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Equivalence of Besov spaces on p.c.f.
self-similar sets

Shiping Cao® and Hua Qiu

Abstract. On post-critically finite self-similar sets, whose walk dimensions of diffusions are in
general larger than 2, we find a sharp region where two classes of Besov spaces, the heat Besov spaces
B£(K) and the Lipschitz-Besov spaces A2*?(K), are identical. In particular, we provide concrete
examples that B21(K) = A2?(K) with ¢ > 1. Our method is purely analytical, and does not involve
heat kernel estimate.

1 Introduction

In this paper, we study the identity of two classes of Besov spaces on post-critically
finite (p.c.f.) self-similar sets with regular harmonic structure. One class is the heat
Besov spaces B2'(K), defined with the Neumann Laplacian Ay, which was intro-
duced in the study of Brownian motions on self-similar sets (see [5-7, 16, 30, 31]), and
was later extended to general p.c.f. self-similar sets in a purely analytical way by Kigami
[24, 25]. The heat Besov spaces B5?(K) are defined as potential spaces following [23],

BY(K) - {f ) ([ (P e sl ) drre) < oo},

where {P;} > is the heat semigroup associated with Ay. Here, we take the measure y
to be self-similar and dy-regular with respect to the effective resistance metric R(-, -)
on K, where dy is the Hausdorff dimension of K under R. The other class A2"Y(K),
named Lipschitz-Besov spaces, is defined in terms of difference of functions

X alp 5 \Y4
API(K) = fGLP(K) . ([ (f —dHth(x £ ( t?;pd,,{/(zy)'}) d‘u(}/)d[l(x)) dtt) < o0

for1< g < oo, and

a2~ - {revr@yssp( [ [ IO gu)0u00) < o).

t>0
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1110 S. Cao and H. Qiu

where B;(x) is the ball of radius ¢ centered at x under the metric R, and dw =1+ dg
is the walk dimension of the associated heat kernel. Roughly speaking, dy reflects
the growth of the measure, and dyy reflects the speed of the diffusion process. There is
another exponent dg that will be involved in the study of BY'?(K) and A2?(K), called
the spectral dimension. It is known that dg = de” and it reflects the asymptotical law of
the eigenvalue counting function associate with A ~ (see [26, 28]). More explanations
on general metric measure spaces can be found in [18].

The relationship between the two classes of Besov spaces B2'1(K) and AL?(K)
has been a long-term problem [32] on general metric measure spaces, and whether

the identity
(LD By (K) = A7(K)

holds is of particular interest. For p = g = 2and 0 < ¢ < 1, when the Besov spaces coin-
cide with the Sobolev spaces, under some weak assumption of heat kernel estimates,
Hu and Zihle [23] showed that (1.1) holds, as well as Strichartz [35] obtained the same
result on products of p.c.f. self-similar sets at the same time. Later, Grigor’yan and Liu
proved that (1.1) holds for any 1 < p,g < o0 and any 0 < ¢ < T A1, where ® denotes
the Holder exponent of the heat kernel (see [19]). Note that on p.c.f. self-similar sets,
due to the sub-Gaussian heat kernel estimates (see [21, 29]), the existence of small
Holder exponent ® was shown in [18]. Until now, a larger region where (1.1) holds or
not is still hard to reach.

Recently, Cao and Grigor'yan made much progress on this problem (see [10, 11]).
They showed that (1.1) holds on a larger region, under the assumption of Gaussian
heat kernel estimates. Their work utilizes some new techniques, but the results and
ideas are restricted to the dy = 2 case. For the general dy > 2 case, the study is still
on going.

In this paper, we will focus on p.c.f. self-similar sets with regular harmonic
structures, which are a class of well-known fractals where sub-Gaussian heat kernel
estimates hold. In particular, we will describe a sharp region where (1.1) holds. See the
left panel of Figure 1.

More precisely, we introduce a critical curve €, for 1 < p < oo,

C(p) = sup{a >0:FH, c A{,”°°(K)},

where 3, is the space of harmonic functions. Our main result in this paper is the
following theorem.

Theorem 1.1 For 1< p<oo, 1<q<oco and 0<a <% (p), we have BUY(K) =
A (K), and their norms are equivalent. In addition,

% (p) =sup{o>0: By (K) = ALY (K), forsomel<q<oo}.

One important fact about the theorem is that the identical region of (1.1) is sharp.
Indeed, it is not hard to see that

BY(K) = ADI(K) if o > € (p).

We will explain this in Proposition 3.2 at the beginning of Section 3.
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Figure I: 'The sharp region for (1.1) and the possible area where % lies.

One may compare € (p) with another important critical exponent
#_ s p»oo —
0, = }Tri(f) {A(, (K) = constants} .

Though, for p = 2, we always have o} = 1= %"(2) [18], we have to say that 0'; is not in
general equal to 4’ (p). In fact, it has been shown that o] = d; in [4] for nested fractals,
while on the Sierpinski gasket, €' (1) < ds is indicated by Theorems 5.1 and 5.2 of [4]
(also see Example 3 in Section 3 for a rough estimate by a simple calculation).

It is not hard to find a narrow region where % lives, see the right panel of
Figure 1 for an illustration. Although much information of ¢ can be derived with
Proposition 5.6 in [2] and Theorem 3.11 in [4], to provide an intuitive understanding
of Theorem 1.1, and to make our exposition self-contained, we will provide a short,
elementary discussion on ¢’ in Section 3 (see Proposition 3.3). Write

d d
Z(p) = ?S, L(p)=2-—

!

with p’ = ﬁ. Z is naturally the critical line concerning the continuity of functions,
and .7 is the critical line concerning the Holder continuity of functions and thus
the existence of normal derivatives at boundaries. In the authors™ related works
[12-14], there is a discussion on the role of these critical lines concerning the relation-
ship between Sobolev spaces and (heat) Besov spaces on p.c.f. self-similar sets with
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different boundary conditions. We will see that the curve ¢ is concave and increasing
w.r.t. %, and in addition:
(1). for1<p<2, 1<<€(p) di
H

2 dy-1
podw’
(2). for2< p < oo, o= +7-

.
2. 45l <5 (p) < 1A Za(p).

See the right panel of Flgure 1.In part1cular, it may happen that €' (1) > 1 (for example,
it is true for the Vicsek set and the Sierpinski gasket in standard setting), so (1.1) even
holds in some cases when ¢ > 1. This is a surprising result which was not mentioned
in previous studies.

The exact characterization of the critical curve ¢, and the problem of whether the
identity (1.1) holds along %, are still out of reach, and are left to the future study. It is of
particular interest to see whether (1) > 1always holds when dy > 2. Despite of this,
we are able to fully describe the curve % for the class of Vicsek sets (see Example 2 in
Section 3).

At the end of this section, we mention that, due to the nested structure of p.c.f. self-
similar sets, discrete characterizations of function spaces play natural and essential
role throughout our study. This might also be a proper starting point for problems on
general metric measure spaces by involving suitable partitions (see [27]).

Now, we briefly introduce the structure of this paper. Section 2 will serve as the
background of this paper, where we introduce necessary knowledge and notations,
including the p.c.f. self-similar sets, the Dirichlet forms and Laplacians on fractals, and
the definitions of function spaces we consider here. In Section 3, we will discuss the
critical curve € and provide several examples. This will help readers to understand
the sharp region in the main theorem. In Section 4, we focus on the Lipschitz—-
Besov spaces AL?(K). We will provide two kinds of discrete type characterizations of
AL (K), which will serve as a main tool toward the main theorem. In Sections 5 and 6,
we prove the main theorem, Theorem 1.1. In particular, we will show that A2?(K) c
B29(K) for any 1< p < 00, 1< g < o0 and 0 < o <2 in Section 5. In Section 6, we
will prove the other direction, i.e., BY(K) ¢ ALY (K) with1< p < 00,1< g < 0o and
0<o<€(p).

Throughout the paper, we will always write f < g if there is a constant C > 0 such
that f < Cg when we do not emphasize the constant C. In addition, we write f x g if
both f < gand g < f hold.

Preliminary

The analysis on p.c.f. self-similar sets was originally developed by Kigami in [25, 26].
For convenience of readers, in this section, first, we will briefly recall the constructions
of Dirichlet forms and Laplacians on p.c.f. fractals. We refer to books [26, 36] for
details. Then we will provide the definitions of the two classes of Besov spaces,
B29(K) and ALY(K). There is a large literature on function spaces on fractals or on
more general metric measure spaces (see [2-4, 12-15, 17, 22, 34] and the references
therein).

Let {F; }I, be a finite collection of contractions on a complete metric space (M, d).
The self-similar set associated with the iterated function system (i.fs.) {F;}Y, is the
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unique compact set K ¢ M satisfying

N
K =|JFK.
i=1
For m > 1, we define W, = {1,..., N}" the collection of words of length m, and for
each w € W,,,, denote

F, =F, oF,,0---0oF, .

Set Wy = &, and let W, = U,,50 W, be the collection of all finite words. For w =
WiWy ... Wy, € W\ Wy, we write w* = wiw, ... w,,_; by deleting the last letter of w.
Define the shift space = ={1,2,...,N}~. There is a continuous surjection
7: 2 — K defined by
ﬂ(a)) = m F[w]mKs

m>1

where for w = ww, ... in T we write [w],, = w1w; ... w, € W, for each m > 1. Let

CK:UFiKﬂFjK, Gzﬂil(CK), P= Uo”@,
i*j nx1
where o is the shift map define as 0(w;w> ...) = waws . ... P is called the post-critical
set. Call K a p.c.f. self-similar set if #P < oco. In what follows, we always assume that K
is a connected p.c.f. self-similar set.

Let Vo = #(P) and call it the boundary of K. For m > 1, we always have F,,K N
F,KcF,VonF,V, for any w# w' € W,. Denote V,, =Uyew, FwVo, and let
(Vi) = {f : f maps V,, into C}. Write Vi = Usnso Viu-

Let H = (Hpq) p,qev, be a symmetric linear operator(matrix). H is called a (discrete)
Laplacian on V, if H is nonpositive definite; Hu = 0 if and only if u is constant on Vj;
and Hp, > 0 for any p # q € V,. Given a Laplacian H on V, and a vector r = {r;}},
with r; > 0,1< i < N, define the (discrete) energy form on Vy by

€o(f.8) =~(f.Hg), Vf.gel(V),
and inductively on V,, by

N
Em(fug) = Zri_lgmfl(foFi’goFi)’ Vf,g¢€ Z(Vm)>
i=1

for m > 1. Write €,,(f, f) = &€, (f) for short.
Say (H, r) is a harmonic structure if for any f € 1(V}),

€o(f) = min{&i(g) - g € (1), &lv, = f}-

In this paper, we will always assume that there exists a harmonic structure associated
with K, and in addition, 0 <r; <1 for all 1< i < N. Call (H,r) a regular harmonic
structure on K. It is known that the question of when a p.c.f. self-similar set admits a
regular harmonic structure is nontrivial, for example, see [26, Section 3.1].

Now, for each f € C(K), the sequence {€,,(f)} mso is nondecreasing. Let

e(f,8) = lim &,(f,g) and dom€ = {f € C(K) : &(f) < oo},
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where f, g € C(K) and we write E(f) := E(f, f) for short. Call £(f) the energy of .
It is known that (&, domé&) turns out to be a local regular Dirichlet form on L*(K, u)
for any Radon measure ¢ on K.

An important feature of the form (&, dom&) is the self-similar identity,

N
(2.1) E(f,g) =D 1"€(foFi,goF;), Vf,gedomé.
i=1

Furthermore, denote r,, = 14,7y, ...y, for each w € W,,, m > 0. Then, for m > 1, we
have

Em(f.8) = Z "v_VIEO(fO w8°Fy), E&(f.g)= Z r;lﬁ(fo w>8 0 Fy).

weWy, weWy,
The Laplacian and harmonic functions

To study the Besov spaces on K, we need a suitable metric and a comparable measure.
Instead of the original metric d, a natural choice of metric is the effective resistance
metric R(+,-) [26], which matches the form (&, dom¢).

Definition 2.1 For x, y € K, the effective resistance metric R(x, y) between x and y is
defined by

R(x,y) ' =min{E(f) : f e domE, f(x) =0, f(y) =1}.

It is known that R is indeed a metric on K which is topologically equivalent
to the metric d, and for each w € W,, we always have diam(F,K) < r,, where
diam(F,K) = max {R(x, y) : x, y € F,,K}. For convenience, we normalize diamK to
beland so that we additionally have diam(F, K) < r,,, Vw € W,.Forx € Kand ¢ > 0,
we will use B;(x) to denote a ball centered at x with radius ¢ in the sense of metric R.

We will always choose the following self-similar measure y on K.

Definition 2.2 Let u be the unique self-similar measure on K satisfying

N

d -1

w=2 it o F,
i=1

and u(K) =1, where dy is determined by the equation ¥, r?” =1
2dy

In this paper, we also let dy =1+ dp and dg = 3

Clearly, dy is the Hausdorff dimension of K with respect to the metric R. Write
Yi= r?H, then we have u(F,,K) = thy := tw, fhw, - - - Hw,, for any m 2 0,w € W,,. In
addition, it is well known that

C't9% < u (By(x)) < Cto®

with some constant C independent of x, ¢.

The exponent dy is called the walk dimension, which appears as an important
index in the heat kernel estimates (see [21]). In this paper, dy = 1+ dg holds because
we use the resistance metric R. In general, this relationship is not true, for example,
log5 dy = log3

log2’ ~ log2’ and

on the Sierpinski gasket equipped the Euclidean metric, dy =
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so dw # 1+ dy. The exponent dg is called the spectral dimension since it reflects the
asymptotic order of the eigenvalue counting function associated with the Dirichlet
form (&, domé&) (see [26, Theorem 4.2.1].

With the Dirichlet form (&, dom&) and the self-similar measure g, we can define
the associated Laplacian on K with the weak formula.

Definition 2.3 (a).LetdomoE = {¢p € domE : ¢|y, = 0}.For f e dom&,say Af = uif

S(f"P)=—/I;M(Pd{4, Vo edomy€.

(b). In addition, say Ay f = u if

S(f,go):—mepdy, Vo e domé.

Although, we will focus on Besov spaces (and Sobolev spaces) with Neumann
boundary condition in this paper, it is convenient to consider A instead of Ay in the
proof, to enlarge the domain a little bit.

Definition 2.4 Define Hy = {h € domE : Ah = 0},and call h € H;, a harmonic func-
tion.

In fact, H, is a finite dimensional space, and each h € H is uniquely determined by
its boundary value on V;. In particular, we can see that H, is always in the L? domain
of Aforanyl< p < oo.

Besov spaces on K

In this paper, we consider the (heat) Besov spaces BY'?(K) with the Neumann
boundary condition. Recall that P, = e®¥, t > 0 is a heat operator associated with Ay,
and the Bessel potential can be defined as (1 - Ay)~%/2 = T(¢/2)7? [, t°/* e~ P dt.
We define potential spaces on K as follows, following [23] and [34].

Definition 2.5 (a). For1< p < oo, ¢ > 0, define the Sobolev space
HE(K) = (1- Ay) /*L?(K)

with norm | f{ e &) = ||(1— AN)”/Zf”LP(K).
(b). For1< p < 00,1< g < o0 and o > 0, define the heat Besov space

0 = {20 ([ (0 ) sl ) ) < o]

with keNn(0/2,00), and norm |f]gpacy = | fleeiey + (Jg~ (£ (tAN)¥
Pif Lok )th/t)l/q. We take the usual modification when g = oo.

Note that the above definition is independent of k, since different choices of k will
provide equivalent norms (see [19] for example). The heat Besov spaces are related
with Sobolev spaces by real interpolation. See book [20] for a proof, noticing that Ay
is a sectorial operator. See also books [9, 38] for the real interpolation methods.
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Lemma 2.6 Leto;>0,1<p<ooandl<q<oco. For0< 6 <1landog =00, wehave

(L7 (K), H3,(K)), , = B, (K).

In application, we will set 0, =2 in the above lemma, where HY(K) =
domppxyAn = {f € LP(K) : Axf € LP(K)} (see Sections 5 and 6 for details).

Another class of function spaces that will be studied is the Lipschitz-Besov spaces,
whose definition does not rely on the Laplacian.

Definition 2.7 Let1< p < oo, t > 0 and f be a measurable function on K, we define

pho=( [ [ - FOPdu)du)
In addition, we define I, (f, t) = sup {|f(x) — f(¥)|: x,y € K,R(x, y) < t}.
The Lipschitz-Besov spaces, denote by AL (K), are defined as follows.
Definition 2.8 For ¢ > 0and1< p,q < oo, we define
APUK) = {f e LP(K) : t 72, (f, 1) e L1(0,1]}
with norm

IFlazaey = 1f Lo + 171 (£ D) o oy

where | f|| 14 (0,1] (fo [f(2)|4 d‘) and we take the usual modification when g = co.

Remark1 Since K is bounded, we can replace the integral of t over (0, 1] with (0, co)
in the above definition.

Remark 2 Note that I,(f,st) > 0794/ [,(f,t),¥s € [1,6] for each 6>1 and 1<

p < co. We have [[t~79w/2 (£, t)HLZ(o,l] < ||emedwiD,(f, 0™)|,,» where a1 =

(X e |am|q)l/q if g < oo and |a, ;= = sup,,., |am| for each sequence of real num-

bers a,,, m > 0. The constants of “<” depend only on p, K and the harmonic structure
(H,r).

Using the above equivalent norm, we can see
APT(K) c AD%(K) forany o >0, 1< p<ooand1< g < g, < .
3 A critical curve

In this section, we introduce a critical curve € in the (%, 0)-parameter plane as
follows.

Definition 3.1 For1< p < oo, we define € (p) = sup {o >0:3H, c Aﬁ’m(K)}.

The following proposition implies that B5'?(K) # ALY (K) when ¢ > € (p).
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Proposition 3.2 For1< p<oo,1<q< 00,0 >%(p), BEY(K)\AYI(K) # @.

Proof Fix o > %€ (p). First, by the definition of € (p) and by Remark 2 after
Definition 2.8, there is i € H, such that 1 ¢ A2(K). Next, we choose m > 1,w € W,,
such that F,, K N Vj = &, and fix k € Nso that 2k > 0. Then one can find f € ka(K) c

B2 (K) such that f o F,, = h. The last step can be done by gluing together functions in
{goF, :gedomé&, Akge C(K)} with proper boundary conditions on different -
cells. We can make f smooth enough, guaranteed by Theorem 4.3 of [33]. However,
f ¢ AP (K). To show this, we note that

B0 = ([t 1 oPannc)

1/
(o FO = O )
1/p
zui,/[’ (\/I;tdﬂ /}; ) |foFW(x) _fon(}’)|pdy(y)dy(x))

du/p d - du/p d _
= cl”/Per/PIp(fo Ey,ar,'t) = clH/PrWH/PIP(h, ar,'t),

where we choose a finite positive constant ¢; such that F, ( Clt/,w(x)) c
B; (F,(x)) for each x € K. Hence, we see that Ht w2, (f, t)H

[ 1y ()]

= 00 Si
L1 (0] since

L1(0,1] = 0. u
3.1 Two regions

In this part, we provide some qualitative behavior of the critical curve €. We begin
with the following easy observation.

Proposition 3.3  (a). The critical curve € is concave and increasing with respect to the
parameter . In addition, € (c0) = - and €(2) = 1.

(b). For1< p <2, wehavel <6 (p) <1+ (% -1)(ds - 1).

(c). For2 < p < oo, we have 1 + (% -1)(ds-1) <€ (p)<1A (ﬁ + %).

See Figure 2 for an illustration.

Proof We remark that (b) and the lower bound in (c) can be derived by Proposi-
tion 5.6 in [2] and Theorem 3.11 in [4]. Since the proof is very short, we still provide
an elementary proof here for completeness.

Recall Definition 2.2 that dyw =1+ dy, dg = de—vf, and note that dg —1=1- ﬁ.
(a). The observation that % (o0) = ﬁ follows from the fact that 0<
Sup,., W < oo for any nonconstant harmonic function h (see [37]). For

p =2, it is well known that A>*(K) = dom& and A%>*(K) = constants provided
o > 1 (see [18]), which gives €'(2) = L.
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df' %(g
N

D=

\J

1
2

Figure 2: The critical curve % in the (%, 0)-parameter plane.

Next, let 1< p1<pa <00, 01 <E(p1) and 0, < €(p2). Also, let s € (0,1), and let
1

5= E 4 L= ando =501 + (1 - 5)0y. Then, for any 0 < t < 1and h € Hy, it holds that

( Jort [ e - hoPau)duo)
(L [ ) - h)F M du(y)du() )

s/p1

>

(1-5)/p2
(oo [ G =BT d () ()

and thus £70M21,(h,t) < 0L (b, 1) (hyt) < 0 e I 5

This implies 3o ¢ AL*(K). Thus, we conclude €'(p) > s€(p1) + (1- s)%(pz). So
% is concave.

Lastly, there is a constant C > 0 such that u(B;(x)) < Ct% forany x e K and t €
(0,1]. Thus, for 1 < p; < p, < coand 0 < £ < 1, it is easy to see

APZ °°

Iy, (h,t) < CI,,(h,t)

by using the Holder inequality. This implies that € is increasing with respect to %
(b). Part (b) is a consequence of part (a) and the fact that €' (o0) = ﬁ and € (2) =1
(c). Now, by part (a), we can conclude that 1+ (; -D(ds-1)<E(p) <L It

remains to prove €' (p) < - + ds . We choose a nonconstant harmonic function h

such that ho F; = rh, whose ex1stence is guaranteed by Theorem A.1.2 in [26]. For
any n > 0, we see that
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1/p
)= ([ ) B0 - HOIPdunto)
1/p
(™ f 149 HOPanu0)
2 ([ [ 1hG) - P anancs))

This implies that rl_(g(p)‘1IW/21’}+’71H/‘D <1, and thus €(p) < ﬁ + %, n

Remark (a). When dy = 2, which happens when dy = 1 for the setting of the paper,
we can see that €' (p) =1 for p € [1, oo] by Proposition 3.3(b),(c) as dg = 1. This may
happen when K is the unit interval, but to the best of the authors knowledge, it is
unclear whether there are other interesting examples of p.c.f. self-similar sets.

(b). When dw > 2, which happens when dy > 1 for the setting of the paper, we
can see %'(c0) < 1 by Proposition 3.3(c). So according to Proposition 3.2, B2 (K) =
AB1(K) does not hold for some large p and ¢ < 1.

(c). For1< p < 2,itis possible that B2Y(K) = AL*?(K) for some o > 1. See the next
subsection for examples with € (1) > 1.

There are two more critical lines .7}, .7} in the (%, 0)-parameter plane, that are of
interest, with

d d
Z(p) = ?S and % (p) =2~ ;Tf’

where p’ = ﬁ. See Figure 3 for an illustration for the positions of ¢,.%}, and .%,.

In particular, as illustrated in [18, 23, 34], the Sobolev spaces H.(K) and the heat
Besov spaces BY?(K) are embedded in C(K) when the parameter point (%, o) is
above .%}, and these function spaces with or without Neumann condition coincide if
(%, 0) is below %, (see [12-14]), which clearly covers the parameter region below €
by Proposition 3.3.

In this paper, we are most interested in the region ¢ < €’(p), and we can see that
¢ and .Z] intersect at some point with 1 < p < dg by Proposition 3.3. In particular, we
divide the region below ¥ into two parts (see Figure 4 for an illustration).

Region 1. & := {(%,0) 1< p<ooand Z(p) <o <<€(p)};
Region 2. o7, := {(%,0) t1<p<ooand0< o< A(p) /\%(p)}.

We will apply different methods when considering these two regions, for the proof
of B2 (K) c AP?(K). The border between the two regions can be dealt with by using
real interpolation.

The reason that we need to divide the region ¢ < ’(p) in this manner is due to the
existence of the region €' (p) < 0 < 4 (p) when € (1) < ds. For example, this happens
for the Sierpinski gasket, see the next subsection.
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D=

\J

1
2

Figure 3: The critical curves .4, %5, and .

Figure 4: The regions .2/ and ..

3.2 Examples

In this subsection, we look at some typical p.c.f. self-similar sets, and describe their
critical curves € or provide some rough estimates.

Example 1 'The unit interval I = [0,1], generated by Fi(x) = %, F,(x) =% +1,is a
simplest example of p.c.f. self-similar sets. We equip I with the standard Laplacian,
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q1 q4

g5

q2 q3

Figure 5: The Vicsek set V.

then it has walk dimension dy =2 and spectral dimension ds =1. So the critical
curve is simply a horizontal line segment, € (p) = 1, as pointed out in the remark after
Proposition 3.3.

Example2 A more interesting example is the Vicsek set V. For this example, we show
that

2log3 2 log5-log3

logl5 p log15

G1) @ (p) :1+(%—1)(d5—1) _

which corresponds to equality in two of the inequalities of Proposition 3.3(b),(c),
specifically that € (p) is the line through (p = 0,0 = ﬁ), (p=2,0=1),and (p =1,
0 = dg). See a similar consideration in [1]. In the following, we state the definition of
"V and show (3.1).

Let {q;}?, be the four vertices of a square in R?, and let g5 be the center of the
square. Define an i.f.s. {F;}3_, by

1
Fi(x) = g(x—q,-) +q;, for1<i<s.

The Vicsek set V is then the unique compact set in the square such that V = (J3_, F;V
(see Figure 5).

We equip V with the fully symmetric measure p and energy form (&, dom¢&).
In particular, y is chosen to be the normalized Hausdorff measure on V. As for
(&, dom¢), recall that it could be defined first on discrete graphs on V,,,’s then passing
to the limit. Note that V,, = U,ew,, Fw Vo, where Vg = {41, 42, 43, g4} is the boundary
of V. For convenience of the later calculation, we instead to use an equivalent definition
of (€, dom&) by involving the point g5 in the graph energy forms, i.., letting V =
{qi};-, and V,, = Uwew,, Fuw Vo, and defining the energy form on V, to be

Eo(f.8) = Z_} (f(q:) - f(g5)) (¢(q:) - 8(q5)) »

and iteratively €, (f,g) =3 Y., Em_1(f o Fi, g o F;) on V,,,, which still approximate
(&,domé&) on V. In particular, we have r = 1, and in addition,
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b

c

Figure 6: A harmonic function 4 on V with boundary value h(q1) = a, h(q2) = b, h(g3) = ¢,
h(qs) =d,ande=h(gs) = (a+b+c+d)/4

_log5 =14 diy = log15 _2du _ 2log5

du = ; , = = .
" log3 log3 ST dy log15

In particular, for h € 3, and t € (0,1], we are interested in the estimate of I; (h, t).
We denote by },.., , |h(x) - h( y)| the sum of absolute differences of h over edges of
level m, where x ~,, y means that there exista word w € W,, andan1< i < 4 such that
x = F,q; and y = F,,qs. Since H, is of finite dimension, it is not hard to check that

S |h(x) - h(y)| % 5™ 1(h,37™) = 3L (h,37),
X~my

On the other hand, due to the harmonic extension algorithm as shown in Figure 6, we
immediately have

4

> [h) = h()| =X If(a0) - fgs)l, Ym0,
X~my i=1
So sup,,., 3mdsdw/2 [, (h,37™) < || h|| s> which means h € A}i’s"" (V). Thus, €(1) = ds
by applying Proposition 3.3(b). This determines the formula of €(p) in (3.1), using
Proposition 3.3(a).

The above description of % is also valid for a general (2k + 1)-Vicsek set with k > 1,
which is generated by an i.fs. of 4k + 1 contractions, such that each of the two cross
directions of the fractal consists of 2k + 1 sub-cells. We omit the details. Before ending,
we refer to a recent study by Baudoin and Chen [8] on the equivalent Sobolev space
characterization of the domain of p-energies on V.

Example 3 'The next example is the Sierpinski gasket 8G. Let {q;}3_, be the three
vertices of an equilateral triangle in R?, and define an i.f:s. {F;}3_, by

1
F,'(X) = E(X - q,) + 4, for1<i<3.

The Sierpinski gasket 8§ is the unique compact set in R? such that 8G = U3;_, F;8S
(see Figure 7).
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q2 Vs A A q 3

Figure 7: The Sierpinski gasket 8.

On 89, we take the normalized Hausdorff measure y and the standard energy form
(€, domé&) satisfying

3
&(f.8) = gZE(fOFi,goFi), Vf,gedomé.
i1

In particular, we have r = %, and in addition,

log3 log5 Je = 2dy  2log3

dy = [ - R =20
" log5-log3 ST dy log5

dw=1+dg= ~ 1.36521.

log5-log3’

It seems hard to get the exact formula of €' (p). However, by a simple calculation, we
can see that €’(p) is indeed a “curve” by observing that 1 < ’(1) < ds, and then using
Proposition 3.3. In fact, this can be verified by estimating the maximal exponential
growth ratio of ¥, . |h(x) - h(y)‘ as m — oo, which should be r¢Mdw/2-du for
harmonic functions 4 on 89. Since any harmonic function 4 is a combination of
hy, hy, hs with h;(q;) = 8;,j, by calculating 3., |h1(x) - hl(y)| with m = 3, we see
that

1.02 < €(1) < 1.14.

Lastly, we remark that the fact1 < ¢’(1) < d; is also indicated by Theorem 5.2 of [4].

4 Discrete characterizations of AL7(K)

In this section, we will provide some discrete characterizations of the Lipschitz-Besov
spaces A1 (K). These characterizations will provide great convenience in proving
Theorem L1. In particular, they heavily rely on the nested structure of K.

Definition 4.1 (a). For m >0, define A,, ={weW,:r, <r"™ <ry«} with r=
miny¢;<y ;. In particular, we denote Ay = {@}.
(b). Define Vy,, = Uyea,, Fw Vo for m > 0, and denote

o V(), ifm= 0,
Vian = .
Va, \Va ifm>1.

m-12
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In the rest of this section, we will consider two kinds of discrete characterizations
of AP1(K), basing on the cell graphs approximation and vertex graphs approximation
of K, respectively.

A Haar series expansion

We begin with a Haar series expansion of a function. We classify Haar functions on K
into different levels based on the partition A,,.

Definition 4.2 (a). For each f € L'(K), we define E,,(f) = .- [,  fdu and write

E[flAm]= ) Ew(f)lpx m20,

WEeA

which can be understood as the conditional expectation of f with respect to the sigma
algebra generated by the collection {F, K : w € A, }. In addition, we write

3 ~ E[f|A0]; ifm:O,
E[f|Am]_{E[f|Am]—E[f|Am—l]’ itm > 1.

(b). Define J,u = {E[f|Am]: f € L'(K)}, and call J,, the space of level-m Haar
functions.

It is easy to see that, for m > 1, J,. consists of functions u which are piecewise
constant on {F,K:w € A,,}, and satisfy E[u|A,,_1] =0. We have the following
estimates.

Lemma 4.3 Let f € LP(K) with1< p < co and u € Jm with m > 0. Then:
(a). “E[ﬂAm]”m(K) <CI(f,r™ ") forany m > 1.

(®). I,(f+t) < C| fllro(x) forany 0 < t < 1.
(©). Ip(u, ") < Crin=mdulp |y ||, ) for any n > m.
The constant C can be chosen to be independent of f, u, and p.

Proof (a). For each point x € K\V, ,, we define Z,,, (x) = F,,K with w € A, such
that x € F,,K. Clearly, we have Z,, (x) c B»(x) since the diameter of each cell
F,K,w € A,, is at most . For m > 1, we have

i y
HE[f|Am]”L,,(K):(/I<]E[f|Am](x)—E[f|Am_1](x)‘pdy(x)) »
y
<( [ 1) - ELfAw 1 Pauco))

(L [ 100 )

1/p
< (fKr_de fB,,H(x) £ (x) —f(y)lpdﬂ(y)dy(x)) < CL(f, ™),

where we ignore the finitely many points in V,,, in the above estimate.
(b) is obvious, and C only depends on the estimate p(B;(x)) § t%4.
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(c). First, we have the estimate that

1/p 1/p
Hu||Lp(K) :( Z [JW|EW(u)|p) > (r(m+1)dy Z EW(L{)|p)

weAy, weAn

(4.1)

1/p
med”/”( > IEw(u)—Ew'(u)l") )
w~w’ in A,

where we write w ~ w' if w + w’ and F,,K n F,-K # &, and use the fact that #{w’ €
Ay W' ~w} < #Vp#C for any w € A,.

Next, notice that there is k >0 such that R(x, y) > r" for any m >0, n>m+
k and x € F,K, y € F,»K with F,KnF,/K =@, w,w' € A,,. It suffices to consider
n > m + k, since for n < m + k we have (b). For n > m + k, we have the estimate

Ip(u,r") = ([K ,ndn /B,n(x) lu(x) - ”(y)|pdﬂ(y)dy(x))l/P
= (ffR(x)y)qn r_"d"|u(x) — u(y)‘pd.“(y)d‘u(x))lm

1/p
_ —ndy P
= r u(x)-u d du(x
(w~w’zinAm ﬂxerK,yer/K:R(x,y)<r"} | ( ) ()/)| ‘M()/) [J( ))

1/p
s(rndﬂ = |Ew(u)—Ew'(u)I") :

w~w’ in Ay,
Combining this with the estimate (4.1), we get (c). [

Using Lemma 4.3, we can prove a Haar function decomposition of the spaces
ADI(K) for 0 < o < Z(p).

Proposition 4.4 For 1<p<oco, 1<q<oo and 0<a<.Z(p)=2%, we have

P’
fEAg’q(K) if and only if |1’_m0dW/2HE[f|Am:|HL"(K)”lq<Oo‘ In addition,

£ apaqey = [ PIELf Mmoo [

Proof We first observe that

(4.2)
1 £l aza iy = 1f e iy + ” t_gdW/ZIp(f’ t)”LZ(O,l) | flleey + ||f_madW/ZIp(f, ") 1.

By using Lemma 4.3(a), we then easily see that

[t PN ELf | Am ey o S 1F T apa ey

For the other direction, we write f,, = E[f|A,,] for m > 0, and assume that

“r_madw/2 | fim HLP(K) ”l‘l < oo
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First of all, by the Martingale convergence theorem, we see that E[f|A,/]=
Sm_o fm — f strongly in L?(K) as m’ — o0, so

| £y = lim JELf1Am oy < 2 1fmliociey
m=0

<[rme B e fl o N

(4.3)

with g = _%;. Next, we notice that

(4.4)
m— oo
”r—madw/ZIp(f, rm)”lq < Z rfmadw/ZIp(fm rm) + Z rfmadw/ZIp(fn’ rm)
n=0 19 lln=m e
with
(4.5)

3

AN

p-modw/2+(m=n)du/p | f HL"(K)
0

m-1
Z r—modW/ZIp (fna rm)
n=0

S
Il

1 19

M=

r—modw/2+ndy/p Hfm—n HLP(K)

n=1 19
m
_ Z rf(mfn)adw/2+n(dﬂ/p7ndw/2) Hfm—n”LP(K)
n=1 14
< (Z ,n(dﬂ/p—vdw/l)) . ||r—modw/2 | fn o (i) qu
n=1

by using Lemma 4.3(c) and the Minkowski inequality, and

> romedwl2| £, lze )

n=m

T’_madW/ZIP(fn,T’m) <

14

ugk:

14

(4.6) = |3 N2 o e k)
n=0

It
oo

< (Z rnodW/z) R fol o |
n=0

by using Lemma 4.3(b) and the Minkowski inequality again.
Combining equations 4.2-4.6, and noticing that 0 < ¢ < %, we get

If 1l spaxy [ VA PT lq-
The proposition follows. [ ]
4.2 Graph Laplacians and a tent function decomposition

Now, we turn to the case when o > .%;(p). In this case, we have B'1(K) c C(K) asa
well-known result[23], and we would expect this to happen for A2*?(K). This can be
easily seen from the following lemma.
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Lemma4.5 Let1< p<ooand f e LP(K), wedefine Eg,)(f) = m T3,y fu
forany x € K and 0 < t <1. Then we have:

(a). If {x;}, © K is a finite set of points such that 377, 1p,,(x;) < A for some finite
number A < oo, then

" p
(Z |Es,(x)) (f) = EB,t<xj)(f)") SAP AL, (f, (4 1)1).
j=1

(b). For1< q < oo, AP4(K) c Co4w/2=dulp (K) for o > %, where Co9w/2=dulP(K)
denotes the space of Holder continuous functions on (K, R) with exponent odw [2 -

dH/p

Proof (a) follows from a direct estimate,

" 1/p
(Z |EB¢(Xj)(f) - EBrt(xj)(f)|P)

Jj=1

) 1/p
St_d”/P(ZfB( )If(y)—EBt<xj>(f)|pd“(y))
j=1 re(Xj

] 1/p

St‘dH/p(Z Sy G [ If(y)-f(Z)I"du(Z)du(y))
a e Byt

S)Ll/Pt—dH/PIp (f,(r+1)t).

(b). Let fe ADI(K). By the Lebesgue differentiation theorem, we know that
f(x) =limy o Eg,,,(x)(f) for y-a.e. x € K. For such x and m > 0,

f (%) = By (D] € 3 [Epu(e) () = Eg,p () ()]
n=m
<Gy 3 L (f, (4 1)) A1) < Cor™ I £
n=m

where we apply the special case of (a) with one point, one ball and A =1 in the
second inequality, and we use the fact that ”dTW > 44 in the last inequality. Next, we

fix x, y € K such that f(x) =limy e Eg,,,(x)(f), f(¥) =limyu_co Ep,.(,)(f) and
r™*1 < R(x, y) <r™ for some m > 0. Choose k > 0 such that r* <1/2 and let m’ =
(m — k) v 0. It is not hard to see that

|Es ) (f) = Eson () ()] € Cor™ ™ IP L, (f,1™") < Cyr™ O l2odulD) | £ g .
Combining the above two estimates, we can see that
£() - F)] € (2C2 + C)P" =D £
< Cs fllapaciy - (R(x, y))7W/2-0lP

Since the above estimate holds for p-a.e. x, y € K, there exists a Holder continuous
version of f, and the Holder exponent is odw /2 — dg/p. ]
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In addition, we will have a characterization of AL?(K) based on the discrete
Laplacian on A, for A(p) < o < €(p).

Definition 4.6 (a). For m > 0, define the graph energy form on V,,, by

Enn(f8)= X 1 €(foFugoF,), Vfigel(Va,).

welAp,

(b). Define Hy,, : 1(Va,,) = 1(Vy,,) the graph Laplacian associated with £, , i.e.,
Ern(f-8) =—<Ha,f.8>2v,, )=~ <f-Hr,8>r(v,) Y 8€1(Va,)

where 1?(Vy,,) stands for the discrete I inner product over V,, with the counting
measure.

(c). For m>1, define J,, ={f e C(K): f is harmonic in F,,K, Vw € A,,, and
flva,_, = 0}, and call J,, the space of level-m tent functions. For convenience, set
Jo = Ho.

(d). Forl< p<oo,1<g<o0ando > %,deﬁne

AP (K) = {f € C(K) : {rmCotwPrivdnlD |y £y, 0} €19}
with norm Hf“Aﬁizl)(K) = ey + ||Vm(7adW/2+1+dH/p) | Hap fl1p(va,) ||1q'

For each f € C(K), clearly f admits a unique expansion in terms of tent functions
[ =m0 fm With f € Jp, Yim > 0.

Before proceeding, let’s first collect some easy observations. Recall the notation
Va,, from Definition 4.1.

Lemma 4.7 Letl< p<ooandu € ], withm > 0.
(a). Hy,uly, =0 foranyn>m.
). H”HLP(K) < Vm(1+dH/p)”HAm”Hlp(\“/Am) < pm(1+du/p) HHAmu”lP(VAm)for m>1.

(c). For any o < €(p), we have I,(u, ") < Crin=medwi2|y |1, oy for all n > m.

Proof (a) is trivial since u is harmonic on \ofAn by definition.
(b). First, we see the following estimate between L?(K) and I?(Vy,,) (or IP(Vy,,))
norm.

1/p 1/p
Jullee e ( > #w||“°Fw|IZP(z<)) /( > |quw|€p<K>)

weApy, weApy,

1/p

L pmd = pmd =rme
comintn | Sl | = g = P )

X€VA,,

Downloaded from https://www.cambridge.org/core. 11 Nov 2024 at 00:53:31, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Equivalence of Besov spaces on p.c.f. self-similar sets 1129

To proceed, on one hand, we notice that |[Ha,,u[e(v, ) S 77" [u]ir(v,, ) since

p\ P
|HAmM||lP(VA,,,):( > ( Yo > Hapoety) (”(X)—u(}’))) )

x€Vp,, \WeAu:F, Vo3x yeF, Vg

p\ /P
—1 —
5( > ( P EDY u(x)) ) St ul vy,
x€Vp,, \WeVa,,:FyVodx yeF, Vg

where we recall that H = (Hpg) p,qev, is the Laplacian matrix associated with €,. On
the other hand, noticing that there are essentially finitely many different types of
FyKnVy,,weA,_1,weseethat |[Hp,, ul (U, FK) ST [u] 10 (¥, F, k) With “<”
independent of w € A,,_1, m > 1, so by taking summation,

[Hanuliova,) 2 1Hanulncr,, ) = 7" v,y

(b) follows by combining the above three estimates.

(c). For m = 0, the result trivially follows from the definition of €’(p). It suffices
to consider m > 1 case. Choose k such that R(x, y) > r**" for any x, y not in adjacent
cellsin {F.K : 7€ A, } and for any n > 0. Now, for any fixed w € A,,, we consider the
integral

(fFWK o fB,n(x) Ju(x) - “(y)Pd#(y)dy(x))l/p <I(L,w) +1(2,w)

with
1
1wy (f ot [ ) - u()Pdu()duc)
B iy 1/p
1uwy=(f ot [0 ) - u()Pdu)duc))
Notice that
1/p 1/p 1/p
Ip(u,r")g( > (1(1,w)+1(2,w))") g( > (1(1,w))") +( > (1(2,w))") .

Let’s estimate I(1, w) and I(2, w). For I(1, w), we notice that

1/p
fhw)= o, —u(y)Pdu(y)d )
() (fFWKr Brn(x)ﬁFwK|u(x) u()lFdu(y)du(x)
1/p
rmdﬂfx r(m_n)dﬂfm%s,n(pwx» uoFy(x) —uo Fw(y)|"d#(y)du(x))

1/p
S(f’"d*’ [ s [ - Iquw(x)—quw(y)Ipdu(y)dﬂ(x))

where ¢, is constant depending only on K and the harmonic structure, notic-
ing that there is ¢; € (0,1) such that R(F,x, F,,y) > airyR(x, y),Vw e W,,x,y € K.
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In addition, since u o F,, € Hy and 0 < €(p), we know that

PO (o Fyycar™™) w0 Ful o ey 10 Fullzecioy S 7P Jul 1o, 0,

where the second inequality is due to the fact that all norms on the finite dimensional
space }, are equivalent. Combining the above two observations, we get

I(1,w) g rinmeodw/2) e, )

For I(2,w), we can see that in fact B, (x)\F, K # @ only if x stays in a cell F,K with
7 € A,_k which contains a point z € F,, V,. Without loss of generality, we assume that
n—k > m,and sum I(2,w)’s over A, to get

v 1/p
(wg\:m e W)p) < (Z fxeF,K nyFT,K " u(x) - u(y)lpd#(y)dﬂ(x))

1/p
SC(Z ) fxeFTKW(x)—“(Z)'"dﬂ(x))

T z€Vy, NF:K

1/p
SC’ ( > o, |’zp<K>)

welAn,
1/p
_ C/r(nm)(HdH/P)( Z ||u|€P(FWK)) ,
welA,

where 7,7 € {7 € Ay : F;x KNV, # @}, and we require 7 # 7" with F,Kn Fy
K # & in the first line.
Combining the estimates on I(1, w)’s and I(2, w)’s, and noticing that

1+d—Hz<€(p d—w>ad—w
p 2 2

by Proposition 3.3, (c) follows. [
Now, we state the main result in this subsection.

Theorem 4.8 Let f € C(K) with f =Y.7 o fm and fu € J;, Vm > 0. For 1 < p < oo,
1 < g < oo, for the claims:

(1) f € ABI(K); (2) £ € APE (K); (3) {r o2 gy}, € 19
we can say:
(a). If 0 > L(p), we have (1) = (2) = (3) with
HfHA{,"‘?(K) R Hf”Aﬁ:?l)(K) R ||r_madW/2 Hfm HLP(K) ||,q .
(). If Z1(p) < 0 < L5(p), we have (1) = (2) < (3) with
I laacy 2 £ ara iy = [ 2 fll o iy -

(c). If(%, 0) € o, we have (1) < (2) < (3) with

I Lagao = Uflaza oy = [ fnllieo -

Downloaded from https://www.cambridge.org/core. 11 Nov 2024 at 00:53:31, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Equivalence of Besov spaces on p.c.f. self-similar sets 1131

Proof (a). Wefirst prove (1) = (2). We follow the conventional notation to denote
X~y yifx, y € F, Vo for some w € A,,,. We fix k > 0 so that B,w (y) ¢ B,w-«(x) forany
X~y yand m > 0. Then we can see

1/p
( 2. |EB,m(x>(f)—EB,m<y>(f)|") S ().

Xomy

Since each vertex x € V,,, is of bounded degree, by writing

F) = By (1) + 3 (B oy (F) = Esn sy ().

n=m

we apply Lemma 4.5(a) to see that

1/p -
( > 1f(x) —f(y)lf’) Sl (f,rm ) + > r L (f, ).

Xomy

Write Hy, f = r"™(*4u/P)H, f for convenience. We then have
1Fn fllie vy S Tp(for™ )+ 3 rmminleg, (£,
n=m
= L,(f,r" %)+ Z;) r_"dH/PIp(f, ).

Noticing that

o)

r—"mdw/l Z T’_ndH/PIp(f, Tm+")

n=0

i rn(adw/z—dﬂ/p)r—(m+n)adw/llp(f) rm+n)

1 =0 I
r

n=0

q
. n(odw/2-du/p) Hr_mUdW/ZIp(f) rm)

Ia

< rfmadw/ZIp(f’ rm)

19’

since we assume 0 > A (p) = %, the claim follows.
(2) = (3) iseasy. Wecansee that Hy , (Z;":_Ol m) ly, =0byLemma4.7(a),and
(Zn=o fm)lva,, = flvy,,- Thus, Hy,, fly, = Hy,, fuly, andthen
| fonloy = 1A, o i,y

using Lemma 4.7(b). The claim follows immediately.
(b). It remains to show (3) == (2). By the definition of € »,, and the fact that f,,
is harmonic in F,, K for each w € A,,, we can see that

| Ha, fnllie v,y = 1 Han finlio vy, y < 77450 £l 1o iy Vi > m.
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Also, [Ha, fnlir(v,,) = 0 for n < m. Thus,

Hrm(fadw/2+1+dH/p) |Ha i (m=m)(1+du/p)~mody/2

n=0

wSliecva,) | fallze cxoy

=
AN

Ia

m
Z rn(lerH/p)fmUdW/Z ”fm—n HLP(K)

n=0

oo

< Z rn(l+dH/p70dW/2) . Hr—madW/Z Hfm

Ia

The claim follows since 1 + %H - MTW >0by o < %(p).
(c). We only need to prove (3) = (1). Since (%, 0) € o7, which means that we

have o < €(p) in addition to .Z(p) < 0 < Z(p), we can find 5 € (0, (p)). The
rest proof goes similar to the second part of Proposition 4.4. By using Lemma 4.7(c),
we can see

Ip(fn’ rm) < r(m—n)ﬂdw/Zan HLP(K)’ Ym>n>o0.

Then, by the proof of (4.5), we get

m—

Z o2 (o ™) S(Zr”(" U)dW/Z) [ ) fo o -

n=1

In addition, by Lemma 4.3(c) and the same proof of (4.6), we have

|> oL (f e (zr"“dw/2> [~ oy -

The claim then follows by combining the above two estimates, and noticing that

m—1 oo
”rfmadw/ZIp(f) rm)qu < ” Z rfmadw/ZIP(fn’rm)“lq 4 H Z rfmadw/ZIp(fmrm)qu.

n=0 n=m

We end this section with the following theorem, whose proof will be completed in
Section 5 and Section 6.

Theorem 4.9 For 1< p<oo, 1<g<oco and L (p) <o <2, we have BYY(K) =
AP oy (K) with | - HAi:'(ll)(K) < - gz k-
5 Embedding AL?(K) into BY(K)

In this section, we will use the J-method of real interpolation to prove that A2 (K) c
BY(K) for 0 < ¢ < 2. This will not involve the critical curve %.

We will use the following fact about the real interpolation, which is obvious from
the J-method. Readers may find details of the J-method in the book [9].

Lemma 5.1 L?t)-( := (X, X1) be an interpolation couple of Banach spaces, 1< q < oo,
0<0<1,and Xg 4= (Xo,X1)g,q be the real interpolation space. For each x € Xo N X,
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and A > 0, write
J(A, x) = max {|x| xy> Alx] x, } -
If {gm} mso € Xo N X] is a sequence with {A‘me](/\m,gm)}m>0 el%and A >0, then
§= 2 8m<Xog
m=0
with [glx,, S [ATA™, gm) |0
We start with the following lemma.

Lemma 5.2 For1< p<oo, feLP(K) and m >0, there is a function u,, in HY (K)
such that

E[”m|Am] = E[f|Am]’

and in addition,

|t — E[f‘Am]HLP(K) < CIL(f,r™5),
| At Loy < Crom @I, (f, rmF),

where k € N and C > 0 are constants independent of f and m.

Proof For convenience, we write E[ f|Ay,] = 3,cp,, cwlr, x With ¢, € C.
For each x € V,,, and n > m, we write U, , = U{F,wK:x € F,,K,w' € A,}, and
take m’ > m to be the smallest one, such that

#VA,,, n Ux,m’ <1, Ux,m’ N Uy’mf =, Vx,y € VAm'

Clearly, the difference m’ — m is bounded for all m.
Let Upr = Uxev,,, Ux,m’- We define u,, as follows:
(1). For x € K\U,,s, we define u,, (x) = E[f|Am](x).
(2). Forx € V), welet M, = #{w € A,, : x € F,,K} and define

1

vy >
X weAy,FyK3x

Um(x) =

(3). It remains to construct u,, on each Uy, with x € V, . In this case, for each
F, K c Uy, v with w' € A/, we have already defined its boundary values. For u,, in
F, K, additionally, we require that u,, satisfies the Neumann boundary condition on
Fy Vo, and Er (4 ) = ¢, for w to be the word in A,, such that F,, K c F, K. It is easy
to see the existence of such a function locally on F,,-K, and the following estimate can
be achieved by scaling:

>

[t = cwliocr, ) S 7P| (x) =
| Au, HLP(FW'K) S rM(dH/P_dW)|um(x) - Cw|'
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With (1)-(3), we obtain a function u,, € HY (K) such that E[t;|Ay] = E[f|Am].
It remains to show the desired estimates for u,,. First, we have

1/p
i = B A= (5 = el 0

1/p 1/p
S(rdeZ|um(Xw')—Cw|p) S(rmdﬂ Z |CW_CV|P) ,

w! WV

where the summation Y, is over all w’ € A, such that F,,, KNV, # @ and x,, is
the single vertex in F,,/K n V,, , w stands for the word in A, such that F,/K c F, K,
and Y, , is over all the pairs w,v € A,, with F,,Kn F,K # @. By choosing k ¢ N
such that 7"~ > 2diamF,, K for any w € A,, (clearly, this k can be chosen to work for
all m), we then have

1/p
(erH Z |Cw_cv|P) SIp(f,rm_k),

w~y
thus, we get the first desired estimate. The estimate for [ Au,, |1» (k) is essentially the
same. |
Now, we prove the main result of this section.
Proposition’5.3 Forl< p<oo,1<q<ocoand0< o <2, wehave ALY(K) c BEY(K)
with | || gpagey S - | apa(xcy-

Proof Let fe AP?(K). We define a sequence of functions u, in H%(K) by
Lemma 5.2, and we take
Ug, ifm= 0,
&m =

Up — Um-1, ifm>0.

For m > 0, by Lemma 5.2, we have the estimate

gmlley S [ELA1Am| ey + o (o™ ™) + L (Fir™ =571 S Ip(fo ™),
|Agm || Le (k) S pomdw (Ip(f’ rmk) + I,(f, Tmikil)) N rfmdwlp(f’ rmok,

where k is the same as Lemma 5.2, and we use Lemma 4.3(a) in the second estimate of

the first formula. Taking A = r¥¥, X, = L?(K) and X; = H%(K) in Lemma 5.1, it then

follows that

—-modw /2

_modw/zl(rmdw’ rm(l—a/z)dw Hgm

gl <l Igmlueco ], + | Lzt

S L TR s | RS T YT
It is easy to see that f = ¥°°_ g,,, s0 combining with Lemma 2.6, we have f € B} (K)
with [ fl[geaciy S [flapacicy- "

Before ending this section, we mention that the same method can be applied to
show that A‘I;’gl)(K) c BYI(K) for Z(p) < o < 2. In this case, for each m > 0, we

choose a piecewise harmonic function of level m that coincides with f at V}, , then

g "
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modify it in a neighborhood of Vj,, to get a function u,, in H (K) analogous to that
in Lemma 5.2. Since the idea is essentially the same, we omit the proof, and state the
result as follows.

Proposition 5.4 For1< p < oo,1<q < oo and Zi(p) < 0 <2, we have A”
B (K) with | - | geaciy S |- | o Pa(K)"

(1)(K) c

Embedding BY(K) into AL?(K)

We will prove B 1(K) ¢ ALY(K) for 0 < o < €(p) in this section. Also, we will show
that B24(K) c AP ¥ )(K) for A(p) <o <2.
First, let’s look at two easy lemmas.

Lemma 6.1 Let {Xm, | |x,}
a >0, let

m>o be a sequence of Banach spaces. For 1< q < oo and

IHX)={s={sm}ms0:Sm € Xpn, Ym >0, and {a™ " |spm|x, } €17},

be the space with norm ||s|a(x = o™ |sm | x,, qu Then, for ag + a1, 0 < 0 <1 and
1< qo,q1,9 < o0, we have

(1 (X, 185(X.)),., = 1, (X), with ag = gV a.

This lemma is revised from Theorem 5.6.1 in book [9] with a same argument. The
difference is that we allow each coordinate taking values in different spaces, which
does not bring any difficult to the proof. As an immediate consequence, we can see
the following interpolation lemma for A%*?(K) and A{: :?1) (K).

Lemma 6.2 Let1< p,q,q0,q1 < 00,0 < 09,01 <00 and0 < 0 <1 We have:
(@), (AL (K), AL (K)), € AB(K);
»q0 pq P>
(b). (AGO?(I)(K) A q1>(K)) c AP (K),
with o9 = (1-0)ap + o0y.

From now on, we will separate our consideration into two cases, according to
(%, o) belongs to @4 or /. We will deal with the border between 4 and 2% by

using Lemma 6.2. For the region 7, in fact, we mainly consider a larger region

B = {(%,0) cA(p) <o < .,%(p)} instead.

On regions ., and #

To reach the goal that BYY(K) c ALY(K) for (l 0) € &4, by Theorem 4.8(c), it
suffices to prove BY1(K) c AP ql)(K ). We will fulfill this for the parameter region

B = {(%, 0): 4(p) <o<L(p) }, which is the region between the two critical lines
A and %, and of cause contains .27.
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Note that we can write each f € C(K) as a unique series,
f: me,WithmeIm, VmZO,
m=0

and in addition, by Theorem 4.8(b), it always holds

”f“Aﬁ:'(ll)(K) < |rmmedwl?| £, HLP(K)HH-

Let’s start with some observations.

_p

p-1

is a continuous sesquilinear form E(-,-) on B2 1(K) x BY > (K) such that
E(f.g)=E(f.g), VfeBYUK)ndome, geHS (K).

Proof First, by the definition of Ay, we can see that

(6.1) 1€(f. )| = |foANgdP‘| < fllerxy Hg”HI;’(K)’

Lemma 6.3 Let1<p,q<ooand0< o <2 Writep' =-£ and q' = L. Then there
q-1

forany f € LP(K) ndom€and g € HfI(K). So there is a continuous sesquilinear form
&:LP(K) x Hf (K) - C, such that &(f,g) = E(f,g) for any f e LP(K)ndoméE
and g € HY (K). In addition, we can see that |E(f, )| < HfHH;;(K) gl (i for any
f e HY(K) andgerl(K). i

As a consequence, the mapping f — E(f,-) is continuous from LP(K) to
(Hgl(K)) , and is continuous from HE(K) to (LP’(K)) since HfI(K) is dense
in L (K), where we use * to denote the dual space. Using the theorem of real
interpolation (see [9, Theorem 3.7.1] Theorem 3.7.1), we have f — E(f, ) is continuous
from B2 (K) to (Bgi’g’(K )) . So & extends to a continuous sesquilinear form on
BE(K) x BE T (K). n
Lemma 6.4 For1< p,q < oo, we have Hy (K) c Ag’g’)(K). In addition, this implies
HY(K) c Agj‘(ll)(K)for each0 < 0 < 2.

Proof In fact, for each f € HY(K) and x € V,,,, we have

Hanf(@)= [ ven(8f)d

where Uy, is the same we defined in the proof of Lemma 5.2, and v, ,, is a piecewise
harmonic function supported on Uy, n, With Yy (x) = 1and Y v, \(xy =0, and s
harmonic in each F,, K, w € A,,. As a consequence, we get

r I Hy flisev, ) S 1A Lo ()
which yields that H2(K)c A‘Z,’ao)(K), noticing that -2dw/2+1+dy/p=
~dy/p’ since dw=1+dy. Finally HJ(K)c Al (K)c Ag’q (K) since

2,(1) »(1)
pm(=ody /2+1+du/p) IHa,, flliecvy, ) < rm(2-0)dw/2 £l g (K)* "
m 2,(1)
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Proposition 6.5 For 1<p<oo, 1<q<oco and A(p)<o<.L(p), we have
BP(K) = AP ?l)(K) with | - HA?'(II)(K) < |- Igpa k- In particular, lf(%, o) € o, we

have BE4(K) = APA(K) with || - | xpagiey % | [ 52 ()

Proof By Theorem 4.8(c), it suffices to prove the first result. Also, by Lemma 6.2(b)
and Proposition 5.4, it suffices to consider the 1 < g < oo case.

By Lemma 6.3, there exists & on BL?(K) x Bgi’g,(K) with p’ = p% q' = L satis-

fying (6.1). In the following claims, we provide an exact formula of € on A gl) (K) x

AP .q (1)(K)

Claim1 Let M>0, f=Y2_ f, and g=Y2_ g0 With fo, gm € Jm» 0<m < M.
We have

M M
E,(f,g): Z g(fm’gm):_ Z < Hu,, fm>&m >12(Vy,,) * u
m=0 m=0

Proof Clearly, we have f € dom& n B (K), and g € Bgl’g,(K) by Proposition 5.4,
thus, there is a sequence of functions g(") in HY (K) converging to gin B5 1 (K). For
each n, by Lemma 6.3, we have

E(f.g") =&(f, g<”>)—28<fm g")=- Z<HAmfm, ) >iv, ) -

Letting 1 — oo, we have the claim proved, since g{") converges to g in Bgl_’gl (K) and
thus converges uniformly as 2 — o > A4 (p’). ]

Claim2 Let f=3, o fmand g=3 o gm With fm,gm € Jm, Ym >0, and

e B
We have
é(f’g) == Z_O < HA,, fm>&m >12(Vy,,) *

Proof By wusing Claim 1, we have €& ( Ym0 fm> Zm=o gm) =-yM <
Hp,, fm>8m >12(v,,) for any M >0. Letting M — oo, then the claim follows,
since the left side converges to &(f,g) as M_, f,, converges to f in BY?(K) and
Y M gm converges to g in Bgi’g’ (K) by Proposition 5.4. ]

Claim 3 Let f =Y, o fn With fu € ], Vm >0, and Hr‘"‘”dW/ZHfm 173653 ”m < oo,
We have |[r=" 72| £ 1o o S 1 152 (ic)-

Proof The space 19 (lpl (Va. )) can be identified with the dual space of 11 (17 (V}.))

in a natural way, and thus, we can find g=Y,_,gm> with g, €/, and 0<
Hr’“("_z)dW/2 jo < 00, such that

| gm ”LP'(K)‘
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\é(f,g)\ > % Hr—madw/2+m+de/PHHAmfm HIP(VAm)qu . ‘ rm(o—z)dw/2+de/p’ ”gm

—modw/2 -2)dw/2
> Hr mody/ ||fm||LP(K)H1q . Hrm(a Ydw/ ”g”‘”LP'(K)’

—mody /2
2 [ oo |, el gt -
—0

”ll"(VA,,,)‘ 1

1a’

On the other hand, we have |&(f,¢)|< HfHBg,q(K)~HgHB,,/,q/(K). The estimate
follows. ﬂ |

Now, combining Claim 3 and Proposition 5.4, we can see that Aﬁ "(11) (K)isaclosed

subset of B2?(K). On the other hand, we have HY (K) c Ag’?l) (K) by Lemma 6.4. So

the desired result follows since H. (K) is dense in B} (K).
Finally, for1 < p < 00, g = 1,00 and £ (p) < 0 < % (p), we pick Z1(p) <01 <0 <
0, < % (p)and 0 € (0,1) such that o = (1 - 8)0y + 603, then
API(K) > (ABR(K), AL(K)) = (BEP(K), BE (K)) = BE(K)
(] 6.9

by Lemma 6.2(b), Lemma 2.6, and the reiteration theorem of real interpolation.
Hence, AD?(K) = BY?(K) by Proposition 5.4.

By applying Propositions 5.4 and 6.5 and Lemma 6.2(b), we can finish the proof of
Theorem 4.9.

Proof of Theorem 4.9 Lets fix 1< p< oo, 1< g< o0 and Z(p) < 0 <2, and we
choose Z(p) < 01 <o A% (p) and 0 € (0,1) such that 0 = (1 - )0y + 26. Then, by
Proposition 6.5, we know that B2?(K) = A»?  (K); by Lemma 6.4, we know that

a1,(1)
HE(K) c A‘;”ET) (K). Hence,

P>q _ (pP1 P p-q p>oo P-4
BYI(K) = (BL(K), HE(K)), , © (Aab(l)(K),Az)(l)(K))e’q c AP (K)
by Lemma 2.6, the reiteration theorem of real interpolation and Lemma 6.2(b).
Combining this with Proposition 5.4, the theorem follows. [ ]

On region <,

It remains to show BS?(K) ¢ ALY (K) on <. In fact, by Proposition 6.5 and Lemma
6.2(a), noticing that L?(K) is contained in “A5**(K); we can simply cover a large
portion of &%, see an illustration in Figure 8. However, it remains unclear for the strip
region near p = 1,if ¢ and .#] intersect at some point with p > 1. We will apply another
idea to overcome this. Also, we mention here that a similar method can solve the .27
region as well with necessary modifications.

We will rely on Proposition 4.4 in this part, which says, for 0 < 0 < Z(p), it holds
that

If1 iy 2 [t B f| A ]l 1o (i) o

To get a reasonable estimate for ||1:3 [fIAm] H Lo(x)y Ve start with a new decomposition.
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oA

1
p
e

1

Figure 8: A portion of .a%.

Definition 6.6 (a). For m >0, we define T, = {ZweAm hy, o F': hy, € Ho,
Ywe Ayt
(b). Write Pr,, for the orthogonal projection L*(K) — T, for m > 0, and

PT s ifm= 0,
p; =4
n = \pp —Pr_,, ifm>1

Since Pr, is realized by integration against an L? orthogonal basis of harmonic
functions, which are bounded, it extends to a bounded linear map L?(K) — T, for
any 1< p < oo.

(c). Write T, = {mef i fe LI(K)} for m > 1, and write T = Tp.
Remark The spaces Ty, are collections of piecewise harmonic functions, but may not
be continuous at V, \Vj.

We collect some useful results in the following lemma.

Lemma 6.7 Letl<p<oo,m>0andueT,.

(a). We have E[u|A,] = 0ifn < m.

(b). For any 0 <o <€ (p), we have ”E~[u|An]”
n2m.

iy ST P ul oy for

Proof (a). By definition, for each u € T,., we have Pr, ,u =0. On the other hand,

we can see that @' J; ¢ T,,_; since clearly J; consists of piecewise constant functions.
Thus,

E[u|A,] = E[Pr, ,ulA,] =0, Vn<m.
(b). We first look at m = 0 case. By definition of €, we have r~"#/2[, (u,r") <

|u]| 1o (x> as u € Ty = Ho. The claim then follows by applying Lemma 4.3(a).
For general case, for each w € A,,, we can see that

- mmedwl2|(Bu|A,]) o By | SluoFylieky, Vnzm.

LP(K)

(b) then follows by scaling and summing the estimates over A,,. [ ]
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Proposition 6.8 For 1< p<oo, 1<q<oco and (%,a) € g, we have BYY(K) c
AZUK) with |- sraciy S |- [52acic)-

Proof Let feBYI(K), it suffices to show that Hr’m"dW/2||E[f|Am]HLP(K)qu S
| £ 11574k by applying Proposition 4.4.

For convenience, we write & : LP(K) — [1,,_o Tin, defined as &(f)m = P;, f.
Also, we equip each Tm with the L? norm. Then, Pr, and PTm are bounded linear
maps on L?(K), which immediately provides Claim 1.

Claim1 2 is bounded from LP(K) to 1°(T)). [
Recall the definition of I£ from Lemma 6.1.

Claim2 2 is bounded from H. (K) to 1% (T).

Proof Let G be the Dirichlet Green’s operator on K [26, 36]. For any f € Hé’ (K) =
Hg)D(K) ® Iy, we have

1f = Pr e $ 168 vy $ 18 sy

where the first inequality is due to the fact that f — G(=A) f € Ty = H,, and the second
inequality is due to the fact that G is bounded from L?(K) to L?(K). We apply the
above estimate locally on each F,, K with w € A,, to get

1f = Pr flliocy S 7 |Af | o)
by using the scaling property of A f. Thus, we have
1Ps, fliecey S Uf = Pr ey + 1f = Procafluociy S 7™ 1 Af oo iy
This finishes the proof of Claim 2. [ ]
Combining Claim 1 and Claim 2, and using Lemma 6.1, we see the following claim.

Claim 3 For1<p<oo, 1<q<ooand 0< <2, & is bounded from BY(K) to
19, (T).
rody /2

Now, we turn to the proof of the proposition. We fix a parameter point (%, o) in

5. By Claim 3, we can see that, for each f € BY¥(K), we clearly have f = ¥ or_o P; f,
with the series absolute convergent in L? (K). Thus, we have

ELflAn] i E(Ps, flAn] i B[Py flAn]

where the second equality is due to Lemma 6.7(a). In addition, by applying
Lemma 6.7(b), we have the estimate
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m
B ey © 3 71212y, lurc
n=0
where 7 is a fixed number such that ¢ < 5 < €'(p). As a consequence, we then have

r

—mod o
|7 e ELf A i s

m
—mody /2 (m—n)ndw /2
r | P;
’/IZO Tn

S
1

|
19

- —o)d “mod
< Z rn(ﬂ o)dw/2 Hr mao w/2||Pj~meLP(K)HM < ”fHBg"’(K)’
n=0

19
m

—mody /2 nndy /2
r | P

TS |2 ()

where we use Claim 3 again in the last inequality.

Remark We can apply a similar argument as Lemma 6.7 and Proposition 6.8 for
(%,a) € # to show that BY1(K) c A{:;?l)(K), as stated in Proposition 6.5. The
difference is that f,, € J,, in the tent function expansion of f = 3 ,_; f,, depends on
Pj; f for n > m. This gives a second proof of Proposition 6.5.

We finish this section with a conclusion that Theorem 1.1 holds.

Proof of Theorem 1.1 On 24, the theorem follows from Proposition 6.5; on 2%,
the theorem follows from Propositions 5.3 and 6.8; lastly, on the border between .27
and o7, we have B5?(K) c ALY (K) by interpolation using Lemma 6.2(a), as well
as the other direction is covered by Proposition 5.3. Finally, the region is sharp by
Proposition 3.2. |
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