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Abstract

We prove a Poisson process approximation result for stabilising functionals of a determinantal point pro-
cess. Our results use concrete couplings of determinantal processes with different Palm measures and
exploit their association properties. Second, we focus on the Ginibre process and show in the asymptotic
scenario of an increasing observation window that the process of points with a large nearest neighbour
distance converges after a suitable scaling to a Poisson point process. As a corollary, we obtain the scaling
of the maximum nearest neighbour distance in the Ginibre process, which turns out to be different from
its analogue for independent points.
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1. Introduction

Determinantal point processes (DPPs) were introduced in quantum mechanics to study config-
urations of fermions [20]. Due to their repulsive nature, they play a fundamental role in applied
sciences, for example, as a model for base stations in a wireless network [21]. In mathematics,
DPPs arise naturally in different fields, such as eigenvalues of random matrices [11] and random
spanning trees [5]. DPPs have notable probabilistic properties. Amongst others, the (reduced)
Palm process of a DPP is again a determinantal process, and important quantities such as the
Laplace transform and Janossy densities admit closed-form expressions (see, e.g. [9]). A DPP on
R is determined by its correlation kernel K, which is a Hermitian function from R x R4 to C.
An important DPP is the Ginibre process on R? with a Gaussian kernel given in Section 2.

We study the following model. Let 1 be a stationary DPP on R, and let g be a measurable
function from R? x N to {0, 1}, where we write N for the set of o -finite point configurations on
R¥. For some measurable W C R, let

Elnl:= ) glxn)sy

xenNWw

where 8, denotes the Dirac measure in x. Here, the function g has the effect of a thinning of #,
in the sense that 2 is the point process of all points x € 5 in the set W, which satisfy g(x, n) = 1.
The random measure E is a flexible model, which appears in the study of random spatial graphs,
stochastic topology, and geometric extreme value theory.
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In this article, we study the distance (in an appropriate metric of point processes) of E and a
Poisson point process. To the best of our knowledge, this is the first paper that systematically stud-
ies Poisson approximation for determinantal processes. This continues the studies for stabilising
functionals of Poisson point processes [4,10,24], Poisson hyperplane processes [23], and Gibbs
point processes [16]. However, the repulsive behaviour of a DPP requires additional tools that are
not needed if Poisson input is considered in E. As main contributions, this article shows:

(i) If the correlation kernel K is fast decaying and if the thinning function g is stabilising and
satisfies some natural assumptions, the bound of the distance of E and a Poisson process is
comparable to the bounds obtained for thinned Poisson point processes (see [4] and [23]).

(ii) If n is the Ginibre process and if & is the point process of elements in n N W with a large
distance to its nearest neighbour, we prove, in an asymptotic scenario where the volume of
W tends to infinity, that an appropriate scaling of E converges to a Poisson process.
Our paper is organised as follows. In Section 2, we introduce DPPs and state Theorems 2.1 and
2.2 as our two main results. In Section 3, we introduce important notions such as Palm theory,
negative association, and correlation decay. The proof of Theorem 2.1 is given in Section 4. In
Section 5, we provide the proof of Theorem 2.2.

2. Model and main results

We work on the Euclidean space R (d > 1) equipped with its Borel o -field B%, Lebesgue measure
A, and Euclidean norm || - ||. We denote by N the space of all o -finite counting measures on R? and
by N the space of all finite counting measures on R? and equip N and N with their corresponding
o-fields A and N/, which are induced by the maps w > w(B) for all B B. A point process is a
random element 7 of N, defined over some fixed probability space (€2, A, P). The intensity measure
of 1 is the measure E[n] defined by E[](B) := E[n(B)], B € B4.ForzeR%and r > 0, let B,(z) be
the closed Euclidean ball with radius r around z. We denote |B| := A(B) and write A @ B for the
Minkowski sum of A, B C R,

Let K : (R%)2 — C be a complex function. We say that 7 is a determinantal point process with

correlation kernel K, if for every n € N and pairwise disjoint Ay, . . ., A, € B¢, we have that
E[n(Ar) - - - n(An)] =/ det(K (x> %)) =1 d(x15 . . . xn),
Al x--XAp

where d . . . denotes integration with respect to A, (K(x;, xj))?;-:l is the m x m-matrix with entry

K(xi, x;) at position (i, j), and det M is the determinant of the complex-valued m x m-matrix M.
This says that n has correlation functions of all orders, that the mth order correlation function
o™ is given by

0 (x1, . .., xm) = det(K(x;, xj))g‘-:l, Xt xm€RY meN,

and that it is locally integrable. In this article, we assume that K satisfies the following assumptions

(1)-(iv):

(i) K is Hermitian, that is, K(x, y) = K(y, x), x, y € R4,
(ii) K is locally square integrable, that is, for every compact B € B, the integral

/ f IK(x,y) Pdyd
B JB

(iii) K is locally of trace class, that is, for every compact B € B the integral |, 5 K(x, x)dx is
finite.

is finite.
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Under the assumptions (i)-(iii), it follows from Mercer’s theorem that for every compact B C R4,
the restriction np of n to B is a determinantal point process whose kernel Kz is for almost all
(x,y) € B x B given by

X,y) Z)\ ¢k(x ¢k

where Af € R, k € N, and the functions ¢k, k € N, form on orthonormal base of L2(B). Finally, we
assume that

(iv) 0< AB < 1forall k € Nand all compact B e B

Under the assumptions (i)-(iv), there exists a unique (in distribution) determinantal point process
with correlation kernel K (see [[28], Theorem 3]).

For x € RY, we call »* a Palm version of the point process 7 at x, if for all measurable f:R% x
N— R,,

[ [ s mn@o)] = [ Bl oIl M

Later, we will generalise this definition and define Palm processes of  with respect to &

Let 1 be a stationary determinantal process satisfying (i)-(iv) with intensity p > 0. Let g : R x
N — {0,1} be a measurable function (called score function), and let W e B Recall from the
Introduction that

Elol= ) glx o) )

xewNW

and set E := E[n]. Note that by (1), the intensity measure L of E is given by

L(A)=pf Elg(x, n*)] dx, AeB“.
WNA

In this article, we study the Kantorovich-Rubinstein (KR) distance of E and a finite Poisson pro-
cess. We recall the definition of the KR distance from [10]. For finite point processes ¢ and 1 on
RY, let

dkr(¢,n) := sup |Eh(¢) — Eh(n)l,
heLip

where Lip is the class of all measurable 1-Lipschitz functions & : N — R with respect to the total
variation between measures w;, @, on R? given by

drv (w1, ;) := sup |w1(A) — w2(A)],

where the supremum is taken over all A€ B4 with w;(A), w3(A) < co. Under appropriate
conditions on 1 and g, we prove that E can be approximated by a Poisson process.
We suppose that there exists « € (0, 00) such that forall A € Blandallw e N,

> glx o) <alAl, ©)

xewNA

and assume that g is monotonic in the sense that for all x € W, we have
g o) Sgx, w2) or glx,w1) >g(x, @), w1 Cws. (4)
We further assume that g is stabilising with respect to a Borel set S € R%, by which we mean that
glx, w) =g(x, 0N Sy)
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holds for any @ € N and any x € R%, where S, := x + .
Moreover, we assume that the kernel K : (R9)? — C satisfies

IKGo )l < oUlx—yl), xyeR, (5)

for some decreasing function ¢ : Ry — Ry with lim,_, o ¢(r) =0.

Theorem 2.1. Let E be the point process defined at (2) with compact W C R¥. Let S, T C R? be
closed with 0 € S and (S® T) NS = . Suppose that g is stabilising with respect to S and satisfies

(3) and (4) with a > 0 and that (5) holds. Let ¢ be a finite Poisson process on RY with intensity
measure M. Then,

dxr(E, ¢) <drv(L,M) +2(E; + E; + F)
with

Bi= gt / / Elg(x, n*)E[g(y, )] dydx,
W JWNTy

= / / Elg(x, 7)g(y, 7)10P (x, y)dydx,
W JWNTy

Fi= ||K||(1 4 p +3*?|K|)(@|S| + 1) max(|S], DIW & S*¢(d(S, T)),
where Ty,:= x+ T, |K|| = SUP, cRd |K(x, )|, and d(S, T°) is the Hausdorff distance of S and T°.

In the second part of this paper, we give an application of Theorem 2.1 for a concrete choice
of  and of g. Let n be the (infinite) Ginibre process &, which is a stationary determinantal point
process on C with correlation kernel given by

K(z,w) = nflef(‘zlzﬂwlz)/zezw, z,weC.

Hence, £ has intensity p = 7 1, and it holds that |K(z, w)| < ¢([lz — w||) with ¢(r) := 7! exp( —
r2/2) forr>0and z,we C.

In Theorem 2.2 below, we choose g depending on n € N. Let g, be the indicator function, which
is one if and only if the process & \ {x} is empty in a ball with a certain radius v, (chosen such that
vp — 00 as n — 00) around x. This choice leads to the study of large nearest neighbour balls. It is
also an important prototype for more sophisticated models in stochastic geometry and has been
studied extensively for different point processes in various spaces (see [25]).

We consider £ as a random set in R?. Let B, := B,(0) the closed ball with radius n > 0 in R?
centred at the origin 0. We consider the process

Bui= Y 1{EB,,(x)\ () =0} 8y (6)
xeENBy,
as well as the scaled process
W= Y Sym= Y MEB,(x)\ (x}) =0} Sg/m. (7)
yEE, x€ENB,

In the following theorem, we compare W,, with a Poisson process on the unit ball By in R,

Theorem 2.2. Let v be a stationary Poisson process on R* with intensity T > 0. There exists a
sequence (Vy)neN With vﬁ ~8logn as n— oo and a constant C > 0 such that for all ne N and
any e > 0,

dxr(¥,, v N By) < Cnf V16,

As an application of the above theorem, we consider largest distances to the nearest neighbour.
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Corollary 2.3. We have as n — 00,

1 . P
max min [x—y||* — L
8log n xe&nB, yet\(x}

The proof of Corollary 2.3 is quite standard (see, e.g. [[24], Corollary 4.2] or [[7], Corollary 1])
and therefore omitted.

Remark 2.4. (i) One should compare Theorem 2.1 with [[4], Theorem 4.1] (or the refined version
[[23], Theorem 4.1]) that discusses Poisson process approximation for score sums built on a Poisson
process. The terms E1, Ez, and E3 in Theorem 2.1 are the analogues to the terms E, E,, and E3
in [[4], Theorem 4.1]. Due to the spatial independence property of the Poisson process, there is no
analogue of the term F (which reflects the correlation decay of the determinantal process n) in [4]
and [23]. Note also that for a wide class of DPPs (including the Ginibre process), the B-mixing
coefficient does not decay exponentially fast (see [[26], Proposition 4.2]). Therefore, the exponential
decay dependence property from [8] is violated, and general results for Poisson approximation of
strongly mixing processes do not apply.

(ii) Note that the scaling of the maximum nearest neighbour ball in Corollary 2.3 is different
from its analogue for independent points, where the second power is proportional to logn as n —
0o (see [6]). It seems interesting to investigate whether Theorem 2.2 can be extended to k-nearest
neighbour distances (k > 2). However, this extension would require delicate estimates on empty-
space probabilities of the Ginibre process, which are beyond the scope of this article.

3. Preliminaries

3.1 Palm calculus and negative associations

Following [[14], Chapter 6], we next introduce Palm measures and thereby generalise the defini-
tion given in (1). Let 7 be a stationary determinantal process as introduced in Section 2, and let E
be its thinned process with intensity measure L. Then there are point processes n°%, x € R¥, such
that for all measurable mappings f from R? x N to [0, 00),

B[ [ s @) = [ Bt L. ®

The processes %%, x € RY, are called Palm processes of n with respect to E at x, and the distri-
bution P*E is called the Palm measure of 1 with respect to E. Since E is simple, % can be
interpreted as the process 1 seen from x and conditioned on E having a point in x. Since E C 1,
it follows from [[14], Lemma 6.2 (ii)] that 8, € 7”°% a.s. This allows us to define the reduced Palm
process n*& := n*& — §, with distribution P*>€. If = & (i.e.g=1and W = RY), we write n*
for a Palm process of 1 (with respect to itself) at x (c.f. [1]) and ™ for a reduced Palm process.

Recall that K is the correlation kernel of 7 and write P for its distribution. For x € R4, let n*
be reduced Palm processes of ;) at x and denote their distribution by P*. Then n*, x € RY, are
determinantal processes with correlation kernel K*, x € R, given by

K*(z, w) = K(z, w) — w zweRY, )

(see [[27], Theorem 1.7]). By [[12], Theorem 3] (see also [22]), the process n* is stochastically
dominated by n (denoted by P* < P) which means that

E[F(*)] <E[F(n)] (10)

for each measurable F : N — R, which is bounded and increasing, by which we mean that F(w;) <
F(w,) if w1 C ws.
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For x € R? let, n* be a Palm process of 1 at x and nZ a Palm process of i with respect to & at
x. Then we have

/ flen) u(dx) / £l m)g(x, )n(dx)] f E[f (x, n7)g(x, 1)1 p(x)A(dx)

/ E[f (x, 7°%)1E[g(x, 7)] p(x)A(dx).
(11)

An important property of DPPs is that they have negative associations (see [[19], Theorem 3.7]
or [[17], Theorem 3.2]), by which we mean that

E[F(mG(n)] < E[F(]E[G(n)], (12)

for any real, bounded, and increasing functions F, G: N — R that are measurable with respect to
complementary subsets (see [17]).

Let F: N — R be measurable, bounded, and increasing and assume that g is measurable with
respect to S and increasing in the second argument. Then we find for almost all x € W from (11)
and (12) (applied to the determinantal point process n*') that

E[F(% N SH)IE[g(x, 7)] = E[F(p* N SO)g(x, n°)] <E[F(* N SOIE[g(x, n)],  (13)

implying that P*"E lse < P*|g: for A-a.a. x € W. On the other hand, if g is measurable with respect
to S and decreasing in the second argument, then we find by taking —g in (12) that

E[F(*= N $)IE[g(x, 1] = E[F(n* N S)g(x, n)] = E[F(* N SIE[g(x, n)], (14)

implying that P lse < p¥hE |sc for A-a.a. xe W.

3.2 Fast decay of correlation

Let 7 be a stationary determinantal process on R with covariance kernel K that satisfies the con-
ditions (i)-(iv) and |[K(x, )| < ¢(|lx — y||) for some exponentially decreasing function ¢ (see [5]).
Then we have from [[3], Lemma 1.3] that the correlation functions p™, m € N, of 5 satisfy

P D1, xprg) = PP )P DG, Xpag) | <TG, (15)

where m:= p+q,s:= d({x1, ..., %}, {Xp11, . . .» Xp1q}) == infic(1,.. p}jelp+1....p+q) 1Xi — Xj|, and
”K” = Supx,yeRd |K(x»)/)|

3.3 Poisson process approximation
The following Poisson approximation result is inspired by [[4], Theorem 3.1].

Proposition 3.1. Let the assumptions of Theorem 2.1 prevail. For x, y € W, let n* be a Palm version
of n at x, let Y be a Palm version of n* at y, and let n>= ~ P*=|sc be a Palm version of n with
respect to E at x, restricted to S. Let { be a finite Poisson process with intensity measure M. Then
we have

dkr(E, ¢) < drv(L,M) 4+ 2(R; + Ry + R3 + Ry4)
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with
Ri= [ [ Elgts Bl o dy
W JT,

Ry = /W /T Elg(x, m)g(y, )1 0P (x, y)dydsx,
= p|Wless sup,cy Elg(x, n)IE[(nA7*E)(W \ Ty)],

= pWless sup,ewBlgw mOE[ Y0 Iglvm) —g0n i)l
yenNSENW\ Ty

where A stands for the symmetric difference.

Proof. Without loss of generality, we can assume that L=M (otherwise apply [[4], (2.6)]).
We adapt the proof of [[4], Theorem 3.1] to our setting. Let £ be the generator of the Glauber
dynamics from [[4], (2.7)] with associated Markov semigroup Ps, and let DyPsh(w) := Psh(w +
8x) — Psh(w) for w € Nandhe Lip. By definition of KR distance and [[4], (3.1)], we have

dxr(E, ) = sup f ]E[L‘Psh(E)]ds‘
helLip
— sup / / [D,Psh(E ]—]E[DxPsh(E"!)])L(dx)ds‘.
heLip

We can bound the absolute value of the last integrand by

E[|D:Psh(E) — DPh("x')n:EnPsh(aMx) Ph(E) — Psh(E™) + Psh(EY]
S E[|P(E + 85) — Psh(E N TS + 8,)| + [Ph(E) — Ph(ENTE)|]
+E[|P h("’“ +85) — Ph(E™ N TE + 8,)| + [Psh(EY) — Ph(EX N T)|]
+ E[|Psh(E N TE + 8y) — Psh(EY N TS+ 84)| + [Psh(E N TS) — PR(EV N TE)I].  (16)

By [[4], (2.9)] we have that |Psh(w1) — Psh(w:)| < e (w1 Awy)(W) for wy, w; € N. Hence,

E[|Psh(E + 8x) — P, h(E N Ty 4 8| + |Psh(E) — Psh(E N T[] < 2¢ “E[E(TY)],
E[|Psh(E™ + 8x) — P(E¥ N T5 + 85| + [Psh(EY) — Psh(E* N T9)1] < 2¢“E[E¥(T)].
We now specify a coupling of & andHEX! that we use to bound the third term in the right-hand
side of (16). Let n ~ P and let n>= ~ P*=|s be a Palm version of n with respect to E at x, restricted
to S%. Since (S@® T¢) N S = &, we have S, N S, = @ for all y € Ty. Hence, using that g stabilises with
respect to S, B[] N TS and E[7#*E] N T¢ agree in distribution, where 7= ~ P*E, Therefore,
it follows from the definition of P*€ that E[®%] N TS and E* N T¢ agree in distribution. This
gives
E[IPsh(E N Ty + 8x) — Ph(EX N Ty + 8,)]] < e *E(E[] AB[ E (T,
E[IPh(E N TS — Ph(E* N TOI] < e El(EMIAERSE)(T].

From the particular form of the score functional Z, we obtain for the last term on the right-hand
side above,

(EMIAEM™ ST < MAE)Y WA\ T+ Y. lgnn) —gnn™®)| as.
yenMnSENW\ Ty
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Hence, we have shown that
din(2, ) <2 [ BI(T]+ BIZ¥ (1] L)
w

+ p|Wiless sup, . Elg(x, ™) IE[(n A E)(W \ Ty)]

+ plWless sup,c Elgle rIE[ Y lgnm — g0 ™3]}
yenNnSENW\ Ty

From here, the asserted bound follows from the observations that L(dx)=1{xe
WIE[g(x, n*)] pdx and that

/ E[E(T3)] L(dx) = / E[(E[n°%] — 8,)(T;)] L(dx)
w w

:E[fw(

= f f Elg(x, n*")g(y n*)]p® (x, y)dydx.
wJT,

&3]

(] = 8:)(Ts) E(d)]

4. Proof of Theorem 2.1

Proof of Theorem 2.1.Forx e W,letS,:= x+ Sand Ty := x + T. Let L be the intensity measure
of E. We apply Proposition 3.1. Since the terms R; and R, directly translate into E; and E, it
remains to bound R3; and Ry.

Bounding Rs.

Recall that P is the distribution of a determinantal process with correlation kernel K, that P~
is its Palm measure and that P*Z is the Palm measure with respect to . The idea is to show the
existence of a construct (i, 7°%) of P and P*E for each x € W with a ’small’ symmetric difference
(nAR*E) (W \ Ty). We discuss the coupling for increasing and decreasing scores separately.

(i) Increasing scores. If g(x, w1) < g(x, wz) for w1 C w,, we have by (10) and (13) that plgp
and P*E lse < P for L-aa. x e W, implying that pxhE |sc < P. By Strassen’s theorem (see [18]),

this implies that there are processes n ~ P and 8 ~ phE |sc such that 78 C 1. Thus, we have

E[(nAn™=) (W \ Tl =En(W \ Ty)] — E[n™=(W \ Ty)]

={E[n(W\ T)] = E[7*' (W \ T)1} + E[™ (W \ T)] — E[™E(W \ T)L.
(17)

The term in {- - - } on the right-hand side above is by (9), (5) and since ¢ is decreasing, given by

P! / IK(x,y)Pdy < p~ VK] / o(Ilx— ylDdy < o~V IKIIW] sup @(Iyl), xe W.
W\T, WA\ Ty yeTe

(18)

Next we consider the second term on the right-hand side in (17). By definition of the reduced
Palm process n"!’“, we have for A-almost all x € W,

ElgCe, ™) H{E™(W\ To)] — E[n™E (W \ T)1}
=E[n*(W \ T)IE[g(x, n°)] — E[n*(W \ Tx)g(x, 7))
= —Cov(n* (W \ Tx), g(x, n)). (19)
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Now we use that the reduced Palm process ' is a determinantal process itself and therefore
has negative associations (see (12)). For k € N, we consider the auxiliary functions

F® (@) := minfk, w(Sx) — g(x, @)},  f(@):= o(Sy) —g(x,®), weN.

It is easy to see that f(), ke N, and f are bounded and increasing. Since 7* has negative
associations, we have that

Cov(min{k, 7' (W \ T)}hLFP ) <0
Hence, by monotone convergence,

Cov(™ (W \ Ta), 17 (Sx)) — Cov(n™ (W \ Ty), g(x, 1))
= Cov(p™ (W \ Ty), f(1™)) = klim Cov( min{k, ¥ (W\Ty)}, /P () 0.

This shows that (19) is bounded by

— Cov(™ (W \ Tx), 1 (Sx))
=E[*(W\ THIE[R(Sx)] — E[n™ (W \ T)n* (Sx)]
<|E[™(W\ T)] — E[n(W \ T|E[n™(S0)] (20)
+ [E™ (W Ton™ (S0)] — Eln(W \ TOIE[7*(S))]]. (1)
Here, we use (18) and E[™(S,)] < E[1(S¢)] = p|S| to obtain for (20)

[E[n™(W\ T)] — E[n(W \ To)]|E[n™(S0)] < [IK[[|W[|S] suﬁ oIyl
yeT*

Next we consider (21). We write ,o,((m) for the m-th correlation function of 7 and find by [[27],
Lemma 6.4], by the definition of n* and by (15) that

p (B0 W\ Ton™ (8] = Eln(W \ TOIE[(S)])

o[ / (b2 (3,2) — o)) dedy
Sx J W\Ty

=// (PP (x, 3, 2) — PP (x, y)p) dzdy
Sy J W\Ty

<32K|P? / P, (=) dedy
<32K)? |W||S|¢ (S, T)).
Thus, since L(W) < p|W|, we can conclude that

R3 = p|Wless sup, Elg(x, 7)IE[(n* An™=)(W \ T,)]

< (L+ pISDIKIIWI? sup ¢(llyll) + 3°/ K[> [W*|SI$(d(S, T€))
yeT*

K1+ p + 3% |IK|)) max (S|, 1)| W (d(S, T)). (22)

(ii) Decreasing scores. If g(x, w1) = g(x, w,) for w1 C w,, we have by (10) and (14) that P g
P and P* lse < pxhE sc for A-a.a. x € W. Let n* ~ P*. By Strassen’s theorem and [[13], Theorem

2.15], there exist point processes 7 ~ P and 7%= ~ P%E |sc such that ™ c pand n*' N S, C n*HE
This gives
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E[(nAn®E) W\ T] <E[(n\ n™)(W\ T)] + E[(07E\ )W\ Ty)]
={El(W\ T)] = E[n®(W\ To1} + E[n™E(W\ T,)] — E[n™ (W \ (T);
23
Here we bound the term in {- - - } as in (18). Moreover, we obtain
ElgCx, ?YHE[S (W \ To)] — E[n* (W \ T)1}
=E[n"(W\ T)g(x, n)] — E[n"(W \ T»)E[g(x, n")]
= Cov(n* (W \ Ty), g(x, 7). (24)

Now we use that the reduced Palm process ' is a determinantal process itself and therefore
has negative associations (see [12]). For k € N, we consider the auxiliary functions

f(k)(a)) := min{k, o(Sy) + g(x, @)}, flw):= o(Sy) +g(x, ®), weN.
It is easy to see that f¥), ke N, and f are bounded and increasing. Since ™ has negative
associations, we have that
Cov(min{k, (W \ T.)}, fP (™)) <o.
Hence, by monotone convergence,
Cov(ir™ (W \ T, 1 (82)) + Cov(n™ (W \ Ty, g(x, n™))
= Cov(n™ (W \ T),f (™)
= lim Cov(min{k, i (W\T0} /() <0.

This shows that (24) is bounded by —Cov(™ (W \ Ty), 7' (Sy)). Therefore, we can proceed as for
increasing scores and obtain the same bound for Rz as in (22).

Bounding Ry.

For each x € W, we have

JE[ Yo s n®®) — g0 n)l]

yersENnNW\ Ty

=E[ Y HOPEAD NS AN ) — gt
) yENSENNNW\ Ty

<E[ > Yo lghh ) — g0 n)l]

" Ze(PPE ANN(WBS)\ Ty yen*Enyns,

<E Z max Z g0, a))].

o o c x,E,
2e(EE ADN(WSSO\Tx =y ons,

Here we obtain from Condition (3) that the above is bounded by

aISIE[ = An((W & 9\ T.) |
Hence, we obtain from the estimate in (22) (with W replaced by W & §) that

Ry = p|Wiess sup,c Elgts 7)E[ > lglw %) — gl ]
xen ENpNW\ Ty

<alSIIKI + p + 3>2(K])) max(|S|, )W @ SI*p(d(S, T)). (25)
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5. Proof of Theorem 2.2

In the proof of Theorem 2.2, we repeatedly use that the set of absolute values of the points of
the (infinite) Ginibre process & has the same distribution as a sequence (X;);en of independent
random variables with Xi2 ~ Gamma(j, 1) (see [15] or [[1], Theorem 26]). This implies that the
mapping r — P(&(B,) = 0) is continuous and that P(§(B,) = 0) | 0 asr — co. Hence, forall 7 > 0,
there exists an unbounded increasing sequence (v,)qen such that

|A N B, T|AN By
T

L.(A):= E[E,(A)] = —2P(£%(B,,) = )_n—z, neN, Ae B (26)

To determine the asymptotic behaviour of v,, as n — 00, we use that by [[1], Theorem 26],
P(5% (By,) = 0) = ¢""P(5(B,,) = 0). (27)
Moreover, by [[2], Proposition 7.2.1],
. 1
Jim = log P(§(B) =0) = —
Therefore, re-writing log P(£(B,,) = 0) as
log(nzevflIP(E (By,)=0)) —2logn — vi,

we find from (26) and (27) that 1

Proof of Theorem 2.2. Given neN, we choose & as the Ginibre process, let g(x, ®):=
Hw(By,()\{x}) =0}, S:= By, := B,,(0) and T:= Blog, := B]ogn(o). Note that g is stabilising
with respect to S. The idea is to apply Theorem 2.1 to the process E, defined at (6), where we
choose ¢ as a stationary Poisson process with intensity .. Then, ¢ N B, has intensity measure L,
given at (26). First, we check the Conditions (3) and (4) Note that forallw e Nandn e N,

[ Bupx)=0

x€EBylw]
Therefore, (3) holds with o := 7r(v—/2)2 = tz <oz . Moreover, it clearly holds that g(x, w;) >
g(x, wy) for w1 C wy, verifying (4).
Thus, by invariance of KR distance under scalings and Theorem 2.1, we have

dKR(\IIm vN Bl) = dKR(Em &N Bn) < 2(El,n + E2,n + Fn)> (28)

where the error terms E) ,, E; ,, and F,, depend on n.
Next we bound Ej ;, E, ;, and F,,. Since ||[K|| =7 ! and ¢(r) = 7~ exp( — r2/2) for r > 0, we
obtain

Fo=—
72

1 (14_1—{-35/2 |logn—vn|2>

4
) (=181l + 1) max((By, |, DIBur, [ exp(
Y 2

1

Using here that v} ~ 8 log 1, we obtain that F, < 1/n for n large enough. Next we bound Ej ,,
where we recall that p = 7 ~!. From (26), we obtain

1 | ]
Eip=— / / P(E¥ (By, (x)) = O)P(E (B, (1)) = )dydx
T Bn B ﬁBlogn(x)

2
A |Bn| sup [Biogn(x) N By| <

Xx€By,

27 ( log n)?
n? '
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Thus, it remains to bound

Eyp = / fB L BIE (B 0\ 1) = B (B, 0\ () = 110, )y
logn

= f fB . E[1{*" (By, (x) UB,, () = B 1{l|lx — y| > va}pP(x, y)dydx,  (29)
log n

where £ .= £%7\ {x, y}. By [[27], Theorem 6.5], the reduced Palm process X" is a deter-
minantal process itself. Hence, we can conclude from [[19] Theorem 3.7] that £*" has negative
associations, that is, that E[F(€X")G(£¥"")] < E[F(E¥)E[G(£¥")] for every pair F, G of real
bounded increasing (or decreasing) functions that are measurable with respect to complemen-
tary subsets of R4, We apply this with the decreasing functions F(u) = 1{u(B,,(x)) =0} and
G(n) = 1{u(By, () \ By,(x)) = 0}. This gives

P(E* (B,, (x) U By, () = 0) < P(E¥(B,, (x)) = 0) P(¥7*(B,, () \ By, (x)) = 0). (30)

To bound the first probability, we note that by [[12], Theorem 1], there is a reduced Palm process
£ of £¥' such that £ C £¥' and |£* \ €| < 1 a.s. This gives

P(*(B,, (x)) = 0) < P(£¥(B,, (x)) < 1).

Now we apply the same argument to the determinantal process &' and obtain the bound

P(§*(By, (x)) <1) <P(5(By, (%) <2) = P(§(By,) < 2),

where the last equality holds due to the stationarity of £. As mentioned at the beginning of this
section, the set of absolute values of the points of the Ginibre process & has the same distribution
as a sequence (X;)ien of independent random variables with XZ-2 ~ Gamma(j, 1). Similarly to [[2],
Section 7.2], this gives

P(&(By,) <2)=P(#{je N: X] <} <2)

<PH#{jefl,...,vi}: Xj<vp}<2)

=1P(UU{Vke{1,...,vﬁ}\{i,j}: Xk>vn}>.

i=1 j=1
i

In the above equation, with a slight abuse of notation, we have written vfl instead of Lvﬁj. The
union bound yields that the above is bounded by

2

Xn:iP(Vke{L...,vﬁ}\{i,]’}:Xk>vn):iz]_n[IP(X,ﬁwﬁ).

i=1 j=1 i=1 j=1 k=1
i j#i ki

Let t < 1. The moment generating function Mxi(t) = E[etxi] =1 -tk of Xl% exists, and we
obtain from the Chernoff bound that

IP’(X,% >1?) < eftrzlE[etxlg] = eitrz(l -1k
For k < r?, this bound is maximised for t = 1 — rﬁz, which gives

V2

Vi

P((B ZZ l_[ —(1— é)vﬁ—klog L% ZZ l_[ —v2+k—klog ’;)

i=1 j=1 k=1 i=1 j=1 k=1
j#i ki j#i ki

N
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Using here that u + u — ulog(u/r?) is increasing for u < r2, we find that

v2ooy2 2

"o e —v2k—klog (£
PEB,) <2<y S e M)
i=1 j=1 k=3
j#i

v? k
< Vﬁ l—n[ e—vﬁ-‘,—k—klog (?n)
k=3

—1(2-3)(2-2)—v} f31/V% ulog(u)dx+O(v2 log vy,)

=ve
— e~ avn(l+o(1)
as n — 0o, where we have used that fol ulog(u)dx=—1.
Next we bound the second probability in (30). By the same coupling argument as above, we
find that
(6™ (By, (7)\By, (x)) = 0) < P(§(By, ()\By,(x)) <2). (31)
Vn(y—x)

Next we note that B,, (y + ) C By, (») \ By, (x) if ||x — y|l = v,. (This is sufficient, since

2ly—x|
the integrand of (29) vanishes if ||x — y|| < v,,.) Hence, (31) is for ||x — y|| > v,, bounded by

Va(y — x)

) < 2) =P((By,2) <2) < e~ 4 (/2 (1+o(1)
2]y — x|

P<§ (Buj2(y +

by the same estimates as above (with v, /2 instead of v,). Since 0P (x, y) <1/ 72 for all x, ye R2,
we arrive for all € > 0 at the bound

Ey = f fB | EILEM B0 U By, () = AL — 3] > b )y
n n log n

1 1
< n*(log n)ze—zv;*,(1+o(1))e—@v;§(1+o(1)) < nfV16,

4
where we have used (26) and that lovﬁ — 8 as n — 00. Hence, the assertion follows from (28). [J
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