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Abstract. We construct an invariant measure for a piecewise analytic interval map whose
Lyapunov exponent is not defined. Moreover, for a set of full measure, the pointwise
Lyapunov exponent is not defined. This map has a Lorenz-like singularity and non-flat
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1. Introduction

Lyapunov exponents play an important role in the study of the ergodic behavior of
dynamical systems. In particular, in the seminal work of Pesin (referred to as the ‘Pesin
theory’), the existence and positivity of Lyapunov exponents were used to study the
dynamics of non-uniformly hyperbolic systems, see for example [KH9S, Supplement].
Using these ideas, Ledrappier [LLed81] studied ergodic properties of absolutely continuous
invariant measures for regular maps of the interval under the assumption that the Lyapunov
exponent exists and is positive. Recently, Dobbs [Dob14, Dob15] developed the Pesin
theory for non-invertible interval maps with Lorenz-like singularities and non-flat critical
points. Lima [Lim20] constructed a symbolic extension for these maps that code the
measures with positive Lyapunov exponents.

In the case of continuously differentiable interval maps, Przytycki proved that ergodic
invariant measures have non-negative Lyapunov exponent or they are supported on a
strictly attracting periodic orbit of the system. Moreover, there exists a set of full measure
for which the pointwise Lyapunov exponent exists and is non-negative, see [Prz93] and
[RL20, Appendix A].

P
@ CrossMark
https://doi.org/10.1017/etds.2021.128 Published online by Cambridge University Press


http://dx.doi.org/10.1017/etds.2021.128
https://orcid.org/0000-0002-2242-7449
mailto:jolivar2@ur.rochester.edu
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2021.128&domain=pdf
https://doi.org/10.1017/etds.2021.128

664 J. Olivares-Vinales

In this paper, we show that the result above cannot be extended to continuous piecewise
differentiable interval maps with a finite number of non-flat critical points and Lorenz-like
singularities. In particular, we construct a measure for a unimodal map with a Lorenz-like
singularity and two non-flat critical points for which the Lyapunov exponent does not
exist. Moreover, for this map, the pointwise Lyapunov exponent does not exist for a
set of full measure. Thus, our example shows that the techniques developed by Dobbs
[Dob14, Dob15] and Lima [Lim20] cannot be extended to all maps with critical points
and Lorenz-like singularities.

Maps with Lorenz-like singularities are of interest as they appear in the study of the
Lorenz attractor, see [GW79, LT99] and references therein. Apart from these motivations,
these types of maps are of interest on their own because the presence of these types of
singularities create expansion and hence enforce the chaotic behavior of the system, see
[ALV09, Dob14, .LM13] and references therein.

Additionally, the unimodal map that we consider has Fibonacci recurrence of the turning
point (or just Fibonacci recurrence). Maps with Fibonacci recurrence first appeared in the
work of Hofbauer and Keller [HK90] as possible interval maps having a wild attractor.
Lyubich and Milnor [LM93] proved that unimodal maps with a quadratic critical point and
Fibonacci recurrence not only have any Cantor attractor but also have a finite absolutely
continuous invariant measure, see also [KN95]. Finally, Bruin et al [BKNvS96] proved
that a C%>—unimodal interval map with a critical point of order big enough and with
Fibonacci recurrence has a wild Cantor attractor. However, in the work of Branner and
Hubbard [BH92], in the case of complex cubic polynomials, and the work of Yoccoz, in
the case of complex quadratic polynomials, Fibonacci recurrence appeared as the worst
pattern of recurrence, see for example [Hub93, Mil00]. Maps with Fibonacci recurrence
also play an important role in the renormalization theory, see for example [GS18, L.S12,
Sma07] and references therein.

1.1. Statement of results. To state our main result, we need to recall some definitions.
A continuous map f: [—1, 1] — [—1, 1] is unimodal if there is ¢ € (—1, 1) such that
fli=1,¢ 1s increasing and f'|( 1] is decreasing. We call ¢ the turning point of f. For every
A C [—1, 1] and every x € [—1, 1], we denote the distance from x to A by

dist(x, A) = inf{jx — y|: y € A}.

We will use f’ to denote the derivative of f. We will say that the point ¢ € [—1, 1] is a
Lorenz-like singularity if there exists £+ and £~ in (0, 1), L > 0, and § > 0 such that the
following holds: for every x € (c, ¢ +§),

—_— < f )| € ————, 1.1
L|x—c|’Z+ =If @l = lx —c|tF (11)
and for every x € (¢ — 4, ¢),
< ! )< ——-. 1.2
Lix —c|t — IF ol = lx —c|t (12)

We call £+ and £~ the right and left order of c, respectively. For an interval map f, a point
¢ € [—1, 1] is called a critical point if f'(¢) = 0. We will say that a critical point ¢ is
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non-flat if there exist ™ > 0, ™ > 0, M > 0, and § > O such that the following holds:
for every x € (¢, ¢ + 6),

/
log lf ()f)l+ <M. (1.3)
lx —c|*
and for every x € (¢ — 8, ¢),
/
log SOy (1.4)
lx —c|*

We call ot and o~ the right and left order of ¢, respectively. Let us denote by Crit( f)
the set of critical points of f. If f is a unimodal map with turning point ¢, we will use the
notation S(f) := Crit(f) U {c}. Let us denote by C® the class of analytic maps. Here we
will say that f is a C”-unimodal map if it is of class C® outside S(f).

We denote the orbit of x € [—1, 1] under f by

Of(x) :={f"(x): n >0}
For a probability measure w on [—1, 1] that is invariant by f, we define the pushforward of
wbyfas
femw=po 7N

Denote by

() = / log | f'| dp.

its Lyapunov exponent, if the integral exists. Similarly, for every x € [—1, 1] such that
Of(x) NS(f) =9, denote by

1
Xp(x) = lim - log [(f™) (x|,

the pointwise Lyapunov exponent of f at x, if the limit exists.
Let Ar € (0, 2] be so that the map T3, : [—1, 1] — [—1, 1], defined by

Thp(x) i=2p(1 = |x]) — 1, (1.5)

for every x € [—1, 1], has Fibonacci recurrence and let up be the unique measure that is
ergodic, invariant by 7 ., and supported on OTAF (0), see §2.2.

THEOREM 1. Leth: [—1,1] — [—1, 1] be a homeomorphism of class C® on[—1,1] \ {0}

with a unique non-flat critical point at 0, and put jip := hy,up. Then the C®-unimodal

map [ = h o Ty, o h~" has a Lorenz-like singularity at ¢ := h(0) and is so that the

following hold.

(D) xap(f) is not defined.

(2) Forx € Of(¢), the pointwise Lyapunov exponent of f at x does not exist if O r(x) N
S(f) =0, and it is not defined if Oy (x) N S(f) # 0.
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(3)  log(dist(-, S(f))) ¢ L' (jip).
(4)  fhas exponential recurrence of the Lorenz-like singularity orbit, and thus,
-1 nexy .~
lim sup 0g|/7(&) = ¢l € (0, +00).
n

n—o0

The map f in Theorem 1 has a Lorenz-like singularity at ¢ and two non-flat critical
points, given by the preimages by f of the Lorenz-like singularity ¢, see Proposition 1.1.
Because 4 is a homeomorphism of class C* on [—1, 1]\ {0}, these are non-flat critical
points of inflection type.

Dobbs constructed an example of a unimodal map with a flat critical point and
singularities at the boundary, for which the Lyapunov exponent of an invariant measure
does not exist, see [Dob14, Proposition 43]. For interval maps with infinite Lyapunov
exponent, see [Ped20, Theorem A] and references therein.

The negation of item (3) in Theorem 1 is considered in several works as a regularity
condition to study ergodic invariant measures. In [Lim20], Lima studied measures
satisfying this condition for interval maps with critical points and discontinuities, he
called measures satisfying this condition f-adapted. By the Birkhoff ergodic theorem, if
log(dist(-, S(f))) € L (u), then for an ergodic invariant measure , we have

Jim - log(dist(f" (x), SN =0,

w-almost everywhere (a.e.). Ledrappier called measures satisfying this last condition
non-degenerated. For interval maps with a finite number of critical points, see [Led81].
The measure /tp does not satisfy the non-degenerated condition. For more results related
to this condition see [Lim20] and references therein.

For continuously differentiable interval maps with a finite number of critical points,
every ergodic invariant measure that is not supported on an attracting periodic point satis-
fies lim;,_, oo (1/n) log(dist( " (x), S(f))) = 0, a.e., see [Prz93] and [RL20, Appendix].
Item (3) in Theorem 1 tells us that we cannot extend this to piecewise differentiable maps
with a finite number of critical points and Lorenz-like singularities.

Item (4) in Theorem 1| stresses important information relative to the recurrence of the
Lorenz-like singularity. This item represents a crucial difference between smooth interval
maps, and the case of interval maps with critical points and Lorenz-like singularities. In
the smooth case, certain conditions on the growth of the derivative restrict the recurrence
to the critical set, see for example [CE83, GS14, Tsu93] and references therein. Using the
terminology in [DPU96], item (4) shows that rule I is sharp for the map f in Theorem 1.
Finally, we have that the map f in Theorem | satisfies Tsuji’s weak regularity condition,
owing to the interaction between the critical points and the Lorenz-like singularity.

1.2. Example. Now we will provide an example of a map f as in Theorem 1. Fix £% and
£7in (0, 1). Putat :=1/(1 —£*)and o™ := 1/(1 — £7). Define

hot o [=1,1] — [-1,1]
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(a) (b) ()

as
5 ) [x]% if x >0, (16)
+a-(x)= .
o —|x* ifx <0
So
hol () | ifx 20, (1.7)
_X) = .
ot —|x|Y*" ifx < 0.

Then by (1.5), (1.6), (1.7), and the chain rule, we have

) = An oo (Tip(hL (1))
X) =
Wy g (! ()

at,a

for every x € [—1, 1]\ {hy+ o (0)}. The function h;+ . (T (h;l . (x))) is bounded for
x close enough to 0, see §5. Then, by (1.6) and (1.7), there exists L > 0 such that for every
x € (h(0), h(é)),

: <1l = L
x ,
Lix| = e

and for every x € (h(0), h(—96)),

<|f'x)| < ——.
G lf (0l < G

Thus, i(0) is a Lorenz-like singularity of f, see Figure 1. Also, by (1.6) and (1.7), if § is
small enough so that T)L_F1 (0) N (=4, §) = @, the two critical points of f are non-flat. The
one to the left of #(0) has right-order ™ and left-order o~, and the one to the right of
h(0) has right-order o~ and left-order a.

1.3. Strategy and organization. 'We now describe the strategy of the proof of Theorem 1
and the organization of the paper.
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In §2, we review some general theory and results concerning the kneading sequence
for unimodal maps and unimodal maps with Fibonacci recurrence. In particular, in §2.1,
we will describe the relationship between the kneading map and the kneading sequence,
and in §2.2, we define the Fibonacci recurrence. These two elements will be of importance
to describe the combinatorics of the critical orbit.

In §3.1, we make a detailed description of the set OTAF (0), and following [LM93], we
construct a partition of it that will allow us to estimate close return times to the turning
point and lower bounds for the distances of these close returns. In §3.2, we estimate
how fast the orbit of the turning point return to itself in terms of the return time (see
Lemma 3.5). This estimation is of importance because it gives us an exact estimation of
the growth of the geometry near the turning point for our map f.

In §4, we describe the unique ergodic invariant measure @ p supported on OTxF 0),
restricted to the partition constructed in §3.1. We need this estimation to prove part (1) in
Theorem 1.

In §5, we prove the following proposition that will give us a key bound on the
derivative of f in terms of 2~!. Without loss of generality, we will assume that & preserves
orientation.

PROPOSITION 1.1. Let h and f be as in Theorem 1. Then f has a Lorenz-like singularity
at ¢. Moreover, there exist o™ > 1, a= > 1, K > 0, and 8§ > 0 such that the following
property holds: for every x € (c, h(§)),

Kool <17/l < Kk o)), (1.8)
and for every x € (h(=$§), ¢),

K™ )™ <1/l < Kb @™ . (1.9)

In §6, we prove the following proposition that implies items (1) and (3) in Theorem 1.
Let

log™ | f'] := max{0, log [ f']} and log™ | f'| := {0, — log | f'I},
on[—1, 1]\ {c}.

PROPOSITION 1.2. Let h and f be as in Theorem 1. Then:
() [log" |f'ldiip = +oo;

(i) [log™ |f'|diip = —o0; and

(iii) [ llog(dist(, S| fip = +oo.

To prove the first part of Proposition 1.2, we use the fact that around the Lorenz-like
singularity, the geometry of f grows at the same rate as the measure decreases. This implies
that in a sequence of disjoint intervals that converges to the critical point, the integral of
log | /| is bounded from below by a positive constant. For the second part, we use the fact
that the two preimages of the turning point of f are critical points and both belong to the
set m The third part of the proposition is a consequence of the estimation that we get
in the proof of the first part.
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In §7, we prove the following proposition that, along with the fact that f is transitive on
W, will imply item (2) in Theorem 1. Recall that for x € O (¢) such that ¢ € Of(x),
we have that the pointwise Lyapunov exponent is not defined, because for n large enough,
log |(f™)(x)] is not defined.

PROPOSITION 1.3. Let h and f be as in Theorem 1. Then, there exists a positive number o
such that for every x € O (¢) with ¢ ¢ Oy (x), we have that

1 1
lim inf — log |(f™)' (x)| < (1 — g) log A < log A < lim sup — log [(f™)'(x)], (1.10)
n—-oo n (p

n—oo N
where ¢ == (1 4+ /5)/2.

To prove Proposition 1.3, we use the fact that f restricted to the set (m is minimal,
so the orbit of every point accumulates points far from the turning point. In that case, the
derivative is bounded so the limit of that subsequence must be the same as the one in 7} ,..
However, if we look at a subsequence that accumulates at the Lorenz-like singularity, the
growth of the derivative is exponential with respect to the return time, so the limit of this
subsequence will be bounded away from zero.

In §8, we will prove the following proposition that implies item (4) in Theorem 1.
Because f is topologically conjugated to the Fibonacci tent map, we know that A (0) is
recurrent and that the recurrence times are given by the Fibonacci numbers. Then, to have
an estimate on the recurrence of the turning point, it is enough to estimate the decay of the
distances | f3® (&) — ¢|, where

SO)=1, S(h=2, SQ) =3, SB =5,...,
are the Fibonacci numbers.

PROPOSITION 1.4. There exist ©, o/, a” positive numbers, such that
10T < |50 @) — 8 <2750 e, (L11)
for every k > 1.

To prove Proposition 1.4, we estimate the diameter of certain symmetric intervals,
whose closures are disjoint from the Lorenz-like singularity, and whose lengths approxi-
mate the left and right distance of the closest returns to the Lorenz-like singularity. To do
this, we use the mean value theorem, the fact that 4 has a non-flat critical point at 0, and
Lemma 3.5 that give us an estimate on the diameter of the preimage of these intervals.
The reason to use these intervals is because when we try to make a direct estimation of the
distance | /5 ) (&) — €|, we do not have control on how close to zero is the derivative of /.

2. Preliminaries

Throughout the rest of this work, we will denote by I the closed interval [—1, 1] C R. We

use N to denote the set of integers that are greater than or equal to 1 and put Ny := N U {0}.
We endow [ with the distance induced by the absolute value | - | on R. For x € R and

r > 0, we denote by B(x, r) the open ball of I with center at x and radius r. For an interval

J C I, we denote by |J| its length.
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For real numbers a, b, we put [a, b] := [min{a, b}, max{a, b}] in the same way
(a, b) := (min{a, b}, max{a, b}).

2.1. The kneading sequence. Following [dMvS93], we will introduce the kneading
invariant of a unimodal map and related properties. Let f: I — I be a unimodal
with turning point ¢ € (0, 1). We will use the notation ¢; := f i(c) for i > 1. Suppose
f(=1)=f()=—1and ¢ <c <cj. Let £ :={0, l,c}NO be the space of sequences
x = (xp, X1, X2, . . .). In X, we consider the topology generated by the cylinders

[agay - - - apn—1]k i={x € Z: xgyj =a; foralli =0,1,...,n—1}.
With this topology, X is a compact space. Let us define
il — X
x — ({o(x), i1(x),...)

where

0 if f"(x) e[—1,0),

in(x) =11 if f*(x) € (c, 11,

c if f*(x) =c.

The sequence i(x) is called the itinerary of x under f. Given n € N and x € I, there exists

8 > 0 such that i, (y) € {0, 1} and is constant for every y € (x, x + §). Observe that this
value is not the same as i, (x) if x is the turning point. It follows that

ixT) :=limi(y) and i(x7):=limi(y)
ix yix

always exist. Notice that i (x~) and i (x ) belong to {0, 1}0. The sequence ey, e, e3, . . .
defined by e; :=1i; (car ) is called the kneading invariant of f. A sequence a € {0, N is
admissible if there exists a unimodal map f: I — [ with kneading invariant a.

We say that O : N — Ny defines a kneading map if Q(k) < k for all k € N and

(Q(Nik<j<cc =2 (Q(Q(QK)) + j — K)i<j<co

for all k£ with Q(k) > 0 (> is the lexicographical order). A kneading map leads to an
admissible kneading sequence in the following way: define the sequence S: Ny — N
by §(0) =1 and S(k) = S(k — 1) + S(Q(k)) for k > 1. The kneading sequence {e;};>1
associated to Q is given by e; = 1 and the relation

eS(k—1)+1€S(k—-1)42 - - - eS)—1€Sk) = €1€2 . . . es(o)—11 — esow))» 2.1)

for k > 1. The length of each string in (2.1) is S(Q(k)), and thus at the kth step of the
process, we can construct S(Q (k)) symbols of the sequence. Because for every k > 1 we
have Q(k) < k, we get that Q(1) = 0. So, for k = 1, each string in (2.1) has the 1 symbol.
Then

er =es)+1 =1 —eg) =0.
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Hence,

)< c<c(.

2.2. The Fibonacci tent map. We will say that a unimodal map f has Fibonacci
recurrence or it is a Fibonacci unimodal map if the kneading map associated to it is given
by Q(1) =0 and Q(k) =k — 2 for k > 1. So the sequence {S(n)},>0 is given by the
Fibonacci numbers

SO =1, S(1)=2, S2)=3, SB)=5,....
For a Fibonacci unimodal map f, we have that
les) — ¢l > lesqy — ¢l > -+ - lesm) — ¢l > les@mey —cl > -+, (2.2)
and
les —c¢] < |cq — . 2.3)

See [LM93, Lemma 2.1] and references therein. The set (W is a Cantor set and the
restriction of f to this set is minimal and uniquely ergodic, see [Bru03, Proposition 1] or
[CRL10, Proposition 4] and references therein. The kneading invariant for a Fibonacci
unimodal map starts like

100111011001010011100 . . .

Let us consider the tent family Ts: I — I defined by Ts(x) = s(1 — |x|) — 1 for every
x € I and every s € (0, 2]. This family is full, and thus for every kneading map Q, there
is a parameter s € (0, 2] so that the kneading map of T is Q, see [MT88] and [dMVS93,
Ch. 2]. So there exists Ar € (0, 2] such that the kneading map associated to T}, is given
by Q(k) = max{0, k — 2}.

From now on, we use the notation 7" := T ., A ;= Ap,c:=0,and ¢; := Ti(c).

3. The set m
3.1. The combinatorics of the set Or(c). In this section, we will give an explicit
description of the set (T(c) following [LM93].

Put S(—2) =0 and S(—1) = 1. From (2.1), we obtain that for every k > 0, the points
¢s(k) and cgk42) are on opposite sides of c¢. Because

CS(1) = C2 <€ < C1 =C50)

we conclude that for k = 0 (mod 4), cg, is to the right of ¢ and if £k = 2 (mod 4), cs)
is to the left of c. Because we also know that cg(1) is to the left of ¢, we can conclude that
for k = 1 (mod 4), cs) is to the left of ¢, and for k = 3 (mod 4), cs) is to the right of c.
From this, we can conclude that if k is even, the points cg) and cg+1) are on opposite
sides of ¢, and therefore,

[es+1)s csiy] 2 [eska2)s Cs]-
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In the case where k is odd, cs) and cs+1) are on the same side with respect to ¢, and
therefore,

[csk+1)s csay] € [es@g+2), csi)]-

For each k > 0, let I; be the smallest closed interval containing all of the points cg()
for every [ > k. For each n > 0, define I,:’ := T"(I}). By the above discussion,

3.1

I = [eswys esk+1)] if k is even,
[eswys csk+2)] if k is odd.

LEMMA 3.1. For every k > 1, we have that T/ is injective on [c1, cs)+11. In particular,
i+1 .
Iic/+ = [cjs1, cSRy+1+j1 forevery j e {1,...,S(k—1) —1}.

Proof. Because |c — csg)| > |¢ — csemyl and |T ([esw), D] = Alc — csl, for every 0 <
k < m, we get that csx)+1 < cs(m)+1 < €1, in particular, I} = [c, ¢sk)+1]. In the case
k > 1, by (2.1) with k replaced by k + 1, for every j € {1,..., S(k — 1) — 1}, we have
that cs)+; and c; are on the same side with respect to c¢. Thus, ¢ & [csw)+j, ¢j] =
Tj_l[cs(k)H, c1], and then the map T/ is injective on [c1, csk)+1]. In particular, for
1<j<Sk-1,

I} =T/ (er, esw+1])

= [cj, cs(k)+j] (3.2)

Note that for k > 1, by Lemma 3.1, with j = S(k — 1) — 1,
1Y = esumnys esaotsu—n] = [esw—1), 1)) (3.3)
Then, by (2.1), ¢ € IkS(k_l) andc ¢ I} forevery 0 <n < S(k —1).

LEMMA 3.2. Forall k > 0, we have that
lei — ¢l > lesg—1) — ¢l
forall0 <i < S(k), withi # S(k — 1).
Proof. We will use induction on k. The cases k = 0 and 1 are vacuously true, and the cases
k =2 and 3 are true by the definition of Fibonacci map and (2.3). Suppose now that it is

true for k. We will prove that is true for k + 1.
Case 1: Because

lesk—1) — ¢l > leswy — cl,
we have that
¢i —c| > leswy — cl

forall0 <i < S(k).
Case 2: Because

CSk—1)+1 < CS(k)+1 < €1
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and T! is injective on [csk—1)+1, c1] for 0 <i < S(k —2) by Lemma 3.1, we have that
csiky+i € (Csk—1)+i»> ¢i), for 0 < i < S(k — 2). By the induction hypothesis,

lci — ¢l > lesg—1) — ¢l > lesgy — ¢l
and
les—1y+i — ¢l > lesk—1) — ¢l > |eswy — cl

for 0 <i < S(k—2). By (2.1), ¢; and cs—1)+i lie on the same side of ¢ for 0 < i <
S(k — 2). The above implies that

lesy+i — ¢l > leswy — ¢l

forall0 <i < S(k —2).

Case 3: Because TS5k=2-1
(CS(k), CS(k72))~ AlSO, by (2.1), CS(k)+S(k—2) and CS(k—2) lie on the same side of c, and
opposite to cs). Then,

is injective on [CS(k—1)+17 c1], we get that CS(h)+S(k—2) €

lesw+sk—2) — ¢l < lesg—2) — ¢l
Hence,
CS(k—2)+1 < CS(k)+Sk—2)+1 < Cl-
So by Lemma 3.1, cs()+Sk—2)+i € (Csk—2)+i> ¢i) for 0 <i < S(k — 3). By the induction
hypothesis,
lei —cl > lesqy —cl and  |cs—2)+i — ¢l > lesw) — ¢
for 0 <i < S(k — 3). Because, by (2.1), csk—2)+i and ¢; lie on the same side of ¢ for
0<i<S(k-—3), weget
lesio+sk—2)+i — ¢l > leswy — ¢l
forall0 <i < S(k — 3).
Case 4: It remains to prove that
lesw+sk—2) — ¢l > lesuy — cl.
Suppose by contradiction that
lesw+sk—2) — ¢l < lesuy — cl.
Then, cs@)+1 < cs@k)+Sk-2)+1 < c1. Because T3k=3)-1

get that CS(k+1) € (Cg(k,3), CS(k)+S(k73))~ Noting that by (2.1), CS(k—3) and CS(k)+S(k—3) are
on the same side with respect to ¢, we have either

is injective on [csk)+1, c1], we

lese+1y — ¢l > lesiy+sk—3) — ¢l > les@y — ¢l

or

lesa1) — ¢l > lesw—3) — ¢l > leswy — cls
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FIGURE 2. First five Iy (solid line) and Dy (dashed line) intervals.

a contradiction. So we must have
lesw+sk—2) — ¢l > leswy — cl,
and this concludes the proof. O
Let us denote
Ji = IkSJ(rITI) = [est-1)» CSG+D+SE-1)]5
and put
Dy = e, csil

for every k > 1. For every n > 0, we use the notation:

J= T = 120 (3.4)

Note that by definition, Dy C [cs(k), csk+2)] for every k' > k > 1. See Figure 2.
LEMMA 3.3. Forall0 <k < k/, we have Jyy C Dy_1 C Iy and Jy N Jyy = @.

Proof. First we will prove that Jj1 is contained in Dy and ¢ ¢ J41 for every k > 0. Fix
k > 0. By (2.1) with k replaced by k + 3, we have that cs) and csk-+2)+sk) are on the
same side of c¢. Because

les@+2) — ¢l < les@+1) — ¢l
we have
CS(hk+1)+1 < CS(k+2)+1 < C1.

By Lemma 3.1, T5®~1 is injective on Ikl+1 . Then, cs42)+sk) € (csk+2)> €Sk))- By (2.1)
with k replaced by k + 3, we thus conclude csx+2)+s®) € (csk), ¢). Then,

Jit1 = [esw)s cs+Ssk+2)] C le, esgy]l = Di C lesw), esw+2)] € Ik
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and ¢ ¢ Ji11. Because, by definition, for every k' > k, we have Dy _; C Iy C Iy, we get
Jiw C Dyp_1 C I.

Now we will prove that Jiy; and [;4; are disjoint. If k is even, then I;1| =
[csk+1)> csk+3)]. Because csk) and csk+1) lie on opposite sides with respect to c,
we have that cs), cs@)+Sk+2), and csi+3) lie on the same side of ¢. By (3.2) with k
replaced by k 4 4, we get

les@y — ¢l > les@)y+8i4, — ¢l > les@+3) — ¢l

SO, -Ik+l N Ik+l =0. NOW, if k is Odd, Ik+l = [CS(k+l)’ CS(k+2)] and CS(k)> Cs(k+1)» and
CS(k)+Sk+2) lie on the same side of c¢. Suppose that |csg+1) — ¢| > les@)+SKk+2) — ¢ls
then

[es@+1)s Csty+SsKk+2)] C [esw)s sy +sk+2)]-

Because TS5®-D jg injective on [csk), Cs(k)+Sk+2)], then TSk=1 g injective on
[eSk+1)s CSh)+Sk+2)]- SO we get

T3 D ([esgrnys eswskr)) = [Cs@t1)+5&—1)» Cskr3))-
Because S(k + 1) + S(k — 1) < S(k + 4), by Lemma 3.2 with k replaced by k + 4, we get
les+1)+Sk—1) — ¢| > [cs@+3) — ¢l

However, 75~V (Ji41) = [esk+1)» Csk+3)], then

TS D (csua1) = Cstrny+sk=1) € (CSk+1)s CSK+3))s

and by (2.1) with & replaced by k 4 1, we have that c§(x+1)+5%—1) and csk—1) are on the
same side of c¢. Because k — 1 = k + 3 (mod 4), we have that cgx—1) and cg+3) are on
the same side of C, SO CS(k+1)+S(k—1) € (C, CS(k+3))- Thus,

lesa+n+sa—1) — ¢l < les@+3) —cl,
a contradiction. So we must have cs)+Sk+2) € (€Sk)> €Sk+1)) and
Jkr1 N Ipr = 0. (3.5)
This conclude the proof of the lemma. O
Taking k' = k + 1 in Lemma 3.3, we get Ji+1 C Ix, and then
Jir1 Ul C I © Iks(kfl), (3.6)
for every k > 1.

Definition 3.4. For k > 0, let M} be the S(k)-fold union

m= J ru U 7

0<n<S(k—1) 0<n<S(k-2)
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FIGURE 3. First five levels of M.

Some examples of M are

My =1y
= [c1, 2],
My =1 UJ;

= [c2, 5] U [ca, c1],
My=5hLULUJ,

= [e3, 5] U [ca, c1]U [e2, 7],
My=LULUIZFUJUJ

= [c13, cs] U [ce, c1]1 U [c2, 7] U [e3, 11l U [ea, ci2],
My=1LUIJUIFUI;UI{UJUJ UJZ

= [c13, eg] U [cg, c1] U [e2, c10] U [e3, el U [ca, ci12]

U [c14, 5] U [c6, c19] U [c20, 7],

and so on (see Figure 3).
From the definition, for every k > 0, the S(k) closed intervals

/0 PO Al S A Al

are pairwise disjoint, each M, contains the set O7 (c) and they form a nested sequence of
closed sets M1 D M> D M3 D - - - with intersection equal to the Cantor set CT(C) For a
proof of these statements, see [LM93, Lemma 3.5]. Now by (3.6), we have that for every
1<m<Sk-1),

L VI C I

Also, by (3.4) forevery 0 <n < S(k —2),

Stk—D)4n _
1k+1 = J,?.
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Because the sets in My are disjoint, we get that

U @ni) =L Ui 3.7
A€M

3.2. Diameter estimates. In this section, we will give an estimate on how the distances
lcsky — c| decrease as k — oo.

LEMMA 3.5. The limit
lim AS®ED Dy
k—o00
exists and is strictly positive.

Proof. Because
T(Dy) = T (¢, csw)) = Iy,
by (3.3), we have that
TS =D (Dy) = [es@-1)» es@+1)]-
By (2.1), csk—1) and cs(x+1) are on opposite sides of ¢. Then Dy_1 N Dg1q = {c}, so
T5%D(Dy) = Dg—1 U D1
Because, by Lemma 3.1, T5k=1) ig injective on I and Dy C I, we get that
IT5 D (D) = 154D Dy | = | Dii| + | Diqar |

For k > 0, put v := |D¢|/|Dr+1|. By the above, we get

ASU=D — Vi—1 + i
Vi
By (2.2), vt > 1,500 < v,:l < 1. Because A > 1, we have A5*—D — o0 as k —> 0.
Then, vy —> o0 as k —> 00. So, ASE=D Vk—1 —> 0 as k —> oo. Then, if we define
Ci := A 5% we have 0 < Cy < 1 and C} /" 1 exponentially fast as n —> oo. By
definition of v, we have that

|D | k k k
ol _ l—[ = 1—[ AS([)CZ_ — ) Sk+2)=5(1) l—[ C;.
i=0 i=0 i=0
Then,

k

| Dyy 1 [ASEFD=SD IDOI[ [
i=0

-1
Ci] . (3.8)

Because ]_[fzo C; converge to a strictly positive number as k —> oo, the proof is
complete. O
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4. The invariant measure
Let us denote by pp the unique ergodic invariant measure of 7 restricted to Or(c). As in
the previous section, put

S(=2)=0,S(-D)=1,80)=1,51)=2,...

and recall that ¢ := ((1 + \/5) /2). In this section, we will estimate the value of pup over
the elements of M for every k > 1.
As mentioned in §3, we know that the set O7(c) is contained in My for every k > 1 and

the sets
/0 AT il /S A Al
are disjoint. Then,
Stk—1)—1 S(k—2)—1 _
Yo oweUD+ Y weUh =1 @.1)
i=0 j=0

Because T restricted to Op(c) is injective, except at the critical point that has two
preimages, we have that

wp()) = wp(), 4.2)
wp(JD) = pnp(Jh), (4.3)
forevery 0 <i,j < S(k—1)and 0 < p,q < S(k — 2). Then we can write (4.1) as
Stk — Dpp(l) + Stk —2)pup(Jy) = 1. (4.4)
Because
IyuJy C I,
we have that
wp ) + wp(Ji) = pplk-1). (4.5)
And because
St = 150,

using (4.2) with k replaced by k = 1, we have that

wp(Jk—1) = pp (k). (4.6)
Combining (4.5) and (4.6), we can write
1 1] [pp) mp(Ix-1)
= . 4.
|:1 0:| |:/LP(Jk):| |:MP(Jk—1)] 7

LEMMA 4.1. For every m > 1, we have

1 1
wp(ln) = (p_m and pup(Jm) = wm_H-

https://doi.org/10.1017/etds.2021.128 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.128

Invariant measures for interval maps without Lyapunov exponents 679

Proof. We will use induction to prove the lemma. For m = 1. We can apply k — 2 times
the equation (4.7) to
|:MP(Ikl)i|
wp(Je-1)]"
and we can write (4.7) as

k=1
11 wp(Iy) wp(ly)

= . 4.
[1 0:| |:MP(Jk)i| |:HP(-Il)i| “4-8)

Using that

117 [Sk-2) Sk-3)
1 0 T LSk=3) Sk-4]"

for k > 2, we can write

[MP(II)} _ |:S(k = 2pp(x) + Stk — 3)MP(Jk)] 4.9)
we(J1) Stk —=3)yup(le) + Stk —Hpup(Je) | '
Multiplying the first equation in (4.9) by S(k)/S(k — 1), we get

S Stk —2) Sk—3) Sk
S0 = S S®e () + S s Sk = Dup ). (@10)
Using (4.4), we can write (4.10) as

Sk) _ Sk—-2) Sk-=3) Stk —3) Sk)
sk—phrin= S(k)“P(I")[S(k 1) Sk— 2)} sk—2sk—1n b

Because S(k)/S(k — 1) — ¢ as k —> oo, taking limit on (4.11) over k, we get
oup(l) =1,
and then
1
np(ly) = —.
%

Using (4.4) with k replaced by 1, we get that

1
wp(J1) = —.
@

So the lemma holds form = 1.
Suppose now that the result is true for m. By (4.6), we have that

1
wpUmt1) = pp(Im) = W
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By (4.5), we have that

wp(Img1) = pp(n) — p Ips1)

and we get the result. O

5. Proof of Proposition 1.1
In this section, we will give the proof of Proposition 1.1. We use the same notation as in the
previous section. Let h: [—1, 1] — [—1, 1] be as in Proposition 1.1 and f =ho T o hl
As in Theorem 1, put ¢ := h(0).

Because £ has a non-flat critical point at 0, by (1.3) and (1.4), there are a™ > 0, > 0,
and § > 0 such that

MR < 0 (®)] < M (5.1)
for every x € (0, §) and

e MEI < I = MR, (5.2)
for every x € (-8, 0). Because ¢ = 0 and ¢ ¢ I} = [CCS(k)Jrl’ c1], we have that there exist

positive real numbers W and W, such that for every x € I,
Wi < [W(T(x))| < Wa. (5.3)
Proof of Proposition 1.1. By the chain rule, we have

B (T (h='(x)))

F = )

, 54

for every x € (h(—8), h(8)) \ {¢}. Let K := max{r~'eM W', 1eMW,}. Then by (5.3)
and (5.4), we have that for every x € (¢, h(§)),

Ko <[l = o (5.5)
and for every x € (h(—9), ¢),
Kt = 0= um e (5.6)

Now, from (5.1) and (5.2), there exist M; > 0 and M» > 0 such that for every x € (0, §),

— + +
M T < Ro] < My lx@TH
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and for every x € (46, 0),
My < h(x)] < Mol L

Because % is a homeomorphism, there exist constants M3 > 0 and M4 > 0 such that for
every x € (¢, h(8)),

M7 x =M@ < @) < My lx — &/ @ D, (5.7)
and for every x € (h(—4), ¢),
My = @M@ < T o) < Mylx — @t @ D, (5.8)

Then, by (5.5)—(5.8), we have that for every x € (¢, h(§)),
1 M3

!
Ms|x — ¢|@/@t+1) =17l |x — &|@H/@r+D)’
and for every x € (¢, h(=9)),
1 , My
e S Sl = ———
Malx — @)@ +D) Ix — ¢|@)/@+D
Thus, f has a Lorenz-like singularity at c. O

6. Proof of Proposition 1.2
In this section, we will give the proof of Proposition 1.2. We will use the same notation as
in the previous sections.

First, take o := max{a™, @}, where o™ and o~ are given in Proposition 1.1. From
(1.8) and (1.9), we get that for every x € (h(=39), h(5)) \ {c},

1
RO |f/ ). (6.1)
Proof of Proposition 1.2. First we prove (i). Let 0 < § < & be such that | f'I>1on
(h(—g), h(S)) \ {¢} (such § exists because ¢ is a Lorenz-like singularity). By Lemma 3.5,
we have that cgx) — ¢, as k —> oo, then there exists k > 2 so that [y C (—3, 3). Thus,
(6.1) holds on i(Iy) \ {¢} and | f'| > 1 on h(I}) \ {¢}. Forn > k, put L, := A5C+D|D,|.
Recall that

log® | f'| :== max{0, log | f'|} and log™ |f'| := {0, — log | f'I},

on [ \ {¢}. By Lemma 3.3, for every n > k, we have J, C Iy and for every k < n < n’, we
have J, N J,;y = @. So, because fip({c}) =0,

[rogtir1din = [ togisiape= Y [ togisdin
h(Ii) n>k h

(Jn)

Recall that ¢ := ((1 + \/5)/2). Then for each n > k and x € J,,, we have, by Lemma 3.3
and (6.1),

1
—1 —1,aS _
| f'(h(x)] = K T aesmp e (6.2)
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By the above together with Lemma 4.1 and the fact that S(n) > % ,

/ log | f'|dip = fip(h(Jy)) log ’K—lxawm;gl
h(Jn)

v

n+1
(é) [aS(n) log(A) + a log(KY*L,_1)™ "

1 n+1
‘%“ log(%) +a<;> log(KYL,_1)~". 6.3)

v

By Lemma 3.5, (1/@)"t! log(Kl/"‘Ln_l)_1 —> 0 asn —> oco. We get that
/1og+ |f'|diip = +o0. (6.4)
Now we prove (ii). Suppose by contradiction that
/log_ | f'ldiip < +o00. (6.5)

By the chain rule,

log | f/(x)| = log(A) + log |1/ (T (™' (x)))| — log |1’ (R~ (x))], (6.6)

on I \ {¢}. Because /' has a unique critical point, log |A’| is bounded away from the critical
point. In particular, log |/4’| is bounded from above in all I. Then, — log |A’| is bounded
from below in /. In particular, because jip ({c}) = 0, the integral

/log W oh™ ' dip

is defined. Because the only critical points of f are the points in f~ L({&}), we have that
log | f'| is bounded away from {¢} U f~!{¢}. Let Vcl \ {c} be a neighborhood of f~ L&)
such that log | f'(x)| < O for x € V, then by (6.5) and (6.6),

—00 < f log | f'| diip = log(W)iip (V) +[<1og W o T oh™"| —log |h o h™")) djip.
v |4

Because h_l(\7) is a neighborhood of T-1(c), the function — log |I o h~1| is bounded
on V. However, because

hlof(x)=Toh™'(x) =c,

we have K o T oh™'(x) =0 if x € f~1(¢). Thus, ¥ o T oh~'(x) #£0 for x e I\ V.
Then log |k’ o T o h~!| is bounded in 7 \ V. So,

f log|h' 0T oh Y djip > —c0. 6.7)
I\V
Now,
~oo < [ tog I dir
\%4

< (logm + max{— log [h o h’l(x)l})/lp(f/) + / (log | o T o h™"|) dfip.
xeV \%
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So,
/~ log |W oT oh™ Y djip > —oo. (6.8)
v
Together with (6.7), this implies that

/ log |k o T o h™ Y dfip,

is finite. Because the integral

/—log W oh™ ' diip,

is defined, we have
/loglf’ld,&p =log(k)+/log |h/oToh*‘|d,:Lp+/ —log |k oh™ Y diip

:10g(k)+flog |h/oh*10f|dﬁp+/ —log |W o h™ Y dfip,

and because [ip is f invariant, we get

[ rog 1771 diip = t0gh.

which contradicts (6.4). This contradiction completes the proof of part (ii).

Finally we prove (iii). By Proposition 1.1, f has a Lorenz-like singularity at ¢, then there
exist § > 0, £ > 0,£~ > 0 and L > 0 such that (1.1) holds for every x € (¢, ¢ + 8) and
(1.2) holds for every x € (¢ — &, ¢). Let £ := max{¢™*, £~}, and choose 0 < § < 8 so that
log | f/(x)| > Oanddlst(x S(f)) = |x —¢| forevery x € (¢ — 5, c—|—8) \ {¢c}. Letm > 2
be so that I,,, C (¢ — 5, ¢+ 8) Then, for every x € I, \ {c}, we have

log | f'(x)] < log(L) — £ log(dist(x, S(f))).

So, forevery n > m

fh log | /'] diip < log(L)iip(Jy) + € / | log |x — &l diip (x).
(Jn)

In)

By (6.3) and Lemma 3.5, we get that

+oo = i) | log(dist(x, S(f)I dirp(x),
(Il‘l‘l

so log(dist(x, S(f))) ¢ L (ftp). This concludes the proof of the proposition. ]

7. Proof of Proposition 1.3
In this section, we will prove Proposition 1.3. We will use the same notation as in the
previous sections. Recall that f” is not defined at ¢, so for x in I whose orbit contains ¢, the
derivative (f™) at x does not exist for large n.

Let @™ and o~ be the right and left critical orders of 0 as the critical point of 4, and let
a :=max{a’,a”}. Let M > Obe as in (5.1) and (5.2). Fix k > 2 big enough so that (6.1)
holds on 4 (I), and (5.1) and (5.2) hold on .
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For every x € I such that ¢ ¢ Oy (x), we put

1
xf (x) = lim sup ~ log (/") ()] (1.1)
and
1
Xy (x) = lim inf —log | (/") ()1, (7.2)

For every x € h(Iy), we put £ := h~!'(x) € It. The proof of Proposition 1.3 is given
after the following lemma.

LEMMA 7.1. For every X € Iy N O7(c), there exists an increasing sequence of positive
integers {n;};>1 such that

T"(X) € Iryi and T"(X) & Iiyit1,
foralli > 1andalln; +1 < m < njy1. Moreover,
Stk+i)—Stk) <n; <Stk+i+2)—Sk+2), (7.3)
foralli > 1.

Proof. We will prove the lemma by induction. Let x € Iy N Or(c). Recall that for any
integer k' > 1, we have that

JS(k’—2)—l

Sk'—=1)—1
J/Y00 AU A VR AR A}

are pairwise disjoint. Now, by (3.7),
xX€lyyr or x € Jig.

Ifx € Jyyq, forevery 1 <m < Sk — 1),

T"(%) € Iy
and thus

T™(%) & It
and

5%V (3) € Iiq.

In this case, n| = S(k — 1) satisfies the desired properties. If ¥ € Iy41, forevery 1 <m <

S(k),

T™(X) € Iy,
and thus

T"(X) & It
and

750y ey or TSP@) € Jigr.
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In the former case, n| = S(k) satisfies the desired properties. In the latter case, we have
thatfor 1 <m < Sk)+ Sk —1) =Sk + 1),

T"(%) & It
and
75D @) € T
Son; = S(k + 1) satisfies the desired properties. So we have
Stk—1)<n; <Sk+1).

Now suppose that for some i > 1, there is n; satisfying the conclusions of the lemma.

Thus,
T" (%) € Ikyi
and
Stk+i)—Sk) <n; <Sk+i+2)—Sk+2).
By (3.7),

T"(X) € Ix+i+1  or  T"(X) € Jytit1.
If T" (x) € Jgyiv1,forevery l <m < Stk+i — 1),
TR € Ty
and thus,
T"(R) ¢ Tiyig
and
TSEH=DIN (R € Ipiv.

In this case, n; 11 = S(k +i — 1) + n; satisfies the desired properties. If T" (x) € Ij1;i+1,
forevery 1 <m < Sk +1i),

TN (E) € Iy
and thus,
T"R) ¢ Tetitrs
and
TS®+D4m 2y € Lipiyr or  TSEEDI Ry e gy,

In the former case, n; 11 = S(k + i) + n; satisfies the desired properties. In the latter case,
we have thatfor 1 <m < Sk+i)+Sk+i—-1)=8Sk+i+1),

T4 (%) ¢ Iitig
and

TSEHTDA(2) € iy
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Sonjy1 = Sk +i + 1) 4 n; satisfies the desired properties. So we have
Sk+i—-1)<nu41 <Sk+i+1)+n;.
Because n; satisfies (7.3),
Sk+i+1)—S8k) <nip1 < Sk+i+3)—Sk+2).
This concludes the proof of the lemma. O

Proof of Proposition 1.3. Letx € O¢(c), with¢ ¢ O (x). Then, X = h='(x) € Or(c) and
¢ ¢ Or(x). By the chain rule, we have that for every n > 1,

n—1

ny/ B (T (T*(%))) 2 W (T"(X))
(f" (x) = ]_[ A TG =2 TR (7.4)
Then,
1 ny\/ 1 / nsa 1 /A
. log (/") (x)| =1log & + . log [A(T" (x))| — - log A" (X)], (71.5)
for every n > 1. So, using (7.1) and (7.2), we get
X}'(x) log A + lim sup ! log |h'(T" (%))|, (7.6)
and
X;(x) = log A + lim inf l log |[W/ (T (%))]. 7.7)
n—-oo n

Now, because x € O (c), we have that X belongs to one of the following sets:
1 Sk—1)—1 S(k—2)—1
Ik,Ik,...,Ik ,Jk,...,Jk .

So there exists 0 < I;(x) < S(k) such that T%™) (%) € I;. Let {n;}i>1 be as in Lemma 7.1
for T/ (x). Note that for everyi > 1,

T O (@) e 1L C leswrs el
Then by (5.3) and (7.6), we have that
log A < X; (x).
Now by (7.3), we have that

1 1
Skvit2) o m 78
Also, because for every i > 1,
T (R) € T,
by (2.2) and (3.1), we get
T @) < leser| = |1 Diel- (7.9)
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By (6.1), we have
1 _ | (T O+ (£))]
KT @] = | (T ()]
Combining (5.3), (7.9), and (7.10), we get
| (T ()] < 2K Wa| Dy |*. (7.11)

(7.10)

Because | Dyy;| —> 0asi —> oo, there exists i’ > 1 such that for every i > i’,

1 1/a
Dy .
[ Di+i| < (AKWz)

Then for every i > i/, from (7.11), we get

log |1/ (T" ) (£))] < log(AK Wa| Dg4:]*) < 0.
By the above and (7.8),

1 ,
— log |A/(T" log(AK W2|Dyyi]%).
n;

|
Hie () (£V)[ <
W= st 12

Taking the limit as i — oo,

1 1
lim — log |A/ (T %™ (£))| < lim ————— log | D+ |%.
Jim = log [ ( O = 2y 108 [Dieil

Using Lemma 3.5,

1 :
log |Di4il® = lim ————— Jog A~¢SKk+i+D

1
Iim —— -
i—oo Stk+1i+2) i—oo Stk+1i+2)

. Sk+i+1
=—alogi lim ————
i—oo Stk+1i+2)

o
= ——log A.
2

Then by (7.7),
_ o
Xy (x) < (1 — —) log A < log A.
%

This concludes the proof of the proposition. O

8. Proof of Proposition 1.4
In this section, we will give the proof of Proposition 1.4. We will use the same notation as
in the previous sections.

For every k > 1, put

D = (lesl. ) and Dy = (—les@)l, ©)

+ . +\ pt - - —
Al =D \DJ, and A =D \D_,.
Observe that
|A| = |Dr| — | Diy1] = |Af . (8.1)
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LEMMA 8.1. There exist o[, o”, o/, &', K, and Q positive real numbers such that
A0 < (A <2750, (82)
and
2S00 < ()] <2750 0, (83)
for everyk > K.
Proof. By Lemma 3.5, there exists 8 > 0 such that
lim AS®HD Dyl = B.
n—oo

Let ¢ > 0 be small enough so that (8 —¢)/(8 +¢) > 1/2. Let M > 0 be as in (5.1) and
(5.2). Fix K > 0 big enough so that for every k > K, (5.1), (5.2) hold on Ag, and the

following holds:
)\.—S(k-i-l)(ﬂ _ S) < |Dk| < )\-—S(k-'rl)(/g + 8), (84)
A5 < %, (8.5)
and
Stk+1)
) 8.6
R0 <@p+e¢ (8.6)
By (8.4) with k replaced by k + 1, we get
5, Sk+2) 1 < 1 < )LS(k+2);_ 8.7)
B+e = |Diy1l ~ p—e

Combining (8.4) and (8.7), we get

aswbP=e D smBte

B+e = Dit1l B—¢

For k > K, using the mean value theorem on the function 4 : A,’: —> h (A,f), there exists
yT € A such that

(8.8)

|h(“2_)| / +
e AT A ). 8.9

Let a™ be the right order of 0 as a critical point of 4. By (5.1), we have
My < I = My (8.10)
Because y* € A;", we have that
|Dici] < 1y 71 < | Del.

Then, by (8.4), (8.5), (8.9), and (8.10), we have that

D, D
e M| Dpyy @ (i - 1) < h(AD)] < eM|Dk|°'+“<1 - ﬂ) @.11)
| Dyt | Di|
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Using (8.8) in (8.11), we obtain

e_M(,B _ 8)a++1)\—S(k+2)(a++l)<AS(k)ﬂ —¢ _ 1) < |h(A,—:)| <

B+e

eM(,B + 8)a++1)»_s(k+1)(a++1)<1 _ }\—S(k)’B — 8).

B+e

Put
:3 at+1
0 = e_M<§> i and O, :=M28.

By (8.5) and because (8 — ¢)/(B8 + €) > 1/2, we have that

01 <eMp— 8)a++1(% B )\S(k))’
&

and

M(B+e)* ! (1 — AS(")%) < 0o,

for every kK > K. Then,
)\'*S(k+2)(a++l))\s(k)Ql < |h(AZ_)| < ka(kJrl)(ot*Jrl) 0.
Finally, put
oy i=aT+1 and o) =(@+e) @ +1) -1
Because S(k) = S(k +2) — S(k — 1), by (8.6), we have

S(k+2)(a+ .

—Sk +2)(at + 1)+ Sk) = —S(k)< S

> —S(k)aly.
Then, taking Q := max{Qf], 0>}, we have
2500 < (A = 250 0.

In the same way, we can prove (8.3).

689

(8.12)

(8.13)

O

Proof of Proposition 1.4. Leta!),a”, o/ ,a’ , K, and Q, be as in Lemma 8.1. By (8.1), we

have that
n
> AL = TR(DD] = |h(DF,, D
m=0

for every n > 0. Then by (8.2) and (8.14), we get

- n
o~! Z pStetmyal lh(D)| — |h(Dk++n+])| <0 Z po—Sthetmyed,

m=0 m=0
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for every n > 0. Now, for m > 0, we have that

m—1

St+m) =Sk + > Stk+j—1). (8.16)
j=0
Put
m—1 00
Figm =Y Stk+j—1), and o'(k):=1+) r f,
j=0 i=0
Then, combining (8.15) and (8.16), we obtain
175007t < |(DD| = 1D, )| = 2750 00 k). (8.17)
If we put

oo
®:= Q<1 +y° r“iS(i)),
i=0

then for every k > K and every m > 0, we have
Qo'(k)<®, and O !'< Q7
Then
150% e < (D)) — WD, )l < 2750 6. (8.18)

Because |Dj4p4+1] —> 0 as n —> oo, and & is continuous, taking the limit in (8.18) as
n —> 00, we obtain

2SR eTl < (D] < ATS0% g, (8.19)
In the same way, we can prove that
ATS0C gl < (D )| < ATS0 g, (8.20)
Finally, put o” := max{a”, &/} and &’ := min{a’_, &/, }. For any k > K, we have that
1FP0@ =l = D1 or [ 50@) — el = (D).
In any case, by (8.19) and (8.20), the result follows. O
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