemma 3.3]  Suppose that G is a finite group and H < G such that
G =HCg(H). If H € CD(H), then H is contained in the unique maximal member of
CD(G).

Lemma 2.4 [20, Lemma 5]  Let G be a finite p-group. Then CD(G) = [G/Z(G)] if
and only if the interval [G]Z(G)] of L(G) is modular and G’ is cyclic.
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In this section, we prove that, for any finite abelian group A, £L(A x A) can be a
Chermak-Delgado lattice of a finite group. Although this result can be deduced from
our main theorem, the proof is independent and short.

Lemma 2.5 Let A be a finite abelian p-group. Then there exists a finite p-group G such
that CD(G) is isomorphic to L(A x A).

Proof  Assume that the type of A is (p®', p®,..., p"), where e; > e; > -+ > €.
Let G be the group generated by 2m elements x1, ..., X, ¥1,..., Vm subject to the
defining relations:

[xi>xj] = [yi yj] = [xi, y] = 1if i # j,
xfgi = nyi =2 =1 [xiyi]=2"" " [zxi] = [z yi] =1for1<i<m.
Let P; = {x;, yi,2). Then Z(P;) = (z). Thus, G is also the central product of P;. It is
easy to see that G’ = Z(G) = (z) and G/Z(G) = A x A. By Lemma 2.4, CD(G) is just
the interval [G/Z(G)]. Hence, CD(G) =2 L(G/Z(G)) 2 L(Ax A). |

Theorem 2.6  For any finite abelian group A, there exists a finite group G such that
CD(G) is isomorphic to L(A x A).

Proof LetA=A;x-xA,, where A; is the Sylow p;-subgroup of A. By Lemma
2.5, there exist finite group P; such that CD(P;) is isomorphic to £L(A; x A;). Let
G =P, x --- x P,. By Theorem 2.2,

CD(G) =CD(P) x -+ x CD(Py)
2 L(A;xAp) xxL(A, xAy)
=L(AxA). -

3 The groups G(p,e)

For any prime p and an integer e > 1, we use G(p, e) to denote the finite p-group
generated by three elements x, y, w subject to the following defining relations:

s [xyl=2pw] =2, [wx] =2,

o xP =yl =W =2l =28 =20 =1,and

o [zi,x] =[zi,y] = [zi»w] =1foralli=1,2,3.

In this section, we prove that the Chermak-Delgado lattice of G(p, e) is isomor-
phic to a subgroup lattice of a cyclic group of order p®. This group will be used to
construct an example in the proof of Theorem 1.2. Let G = G(p, e). Then it is easy to
check the following results:

e d(G) =3,exp(G) = p°, Z(G) = G' = (21,2, 23), and
« 12(G)| = p*, |G/ Z(G)| = p**, ma(G) = m(Z(G)) = p**.

https://doi.org/10.4153/50008439522000418 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000418

446 L. An

Lemma 3.1 Assume that G = G(p,e) and Z(G) < H < G.

(1) IfH/Z(G) is cyclic, then mg(H) < mg(G).

(2) IfH/Z(G) is not cyclic, then mg(H) < mg(G), where “ = holds if and only if
the type of H/Z(G) is (p©', p®, p®') for some1< e; < e.

Proof (1) Let H = (h,Z(G))and H/Z(G) be of order p®'. Then we may let

e—ep e—ep

R T T

>

where p + k; for some i. Without loss of generality, we may assume that p + k;.
Replacing x with x¥1 yF2wk we have h = xP" ™. It is easy to check that C(H) =
(x, ", wP™ ) Z(G). Since |C (H)/Z(G)| = p¢ 24,

[H/Z(G)|-|Ce(H)/Z(G)| = p**~* < p** = |G/ Z(G)|.

Hence, mg(H) = |H|-[Ce(H)| <|G|-[Z2(G)| = mg(G).

(2) Let H =(hy,hy,h3)Z(G) and H/Z(G) be of type (p®,p*, p®), where
e12 ey >e;20. Since H/Z(G) is not cyclic, e; > 1. By a similar argument as (1),
we may assume that i; = x?* . We may let

e—ey e—ey

h2 _ xk1p87e2 ykzp Wk317

>

where p + k; for some 2 < i < 3. Without loss of generality, we may assume that
p + k2. Replacing y with x*1 k2w, we have h, = y?* ™. It is easy to check that

€1

Co(H) = Cg(h) n Cg(hy) = (x7, y?" ,w") Z(G).
Since |[H/Z(G)| = p*©*% and |Cs(H)/Z(G)| = p*¢~¢724,
[H/Z(G)|-|Ca(H)/Z(G)| = p** ™ < p* = |G/ Z(G)],

where “="holdsifand onlyif e; = e;. Hence, mg(H) = |H| - |Cc(H)| < |G| - |Z(G)| =
mg(G), where “ = holds ifand only if e; = €5 = e3. [

Theorem 3.2 Let G = G(p, e). Then G € CD(G) and CD(G) is a chain of length e.
Moreover, H e CD(G) if and only if H=(x?"",y?»"" wt""VZ(G) for some
0< e;<e.

Proof By Lemma 3.1, m*(G) = mg(G) = p°°, and H € CD(G) if and only if the
type of H/Z(G) is (p®, p**, p*') for some 0 < e; < e. Hence, all elements of CD(G)
T wP Y Z(G) where 0 < e; < e. n

e—ey

are (xPHl ,y?

4 The proof of main results

For any prime p and an abelian p-group A with type (p®, p®,...,p"), where
e1 > ey > > ey, we use G4 to denote the finite p-group generated by 3m elements
X1y e o> Xps V1o v+ os Ym> Wi, - - . » Wy sUbject to the following defining relations:

e:

€i € 1 €1 e .
exl =yl e w2l =2 = = ifori<i<m,
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o [x5,9i] = szI_Ei, [yi,wi] = del_e,.) [wi,xi] = zé’EI_Ei for1<i<m,and

o [zjxi] = [z}, yi] = [zj,wi] =1for1<i<mand j=1,2,3.

In this section, we require the following notation and straightforward results for a

finite p-group G = G4.

e Z(G) = G’ = (21,23, 23) is of order p**.

o Let P; = (x;, yi,w;) for 1 < i < m. Then P; = G(p, e;), |PiZ(G)/Z(G)| = p**i, and
G is the central product P * Py % --- % Py,.

o Let X=(x1,%2,--»Xm) Y =(¥1, Y2, Vm)> and W = (wy,wy,...,w,,). Then
XzY=W=zA

o Let n=e +ey+--+e,. Then |Al=p", |G/Z(G)|=p*", |G|=p*"", and
mG(G) — P3n+6el-

1 -1

o Leta, B,y beisomorphisms from A to X, Y, W, respectively, such that x{ = yf.; =
w?il forall1<i<m.

« ForaceA,leta? = (a% ab,a’)Z(G).

« For B< A, let B? = (B*, B, B")Z(G) = [1}ep b?.

The proof of Theorem 1.2 Assume that the type of A is (p*', p®,..., p"), where
e; > ey >+ > ey Let G = G4. We will prove CD(G) = L(A) in six steps.

(1) G € CD(G) and m*(G) = p>"*6e,

By Theorem 3.2, P; € CD(P;). Since G = P;Cg(P;), by Lemma 2.3, P; is contained
in the unique maximal member of CD(G). Hence, G is the unique maximal member
of €D(G) and m*(G) = mg(G) = p>"*6a.,

(2) For any a € A, there exists a subgroup C, of A such that Cx(a?) = Cx(a") =
(Ca)% Cy(a®%) = Cy(a?) = (C,)P, and Cy (a®) = Cw(ab) = (C,)".

Notice that for x € X, [x,aP] =1 if and only if [x,a’] =1. We have Cx(aF) =
Cx(a?). Let C, = (Cx(aﬁ))“il. Then Cx(aP) = Cx(a”) = (C,)%. Notice that for
ce A, [c¥ a’] =1ifand onlyif [cP, a”] = 1. We have

ceC, < c"eCx(a’) < P eCy(a)).

It follows that Cy(a”) = (C,)P. By the symmetry, the conclusions hold.

(3) Cg(a?) = (C,)? and a? € CD(G).

Suppose that a is of order p’. Then [a?/Z(G)| = p*'. Since [a*, G] < (zf’e1 ,zé’el ),
the length of the conjugacy class of a® does not exceed p*’. Hence, |Cg(a®)| >
p*r3a=2 and |Cg(a*)/Z(G)| > p*"~*. Notice that

Co(a®)/Z(G) = XZ(G)/Z(G) x Cy(a")Z(G)/Z(G) x Cw(a®)Z(G)/Z(G),
|XZ(G)/Z(G)| =|X| = p", and by (2),

|Ca| = Cy(a®)] = |Cw(a®)| = |Cy(a*)Z(G)/Z(G)| = |Cw(a®) Z(G)/Z(G)].
We have |C,| > p"~'. Hence, |(C,)?/Z(G)| > p>"*'. By (2), (C,)? < C(a?). Hence,

|a?/Z(G)||Ca(a®)/Z(G)| 2 [a®/Z(G)| - |(Ca)?/2(G)| 2 p*" = |G/ Z(G)|.
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It follows that
mg(a?) =a?|-|Cs(a®)| 2|G|-|Z(G)| = m*(G).

Thus, “ =" holds, Cg(a?) = (C,)?, and a? € CD(G).
(4) For any B < A, B € CD(G) and there exists a subgroup Cg of A such that
Cg(B?) = (Cp)?. Moreover, |B| - |Cg| = p™.
Let Cp = Npep Cp- Since B? = [1c5 b?, B? € €D(G) and
Ca(B?) = () Ca(b?) = ((Cy)? = (Cp)*.
beB

beB
Since |B?/Z(G)| = |B|? and |(C3)?/Z(G)| = |Cs
B |Csf* = [B?/Z(G)]-(Cp)*?/Z(G)| = 1G/Z(G)| = p*".

Hence, |B|- |C5| = p".
(5) If K € €D(G), then there exists a subgroup B of A such that K = BY.
Let H = C(K). Then H € CD(G) and K = Cg(H). Let

3 we have

By ={acA|thereexist ye Y,we W, and z € Z(G) such that a* ywz € H},
B, = {a € A|thereexist x € X,w € W, and z € Z(G) such that xaPwz € H},

Bs;={ac A|thereexistx € X,y €Y, and z € Z(G) such that xya’z € H}.
Then By, B,, and B; are subgroups of A and |[H/Z(G)| < |Bi] - |B2| - |B3|- By (2),
Cx(H) < Cx(B3) = (Cy,)".

Hence, |Cx(H)| < |Cg,|. Similarly, |Cy(H)| < |Cg,| and |Cw(H)| < |Cg,]. It follows
that

[H/Z(G)|-IK/Z(G)| < |Bi|-|B2| B3| -|Cp,|  ICi| - |Cr,| = p*" = |G/ Z(G).
Since H € CD(G), “ =” holds. Hence,
K = Cg(H) = ((Cs,)" (Cr,)*, (C5,)")Z(G)
and
Cx(H) = (Cp,)", Cy(H) = (Cp,)F, and Cy (H) = (C3,)".
By the symmetry, we also have
Cx(H) = (Cs,)*, Cy(H) = (Cp,)*, and Cw(H) = (C,)".

It follows that Cp, = Cp, = Cg,. Let B= Cp,. Then K = Cg(H) = BY.
(6) CD(G) is isomorphic to L(A).
It is a direct result of (4) and (5). [

The proof of Theorem 1.3 Let A = A; x --- x A,, where A, is the Sylow p;-subgroup
of A. By Theorem 1.2, there exist finite groups P; such that CD(P;) is isomorphic to
L(A;).Let G = P x -+ x P,. By Theorem 2.2,

CD(G) =CD(P) x -+ x CD(P,) 2 L(A)) x--x L(A,) = L(A). [ ]
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