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For s1, s2 € (0, 1) and p, q € (1, 00), we study the following nonlinear Dirichlet
eigenvalue problem with parameters «, § € R driven by the sum of two nonlocal
operators:

(A u+ (=A)32u = aulP2u+BlulT2uin Q, wu=0inRI\Q, (P)

where Q C R? is a bounded open set. Depending on the values of a, 3, we
completely describe the existence and non-existence of positive solutions to (P). We
construct a continuous threshold curve in the two-dimensional (¢, 3)-plane, which
separates the regions of the existence and non-existence of positive solutions. In
addition, we prove that the first Dirichlet eigenfunctions of the fractional p-Laplace
and fractional g-Laplace operators are linearly independent, which plays an essential
role in the formation of the curve. Furthermore, we establish that every nonnegative
solution of (P) is globally bounded.
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1. Introduction and main results

In this paper, we are concerned with the existence and non-existence of positive
solutions to the following nonlinear eigenvalue problem involving the fractional
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2 N. Biswas and F. Sk
(p, g)-Laplace operator with zero Dirichlet boundary condition:
s s o -2 -2 o : d .
(A u+ (=A)Pu = afulPFu+ Blul!"uin Q, uw=0inR"\Q, (EV;a, )

where 0 < s5 < 51 <1< q<p<o0, a, R are two parameters and Q C R? is
a bounded open set. In general, the fractional r-Laplacian (—A)2 (s € (0, 1) and
r € (1, 00)) is defined as

(~A)su(x) = P.V. /R luie) - “T?'_;éf(”j) —u®) 4y, 2 ere,

where P.V. stands for the principle value.
The local counterpart of (EV; «, () is the following Dirichlet eigenvalue problem
for the (p, ¢)-Laplace operator:

—Apu — Agu = alulP2u+ Blul??uin Q, u=0in 9Q. (1.1)

The study of (p, ¢)-Laplace operators are well known for their applications in
physics, chemical reactions, reaction-diffusion equations e.t.c. for details, see [15,
18, 20] and the references therein. Some authors considered the eigenvalue prob-
lems for the (p, ¢)-Laplace operator. In this direction, for « = 3, Motreanu—Tanaka
in [29] obtained the existence and non-existence of positive solutions of (1.1).
For o # 3, in [8] Bobkov—Tanaka extended this result by providing a certain region
in the (o, B)-plane that allocates the sets of existence and non-existence of positive
solutions of (1.1). Moreover, they constructed a threshold curve in the first quadrant
of the (o, §)-plane, which separates these two sets. Later, in [9], the same authors
plotted a different curve for the existence of ground states and the multiplicity of the
positive solutions for (1.1). It is essential that in which region the positive solution
of (1.1) exists or does not exist, and the behaviour of the threshold curve depends
on whether ¢,, ¢, are linearly independent, where ¢, and ¢, are the first Dirichlet
eigenfunctions of the operators —A, and —A, respectively. For other results related
to the positive solutions of eigenvalue problems involving (p, ¢)-Laplace operator,
we refer to [6, 10, 33] and the references therein.

In the nonlocal case, parallelly, many authors studied the nonlinear equations
driven by the sum of fractional p-Laplace and fractional ¢-Laplace operators with
the critical exponent. For example, see [2, 4, 7, 24, 25| where the weak solution’s
existence, regularity, multiplicity, positivity and other qualitative properties are
investigated. The study of (EV; «, ) is motivated by the Dancer-Fucik (DF)
spectrum of the fractional r-Laplace operator. The DF spectrum of the operator
(—A)$ is the set of all points (a, B) € R? such that the following problem

(=Au=a@wh) =) tinQ, wuw=0inRY\Q, (1.2)
admits a nontrivial weak solution, where u® = max{4u, 0} is the positive and
negative part of u. For r = 2, in [26], Goyal-Sreenadh considered (1.2) and proved
the existence of a first nontrivial curve in the DF spectrum. They also showed that
the curve is Lipschitz continuous, strictly decreasing, and studied its asymptotic
behaviour. For r # 2, in [31], the authors constructed an unbounded sequence of
decreasing curves in the DF spectrum. Nevertheless, the study of the spectrum
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for the fractional (p, q)-Laplace operator is not well explored. In [30], for a = 3,
Nguyen-Vo studied the following weighted eigenvalue problem with zero Dirichlet
boundary condition:

(A u+ (-A)Pu =« (mplulP2u+ mglu|??u) in Q, uw=0in R\ Q, (1.3)
where 0 < 55 < 51 <1 < ¢ < p < 00, the weights m,, m, are bounded in €2 and sat-
isfy m.f, m;]“ # 0. Depending on the values of «, the authors obtained the existence
and non-existence of positive solutions of (1.3).

The primary aim of this paper can be summarized into the following two
aspects:

(a) We provide a comprehensive analysis of the sets in the («, 3)-plane that deter-
mine the existence and non-existence of positive solutions for the equation
(EV; «, ). Following the local case approach, we construct a continuous
threshold curve denoted as C that effectively separates the regions where pos-
itive solutions exist from those where they do not. In some specific regions of
the (a, ()-plane, we employ the sub-super solutions technique to establish the
existence of positive solutions. To apply this technique, we utilize the crucial
result stated in theorem 4.1, which proves that every nonnegative solution of
(EV; «, ) is globally bounded.

(b) The existence and non-existence of positive solutions to (EV; «, 8) depend
on the following statement:

Os1.p 7 COsy.q for any c € R, (LI)

where ¢s, , and ¢s, 4 are the first eigenfunctions of the operators (—A);t and

(—A)s2 corresponding to the first eigenvalues )\S p and )\iz,q respectively in
Q under zero Dirichlet boundary condition. While this linear independence
condition for the operators —A, and —A, was conjectured in [8] and later
proved in [9], its validity remains unknown for any s, so € (0, 1). Neverthe-
less, several authors have assumed the condition (LI) in various contexts (e.g.,
[23, 30]). We establish the validity of (LI) under certain assumptions on s;

and s, as demonstrated in theorem 1.9.

Recall that, for 0 < s < 1 < r < 0o, the fractional Sobolev space is defined as
wWor(Q) = {u e L"(Q) : [u]sra < cx},

with the so-called fractional Sobolev norm ||ul, ,. o == ([ull7-(q) + [ul},,, )7, where

Jux yl"
er _// y‘d—O—sr dl’dy7

is called the Gagliardo seminorm. For r € (1, co0), W*" () is a reflexive Banach
space with respect to the fractional Sobolev norm |||, .. Now we consider the
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following closed subspace of W™ (R9):

W' (@) = {u € W (RY) : w =0 in R'\ Q},

endowed with the seminorm [],, ge, which is an equivalent norm in Wy ()
([12, Lemma 2.4]). For details of the fractional Sobolev spaces and their related
embedding results, we refer to [12, 14, 19] and the references therein. For s; > so
and p > ¢ > 1, the continuous embedding W' (Q) — W;>?(Q2) (see [5, Proposi-
tion 2.2]) allows us to introduce the notion of weak solution for (EV; «, ) in the
following sense:

DEFINITION 1.1. A function u € W3"P(Q) is called a weak solution of (EV; a, 3)
if the following identity holds for all ¢ € W3 P (Q):

|u(z) — u(y) P~ (u(@) — u(y))(¢(x) — d(y))

| — y|dtop dedy
R xR4
. / u(z) — u(y)|*~ |£(Eu£xl)/ |;+1:§3))(¢(x) — W) 4oy

Re x R4
= a/ \u|p_2u¢dx—|—ﬂ/ [u|?2ugp da.
Q Q

In our first theorem, we prove the existence of a positive solution for (EV; «, )
if any of a and ( is larger than the first Dirichlet eigenvalue of the fractional
p-Laplacian and fractional g-Laplacian respectively. We also show that this range
of v, B is necessary for the existence of a positive solution when (LI) does not hold.

THEOREM 1.2. Let 0 < s9 < 51 <1< g <p<oo. Assume that

(o, B) € (()\;171),00) X (—oo,)\iz)q)) U ((—oo,)\1 ) x (AL oo))

S$1,pP 82,97

U (At X Pad) - (1.4)
The following hold (see Fig. 1):

(i) (Sufficient condition): Let a, (3 satisfy (1.4). In the case, when a = X}, , and

6= )\é%q, we assume that (LI) violates. Then (EV; «, B) admits a positive
solution.

(ii) (Necessary condition): Let (LI) wviolates and (EV; o, §) admits a positive
solution. Then «, 3 satisfy (1.4).

REMARK 1.3.

(i) The above theorem asserts that (EV; AL , AL, ) admits a positive solution
if and only if (LI) violates. Indeed, (EV; AL . Al ) admits a non-trivial
solution only when (LI) violates (see proposition 6.1).
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(b)

Figure 1. Shaded region denotes existence, and unshaded region denotes non-existence of
positive solutions. (a) The case (LI) holds (with o, , < c0), (b) The case (LI) does not
hold.

(i1) If (LI) violates, then theorem 1.2 gives a complete description of the set of
existence and non-existence of positive solutions of (EV; a, /3). In particular,
theorem 1.2 generalizes the result of [30, Theorem 1.1] for o # .

It is observed that for «, 8 € R, the problem (EV; «, () is equivalent to the
problem (EV; g+ 6, 3), where § = o — (3. Using this terminology we define the

following curve:

DEFINITION 1.4 Threshold curve. For brevity, denote 3= X. For each 6 € R
consider the following quantity:

A*(0) :=sup{A € R: (EV; A+ 0, \) has a positive solution} . (1.5)
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If such X does not exist, we then set \*(0) = —oo. The threshold curve corresponding
to (EV; «, B) is defined as C := {(\*(0) + 6, \*(0)) : 0 € R}. Also, we define the
following quantities:

p
0 — )\1 - Al o [¢52 q]SI’P R¢

. * L _ 1
S1,D 82,97 Sl,p' ) and 0+ —Oéslp A

155.all70 () e

Clearly, 0* < 0% and 0 = 0% if and only if (LI) violates (from (iv) of proposition
2.1).

In the following proposition, we discuss some qualitative properties of C and see
that C carries similar behaviours as in the local case [8, Proposition 3 and Figure 2].

PROPOSITION 1.5. Let 0 < s9 < 81 <1< q < p<oo. Then the following hold:
(i) A*(0) < oo for all 0 € R.
A(0%) + 0% > AL

) A

) A( and \*(0*) > AL, , if and only if (LI) holds.
(iii) A\*(0) +

) A

)

)

S1,P ( 52,49
AL, and X*(0) = XL, , for all 6 € R.
(iv) A*(9) is decreasing and A*(0) + 0 is increasing on R.
(v) If az, , is finite, then X*(0) = AL, , for all 0 > 67

(vi) A* is continuous on R.

According to (iii) of the above proposition, C C ([A}, ,, 00) X [AL, ., 00)).

Further, if o, o = 0o, from the property (iii), we observe that C always lies above

the line 8 = )\ . From now onwards, we assume that oy, , < oo. In the following
theorem, we demonstrate that C separates the sets of existence and non-existence
of positive solutions in the region ([AL , co) x [AL _, 00)) (see Fig. 1).

S1 p7 S2, q’

THEOREM 1.6. Let 0 <s9<s1<1<qg<p<oo. Let a> )‘il,p and (>
Assume that (LI) holds.

82#1
(i) If B € (AL, 4 A*(0)), then (EV; a, B) admits a positive solution.

(ii) If a> X}, , and B < X*(), then (EV; o, ) admits a positive solution.

(iii) If B > A*(0), then there does not exist any positive solution for (EV; «, f3).

Now we state the existence and non-existence of positive solutions on the curve
C (see Fig. 1).

THEOREM 1.7. Let 0 < 55 <81 <1< qg<p<oo.
(i) If 6 < 07, then (EV; X*(0) + 0, X*(0)) admits a positive solution.

(ii) If 0 > 07, then there does not exist any positive solution for (EV; X\*(0) +
0, \*(0)).
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The above theorem does not consider the borderline case ¢ = 0% . In this case,
we have a partial result in remark 6.9, which says that (EV; A\*(6) + 6, A*(0)) does
not admit any ground state solution.

REMARK 1.8. The relations among sy, s2, p, q are taken without loss of any gener-
ality. All the preceding results in this paper hold for the remaining cases by choosing
the appropriate solution space as given below:

(i) For sy < s2 and p < ¢ (symmetric), we choose the solution space as W;>(9).

(i) For s2 < s; and p < ¢ (cross), we choose the solution space as W' (£2) N
Wi 9(Q) endowed with the norm [-]5, ,ga + [s, R

(iii) For sy = s = s and p # ¢, we choose the solution space as W () N W;"(Q)
endowed with the norm [-]; , ga + []5 4 re-

The next theorem verifies the linear independency of the first Dirichlet eigen-
functions of the fractional p-Laplacian and the fractional ¢g-Laplacian.

THEOREM 1.9. Let 1 < ¢ <p < oo and sy, s2 € (0, 1) satisfy the following condi-
tion:

/

S1

7?<52<81.
q

Then the set {¢s, p, Psy.q} 1 linearly independent.

REMARK 1.10. Theorem 1.9 holds if we take the other relations among s, ss, p, ¢
listed below:

(i) For 1 < p < g < oo and sz?/ < 81 < s (interchanging the roles of s1, sa, p, q).
(ii) For 1 < ¢ <p < oo and s1 = s9.

The rest of the paper is organized as follows. Section 2 briefly discusses the first
Dirichlet eigenpair of fractional r-Laplace operator, recalls the discrete Picone’s
inequalities, and proves some technical results. In § 3, we prove the validity of (LI).
This section contains the proof of theorem 1.9. In § 4, we establish the regularity
of the solution for (EV; «, 3) and state a version of the strong maximum principle
related to (EV; «, ). Section 5 studies various frameworks of energy functionals
associated with (EV; «, (). Finally, § 6 studies the existence and non-existence
of positive solutions for (EV; «, (). In this section, we prove theorem 1.2-1.7 and
proposition 1.5.

2. Preliminaries

In this section, we recall some qualitative properties of the first nonlocal eigenvalue
and its corresponding eigenfunction. Afterwards, we recall the discrete Picone’s
identities. We list the following notations to be used in this paper:
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Notation:
e Br(z) C RY denotes an open ball of radius R > 0 centred at z.
e For a set £ C R? |E| denotes the Lebesgue measure of F.
o We denote dyiy = |z — y| TP dady and dps = |z — y| T2 dady.
e For r € (1, 00), the conjugate of 7 is denoted as 1’ := 5.
e For 0 < s <1<r<oo, wedenote [[;,ra as []s, and ||| o) as [|-[],.-
e For k € N, we denote ug(z) := u(z) + + where z € R%.
e For v € (0, 1), the Holder seminorm [f]co~(q) :=  sup M
o, yeQaty |2 =Yl
e For sr <dd (where 0<s<1<r<oo), the fractional critical exponent
T
rai= d—sr’
e For each n € N, we denote the positive and negative parts (f,)* by fff =
max{=+f,, 0}.
o Eigenvalue of (2.1), A, () is denoted as A ;..
e We denote the eigenfunction of (2.1) corresponding to the first eigenvalue A},
s o
e For r € (1, 00), zp € Q and R > 0, the nonlocal tail of f € W' (2) is defined

as

1

r—1 =1

Tail, (f;x0, R) := | R / %dx :
R4\ Bg (z0) |z — 0]

C' is denoted as a generic positive constant.

2.1. First eigenvalue of fractional r-Laplacian

For a bounded open set @ C R?and 0 < s < 1 < r < 00, we consider the following
nonlinear eigenvalue problem:

(—A)u= A Jul"2uin Q, uw=0 in R"\ Q. (2.1)

We say As,- is an eigenvalue of (2.1), if there exists non-zero u € W, (Q2) satisfying
the following identity for all ¢ € W' (Q):

// u(@) — u()|""*(u(@) — u(y))(6(=) — 6(y)) dedy
s |z — y|@tsr

= w(@) " 2u(z)p(x) da.
= oy [ @) uta)o(e)d
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In this case, u is called an eigenfunction corresponding to As,, and we denote
(As,r, u) as an eigenpair. In the following proposition, we collect some qualitative
properties of the first eigenpair of (2.1).

PROPOSITION 2.1. For r € (1, 00) and s € (0, 1), consider the following quantity:

)\i,r = inf {[U];,r cu € Wi (Q) and / lu|" = 1} .
Q
Then the following hold:

(i) AL, is the first positive eigenvalue of (2.1).

s,T

(ii) Every eigenfunction corresponding to )\;T has a constant sign in 2.

(iii) If v is an eigenfunction of (2.1) corresponding to an eigenvalue As, > 0 such
that v > 0 a.e. in Q, then Ay, = )\i,r.
1

(iv) Any two eigenfunctions corresponding to As.p are constant multiple of each

other.

(v) Any eigenfunction of (2.1) corresponding to an eigenvalue s, is in L (R?)
for every o € [1, co]. Moreover, if Q is of class CYL then the eigenfunction
lies in C%7(Q) for some v € (0, s].

Proof. For proof of (i) and (iii), we refer to [21, Lemma 2.1 and Theorem 4.1]. For
(ii), see [14, Proposition 2.6]. Then the proof of (iv) follows using [21, Theorem 4.2].

(v) Let u be an eigenfunction of (2.1) corresponding to As,. By [12, Theorem
3.3], u € L=(Q) and hence u € L= (R?). Further, since u € W*"(R?) N L>(R),
the interpolation argument yields u € L% (R%) for every o > r. Also for o € [1, 7),
applying Hoélder’s inequality with the conjugate pair (£, =2),

o’ o

< ( / ur) 0.
Q Q

Thus, u € L7 (R?) for every o € [1
[27, Theorem 1.1] to get u € C%7(

, 00]. Furthermore, since u € L>=(R%) we apply
Q) for some v € (0, s]. O

2.2. Some important results

In this subsection, we state some elementary inequalities, recall Picone’s inequal-
ities for nonlocal operators and collect some test functions in W3 (Q).

LEMMA 2.2. Let a, b € R, and v € RT. The following hold:
(i) If v > 1, then
la— b7 (a — b)(a*—b) > at—b]";
la—b"*(a=b)(b" —a”) = la” —b[,

where a* = max{+a, 0}.
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(i) If ~>2, then |a—b""?(a—0b)<C(la]" 2a—|b|""%b) for some
C=C(v)>0

(i) [lal” = b1 < y(lal”™" + B )]a — b].

Proof. Proof of (i) follows from [14, Lemma A.2]. Proof of (ii) follows from [28, (2.2)
of Page 5]. Proof of (iii) follows using the fundamental theorem of calculus. O

We recall several versions of the discrete Picone’s inequality that are useful in
proving our results.

LEMMA 2.3 Discrete Picone’s inequality. Let r1, ro € (1, 00) with ro < r1 and let
f, g :R* = R be two measurable functions with f >0, g > 0. Then the following
hold:

(i) For z, y € RY,

@) = FI (6@ = £ (St )

< lo(e) ~ 91— S
(ii) For z, y € R?,

B a2 F )" gy)"
£(2) ~ T () - <>>(MM )

g(x)ri—ra+l g(y)””“)

) — ro— 2
<lg(x) —g(y)| @y Fl

(iii) Let o, B3 > 1. Then for x, y € R%,
|f(@) = F)" 2(f () = f(y)

" ( g(@)" 3 9(y)" )
af(x) =t +pf(z)2t  af(y)t+ Bf(y)r2t
<lg(z) — g™
(iv) Let o, B> 1. Then for z, y € RY,

[f(x) = F@)I" 2 (f (@) = f(y)

g(z)" B g(y)"
) (af( Tt Bf(@)e Tt af ()t +5f(y)”1)

< (@) = 1),

Moreover, the equality holds in the above inequalities if and only if f = cg a.e. in
R? for some c € R.

Proof. For the proof of (i), see [11, Proposition 4.2]. Proof of (ii), (iii), and (iv)
follows from [23, Theorem 2.3 and Remark 2.6]. O
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The following lemma verifies that certain functions are in the fractional Sobolev

space, which we require in the subsequent sections.

LEMMA 2.4. Lets € (0, 1) and r1, 72 € (1, 00). Let u € W5 (Q) be a non-negative
function. For v e W5 () N L>®(Q), the following functions

[o]™ [ol™ o]t
¢k = W’ '(/}k = u2271, and Nk = urlf"'Q with ro < 1

lie in W5 (Q).

Proof. We only prove that ¢ € W (Q2). For other functions, the proof follows
using similar arguments. Clearly, ¢ is in L™ () and ¢ =0 in Q°, for every k.
Next, claim that [¢g]s, < co. In order to show this, for x, y € RY, we calculate

Pk (z) — Pr(y)]
lo(z)|™ lu(y)|™

up () 7 Fug(z)2t g (y) " Fug(y)re !

o)™ (ur(y)™ " +un(y) ! — (e (@)" " +up(2)™1)
(ur ()71~ + up(2)™271) (ur(y) "1~ + ur(y) 1)

< (K k) (o) = Jo(y)[™

[k ()" 7 — () ()2 — (@)
(e ()™ + up(2)72=1) (ur (y) L + upy)r=—1)

[o(@)|™ — Jo(y)[™

(@) ()

+

+llvle

Using (iii) of lemma 2.2, we get

k() — i (y)] < v (K1 + £ (Jo(@)[ 7+ o)1) [vle) — o(y)]
(ur (@) 72 + ug(y)™2)
wp ()" g (y) 1
(ur ()22 + ug(y)=?)
wp ()2 Tug (y) 2~

Jur(z) = ur(y)]

+(r = Dlvlls

+(r2 = Dl

Jur(2) — ur(y)]-

Now using u;, " < k and v € L>(Q), there exists C' = C(r1, 2, k, ||| ,) such that
|9x(2) = r(y)| < C (|v(x) —v(y)] + |ur(z) — ur(y)])
= C(Jv(z) = v(y)] + |ulz) = u(y)]) .
Therefore, ¢, € W5 (Q) follows as [v]s,, [u]s,r, < 0o. This completes the proof.
O
3. Linear independence of the first eigenfunctions

This section is devoted to proving the linear independency of the first Dirich-
let eigenfunctions of the fractional p-Laplacian and the fractional g-Laplacian.
Throughout the section, we assume that  C R? is a bounded open set of class C1:1.
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For brevity, we denote the first eigenpair of (2.1) by ()\;T, u). From proposition 2.1,
u>0in Q, u=0in R?\ Q and u € C(Q). Therefore, u attains its maximum in .
Due to the translation invariance of the fractional r-Laplacian, we assume that Q
contains the origin and the maximum point for u is the origin. Now for 7 > 0, we

consider €, := {z € R?: 72 € Q} and define u, : R? — R as follows:

w0 —ure) o cq
wn (1) = sr! ) ’
) “(0,), for z € R\ Q,.
7—87‘

The following result demonstrates a property of the above function, which plays an
essential role in proving (LI).

LEMMA 3.1 (Blow-up lemma). Letr € (1, c0) and s € (0, 1). If 7, — 0, asn — oo,
then there evists a subsequence denoted by (1,) such that u,, — @ in Cj(RY)
as m — oo. Moreover, i€ W I (RY) NC(RY) is non-negative, and satisfies the
following equation weakly:

(=A)jv = —)\;T.u(O)r*l in RY, (3.1)
and w(0) = 0.

Proof. Note that for any 7 > 0, u,; > 0, since u(0) is the maximum value for u in
Q. Using the fact that (A}, u(7x)) is the first eigenpair for fractional r-Laplacian

on 2., we obtain that the following equation holds weakly:

u(0)

’
TS’I"

(=AY ur(x) = =(=A)u(tz) = —)\i’ru(ﬂv)r_l in Q. u,= in R4 \ Q.

(3.2)
For each 7 > 0, using proposition 2.1 and [14, Theorem 3.13], we get u, € C(9,).

Now we divide our proof into two steps. In the first step, we show that w., — @ in
Cloc(R?) as n — oo. In the second step, we prove @ is a weak solution to (3.1).

Step 1: Take a ball Br(0) such that Bsr(0) C 2. We choose o1 > 0 as follows
d
o1 = —7, where v > 1.
5

By the nonlocal Harnack inequality (see [24, Theorem 2.2]), there exists C =
C(d, s, r) such that

1 1
: 1 r—1|r—1 _ 1 r—1)r—1
Br(0) " <¢ (BTR%) urt A u ”L“l(BzR(o))) = Ol e 5oy
(3.3)

In (3.3) the last equality follows from the fact ming, ) u, = 0, because origin is
the maximum point of u in 2. Further, for » > 2 we immediately get (r — 1)o7 > 1,
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and for 1 < r < 2 we choose

sr
max{dr+2(sr_d), }, 1 sr < d;
v >
maX{d(rS_l),l}, ifST}d,

to get (r — 1)oy > 1. Then proposition 2.1-(v) and (3.3) yield

1 u 1
i ur < CIAL 0~ ol gy < € (3.4)

where C'= C(d, s, T, /\i,r, Hu||L(T,1)a1(Rd)). Next, we define the following exponent

. 1 d
O(d, s,r,01) := min {r—l (sr — 01) ,1} . (3.5)

Then, applying the regularity estimate [13, Theorem 1.4] when r > 2 and [22
Theorem 1.2] when 1 < r < 2, for the problem (3.2) we get the following Holder
regularity estimate of the weak solution u, for any s < § < ©(d, s, r, 01):

[UT]CUv‘S(BR/g(O))

C sr—-% =
ﬁ {max ur + Tail, (ur;0, R) + (R 51 )‘i,rHur_lllL“l(BR(O))) 1]
C
= 75 |1 max ur + 1 + I ) (3.6)

where C' = C(d, s, r). We now estimate the last two terms I, I5 of (3.6) as follows:
Estimate of Is: Choose a > 0 such that a > yr — 1. Then, by the change of variable
we have

1
1

o1
B RO ([ )y
7 Br(0)

Rs(rf%) B a1
- )\;7,73 / |u(z)|(r Do g,
R Bpat1(0)

1

<AL RCTD-F ( / [u(z)| "7 dz> (3.7)
Rd

where we see that r — % < %

28

Estimate of I,: Note that
I := Tail,(ur; 0, R) < C(r) (Tail,(uf; 0, R) 4 Tail,(u;;0, R))
= O(r)Tail,(ul;0, R), (3.8)

where the last equality follows from the non-negativity of w.. To estimate
Tail, (uf;0, R), let Ry = 4R and { := maxp, (o) u-. Take ¢ € C°(Bg) satisfying
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0<¢<1 ¢=1in By and [Vo| < %. We use the test function 1 := (u, — 2¢)¢?
in the weak formulation of u, and then proceed similarly as in [32, Lemma 4.2]) to
get a constant C' = C(d, s, r) such that

C|Bg|R™*" Tail, (u]; 0, R)Til < CU'|Bg|R™"" + /\i,f’/ u" iy de
Br

< CU'|BR|R™" + 36)\i7r/ u" "t da

R
1
< CCIBRIR™ + 36\ BRI "~ oy (5,

where in the above estimates we used the fact |u — 2¢| < 3¢ in Bg. This implies

that
4 =1
Tail, (ut: 0, R) < C rt (B AL 0 o )
il (730, < € (o e+ (R AL 10 s,
_1
<C <max ur + I{1> . (3.9)

Br(0)

Now, plugging the estimates (3.4), (3.7), (3.8), (3.9) into (3.6), we thus obtain
C
[UT]CO»S(BR/g(o)) < Roter (3.10)

r—1
be any compact set. Observe that Q, becoming R? when 7 is sufficiently small. Thus,
we can choose R > 1 and 0 < 79 << 1suchthat K C B%(O) C Q. forall T € (0, 7).
Therefore, we use (3.4) and (3.10) to obtain the following uniform estimate for all
7€ (0, 19):

where C' = C(d, s, 7, AL, [ull =101 (ay) and € := L(H“f_m) > 0. Let K ¢ R?

max <C, and [ur]eosk) < C, (3.11)

where C' is independent of both 7 and K. Next, for a sequence (7,) converging
to zero, we consider the corresponding sequence of functions (u,, ). Using (3.11)
we can show that (u,, ) is equicontinuous and uniformly bounded in K. Therefore,
applying the Arzela—Ascoli theorem, up to a subsequence, u,, — @ in C(K). Thus
we have

Uy, — 1 in Cloe(RY), as n — oo. (3.12)

Step 2: Recalling the weak formulation of (3.2) for 7 > 0 be any,
_ r—2 _ _
r(2) = ()20 0) = () (D) = D))

|z — yldter

R4 x R4

— L, / w(rz) " l¢(z)dz, Vo e C(Q,). (3.13)

-

Let v € C2°(RY) and let supp(v) := K. Since ), is becoming R%, as 7,, — 0, there
exists ng € Nsuch that K C Q. for all n > ng. Hence, from (3.13) for every n > no,
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we write
ur, (2) — ur, (9)|" 2 (ur, () — ur, v(x) —v
) = e, O 0) 0, G)00) = o) 1,
R x R4
= —)\SJ/Ku(Tnx)T_ v(x)de. (3.14)

We pass the limit as n — oo in the R.H.S of (3.14), to get

lim u(toz) " to(z)dr = lim uw(tox) " to(z)xk (z) do

n—oo [ n—oo Jpa
:/ u(0)" " to(z) dz, (3.15)
K

where the last equality in (3.15) follows using the dominated convergence theorem.
Again, applying the dominated convergence theorem, we have

L.H.S of (3.14)
r—2 _ _
— lim // |Uur, (¥) — ur, (y)] (Ur, () = ur, (y)(v(z) — v(Y)) dzdy
m, o — o
Bk(O)XBk
= klim // F,(x,y)dady.
By (0)x B (0)

Now, we establish

lim lim // F,(z,y)daedy = hrn lim // F,(z,y)dady. (3.16)

n—o0 k— oo k— o0 n—o0

B (0)x By (0) By, (0) x B (0)

To show (3.16), for any fixed k € N we first prove that

n—oo

Fo(z,y) — F(z,y)

alz) — @ T2(0(x) — @ v(z) —v .
_ Ja(z) —a(y)| |(x(—§/|d+35y))( (@) —v) . 1 (Bi(0) x Bi(0)).

It is easy to see from (3.12) that F,(z, y) ——— F(x, y) pointwise. Now for z, y €
By (0), and using the uniform boundedness of (u,,) (see (3.11)), we have

Fatoy) = W@ =000 o ) L

v(z) = v(y)

|x _ y|d+sr—6(r—1) ?
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where the constant C' does not depend on n. By Fubini’s theorem, we get for any

fixed k € N
—v(y)| lv(z) — vz + 2)|
// |33— |d+sr §(r— 1) // |Z‘d+sr S(r—1) dzdz
Bk(O)XBk(O) Bk(O)Xsz(O)
1
[Vo(z +t2)]
// </ |Z‘d+sr 6(r—1)— ldt dzdz
1 (0) X B2, (0)
/ / Vol 11 Ry IVl gy,
Bar(0) |Z|d+sr 5(7’ 1)—
sr—1

= C||Vvl| 1 (gay < 00, since § > p——

Thus, applying the dominated convergence theorem, we conclude F,, ——» F in
LY(By(0) x Bi(0)). Also, it is easy to verify that for any fixed n € N

k—oco
/ Fo(, y)X By, 0) ()X By (0) (v) dody —— / / F(z,y) dzdy.

Re xR R2 x R4

Again, from the Fatou’s lemma, (3.14), and (3.15) we get

/ F(z,y)dedy < lim //F x,y) dedy

R xR R xRY
=M, lm [ wu(me) lu(z)de < C.
n—oo J K

Next, for n, k € N, we consider the double sequence of functions (F, ;) defined as

Fn,k(x7y) = Fn(‘ra y)XBk(O)('r)XBk(O) (y)a for T,y € Rd'

We claim that
Jdim // F, ;(z,y)dedy = // x,y) dedy. (3.17)
k—>oo

R4 xR4

n, k—oo

Again, using (3.12), F, x(z, y) —— F(z, y) pointwise a.e. in R%. Further, for
z, y € R, using the uniform estimate (3.11) we have

|Fnk(z,9)] = |Fn(z, )X B, (0) ()X By.0) (%)

|r,, (2) — ur, ()|~ Ho(2) — v(y)|

= 7 — y[or X B, (0) (T)X By (0) (¥)

r-1 v(z) —v(y)|

< [U‘m]co ‘S(Bk )|='E — ‘d—&-sr S(r—1) XBk(O)( )XBk(O)(y)

[v(z) — v(y)|
e |z — y|d+sr—o(r—1) XB,.(0) (%)X B,.(0) (¥),
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where the constant C' is independent of both n and k. Moreover, from the fact that

§ > ST 1
v(y)|
// |$_y‘d+sr 6(r—1) dl‘dy<OO,

r—17
Re xR

, (3.17) follows by again using the dominated convergence
theorem. Hence, by the standard result for interchanging double limits, we obtain
(3.16). Therefore, taking the limit as n — oo in the L.H.S of (3.14) and using (3.16)
we obtain

lim lim / F,(xz,y)dady = lim lim / F,(x,y)dady

n—oo k—oo k—o00 N—00
Bk O)XBk(O Bk O)XBk

~ lim / / Fla, y) dady

k—oo
By, (0)x B (0)

= // (z,y) dady, (3.18)

R4 x R4

Thus, using (3.14), (3.15), and (3.18) we get

[ lie) = 50 0) 50 0t) = v0) o,

|£ZZ _ ‘d+s’r‘

R4 xR4

= *)‘i,r/ u(O)Tﬁlv(m) de, Vwve Cfo(Rd).
Rd

Moreover, we also have @ € W,>'(R?) N C(R?) provided s < §. Hence, @ is a weak
solution of (3.1). Again, since u,, >0, u,, (0) =0, from (3.12) we arrive at 4 > 0
with @(0) = 0. This completes the proof of the lemma. O

Proof of theorem 1.9. For simplicity of notation, we denote ug = ¢, , and vy =
0s,,q- We argue by contradiction. Suppose ug = cvg for some non-zero ¢ € R. With-
out loss of any generality, we can assume that uy = vg. By proposition 2.1, uq is
uniformly bounded, ug > 0 in  and is in C(2). This guarantees that ug has a
global extremum point. Since the operator (—A)st is translation invariant, we can
assume that the origin is such a point. Now for 7 > 0, define

M for z € Q.-
ur(z) = T (3.19)

0
uO(,), for z € R?\ Q,,
TS1P

where Q. :={z € RY: 72 € Q}. Then by Blow-up lemma 3.1, there exists a
sequence 7, — 0 such that w, — @ in ClOC(Rd), where @ is a non-negative
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solution of

(=) v ==L Luo(0)P~" in RY, (3.20)

and @(0) = 0. Again, by the change of variable we deduce

(_A)SQUT(.,L.> — PV |U’T($) B uT(y)\q_Q(uT(az) _ uT(y)) d

R [ — y|dHsaa !
Ll oy [ el = we () () — i)
T51P (¢—1) R ‘LU _ y|d+s2q

— _rs2q—s1p'(g=1) PV / [uo(T) — uo(y)|q*2(u0(nv) —uo(y)) dy
e [T — y[d¥oad

_ _TSquslp'(qfl)(_A)Zzuo(,rw) _ _,7_521178110/(4*1))&2’(1 Uo(Tm)qil.

This implies that for each 7 > 0, u, given by (3.19) satisfies the following equation
weakly

(=850 = =7 UL o) i Q.

’

Using S;%’ < S5 we again proceed as in Blow-up lemma 3.1, to obtain that @ > 0 is
also a weak solution of the following equation:

(=A)?v =0 in R%.

Therefore, by the strong maximum principle [17, Theorem 1.4], we conclude @ = 0
a.e. in R%, which gives a contradiction to (3.20) as uo(0) > 0. Thus, the set {ug, vo}
is linearly independent. O

4. L*° bound and maximum principle

In this section, under the presence of multiple exponents (s1, p), (s2, ¢) and param-
eters (a, [3), we first prove that every nonnegative weak solution of (EV; «, () is
bounded in R?. Afterwards, we state a strong maximum principle.

THEOREM 4.1 (Global L bound). Let 0 < so < 51 <1< g <p< oo and let Q C
R? be a bounded open set. Assume that u € W3*F(Q) is a nonnegative solution of
(EV; a, (). Then u € L>®(R?).

Proof. d > s1p: Let M > 0, define up; = min{u, M}. Clearly uy is non-negative
and is in L>(Q). Since u € W3 (Q), then up, € Wit (Q2). Fixed o > 1, define ¢ =
uq;. Then, ¢ € W3"P(€). Thus taking ¢ as a test function in the weak formulation
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of u, we have

[ @) = w2 uta) = ulw)(@(a) - o) di

R4 xR4

+ / / () — ()] (u(z) — u(y))(B(z) — $(v)) dpsz

R4 xRd

. /Qu(as)p_1¢(x) dz+ 8 [ u(@)"'é(x) da

Q

pto—1 q+o—1
< oz/ﬂu(x) dx—i—ﬁ/@u(m) da. (4.1)

Now, using [12, Lemma C.2] we estimate

b= [ lute) = u)P (o) - ue) (6() - 6(0)) din
R4 x R4
P [[ @™ =) =5

>
(c+p—1)p
R4 xRd

v
C(d, s1,p)op” otp=1\Ps N
> a2 (L (™)™ an) ™

where in the last inequality we use W;'"(Q) — LP4 (R9). Since saq < d, using
Wi29(Q) — L%2(R?) we estimate I as

p
dpy

L= / / fu(e) — uly)|(u(@) — u(y))(é(z) — $(y)) dyz

R4 xR
q
1 otg-1\ 4% at,
> QUL DOL (] (u0)™ )™ ac) ™
(c+q—1)7 \ Jpa
Plugging the estimates of I; and I into (4.1) we obtain
c(d P cip1\PL -\ o
( 5817p)0p </ (UM(.’E)JrT) d.fL') !
(c+p—1)P \Jpa

C(dv 52, q)aqq / ota—1 Q§2 i
+ (c4+q— 1)q Rd (UM(I) ) dz

< a/u(x)p“’*l dz + ﬁ/ u(z)4to 1 da.
Q Q
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Letting M — oo in above, the monotone convergence theorem yields

O(da517p)app o+p—1 plfl é
ool (L e )

C(d, s2,q)oq" / crami\ @, |\ T
+ e U (u(:r) ) dz

pto—1 +o—1
< a/ﬂu(m) dz + ﬁ/Qu(x)q da. (4.2)

CraM: For oy :=pi —p+ 1, u Pl e L%(Rd),
By taking o = o7, we obtain from (4.2) that
P
d ﬁ x pEy .
M </ u(z) ™ P dgc) ' < a/u(x)p51 dx+6/u(m)q+”1’1 dz.
(p3,)? Rd Q Q
(4.3)

Notice that ¢ +01 — 1 =q+p;, —p <pi, (asp>q). Set a := qf; . By apply-
ing the Holder’s inequality with conjugate pair (a1, a}) we estlmate the second
integral of (4.3) as

/ w(z)?r 1 de < ( / w(z)Pe d:z:> e (4.4)
Q Q

For R > 1, consider the set A :={z € Q: u(zx) < R} and A° = Q\ A. We estimate
the first mtegral of the R.H.S of (4.3) as follows:

[ ([ ],y

ps —p P ﬁ
< RPL Q| + |47 7 (/ ()P dg;) Y s
Ac

‘We choose R > 1 so that

pi —p

*\p s1
o (psl) |A(,| p’;l
C(d, s1,p)o1p?

Therefore, combining (4.3), (4.4), and (4.5) we obtain

1 psl * ﬁ
( / u(w) 7P dx> 1
2 R4

(p* )p L, ( « )“11
<——12 | a|Q|RP: + B|Q| /uxp51dx .
C(d,s1,p)oip? & ol Q )

DO | —

ST _ i to-l
Thus, u” ™"t e L% (RY) for oy :=pi —p+1. Set ay:= o and ag:=
p;gjf 7 Using the Young’s inequality with the conjugate pairs (a2, a3) and (a3, aj)
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we write

U(J?)pzl +o—1

()Pt < + = <u(@)P= 7 41, and

a9 ag

ps, +o—1 .
U(-,I;) 1 + L < u(x)p51+071 + 1.

ulx qt+o—1 <
(z) h as al

Hence the R.H.S of (4.2) can be estimated as

a/ w(x)P o e 4 B [ w(z)T ! da
Q Q

<2(a+6)(1+19]) <1 + /u(x)p:1+g_l da:) .
Q
Now using the facts 0 > 1 and o +p — 1 < op, we obtain from (4.2) that

otp—1 :1 Pgl —1 p—l *
(1 +/ (u(x) +p );D d.l?) <C (W) (1 + /U(l‘)p51+ﬂ_1 dx) R
R p Q

where C' = C(«, 3, Q, d, s1, p) > 0. Set 9 = o + p — 1. Then the above inequality
can be written as

1

P
9 * i, (9—p) p— . 9 —
(1 +/ u(z)%l’sl dz) ! < Cﬁsipﬁrﬂi (1 +/ u(z)pslﬂﬁp dx>
R4 Rd

We consider the sequences (¥;) defined as follows

(4.6)

*

. s Py
U1 =p;,02=p+ 71(191 —p) Vi =p+ p1 (5 —p).

.
Pi,
p

g
Observe that py, —p+ 041 = =0, and 941 = p+ (
we get ¥; — 00, as j — oco. From (4.6), we then write

P
V1w P (Wj4+1-Pp)
1+ [ w(x) 7 Pade
Rd

1 Ll, P3 PE (5‘_7’)
< C7+1p 19;9_{_4{1 Y (1 + /d u(x)Tlﬂj dx> R (4.7)
R

) (91 — p). Since p%, > p,

*

7 S -
Set Dj := (1+ [a w(z) 7 % dz) PP | We iterate (4.7) to get

; —1

DA —— fa = ’

Dj <=7 (] ) Dy, (4.8)
k=2
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*

P

51 p* P . . . . .
where Dy = (1 + [pa w(z) 7 P4 da) "R 75 ? which is finite by using the claim, and

» 19"97'+1 Y
pjglﬂjJrl PE V11 j+1—P 917+1
2 _ Vj4+1—P
Djy1 2 ((/ u(z)— @ dx) = llull 5o, (4.9)
Rd L~ 7 (R4)

Combining (4.8) and (4.9) we have

Pjt1 g1\ P!
Vi1 —1 J 1 >

[[u] ’pélﬂfﬂ( 5 <Crihws (HW’“ ) Dy. (4.10)
L P R k=2

Moreover,

Hﬁ TP = exp <Z log( ) = exp ((p;p—p)Q log (p (pzl(pil —p)) 1>> )

Therefore, taking the limit as j — oo in (4.10), we conclude that u € L>(R?).
d = s1p : We proceed similarly as in the previous case by replacing the following
fractional Sobolev inequality (whenever required):

// ’uzw(ﬂ’?)wg1 —UM(Q)%

Re xRd

P ot+p—1\ 2P 2
dpr = 04, () (/ (uM(;C) 2 ) dx) ,
R4

where

— 1 p . —
Oup@ = iy {ulfy lulon o = 1}

Following similar arguments as given in the case d > s1p, we infer

1

m 1 p—1 v—p
<1+/ u(x)”dg;) < C7 599> <1+/ u(x)ﬁﬂdx) . (411)
R4 R4

Then by considering the following sequences (¥;) defined as:

U1 =2p, 02 = p+2(01 —p), Vg1 = p+2(05 —p),

we obtain u € L>(RY).

d < s1p : By the fractional Morrey’s inequality ([12, Proposition 2.9]), we see that

functions in W;'*(Q) are Holder continuous and hence bounded. This completes

the proof. O
We use the following version of the strong maximum principle for the positive

solution of (EV; «, f3).
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PROPOSITION 4.2 (Strong Maximum Principle). Let Q C R? be a bounded open set
and 0 < sy < 81 <1< q<p<oo. Let ue€ W;"P(Q)N L*(RY) be a non-negative
supersolution of (EV; «, 8). Then either u > 0 a.e. in Q or u =0 a.e. in RZ.

Proof. a, B3 > 0: Since u is a non-negative supersolution of (EV; «, (), we obtain

(Ap(u), v) + (By(u),v) > a /

Q

uP o+ B/ wi v >0,

Q
for every v € WP (Q2) with v > 0. Now we can use [3, (2) of Theorem 1.1] (by
taking c¢(x) = 0) with modifications (due to the presence of multiple parameters
51, 82) to conclude either u > 0 a.e. in Q or v = 0 a.e. in R%.
a, B<0or af <0: Let zop € 2 and R > 0 be such that Bgr(zo) C Q. Since u
is a non-negative supersolution of (EV; «, ), then we proceed as in [3, Lemma
2.1], for any Ry > 0 satisfying Br, = B, (20) C Bz (zo), and obtain the following
logarithmic estimate

[ e G|

Br, xBr,

dpa

<C (51%74 [st Taily, (u_; z9, R)P~" + R™*29 Tail,(u_; zo, R)ql} R

d—s LA —
+ B ([l ey +9) + (lol+ 18] Nl ) |Ble<xo>|), (412)

where § € (0, 1) and C' = C(d, s1, p, 2, ¢) > 0. Now the result follows using (4.12)
and the arguments given in [3, Lemma 2.3]. O

5. Variational framework

To obtain the existence part of theorem 1.2-1.7, in this section, we study several
properties of energy functionals associated with (EV; a;, (). In view of remark 1.8,
we assume So < s1 and g < p in the rest of the paper. We consider the following
functional on W (Q):

ul? u)? ut|? ut||?
BN O PR s SN I RV
p q p q

Now we define

(A (1), )= / / () — ()P (u(z) — u(y))(é() — b)) dur:

(By(u), )= / / () — u()| 2 (u(z) — u(y)) (6(z) — B(y) dpia,
R4 x R4

Vou, ¢ e WitP(Q),

where (-) denotes the duality action. Using the Holder’s inequality, it follows that
[ Ap(u)|| < [u]2; ) and || By(uw)|| < [u]4) ). One can verify that I, € C'(W3P(Q), R)

6211
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and

(I (w), 8)= (Ap(w), @) + (Bqy (), 6) —a / ()P g da

Q

P(u)’
— ﬁ/ (wh) i todr, Yu,ée W P(Q).
Q

REMARK 5.1. If w € W5'P() is a critical point of I, i.e., (I (u), ¢) = 0 for all
¢ € WyP(Q), then u is a solution of (EV; «, ). Moreover, for ¢ = —u™, using (i)
of lemma 2.2 we see

0 = (I} (w), —u™ ) = (Ap(u), —u™) + (By(u), —u™) > [uf, , + 7L, ,.

The above inequality yields u~ = ¢ a.e. in R? for some ¢ € R. Moreover, since
u” € WytP(Q2), we get ¢ =0. Thus every critical point of I, is a nonnegative
solution of (EV; «, f3).

Now we discuss the coercivity and weak lower semicontinuity of I .

PRrROPOSITION 5.2. Let a < Aél,p and (> 0. Then the functional I, is weakly

sequentially lower semicontinuous, coercive, and bounded below on WP (Q).

Proof. Let u, — u in W;*?(Q2). Then using the compactness of the embeddings
Wyt P (Q) — LP(Q), W5*(Q) — L(£2), and the weak lower semicontinuity of the
seminorm, we get

Uy |P w14 utP
lim 7, (u,)= lim [n]ﬂ—k lim ["}ﬂ_a lim @
n— 00 n— o0 P n— o0 q n— o0 p

(K2
=B Jm — =

Now we prove the coercivity of I;. Suppose o < 0. Then using W7 (Q) — L1(Q),

+4
I(u) > [ult, » _ﬂHU llq - [u}il,p B Cﬁ[u]il,p’ Vue WP\ {0} (5.1)

p q

If a >0, then there exists a € (0, 1) such that a = a\l

s;p- In this case, using
WEHP(Q) — L1(Q), we get

[u]f, p g
'[Jr(u) > Tl - a’>‘51,p P - ﬁ

ut|?  [ulp ut||? u]?
P (e P

S1,p
(5.2)
for every we Wgi'"(Q)\{0}. From the definition of A} . we have [u]? >
Ao pllull = A%, pllu™|[P. Therefore, (5.1) yields

$1,P

Lz 0, - oo vuewpr@ o), 59)

S1,P
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In view of (5.1), observe that (5.3) holds for every v < A}, . For any e > 0, applying
p

Young’s inequality with the conjugate pair (7, pT) we obtain

[u]gl,p = 65

Hence from (5.1) we have the following estimate for every u € W37 (Q) \ {0}:

1-a Ccp CBp—q) _ o
I+(U) > . [U]IS)LP - 67[71]15)111} — Te P—q,

We choose € > 0 so that C'8e < 1_7‘1 Therefore, from the above estimate, we get

l—a CBp—q) __» s
p TP\ 2 T p—q 1P
o [U]sl,p " € Vue WitP(Q)\ {0}.

I (u) >

Thus the functional I is coercive on W;'"*(2). Next, we prove that I is bounded
below. Set M > 0 such that MP~7 > p(l + CBq~1'). Then using (5.1), we get

([u}zhz o

) > MY, provided [u]s, , = M.
b q

Further, if [u]s, p, < M, then I, (u) > qucﬂ. Thus, I; is bounded below on
) 2

In the following proposition, we verify that I, satisfies the Palais-Smale (P.S.)
condition on W' ().

PROPOSITION 5.3. Let av# Ay, . Let (uy) be a sequence in W3'(Q) such that
I (up) — ¢ for some c € R and I " (un) — 0 an (W3HP(Q))*. Then (un) possesses
a convergent subsequence in ng’p(Q).

Proof. First, we show that the sequence (u,,) is bounded in W**(Q2). On a contrary,
assume that [u,]s, , — 00, as n — oco. Using (i) of lemma 2.2, note that

[un 12, p < [un 8, 5+ [un 1, o < (T (un), —ug )| < T () [z s, -

Hence [uy, |5, » — 0, as n — c0. Set wy, = unlu,];",. Up to a subsequence, w, — w
in WP (Q2) and by the compactness of W' P(Q) < LP(Q), w, — w in LP(Q).
Further, [w;, |s, p = [u, ]s; plunls,', — 0, as n — oo. Therefore, w, — 0in Wg**(Q)
and hence in LP(2). This implies that uﬁr — w in L? (), which ylelds w > 0a.e. in
Q. We show that w is an eigenfunction of the fractional p-Laplacian corresponding
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to . For any ¢ € Wi'"(Q), we write

<Ap(un)7 ¢> + <Bq(un)a ¢> _O‘/Q|un|p_2un¢ - ﬁ/ﬂlunlq_Qun¢ = €n, (54)

where €, — 0 as n — co. From the above inequality, we obtain

(A1), ) +lunl 22 (By(wn), & / 206 — Blunld / w70

€n
ST (5.5)
[unle: ;
Using the Holder’s inequality with the conjugate pair (g, ¢'), the Poincaré inequality

[¢ll, < C(Q)[8]s,,p, and the boundedness of (w,) in Wg*(2) we have
|<Bq(wn)a¢>| < [wn]g;é[(b]smq < C[¢]817p7 and

/Q wnl*10] < a2 61, < Clélen p

We choose ¢ =w, —w in (5.5), and take the limit as n — oo to get
(Ap(wy), wy, —w) — 0. Further, since A, is a continuous functional on W' (),
we also have (4,(w), w, —w) — 0. Further, using the definition of A,

<Ap('wn) - Ap(w)awn —w) > ([wn]zs)l_;l: - [U’El_;) ([wn]51,p - [w]smo) . (5.6)

Therefore, [wy,]s, p — [w]s, p, and hence the uniform convexity of Wy*"* () ensures
that w,, — w in W5 (). Further, since [w]s, , = 1 we also have w # 0 in Q. Now
using (5.5), we obtain

(Aptw) ) =a [ Jul 2us, ¥ 6 € Witn(@).
Thus w is a nonnegative weak solution to the problem
(=A)p'u= aluP"?uin Q, u =0 in Q°. (5.7)

Now by the strong maximum principle for fractional p-Laplacian [14, Proposi-
tion 2.6], we conclude that w >0 a.e. in Q. Therefore, the uniqueness of A}
(proposition 2.1) yields o = )\1 ,,p» resulting in a contradiction. Thus, the sequence
(up) is bounded in Wi**(Q). By the reflexivity, up to a subsequence, u,, — @ in
Wit P(Q). By taking ¢ = u, — @ in (5.4) and using the compact embeddings of
WEHP(Q) — LY(Q) with v € [1, p, we get (Ap(up), up — @) + (Bg(un), up — @) —
0. Therefore, (Ap(un)— Ap(@), up — @) + (By(un) — By(@), u, — @) — 0, which
implies (A, (upn) — Ap(@), w, — @) — 0. Thus, [un]s, p — [U]s,,p (by using (5.6)), and
from the uniform convexity, u,, — @ in W5*"*(Q2), as required. O

The following lemma discusses the mountain pass geometry of I, for certain
ranges of « and (3.
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LEMMA 5.4. Let a > )\;1 p and B < a. For p>0, let
Sp = {u e W5"(Q) : [uls, p = p}-
The following hold:

(i) There exist § = §(p) > 0, and aq = ax(p) > 0 such that if o € (0, aq), then
I (u) >0 for every u € S,.

i ere exists v € ’ with |v]s, p > p such that v) <O0.
ii) Th Wyt P (Q h P h that I 0

Proof. (i) Let p > 0 and u € S,. Then using Wi (Q) < L?(Q) for v € [1, p),

p wtlP wtll
I+(’LL) 2 [u]sl,p _aH Hp _5” ||q
p p q
[u]P—4 [u]P—4 a)
> [u]l P Ca—22 — C= ) = p?A(p), 5.8
[u] 1,p< ) ) ) = A (5.8)
where A(p) = -C%. (C’pp . %)_1 and § =

p?A(p) with a € (0, aq). Therefore from (5.8), I+( )2 ] for all a € (0, aq).
(ii) Note that

tP td
Ly(t90) = 5 (16es B p = 601 p1) + = (160 1.0 = Bl 1) -

Since p > ¢ and a > Al s,.p» We obtain I (t¢s, ,) — —o0, as t — oo. Hence there
exists t1 > plds, pl5,}, such that Iy (tds, ;) < 0 for all t > t1. Thus, v = t@s, ;, with
t >t is the required function. O

5.1. Nehari manifold

This subsection briefly discusses the Nehari manifold associated with (EV; «, ()
and some of its properties.

DEFINITION 5.5 Nehari Manifold. We define the Nehari manifold associated with
(EV; «, B) as

Nog = {ue W5\ {0} : (I’ (u),u) =0} .

Note that every nonnegative solution of (EV; «, 3) lies in N, 3. Now we provide
a sufficient condition for which every critical point in N, g becomes a nonnegative
solution of (EV; a, (3). We consider the following functionals on W;*"(Q):
S$1,pP

Ho(u) = [ulf, , — allu™|[, and Ga(u) = [u]f, , — BlluTlg, ¥ ue W P(Q).

Clearly, H,, Gz € C*(W3*P(Q), R), and the identity (I’ (u), u) = Hq(u) + Gg(u)
holds.

PROPOSITION 5.6. Let u € Wi'P(Q2). Assume that either Hy(u) # 0 or Gg(u) # 0.
If w is a critical point in Ny g, then u is a critical point of I .
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Proof. The proof follows using the arguments given in [8, Lemma 2]. O

Next, we state a condition for the existence of a critical point in N, g. Let
H,(u), Gg(u) # 0 for some u € Wi(€). Define

1

topl=tas(w) = (~520) "

Notice that, for t € R, (I'(tu), tu) = t(tP" H,(u) +t771Gs(u)). In particular,
to,pu € Na,ﬁ-

PROPOSITION 5.7. Let u € Wi'P(Q). The following hold:

(i) If Gg(u) <0< Hy(u), then Ii(tspu)= tmﬂigiLr(tu), and Ii(tqpu) <O0.
€
Moreover, to g is unique.

(i) If Ho(u) <0< Gglu), then Ii(tepu)= max I (tu), and Ii(tepu)>0.
te

Moreover, t, g is unique.

Proof. The proof follows using the same arguments presented in [8, Proposition 6].
O

REMARK 5.8.

(i) Let u € Ny . Then H,(u) + Gg(u) = 0, and hence

P TPy .
I (u) = o Gp(u) o Ho (u)

From the above identity, it is clear that if I (u) # 0, then either Gg(u) < 0 <
H,(u) or Hy(u) < 0 < Gg(u).

(ii) If w e Ny g, and H,, Gg satisfy the assumptions given in the above propo-
sition, then from (i) and proposition 5.7, t, g = 1 is the unique minimum or
maximum point on R*.

REMARK 5.9. Using proposition 2.1 and [lu™||, < [|ull.,, we get

(i) if a <Ay, ,, then Hy(u) > [u]f , = AL Lllut|) > [u]? = AL L lull? >0 for
u e Wgt(@)\ {0},
() if B < AL, then Gpu) > [ulf,, — M, 2> [ult,, — AL Jlullf >0 for

ue WgP(Q)\ {0}.
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5.2. Method of sub and super solutions

We consider the following energy functional on W;'"(Q):

ul? u)? ul|?
I('LL) _ [ ]51,17 + [ ]82’11 _all HP _
p q p

Notice that I € C*(W3*?(Q2), R), and

[Jully .
Bt Y u e W),

(I'(u), )= (Ap(w), §) + (By(u), ¢) —0</QIUIHW5 dz

— B |ul" Pup, Y u,de WP(RQ).
Q

In this subsection, using sub and super solutions techniques, we discuss the existence
of critical points for I. We say w € W;"P(Q) is a supersolution of (EV; «, ), if

(4p(@), ¢) + (By (), )
>a / P 2agdz + 8 / T g dr, Ve WIT(Q), 620, (5.9)
Q Q
A function u € Wy"P(Q) is called a subsolution of (EV; «, () if the reverse
inequality holds in (5.9).

DEFINITION 5.10 Truncation function. Let w, @ € L°°(Q) be such that u <7u a.e.
in Q. Fort € R, we define the truncation function corresponds to f(t) = a|t\p_2t +
BIt|°t as follows:

)
Fla,t) == { f(t) if u(z) < § < (z), (5.10)

By definition, I, t) is continuous on R. Further, using u, @ € L () it is easy
to see that f € L>(2 x R). Now we consider the following functional associated
with f(-, u(x)):

. [ulf, ,  [u]

q ~
I(u) = ML LELE /F(x,u(x))dx, Voue Wit (Q),
p q Q

where F(z, u(z)) := fou(m) f(x, 7) dr. Note that, for u(zx) € (u(z), u(x)), I coincides
with the energy functional I. Further, I € C*(W3"*(Q), R), and

(7). 6) = (Apl).6)+ (Bofw). ) = [ Flaula))ota) da, ¥ w0 € W5 7(@).

In the following proposition, we prove some properties of I that ensure the existence
of critical points for I.

PROPOSITION 5.11. Let u, @ € L=(Q) be such that uw <u a.e. on Q. Then I is

bounded below, coercive and weak lower semicontinuous on Wi (Q).
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Proof. Since u, w € L*>(Q2), there exists C' >0 such that |f(z, t)| < C, and
|F(z, t)] < C|t], for all z € Q, t € R. Hence for u € W5 (Q)

N 1 2y, [ty

(u) » l[ull, >

C[U]S2,Q‘Q|?'

Now using similar arguments as in proposition 5.2, it follows that I is coercive and
bounded below on W' (). Next, for a sequence u,, — u in W5**(Q),

N (A . .
lim I(u,) > —2F 4+ —22 — lim [ F(z,u,(x))dx. (5.11)

We claim that [, F(z, u,(z))dz — [, F(z, u(z))dz. By the compact embeddings
of WgP(Q) — LP(Q), we have u, — u in LP(Q) and hence u, — u in L'(Q).
Further, using f € L>(Q x R),

(ﬁ‘(x Un(2)) — ﬁ'(x,u(m))) da

// f(z, 7] drdz < M/\un ) — u(x)| dz,
Q Ju(x)

and the claim follows. Therefore, in view of (5.11), I is weak lower semicontinuous
on W3HP(Q). O

In the following proposition, we prove that every critical point of I lies between
sub and super solutions.

PROPOSITION 5.12. Let u, u € L>¥(Q) be such that u<u a.e. in R If u €
W§P(Q) is a critical point of I, then u < u < a.e. in Rd

Proof. From the definition of sub and super solutions, it is clear that u = u =u =0
in R9\ €, since each function lies in W (). Now we show that u < u < 7 a.e.
in €. Our proof is by the method of contradiction. On the contrary, assume that
u>uon ACQ with [A] > 0. We choose (u—u)* € W5""(Q) as a test function.

Using @ is a supersolution of (EV; «, ) and w is a critical point of I, together with
(5.10) we get

(Apl@). (=) + (B, (a=0)%) > o [ o atu =)+ 5 | [l *au ),
(Ap(u), (u—u)") + (By(u), (u — ) /f (u—7)
= [ (al = + s au )

The above inequalities yield

(Ap(u) — Ap(w), (u — ) )+(By(u) — By(), (u —w)") <0. (5.12)
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From the definition of A,

(Ay(u) — Ay(m), (u—1)*) = / / (Iu(z) — u(y) P~ (u(z) - u(y))

Rd xR4
— [a(e) —a(y)[P~*(@(z) - aly)))
x ((u(e) —a(z)" = (u(y) —a(y)") dp.

Now we consider the following cases:

2 < g < p: Without loss of generality, we assume that u(z) — u(x) = u(y) — u(y).
Otherwise, exchange the roll of  and y. Applying (ii) and (i) of lemma 2.2, we then
obtain

(Ap(u) = Ap(@), (u—7)")

> C(p) // [(u(z) — () — (uly) — ()"
R? x R4

((u(z) — (@) — (uly) —u(y) ((w(z) —a(@)" = (u(y) —a(y))") dm

> Cp)(u—u)"], ,.
Similarly, we can show that (By(u)— By(), (u—1u)") > C(q)[(u —u)"]
Therefore, from (5.12), [(u —@)"]s, , = 0. By Poincaré inequality, ||(u — )|
Cl(u —u)*]s, p = 0, which is a contradiction.

g < 2 < p: In this case, using [28, Lemma 2.4] (for B,) we obtain,

(Ap(u) = Ap(@), (u—1)") > C(p)[(u—m) ], s

[(w —)*]3, 4

([u]ss,q + [@3,.,q9)

Hence, we get a contradiction using (5.12). For ¢ < p < 2, again using [28, Lemma
2.4], we similarly get a contradiction. Thus u < 7 a.e. in R%. Now suppose u < u in
A C Q with |A] > 0, then taking (u—u)~ € W5"P(Q) as a test function, we also
get a contradiction for all possible choices of p and ¢. Therefore, u < u < @ a.e.
in R<. (]

(By(u) = By(@), (u—1)") > C(q)

2—q"

6. Existence and non-existence of positive solutions

Depending on the ranges of «, 3, this section is devoted to proving the existence
and non-existence of positive solutions for (EV; «, 3). This section’s terminology
‘solution’ is meant to be nontrivial unless otherwise specified. First, we consider the

region where o, 3 do not exceed \! L )\i2 q respectively.

PROPOSITION 6.1. It holds

(1) Let (a, B) € (=00, A5, ) ¥ (=00, Ag, ) U ({A5, )} X (=00, Ag, ) U (=00,

51,P 52,49 51,P 52,49

AL ) X AL, 1) Then (EV; a, 3) does not admit a solution.
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(i) Let « = A}, , and B = AL, ,. Then (EV; a, ) admits a solution if and only

S1,P

if (LI) violates.

Proof. (i) Let a < )\il pand 3 <AL . Suppose u € Wsl’p(Q) \ {0} is a solution of

(EV; @, (). Then using the definition of A}, , and A}, , (proposition 2.1), we get

52,9

0< (A, — Dully < s, p — allull) = ﬂHUIIZ — [ulss.q < (B = A, llulld <0.
(6.1)

A contradiction. Therefore, (EV; «, ) does not admit a solution. For other cases,
contradiction similarly follows using (6.1). (ii) For « = AL, jand 8= A}, , if u €
Wyt P(Q) \ {0} is a solution of (EV; «, ), then the equality occurs in (6. 1) As a
consequence, u becomes an eigenfunction corresponding to both )\ p and AL pogr L

(LI) violates. Conversely, suppose (LI) does not hold. For a < )\1 p and 0 < )\52 o
using remark 5.9 we have I (u) > 0 for any v € W3"?(€Q) \ {0}. Thus 0 is the global
minimizing point for /. Further, since ¢, , = cos,  for some nonzero c € R, by
setting 4 = c1¢s, p = C2ds,,q (Where c1, ca # 0) we see that I (a) = 0. Therefore,
u # 0 is a solution of (EV; «, (). |

Before going to the proof of theorem 1.2, we recall a result from [30], where for
d > s1p the authors provided the existence of a positive solution of (1.3). However,
we stress that the same conclusion can be drawn ford < s1p. For0 < s <1 <r < o0
and m, € L*>°(Q) with m;" # 0, we denote

AL (Q,m,) := inf {[u}gr cu € Wy (Q) and /mT\uV = 1}
Q

as the first Dirichlet eigenvalue of the weighted eigenvalue problem of the fractional
r-Laplace operator (see [16]).

THEOREM 6.2 [30, Theorem 1.1]. Let Q CR? be a bounded open set,

0<sy<s1<l<g<p<oo, and my my € L>(Q) with mf, mf #0. Let
)\;1 (02, my), )\iz 4(82, my) be respectively the first Dirichlet eigenvalue of weighted

eitgenvalue problems for fractional p-Laplace and fractional q-Laplace operators with
weights my,, mq. Suppose, AL, (Q, my) # AL, ,(Q, mg). Then for

a> mln{)‘sl p(Qa mp)v )‘92 q(Q mq)}

the problem (1.3) admits a positive solution.

Proof of theorem 1.2. (i) ¢ > )\11 p B < )\52 : Let 3> 0. Then using o > A}, »

q-
and 0 < )\52 g> We get
1 @ /\;1,1) 1
)\81710 B = ﬁ<ﬁ</\52q_)\82 Q< 1).
Hence § > min{\} (Q, 3) A 4,.4(€, 1)} and using theorem 6.2 with m,, = % and

mg = 1 we obtain that (EV a, B) admits a positive solution. Let 8 < 0. Then
using proposition 5.3 and lemma 5.4, I satisfies all the conditions of the Mountain
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pass theorem (see [1, Theorem 2.1]). Therefore, by the Mountain pass theorem and
remark 5.1, (EV; a, ) admits a nonnegative and nontrivial solution u € W3 ().
Further, from the strong maximum principle (proposition 4.3), u > 0 a.e. in Q.

a<)\11p,5>)\s2q Let o> 0. Then using a < \{, , and 4> X}, ., we get

AL (€ ﬁ) <a <Al (€ 1). Therefore, theorem 6.2 Wlth my =1 and m, = g
yields a positive solution for (EV; a, B). If @ < 0, then from proposition 5.2, we get
the existence of a global minimizer @ of I, and hence using remark 5.1, 4 is a non-
negative solution of (EV; a, ). Next, we show that @ # 0 in Q. Observe that, for ¢t >
0, Ga(tds,.q) = t1G3(¢s,.4) < 0, and using remark 5.9, Hy (t¢s, q) = tPHo(Psy.q) >

0. Now, if 0 < ¢t << 1, then I (t¢s,.4) < 0, which implies that I (%) < 0 and @ # 0.
Therefore, by the strong maximum principle (proposition 4.3), @ > 0 a.e. in .
a= AL o B= AL o - Let (LI) violates. Then using (ii) of proposition 6.1, we see
that (EV; «, 3) admits a nonnegative solution u € W;"?(Q). Further, using the
strong maximum principle (proposition 4.3), u > 0 a.e. in €.

(ii) Suppose, there exists nonzero ¢ € R such that ¢, , = cds, 4. We also assume
that (EV; a, () admits a solution u > 0 a.e. in Q. Using the Picone’s inequality ((i)
of lemma 2.3) and proposition 2.1, we get

/ﬁwm—mwpﬂmm—w@»(

R4 x R4

|051.0(2) = by pW)" A = A5, [ sy (@) da
<J/ J

R4 xRd

Ps,p(T)P _ ¢S1,p(y)p) A

up ()P~ g (y)Pt

Since for x, y € R, ug(x) — ux(y) = u(x) — u(y) the above inequality yields

We again use the Picone’s inequality ((ii) of lemma 2.3) to obtain

/ luk(x) — uk(y)|q72(uk(x) — up(y)) <¢S1-,p(x)p - ¢$17p(y)p> dps

ug(2)P=t u(y)Pt

R4 xR4
[ 16000(0) = 600 n @001 () = D21(0)
R x R4
s, p(@)P 01! _ Psrp(y)P !
8 ( u(z)p—4a up(y)P—1 ) dpsa- (6.3)
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Since ¢, p € L(Q) ((v) of proposition 2.1), using lemma 2.4, uf P¢p—a+! e
Wyt (€). Therefore, we have the following identity:

[ 16000(0) = 0201720110 = 611,0)

R4 x R4

y <¢>sl,p(m)”q+1 B ¢sl,p(y)”“> dpp = AL [ L@ g 6

ug(z)P=a uk(y)P=a 2 g u(x)Pa

Set fi :=uj pgzbslp and f:=u?"Peb . It is easy to see that fi is increasing
and fi € L'(Q). Moreover, for v < p, using ux(z)’ P — u(z)?™P ae. in Q, we
get fr(z) — f(x) a.e. in Q. Therefore the monotone convergence theorem yields
fe L), and [, fu(z)dz — [, f(z)dz, as k — co. Hence from (6.3) and (6.4),

we obtain
. 91,p ¢917:D
Jim <Bq(U) >\ 52,0 / s 4% (6.5)

Now since u is a solution of (EV; a, ), taking u), "¢, , € WgP(Q) (by (v) of
proposition 2.1, and lemma 2.4) as a test function,

P P
51,P 51,P
<Ap<“>’ > | <B‘Z(“>’ >

u\xr 1
S e = C

ug(z)P~

u(z)?”
o uk ()P~

— 5T Psp(2)" dz, (6.6)

Furthermore, for v € (1, p|, the Holder’s inequality with the conjugate pair (v, ')
yields,

u(x)r=t 1, 9%, 1,95,
/Q 7 Gs1p(@)F dz < ull}7 271, < CQ,y)llully ||ﬁ|\p-
k

Uk( ) Uy,

v—1 — . 1— o e .
Moreover, *5=¢%, , — u7"P¢L  a.e. in €2, and the sequence (u, ) is increasing.
k

Hence, again applying the monotone convergence theorem

1 1
up ¢ and uq Py as k — oo
au 81717 $1,p 51,17 Qup q’

Therefore, (6.2), (6.5) and (6.6) yield
i P p P p
b+ 51 —hm Ay (u), =22 ) 4 ( By(u), =&
of o g/wq (0, % )+ Balw), T
%,
51,,’0/ (bsl p 52,11/ P_

The above inequality infer that, (a, 8) € (A}, ,,, 00) x (=00, AL, ,)) U ((—o0, AL, )

52,4 51,P

X (AL,.q0 00)) U({AL, ) % {)\62 4})- This completes our proof.
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Now we proceed to prove the existence and non-existence of positive solution for
(EV; a, 8) on the line § = A, . Recall the following quantity:

* L [¢52»q}€1,p

af = entlsp (6.7)
P N ¢saally

Notice that, o, , > Al , and if (LI) holds, then af , > Al . In the rest of this
section, we assume that the condition (LI) holds. The following lemma states that

if o is smaller than of, ,, then H, and G possess a different sign on N, g.

LEMMA 6.3. Let =) and a< o

2. sp- Then Hy(u) <0< Gg(u) for every
U GNa,ﬁ.

Proof. Notice that, G(u) = [u]?, , — A5,  ut(l] > [u]?

$2,9 82,49 52,49

Wit P(2) \ {0}. Let u € Ny 5. If Gg(u) = 0, then we get

= AL gllullf =0 for u e

[U]ZQ,q 1 [u]gmq
4 X Nsp,q N q -
[[ully : [[ully

1
52,9

By the simplicity of A, , ((iv) of proposition 2.1), u = c¢s, 4 for some ¢ € R. Hence

Ha(u) > [ulf, , = o, 1wt 12 = C ([6sz.alty = 0%y pll00aally) = 0.

On the other hand, since u € Ny, g, Ho(u) = —Gg(u) = 0, a contradiction. There-
fore, we must have Gg(u) > 0. Further, since u € N, g, we obtain H,(u) <0 <

Gg(u) U
Now we are ready to prove the existence and non-existence of positive solution
for B = Al v

PROPOSITION 6.4. For 3 = AL the following hold:

52,4

(i) If AL, , <« <ok, and (LI) holds, then (EV; a, 3) admits a positive solution.

(ii) If a > af , then there does not exist any positive solution of (EV; «, ).

1,p’

Proof. (i) We show that d := min{l; (u) : u € N, g} is attained. Let (u,) be the

minimizing sequence in Ny g, i.e., (I} (uy), un) =0 for all n € N and I (u,) — d

as n — oo. From lemma 6.3, Hy(uy,) < 0 < Gg(uy,). Step 1: This step proves the

boundedness of (u,,) in W' (£2). On a contrary, suppose [uy,]s, , — 00, as n — oc.

Set wy, = up[unl;,',. By the reflexivity, w, — w in W3 (Q) and w,, — w in L?(Q).
1

Since Hy (un) < 0, we have |lw, |} = [[un " [un] 5P, > +. This gives |w]? > £,

sty and
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hence w # 0. Now using (i) of remark 5.8,

- I—ﬁ-(“ﬂ)
pq Calwn) = [un)d, p

pP—q

— 0, as n — oo. (6.8)

Using (6.8) we obtain

0< G,@(w) < lim Gg(wn) =0.

n—oo

Therefore, w = c¢s, 4 for some ¢ € R. Further, using (i) of remark 5.8, and (6.8),

. . Ga(w,
Gonsallsp — Gugll? = Halw) < lim Ho(w,) = — lm 22 _ g

n— oo n—oo |Un|sy,p

The above inequality yields «af, , < a, a contradiction. Therefore, (u,) must
be bounded in W;i'*(Q). Step 2: By the reflexivity, u, — @ in W5""(Q). In
this step, we show (u,) converges to @ in W;'"(2). On a contrary, suppose
[un]syp 72 [U]sy p- I limyooftin]s, p < [Us,p, then lim, , [un]s,p < [d]s,,p con-
tradicts the weak lower semicontinuity of [-]s, ,. Henceforth, assume that [a]s, , <
limy,, o0 [t ] s, p- Using this inequality we get [a]s, , < lim,,_, [un]s, p and Hy(a) <
lim, . Hq(u,) <0. This implies that @ is nonzero. Now, Gg(a) > 0, and if
Gg(u) = 0, then @ = c¢s, 4 for some ¢ € R. Hence H, (¢s, 4) < 0 which implies that
a > af ,, a contradiction. Therefore, H, (@) < 0 < G(). Now applying proposi-
tion 5.7 there exists a unique t, g € RT such that t, gt € Ny g and 0 < I (te gu) =
max;cp+ 14 (tw). Moreover, from (ii) of remark 5.8, I (uy) = max;cp+ 11 (tuy,).
Therefore,

A< o (taf) < lim T (tapun) < lim T4 (u) =
n—oo n—oo

a contradiction. Thus, [u,]s, p — [U]s, » in RT. Hence from the uniform convexity
of W3*P(2), u, — u in W3"P(Q). Step 3: In this step we prove that @ is a posi-
tive solution of (EV; «, ). Since u, — @ in Wi"?(Q), we obtain d = I, () and
(I'.(@), @) = 0. Using the continuity of H, and Gg, Ha(@) <0< Gg(a). Next,
we show @ is nonzero. Set wy, = un[un];,',. Then w, —w in W *(Q). Since
H,(uy) < 0, from the same arguments as in previous steps, w # 0 and Gg(w) > 0.
Next, suppose [uy]s,,p — 0 as n — oco. Using Gg(w,,) = 0 we get

(W], , — allwl; < Ho(w) < lim Ho(w,) = — lim ——=2 = —o0.
n— 00 n—oo [Un $1,P

A contradiction, as w € LP(Q). Thus inf,enfun]s, p > 0and af|@]) > limg, oo [un)?, , >
0, which implies that @ is nonzero in €, and hence @ € N, g. Moreover, from lemma
6.3, Ho (@) < 0 < Gg(u). Now, using proposition 5.6 and remark 5.1, we conclude

@ is a nonnegative solution of (EV; «, ). Furthermore, by proposition 4.3, @ > 0
a.e. in Q.

(ii) Our proof uses the method of contradiction. Let u € W;"?(Q2) and u > 0 a.e. in

Q. From (v) of proposition 2.1 and Lemma 2.4, uz_p¢§;g+l, u,lc‘%gm e WgtP(Q).
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Applying the discrete Picone’s inequality ((ii) of lemma 2.3),

Psz,q(7)P ¢82’q( )P
i e )

[ huat) = ) un() = ) (

Rd x R4
/ 1Ba0(2) — Gas g )T 2(Baa(@) — bem a(®))
R4 x R4
e O A Gera )7
< @ ()P >d“2 Mo a0 (69)

The monotone convergence theorem yields v ?¢f € LY(Q2) and fQ ul™? o, 4=
JquiP¢P, ., as k — co. Next, we again use the Picone’s 1nequahty ((i) of lemma

2.3), to get
g (G ()
/ ) = ()P (0n(2) - ) ( £24850 uk<y>m) i
< [ eaa®) = bl i = a2, / bopsa()P . (6.10)
Rd xRd

If w is a solution of (EV; a, (), then taking uk “Pep  as a test function we write

82,49
Eq P, .4
AP(u)a pil + Bq(u)7 p2—71
U, U,

_ o [ @ T () LA,
= /Uk( = T Psy,q(2)P dx + A, q/Qu p_1¢82,q( )P da. (6.11)

Further, applying the monotone convergence theorem

Up 1 ud—1 » ¢82, )
au 527‘1 ¢527Q’ p—lqzss%qH QU up—4a’ as ki — ©0.

Therefore, from (6.9), (6.10), and (6.11), we conclude

AL P54 P%s.q 52,0
p AL 52,4 _ i Ay (u), =21 Y + ( By(u), =24
o [ Pt A [ T2 = i § (A0 ) (Bl T

R
< Qg p/¢52q+/\52q up2—q‘
The above inequality yields o < o

%,p» Which is a contradiction. Thus there does
not exist any positive solution for o > af, . (]

REMARK 6.5. Let a=af , and B=A. . We assume that (LI) holds.

Then observe that I (u) = E-2Gg(u) >0 for every u € Nog, and Ho(¢s,,q) =
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Gp(¢sy.q) = 0. Therefore, for any ¢ # 0, we get tos, o € Nog and d = Ly (tgs, 4) =
0. On the other hand, suppose ¢, 4 is a solution of
(=A)pu= a:17p|u|p*2u inQ, wu=0inRY\ Q. (6.12)

Then ¢, 4 has to change it’s sign in Q (since a, , > Al ), a contradiction. Thus

¢s,,4 does not satisfy (6.12) and hence ¢s, 4 is not a solution of (EV; «, §). Thus,
in this case, there does not exist any solution of (EV; «, ) which minimizes d.

For a > Al , and (> X}, ,, analogously as in [9] we consider the following
quantity:

B*(a) = inf { K cu € WtP(Q) \ {0} and H, (u) < 0} :

ullg
Since u € WP (Q) € Wy>?(Q), the quantity £*(a) < co.

PROPOSITION 6.6. Leta > X} , and 3 > A, .. Assume that (LI) holds. Then (3*(c)

is attained. Further, if o < o _, then 3*(a) > A}

S1,p7? $2,4°

Proof. Due to the homogeneity,
B (a) = inf {[u]?, , :u € M}, where

52,9

M = {u e WP (Q), [lull” = 1, and Ho(u) < o}.

Let (uy) be a minimizing sequence for §*(«) in M. Suppose [uy]s,,p — 0. Then
R _

He (un) < 0implies o [[un ||, = [unls, p — 00. Set wn = up|[unl, ' Then [wy]s, p =

[un]slﬁpHunH;I < ar,and w, — win W5t P(Q). Using [Juy |, = 1, we get [[wy]|, — 0

in R*. On the other hand, ||w,||, = 1. Now the compact embeddings of W5**(Q) —

L7(Q);v € [1, p] yield:

(a) [lw]|, = 0 which implies w = 0 a.e. in ;  (b) [lw]|, = 1.

Clearly, (a) and (b) contradict each other. Therefore, the sequence (u,) is bounded
in Wy"P(Q). By the reflexivity, u, — @ in W;""(2). Further, a € M follows
from the compact embedding of W;"?(Q2) and weak lower semicontinuity of H,.
Therefore,

A7 (@) <ulf, o < lim [un]g, | = B%(a).

n—oo

Thus (*(a) is attained. Clearly, 5*(a) > AL, .. If f*(a) = AL, ,, then by the
simplicity of AL, , ((iv) of proposition 2.1), @ = c¢s, 4 for some ¢ € R. Further,
since a < af, ,, we get H, (1) = CHy(¢s,,4) > 0, a contradiction to & € M. Thus

B*(a) > Aiz,q’ O

Now we prove the existence of a positive solution for (EV; «, ) when «, § are

larger than )\il’p, )\i%q respectively.
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PROPOSITION 6.7. Let A}, , <« <ai , and N}, , < B < 3*(a). Assume that (LI)

holds. Then (EV; «, 8) admits a positive solution.

Proof. We adapt the arguments as given in [9, Theorem 2.5]. As before, we will show
that d := min{/; (u) : u € N, g} is attained. Since 5 > A},  and o < o, ,, we have
Gp(¢sy.q) <0< Hy(¢s,.q)- Then by proposition 5.7, there exists a unique t, 5 € RT
such that 0> I} (ta,gds,,q) = minger+ I (tgs, q). We also have tq gos, 4 € Nog.
Therefore, d < 0. Let (u,,) be the minimizing sequence in N, g for d. Then there
exists nyg € N such that I (u,,) < 0 for n > ng. Since u,, € Ny g, using (i) of remark
5.8, Gg(uy) < 0 < Hy(uy) for n = ng. Step 1: In this step, we show that (u,) is
a bounded sequence in W;"?(§2). As before, to prove this we argue by contradic-
tion. Suppose [uy]s, » — 00, as n — oo, and set wy, = up[uy|; ! . Then w, — w in
Wyt (€). Hence

S$1,p°

G
Hy(w) < lim Hy(w,)=— lim : B(g) ") =0, and 1 — ||pr = lim H,(w,) =0,
n— 00 n—oo |[Up 517;0 n— 00

which implies that w # 0. Therefore, from the definition, 5*(a) < [w]?,  [lw]| .
Using this inequality along with 8 < 8*(«), we get Gg(w) > 0. On the other hand,
Gp(w) <lim,_ . Gg(w,) <0, a contradiction. Step 2: Let u, — u in W5*"(Q).
This step shows that @ is a positive solution of (EV; «, ). First, we claim
H, (@) > 0. On a contrary, assume H, (@) < 0. Since Iy () < lim,, I} (up) < d <
0, we get @ # 0. Hence §*(a) < [a]Z, @], and § < 5*(a) imply Gs(a) > 0. On
the other hand, Gg(a) < lim,,_, . Gg (un) < 0, a contradiction. Therefore, H, (@) >

0. Further, H, () + Gg(a) = I+ (@) < lim,,_, I} (u,) < 0 yields Gg(a) < 0. Now
we can use proposition 5.7, to get a unique t, g € RT that minimizes I (ta) over
R*, and ¢, gt € N, g. Hence

d < Iy (ta,pt) = min I (tu) < I (u) < lim T (uy) = d.

R n—00

Thus, I;(tqpt) = I+(4) = d and from the uniqueness of t, 3, we get 4 € N, 5.
Therefore, by proposition 5.6 and remark 5.1, @ is a nonnegative solution of (EV;
a, (). Further, using proposition 4.3, @ > 0 a.e. in Q. O

REMARK 6.8. Suppose (LI) holds. We consider

1 1
€1 = min{azl’p;)\sl’p,ﬂ (o )2 Aoz }

Then for each € € (0, €1), using proposition 6.7 we can conclude that (EV; )\;1 P
€, )\52 , +€) admits a positive solution.

Recall that, A*(0) (where 6 € R) is defined as
A*(0) :=sup{X € R: (EV; A+ 6, \) has a positive solution} .

Next, we prove some properties of the curve C := {(A\*(6) + 6, A*(0)) : 0 € R}.
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Proof of proposition 1.5. Proofs of (iii), (iv), and (vi) directly follow from [8, Propo-

sition 3] with needful changes. So, we prove the remaining parts of the proposition.

(i) Suppose u € W;5P(Q) is a positive solution of (EV; A + 0 A) for some A € R.

For v € C°(2) with v > 0, and for k € N, define ¢y, := W By lemma 2.4,
k

o € WSTP(Q). Using the discrete Picone’s inequalities ((iii) and (iv) of lemma 2.3),
we obtain

[ @)~ w2 ute) - u@)@n@) ~ o) < [ @) - o)l dpn,

R4 xR4 R4 xRd

/ / () — (|72 () — u(y))(Gr(2) — Su(y)) duz

o

R4 xR

2 P
(I va

q
y) dps.

Summing the above inequalities and by weak formulation of u (where we use ¢y as
a test function)

ey bl Wy
)\/Quk(x)p*lﬂLuk(l’)q ! d +9/ uy (z)P~ 1+uk( )q’ld

pl1d
<Pt , + [vf]

$2,9

Further, using the monotone convergence theorem

uP~l 4 a7t » p uP~ly uP~ P
TS R W v and 71—> — . as k — oo
Qu ' ul oup  +uf o uP~l 4 ud

This implies that

q
)\/ P dx +min{0,9/ vP dw} <[l ,+ [vﬂ . (6.13)
Q Q ’ 52,9

Since v € C°(Q), the R.H.S. of (6.13) is a positive constant independent of A and
u. Hence, from (6.13) we conclude that A*(0) < occ.

(ii) Sufficient condition: Suppose the property (LI) holds. By remark 6.8, we see
that (EV; Al +e€ AL _ +¢) admits a positive solution for € > 0 small enough

S1,p $9,q
From the deﬁ;utlon of 92* we have (A} +¢, )\1 +e) =, tet0% AL+ )
Hence from the deﬁnltlon of \*(6%), )\*(0*) + e, and )\*(9*) +6* > /\;1 »

Necessary condition: On a contrary assume that (LI) violates. This gives ¢, , is
an eigenfunction of (—A)s2. Let u be a positive solution of (EV; a, ) for some
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a, # € R. For k € N, set

D ¢P g+1
S 9. S 9.
v = —22 and  wy = S22,
p—1 pP—q
Uy, Uy,

From lemma 2.4, vg, wy, € W5P(Q). Using the discrete Picone’s inequalities ((i)
and (ii) of lemma 2.3) and proposition 2.1, we obtain

[ @)~ ul)l? ulz) = u(w) on(z) ~ (0)) dp

R4 xRd
<[ 1u@) = b0 i
Rd xR4
— )\Sl,p/9¢shp(x)p dz, (6.14)
and
/ u(@) — u(y)|"? (u(@) — u(y)) (ox(2) — vk (y)) dus
R4 xRd
/ ‘¢81,p($) - ¢S1,p(y)|q_2 (¢s1,p(x) - ¢S1,p(y)) (wi(7) — wi(y)) dpz
R4 xR4
_ 1 ¢817P( ¢81,p
= )\827(1 Qiuk( = < Sz,q/ = x, (6.15)

where the last equality holds since (¢s, p, AL, ,) is an eigenpair. Summing (6.14),

(6.15) and using u is a solution of (EV; «, ) with the test function v we obtain

a/u(m)p 1851.p(2)" dx-l—ﬁ/ q1¢51p )pdm

Uk$p 1 p—l

1 Ps1.p(T
S1P_/¢Slp pdx+)‘82q/u(lﬂf)p_qu

Therefore, by the monotone convergence theorem

Ps -p(I) 1 Doy p(2)”

P 1, p 1,
O‘/ngshp(x) dz + /6/;2 u(x)l’_q 81 Y ¢€1 P da + )\32 q ’U,(.%')p_q dJC,
a contradiction if @ > A} and 3> AL, , hold simultaneously. Thus if (LI) is vio-

lated, then there does not exist any § > Al g so that (EV; B+ 0%, 3) admits a
positive solution.
(v) The proof consists of the following two cases.

Case 1:1f (LT) does not hold, then §* = 6% and also, \*(6*) < AL, , (by (ii)). Hence
using the decreasing property (iv) of A\*(0), we get A*(0) < )\1 g for all 0 > 07.
Therefore, the result follows in this case by using (iii).
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Case 2: Let (LI) holds. We argue by contradiction. Suppose, there exists 6y >
0% such that A*(6p) > AL, .. By increasing property (iv) together with (ii), we
get X*(6p) + 6o = X*(0%) + 0 > XL, . By the definition of X\*(), for any do > 0
there exists § € [0, dg) such that (EV; A*(0y) + 09 — J, A*(6p) — &) admits a positive
solution and we let u be such solution. We choose §y > 0 sufficiently small such that
the following hold:

N(00) + 60 — 5o > AL, and A*(6p) — Jp > AL

$2,9°

(6.16)

$1,p?

Now, by the weak formulation of v and using discrete Picone’s inequalities as in
(6.14) and (6.15) (where we replace ¢s, 4 by @5, , in the test function vy)

(A"(00) + 6o — 5)/u(x)p 1de+ (A*(00) — 5)/u($)q*1M dr

ug ()P Q ug(z)P~1

— [ 1) = ) ute) ~ ulo)en() ~ vu(w) i

R4 xRd

+ // lu(z) — u(y) |92 (u(z) — u(y))(ve(z) — vi(y)) dps
R4 xRd

/ |¢s2q (rbsg,q( | d,u,1+)\€2 q/ ¢527qp a

R4 x R4

Letting k£ — oo and applying the monotone convergence theorem in the above, we
obtain

(A*(00) + 00 — /%,q )P da + (A (6o) — 5)/U( )P sy q(2)? da

Psz,q(
/ |055.4() = Pss.q(y ldu1+A527q/ q” . (6.17)

Re xR

Again, since 6 < g, we obtain from (6.16) that

s,
32q—|—90 /¢s2q dx—|—/\;2,q/ gqu q

< (A\*(6p) + 60— 0 /%q YPdz + (A /%"p o de. (6.18)

Thus, from (6.17) and (6.18)

32q+00 /¢82q )P dz < / |¢s2,q ¢82,q( )P dp,

R? x R4

P
and this implies 0y < % AL =07, a contradiction to 6y > 7. This
52,49

52,9

completes the proof. O
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Proof of theorem 1.6. (i) Suppose (€ (AL, ,, A*(f)). From the definition of A*,
there exists p € (8, A*(0)) such that (EV; p+ 0, 1) has a positive solution @ €
W;P(Q) and from theorem 4.1, w € L>(R?). Further, since p > 3, % is a superso-
lution for (EV; 3+ 0, ). Moreover 0 is a subsolution for (EV B+ 0, 3). Therefore,
using proposition 5.11, I admits a global minimizer @ in W' (2), and then using
proposition 5.12 we infer that @ € L>®(R%) is a solution of (EV; «, (), satisfy-
ing 0 < u(r) < u(r) ae. in R% Next, we show that @ is nonzero. Choose t > 0
so that thgQ q <7 ae. in Q. Also t¢s, ¢ > 0 a.e. in Q. From (5.10), we then get

I(ths,q) = p Golpsy.q) + & 7 G8(0ss.,q), where Gg(¢s,,q) < 0 since § > AL . More-

$2,9°

over, using ¢ < p, we can choose t su{'ﬁmently small such that I(tqbs2 q) <0.
Therefore, since @ is the global minimizer for T in Wg**(Q), we must have (i) < 0,
and hence @ # 0 in . Now, applying the strong maximum principle (proposition
4.3), 4> 0 a.e. in Q.

(i) If 8 > /\32 & then using the previous arguments existence result holds. Now we
assume (3 = Ay, .. Since A}, , < A\*(a — () and \*(f) (where 6 = o — f3) is decreas-
ing ((iv) of proposition 1. 5) we have 0 < 0% (from (v) of proposition 1.5). From
the definition of 67, it is easy to observe that 6 < 0% is equivalent to o < o
Therefore, for = A., , and a € (A, of )
that (EV; a, 8) admits a positive solution.
(iii) If B > A* (o — ), then from the definition of \* we see that (EV; «, () does

not admit any positive solution. O

S$1,p°
using proposrtlon 6.4 we conclude

Proof of theorem 1.7. (i) Let § < 6% . From proposition 1.5, 3 := A\*(0) > )\;2 4 and
o :=X(0)+ 60>\, ,. From the definition of \*, there exists a sequence (,Bn) C
(AL, 4 A*(0)), such that 3, — 3 and (EV; 8, + 6, 3,) admit a sequence of positive
solutions (u,) (by (i) of theorem 1.6). Now, using the similar set of arguments as
given in proposition 5.3, we get u,, — @ in Wy3"?(Q). Thus, from the continuity of
I, @ is a nonnegative solution of (EV; «, ). Next, we show @ # 0. On a contrary,

assume that @ = 0. For each n, k € N, set up 1(z) = un(x) + £. From lemma 2.4,

Ui,,_kq 9,4 € W5P(Q). Therefore, since u,, is a solution of (EV; «a, 3)
A gzﬂl B g?aq _ p—1 qz)627(1 wd™ 1 ¢62,q
P(un)a -1 + q(un)v —1 ) T Up +ﬂ Up, e To—1° (6-19)
un,k U’n,k Q n k n k

Using the monotone convergence theorem, fQ ub~ 1¢52q nk — f ub~dpl,  a

Joui ol ur® — [, 6% , as k — oco. Next, from (i) of lemma 2.3 and using

Un,k( ) = Un i (Y) = tn () — up(y), we get

<Ap(un 327(1 > / |¢éz,q ¢62,q( )|q|un(x) - un(y)|p_q dpg.

R4 xR4
q
<Bq(“n)7 22"11> < // |052.0(2) = b g ()| dpir = A, 4 l|bss I3 (6.20)
Uk Rd xRd
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L) we estimate

Further, by the Holder inequality with the conjugate exponent (ﬁ, 7

the following inequalities:

/ |052,(2) = Psz.a ()| |un (@) = un ()"  dpr < [unlt Bldss ql?, pr and
R? xR

/Q W27, < 2 Gsmg

q
P

Therefore, since u,, — 0 in W5**(Q), from (6.19) and (6.20) we obtain

: 3
Blléslly = lim tim <<Ap(un), » 2’§’> + <Bq(un), uq“{>) < Asy gl bsaall:

q
n,k n,k

The above inequality yields 3 < AL, ,, a contradiction to § > A{, . Therefore, @ # 0
and from the strong maximum principle (proposition 4.3), @ > 0 a.e. in ).

(ii) If > 6%, then from (v) of proposition 1.5, the problem (EV; \*(0) + 6, A*(0)) is
equivalent to the problem (EV; a, () where = )\;z,q and o = )\iz,q +6 > )\iz,q +
0% > aj, - Therefore, by (ii) of proposition 6.4, (EV; a, ) does not admit any

positive solution. O

REMARK 6.9. Let 6 = 6% and (LI) holds. Then using (v) of proposition 1.5 and
remark 6.5 we see that (EV; A*(0) + 60, X\*(6)) does not admit any solution which
minimizes d := min{/; (u) : u € N, g}.

REMARK 6.10. In this remark, we represent \*(#) as a variational characteriza-
tion. Let Q C R? be a bounded open set with C1! boundary 9. We consider the
following quantity:

A*(0) := sup inf <Ap(u), v+ <Bq(u)7 v) —0 fQ |U|p72uv

ueint(C(@),) €00} Ja (‘“|p72uv + |u\q72uv)

where C(Q) = {u e C(Q) : u > 0} and int(C(Q) 1) = {u € C(Q)4 : u > 0}. From
theorem 1.6, we see that for certain ranges of A\, (EV; A + 6, \) admits a positive
solution u. Further, combining theorem 4.1 and [24, Corollary 2.1], it is evident
that the solution w is in C'(Q). Thus, int(C(Q)4) is nonempty and A*(6) is well
defined. Now, using the same arguments as given in [8, Proposition 5] we conclude

that A*(0) = A*(0) for every 0 € R.
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