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Abstract

Let X = GC be a group, where C is a cyclic group and G is either a generalized quaternion group
or a dihedral group such that C NG = 1. In this paper, X is characterized and, moreover, a complete
classification for X is given, provided that G is a generalized quaternion group and C is core-free.
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1. Introduction

A group G is said to be properly factorizable if G = AB for two proper subgroups A
and B of G, while the expression G = AB is called a factorization of G. Furthermore,
if AN B = 1, then we say that G has an exact factorization.

Factorizations of groups naturally arise from the well-known Frattini’s argument,
including its version in permutation groups. One of the most famous results about
factorized groups might be one of the theorems of Itd, saying that any group is
metabelian whenever it is the product of two abelian subgroups (see [11]). Later,
Wielandt and Kegel showed that the product of two nilpotent subgroups must be
soluble (see [13, 19]). Douglas showed that the product of two cyclic groups must
be super-solvable (see [3]). The factorizations of almost simple groups with a solvable
factor were determined in [15]. There are many other papers related to factorizations,
for instance, finite products of soluble groups, factorizations with one nilpotent factor
and so on. Here we are not able to list all references and readers may refer to a survey

paper [2].

This work is supported in part by the National Natural Science Foundation of China (12071312).

© The Author(s), 2024. Published by Cambridge University Press on behalf of Australian Mathematical
Publishing Association Inc.

()

Check fc
https://doi.org/10.1017/51446788724000181 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.1017/S1446788724000181
https://orcid.org/0000-0001-5271-576X
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S1446788724000181&domain=pdf
https://doi.org/10.1017/S1446788724000181

2 H. Yu, W. Luo and S. Du 2]

In this paper, we shall focus on the product group X = GC for a finite group
G and a cyclic group C such that GN C = 1. Suppose that C is core-free. Then,
X is also called a skew product group of G. Recall that the skew morphism of a
group G and a skew product group X of G were introduced by Jajcay and Sirfi in
[12], which is related to studies of regular Cayley maps of G. For the reason of the
length of the paper, we are not able to explain them in detail. Recently, there have
been many results on skew product groups X of some particular groups G that are
cyclic groups, elementary abelian p-groups, finite nonabelian characteristically simple
groups, dihedral groups, generalized quaternion groups and so on. In particular, so far,
there exists no classification of skew product groups of cyclic groups, and based on
big efforts of several authors working on regular Cayley maps, the final classification
of skew product groups of dihedral groups was given in [8]. For partial results about
generalized quaternion groups, see [9].

Throughout this paper, set C = (c) and

Q=(abld" =10 =d"d"=a')y= Q4 n>2,

D={ab|ld"=b*=1,a"=a'y =Dy, n>2. (1-1)

Let X(G) = GC be a group, where G € {Q, D} and GN C = 1. In this paper, we give
a characterization for X(Q) and a complete classification of X(Q) provided that C is
core-free. In the above paper dealing with skew product groups of dihedral groups, the
authors adopt some computational techniques on skew morphisms. Alternatively, in
this paper, we realize our goals by using classical group theoretical tools and methods
(solvable groups, p-groups, permutation groups, group extension theory and so on). In
our approach, we pay attention to the global structures of the group X(G). Since X(Q)
is closely related to X(D), some properties of X(D) have to be considered too.

Note that X = X(G) = GC = {a, b){c) for G € {Q, D}. Thus, {(a){c) is unnecessarily
a subgroup of X. Clearly, X contains a subgroup M of the largest order such that {c) <
M C (a){c). This subgroup M plays an important role in this paper. From now on, by
Sx, we denote the core N,cxS™ of X in a subgroup S of X.

There are four main theorems in this manuscript. In Theorem 1.1, the global
structure of our group X € {X(Q), X(D)} is characterized.

THEOREM 1.1. Let G € {Q, D} and X = X(G) = GC, where GN C = 1. Let M be the
subgroup of the largest order in X such that {c) < M C {a){c). Then the group M is
characterized in Table 1.

Clearly, M is a product of two cyclic subgroups, which has not been determined in
general so far, as mentioned before. However, further properties of our group X are
given in Theorem 1.2.

THEOREM 1.2. Let G € {Q, D} and X = X(G), and let M be defined as above. Then
we have {(a’,c) < Cx({c)x) and |X : Cx({c)x)| < 4. Moreover, if {c)x = 1, then Mx N
(a®y <« Mx. In particular, if (¢)x = 1 and M = {(a){c), then (a*) < X.
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TABLE 1. The forms of M, My and X/My.

Case M My X/Myx
1 {a){c) {a){c) Zy
(a®)c) (@*Xc?) Dy
(@Xcy (@) Ay
(a*)c) (a*}c?) S4
(a*)c) (@} S4

W~ W N

Using Theorem 1.2, we classify skew product groups of generalized quaternion
groups; see the following theorem.

THEOREM 1.3. Let G = Q and X = X(G) = G{c), where m=o0(c) > 2, GN{c)=1
and {¢)x = 1. Set R :={a®" =" =1, b*> = a", a® = a”'}. Then, one of the following
holds:
(1) X=<(a,b,c|R,(@* =ad”,c"=a*c, c’ = a'c";
(2) X ={a,b,c|R, (@) =a¥, ()" =a¥c¥ () = a2, a° = bc*);
(3) X =(a,b,c|R,(@®F =a”, (> =a*c3, () = a*c3,a¢ = bc™?, b = a*b);
(4) X = <a’ b,C | R, (04)c - a4r’ (CS)uz — (14SC3, (CZ)b — a4u63’ (a2)c — bcim/Z’

b = asz, o4 = a2+4zcl+(jm/3)>;
(5) X=(abc|Ra" =da, b =a""b, @ =a3a" = b,

where the parameters are given in Lemmas 5.1, 5.2, 5.3, 5.5 and 5.6, respectively.

The relationship between X(Q) and X(D) is characterized in the following theorem.

THEOREM 1.4. For the group X(Q), we have {a") < X(Q) for all cases in items (2)—(5)
and some cases in item (1). Moreover, corresponding to D = Q/{a"), we have X(D) =
X(Q)/(d", c1), where (a") < X(Q) and {(a",c1) = (a", C)x()

REMARK 1.5. One may determine regular Cayley maps of dihedral groups (which was
done in [14] via skew-morphism computations) and of generalized quaternion groups
by Theorem 1.3.

After this introductory section, some preliminary results are given in Section 2; and
Theorems 1.1, 1.2, 1.3 and 1.4 are proved in Sections 3, 4, 5 and 6, respectively.

2. Preliminaries

In this section, some elementary facts used in this paper are collected.

PROPOSITION 2.1 [17, Theorem 1]. The finite group G = AB is solvable, where both
A and B are subgroups with cyclic subgroups of index no more than 2.
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PROPOSITION 2.2 [10, Theorem 4.5]. Let H be a subgroup of G. Then Ng(H)/Cg(H)
is isomorphic to a subgroup of Aut (H).

PROPOSITION 2.3 [16, Theorem]. If G is a transitive permutation group of degree n
with a cyclic point-stabilizer, then |G| < n(n — 1).

PROPOSITION 2.4 [11, Satz 1 and Satz 2]. Let G = AB be a group, where both A and
B are abelian subgroups of G. Then:

(1) G is meta-abelian, that is, G’ is abelian; and
(2) A or B contains a normal subgroup N # 1 of G if G # 1.

PROPOSITION 2.5 [10, Theorem 11.5]. Let G = {a){b) be a group and p be an odd
prime. If (a)| < (b)Y, then {(b)g # 1. If both {a) and {(b) are p-groups, then G is
metacyclic.

PROPOSITION 2.6 [1, Corollary 1.3.3]. Let G = GG, be a group. Then for any prime
D, there exists P; € Syl,(G;) such that P = PP, € Syl,(G) fori =1 or 2.

PROPOSITION 2.7 [7, Satz 1]. Let N < M < G such that (|N|,|G : M|) = 1 and N is an
abelian normal subgroup of G. If N has a complement in M, then N has a complement
in G too.

The Schur multiplier M(G) of a group G is defined as the second integral homology
group H*(G; Z), where Z is a trivial G-module. It plays an important role in the central
expansion of groups. The following result is well known.

PROPOSITION 2.8 [18, (2.21) on page 301]. The Schur multiplier M(S,) of S, is a
cyclic group of order 2 if n > 4 and of order 1 for n < 3.

Recall that a group H is said to be a Burnside group if every permutation group
containing a regular subgroup isomorphic to H is either 2-transitive or imprimitive.

PROPOSITION 2.9 [20, Theorems 25.3 and 25.6]. Every cyclic group of composite
order is a Burnside group. Every dihedral group is a Burnside group.

PROPOSITION 2.10 [5, Lemma 4.1]. Let n>?2 be an integer and p a prime.
Then, AGL(n, p) contains an element of order p" if and only if (n,p) = (2,2) and
AGL(2,2) = S,.

Recall that our group X(D) = DC, where D is a dihedral group of order 2n and C
is a cyclic group of order m such that D N C = 1, where n,m > 2. Then, we have the
following results.

PROPOSITION 2.1 [6, Lemma 4.1]. Suppose that X(D) = {a. bXc). {a)(c) < X(D) and
(©)x) = 1. Then, {a®)y < X(D).

REMARK 2.12. An independent proof of Proposition 2.11 was also given in [4].
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LEMMA 2.13. Suppose that X is a solvable group and has a faithfully 2-transitive
permutation representation relative to a subgroup M, whose index is of composite
order. Then, X < AGL(k, p), where k is a positive integer and p is a prime. Moreover:

(i)  if X contains an element of order p¥, then X = Sy; and
(i) if the hypotheses hold for X = X(D) and M = C, then X(D) = Ay.

PROOF. Set Q =[X : M]. Let N be a minimal normal subgroup of X. Since X is
solvable, N = Z’I‘J for some prime p and integer k. Since X is 2-transitive, it is primitive,
which implies that N is transitive on Q and so is regular on Q. Therefore, X = N < X, <
AGL(k, p) for some o € Q. Since X is 2-transitive and |Q| = p¥, we know |X,| > pF — 1
for any a € Q.

(i)  Suppose that X contains an element of order p*. By Proposition 2.10, we get
(k, p) = (2,2) so that X = S4, reminding us that || is not a prime.

(i) LetX = X(D)and M = C = (c¢) with the order of m. Then, |X(D)| = 2nm = p*m.
By Proposition 2.3, we get p*m < p*(p* — 1). Therefore, m = p* — 1 as m =
|M| = |X,| > p* — 1, which implies that (¢} is a Singer subgroup of GL(k, p) and
X(D) = N = {c). Then, both D and N are regular subgroups, that is, |D| = 2n =
|Q| = p*, which implies p = 2. Now, we have |X(D)| = 2¢(2¥ - 1). Since both N
and D are Sylow 2-subgroups of X(D) and N < X(D), we get D = N, so that
D = 7% and X(D) = As. O

3. Proof of Theorem 1.1

To prove Theorem 1.1, let G € {D, Q}, as defined in (1-1). Let X = G{c) be either
X(D) or X(Q). Let M be the subgroup of the largest order in X such that (c) <M C
(a){c), and set Mx = NyexM*. By Proposition 2.1, X is solvable. Then, Theorem 1.1 is
proved in Lemmas 3.1 and 3.3, which deal with G = D and Q, respectively.

LEMMA 3.1. Theorem 1.1 holds, provided G = D and X = X(D).

PROOF. Let G=D and X = X(D). If m =1, then X = D and M = {a), as desired. So
in what follows, we assume m > 2. Recall that m,n > 2, |X]| is even and more than 7.
The lemma is proved by induction on the order of X. Up to isomorphism, all cases of
|X] < 24 are listed in Table 2, showing the conclusion.

Assume |X| = 24. Then we carry out the proof by the following three steps.

Step 1: Case of Mx # 1. Suppose that My # 1. Set M = (a'){c) for some i. Since
ai € ﬂlz’hMalszB = ﬂll’lz’hMC]]alsz} = My,
we get that My = My N ({(a'){(c)) = (a')(c") for some r. Set X := X/My = G(¢). Then

we claim that GN{c) = 1. In fact, for any g =¢" € G N (c), for some g € G and
¢’ €(c), we have gc’~! € My, that is, g € (a') and ¢’ € (c"), which implies g = ¢’ = 1.
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TABLE 2. All cases of |X| < 24 up to isomorphism.

X M X /My
(a,b,c|a* =b* =" =1,[a,b] = 1,a° = b,b" =a,m € {2,4,6}) (@*)c) Dg
(a,b,c|a®> =b* =" =1,[a,b] = 1,a° —bb‘—abme{3 6} (@)c) Ay
(a,b,c|a*=b*==1,a" =a', ¢ = a*c?, b = a®b) (a*){c) M
(abclad=b*=c*=1d"=a",a = bc‘1> (@)c) M
else (a){c) Zy

Therefore, G N (c)y =1.Let My/Myx = (7)(2) be the largest subgroup of X containing
(c¢) and contained in the subset (a){c). Then, (@ ){c) = (c){c). Since

(d)e)Mx = (d)Mx(c) = (d)a')(c) and (eXd)Mx = (IMx(d) = ()@} d),

we get (a', @){c) < X. By the maximality of M, we have (a’, @) = (a') so that My = M.

Using the induction hypothesis on X = G(©), noting that Mo/Myx = M /My 1is
core-free in X, we get that X is 1somorphlc to Zy, Dg, A4 or S4, and correspondlngly,
o(@) = k, where k € {1,2,3,4}, and so a* € My. Since M = (a'){c) and My =(d' e,
we know that (a') = (aX), which implies that i € {1,2,3, 4}. Clearly, if X = Z,, then
MX = M; if X = Dg and o(c) = 2, then My = (a*)(c*); if X = A4 and o(c) = 3, then

= (az)(c3) if X = S, and 0(¢) = 4, then My = (a®}c*); and if X = Sy and o(c) =

then My = (a*}c3).

Step 2: Show that if Mx =1, then G € {Dy,lk = 2,3,4 and p is a prime}. Suppose
that My = 1. Since both {(a)y and (c)y are contained in My, we get {(a)x = (c)x = 1.
Arguing by contradiction, assume that Gy # 1. If |Gx| = 4, then by G = {a, b) = D,,,
we get (a)y # 1, which is a contradiction. So |Gx| < 4. Since Gx < G = D,,, we know
that |G : Gx| < 2, which implies |G| < 8, that is, G = D4 or Dg. A direct check shows
that X is Dg, A4 or S4, which contradicts |X| = 24. Therefore, Gy = 1.

Next, we consider the faithful (right multiplication) action of X on the set of right
cosets Q := [X : (c¢)]. By Proposition 2.9, every dihedral group is a Burnside group,
which implies that X is either 2-transitive or imprimitive. If X is primitive, then noting
that X has a cyclic point-stabilizer (c), by Lemma 2.13(2), we get G = D4 and X =
Ay, which contradicts |X| Z 24. So in what follows, we assume that X is imprimitive.
Pick a maximal subgroup H of X that contains {c) properly. Then, H=HNX = (HN
G){c) ={a*,b1){c) < X for some b; € G\ (a) and some s. Using the same argument
as that in Step 1, one has a® € Hy. Reset X=X /Hx. Consider the faithful primitive
action of X on Q := [X : H], with a cyclic regular subgroup of (a), where |Q2;| = s.
By Proposition 2.9, we know that either s is a prime p such that X < AGL(1, p) or s is
a composite such that X is 2-transitive on Q. In what follows, we consider these two
cases when a¢® = 1 or @® # 1, separately.

Case (1): a®* = 1. In this case, H = {¢) x (b) and X = {c, b).{a). Then two cases when
s 1s composite or prime are considered, separately.
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Suppose that s is a composite such that X is 2-transitive on Q;. By Lemma 2.13,
we get X < AGL(, g) for some prime g, which contains a cyclic regular subgroup (a)
of order ¢. By Lemma 2.13(1), X = S, and o(@) = 4 so that o(a) = 4 (as Hy < (b, c)),
which in turn implies G = Dg. In this case, checking by Magma, we have that either
o(c) = 2,3 and |X| < 24; or o(c) = 4, |X| = 32 but Gx # 1, which is a contradiction.

Suppose that s is a prime p such that X < AGL(1, p). Then, o(a) = p such that
G = D»,, where p > 5, as |X| 2 24. Clearly, (a) < X. Consider the action of X on the
set of blocks of length 2 on Q = [X : {(c)], that is, the orbital of 2 under H, with the
kernel K := Hy. If K = 1, then we get X = X and (a) < X, which is a contradiction.
Therefore, K # 1. Then, K £ (c) (as {c)x = 1) so that K interchanges two points (c) and
{c)b, which implies |K/K N {c)| = 2. Since K N {c) is cyclic and K N {c) fixes setwise
each block of length 2, we get |K N {c)| < 2. Therefore, |K| < 4. Since K x{a) <X
and p > 5, we have K x (a) = K X (a) so that (@) char (K X {a)) < X, which contradicts
Gy =1.

Case (2): a® # 1. First, show s = p, a prime. Arguing by a contradiction, assume that
s is composite. To do that, recall X = X/Hy = (@)H and Q, := [X : H]. Then, X is
2-transitive on €, with a cyclic regular subgroup of (a). Since a’ € Hy, we get Hx #
1 and of course Hy £ {(c). Suppose that {(@/){(c) < H. Then & € M. Using the same
arguments as in the first line of Step 1 again, we get @ € My = 1. Therefore, there
exists an / such that bc! € Hy, which implies H = (c). Then, X = (a)©), a product of
two cyclic subgroups, cannot be isomorphic to S4, which contradicts Lemma 2.13(1).
Therefore, s = p, a prime, and X/Hy < AGL(1, p).

Second, consider the quotient group H := H/{c)y = {@", b)(c) taking into account
s = p, a prime. Clearly, we have (c); = 1 and o(@”) = o(a?). Let Hy/{c)n = (@”’y(c)
be the subgroup of H with the largest order such that (c¢) < Hy/{c)y S (a” ¥(c). Since
|H| < |X], by the induction hypothesis on H, we know that Hy/{c)y = (a” Xc) for k €
{1,2,3,4}, which implies (a”*){c){c)y = (cXaP*){c)y = (c)aP*), giving (aP*)(c) <
H < X. Therefore, we get a’* € My. Since My = 1 and a” = a® # 1, we get that the
order of a is kp, where k € {2, 3, 4}. Therefore, only the following three groups remain:
G = Dy, where k € {2,3,4} and p is a prime.

Step 3: Show that G cannot be Doy, where k € {2,3,4}and p is a prime, provided
My = 1. Suppose that G = Dy, k € {2,3,4}, recalling that H = {(a”,b){c), Mx =1,
= [X : {c)] and X has blocks of length 2k acting on Q. Moreover, (a”)x = 1 and
there exists no nontrivial element ¢/ € H such that (¢/){c) < H. Here, we only give the
proof for the case k = 4, thatis, G = Dg,. The proof for other cases is similar but easier.
Let G = Dg,,. If p =2 or 3, then G = D¢ or Dy, which can be directly excluded
by Magma. So assume p > 5. Set a; = a” and a, = a* so that H = {a;, b){c), where
o(ay) =4. Set Cy = {(c)y and K = Hx. Then, H contains an element a; of order 4
having two orbits of length 4 on each block of length 8, where a; < K. Consider the
action of H := H/Cy = (a,, b){¢) on the block containing the point (c), noting that
(¢) is core-free. Recall that (a;)y = 1. So (@, b) = Dg and H = S4. Moreover, we have
Nz((c)) = (c) = (by = D, by rechoosing b in {ay, b). Therefore, L := {(c){b) < X.
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Now we turn to considering the imprimitive action of X on €, := [X : L], which
is of degree 4p. Let K N (c) = (c1). Then every orbit of (c;) on Q, is of length no
more than 4. Observing the cycle decomposition of ¢; Ly € X/Lx on Q,, we know that
ki := {c1)Lx/Lxl|12. Therefore, c|' fixes all points in Q,, which implies ¢]*' fixes all

points in €. Therefore, c?k‘ =1 (as {c)x = 1), that is, |K N {c)||2k; and, in particular,
IK N Coll2k;. Moreover, since (axK) < X/K = Z,, = Z, for some r|(p — 1), we know that
K < {a,) < X. Then, |[K N Cy||24, as k;|12. Also, K/(K N Cy) = KCy/Cy <H/Cy = S4.
Since a; € KC/Cy, where o(a;) = 4, and every normal subgroup of S, containing an
element of order 4 must contain A4, we know that K /(K N Cy) contains a characteristic
subgroup K; /(K N Cp) = A

We claim that Cg (KN Cp) =K. Arguing by contradiction, assume that
KN Cy £ Z(K;). Then, as a quotient of A4, we have 3||K;/Ck, (K N Cp)|. However,
since K;/Ck, (KN Cp) <Aut(KNCy), KNCy<ZzxZg and using the cycle
decomposition of the generator of KN Cy, we get that K;/Ck, (K N Cy) contains
no element of order 3, which implies a contradiction. Therefore, Ck, (K N Cp) = K|,
that is, (K N Cy) < Z(K;).

Since K;/(K N Cy) = Ay and Z(Ag) = 1, we get that K N Cy = Z(K;) char K} < X.
Therefore, K N Cy < 1 (as {c)x = 1) so that K = A4 or S4, which implies

{ap)char (K X {a»)) < X,
which contradicts Gx = 1 again. ]
To handle X(Q), we need the following result.
LEMMA 3.2. Let X = X(Q) = {a, b){c). If {c)x = 1, then {a)x # 1.

PROOF. Since {c)x = 1, by Proposition 2.3, we have m < |G|. So S:=GNG° # 1,
otherwise |X| > |G|> > |X|. Take a subgroup T of order a prime p of S. Since o(@/b) =

for any integer j, we know T < (a). Since S has a unique subgroup of order p, we get
T¢ =T, giving T < X and so {(a)x # 1, as desired. O

LEMMA 3.3. Theorem 1.1 holds, provided G = Q and X = X(Q).

PROOF. Let X be a minimal counter-example. First, we claim that {(c) is core-free.
Arguing by contradiction, assume that (c)x # 1. Consider X=X /{c)x. The subgroup
M, of X is chosen to have the largest order such that (c) < M, C (@){c). Since |X| <
|X| and Gisa generalized quaternion group, by the minimality of X, we get M| =
(@ )(c), where i € {1,2,3,4}. This gives M = (a*)(c), where k € {1,2,3,4}, which is a
contradiction. Therefore, {c) is core-free, that is, {c)x = 1.

By Lemma 3.2, (a)x # 1. If {(a)x = (a), then X = ({a) = {c)).(b), which implies
M = {a)(c), and that is a contradiction. So (a)x < {a). Set X := X/(a)x = G(c) and
let the subgroup M, /{a)x of X be of the largest order such that (¢) < M, C @)©). If
a" ¢ (a)x, then G is a generalized quaternion group; if a" € (a)x, then G is a dihedral
group. For the first case, by the minimality of X, and for the second case, by Lemma
3.1, we get M, = (@ )(c), where i € {1,2,3,4}. Then, (a')c)Xa)x = (c)a')a)x. This
gives ({a'}{a)x){c) < X, which implies M = (a*){(c), where k € {1,2,3,4}, which is a
contradiction. O
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4. Proof of Theorem 1.2

The proof of Theorem 1.2 consists of the following three lemmas.

LEMMA 4.1. Suppose that G = Q, X = X(G), M ={a){c) and {(c)x = 1. If G is a
2-group, then (a*) < X.

PROOF. Suppose that X is a minimal counter-example. Let ay be the involution
of (a). Since (c)x =1, by Lemma 3.2, we get (a)x # 1, which implies (ao) <X,
as G is a 2-group. Consider X = X/{ap) = G(¢). Note that G is a dihedral group.
Set (¢)x = ({ag) X {cg))/{ap). Then, (cé) <X, which implies cé =1.1If ¢g=1, by
Proposition 2.11, we get (52) < X. Then, (a*y <X is a contradiction, noting X is
a minimal counter-example. Therefore, o(cy) = 2. By using Proposition 2.11 on
X /{ag, co), we get ((a®)({ao){co)))/{ao, co) < X/{ao, co), that is, H := (a®) > (co) < X.
Then we continue the proof by the following two steps.

Step 1: Show that X is a 2-group. In fact, noting that (a*) = U (H) char H < X, relabel
X = X/{(a*), where we write (¢)y = (¢'). Then, (a*) = (c'y < X. Let Q be the 2’-Hall
subgroup of (c'). Since Aut ({a*)) is a 2- -group, we know that [Q, a*] =1andso Q <X,
which contradicts {(c)x = 1. Therefore, {c') is also a 2-group. Reset X = X/{a*){c'y =
G(c). Now, |G| = 8 and so G = Dy (clearly, G cannot be Qg). Since (¢)y = 1, we have

o(c)|4. Therefore, Xisa?2- -group and so is X.

Step 2: Get a contradiction. Set K := {ag) X {cg) = Z%. Consider the conjugacy of G
on K. Since {cp) & X, we get Cx(K) NG < G. Since G may be generated by some
elements of the form @/b, there exists an element a’b € G \ Cs(K), exchanging ¢y and
coa (as (@'b)? = ap). To make it easier to write, we write b instead of a'b. Since X =
GC = ({a){c)).(b), first we write ¢’ = a*¢’, where t # 0. Note that

2 —_ —
c= Cb — (asct)b —a S(asct)t — Cf(asct)t 1’
which implies
(asct)t—l — Cl—l‘
Then we have
(t 1) _(C )t 1 (aSCt)t 1 Cl—t

If £ # 1, then ¢£ € (¢ 1)” (c’ '), which contradicts ¢? = ajc. So ¢ = 1, that is, ¢
a’c. Second, we write ¢? = ¢"'a*'. With the same arguments as the above, we can get
t; = 1 and ¢’ = ca" . Therefore, we have a’c = c¢” = ca”, that is, (a*)° = a*'. Clearly,
(a@*) = (a’"), which implies that ¢ normalizes {a*, ). Note that

(@',b) < Nyiey G = NyexG* = Gy,

which implies b” = ba™? € Gy. Thus, a® € Gx, which implies (a*) < X. This contra-

dicts the minimality of X. ]
LEMMA 4.2. Suppose that G = Q, X = X(Q), M ={a){c) and {c)x = 1. Then,
@)« X.
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PROOF. Take a minimal counter-example X and set o(c) = m, o(a) = 2n and a; := a".
By Lemma 4.1, we know that G is not a 2-group. We carry out the proof by the
following three steps.

Step 1: Show that the possible groups for G are Qy,x, where p is an odd prime. By
Lemma 3.2, let p be the maximal prime divisor of |(a)x| and set ay = a*/?. Clearly,
ag € {a*) if p is odd. Consider X = X [{agy = G(c) and set (¢)y = (Cp). Then depending
on whether p is 2, G is either a dihedral group or a generalized quaternion group. We
claim that 1 # (¢)y = (o) < (¢). Arguing by contradiction, assume that (c)y is either
1 or {c). Suppose that (c)y = 1. Then by the minimality of X or Proposition 2.11, we
get (52> < X, which implies {(a*){ap) < X. Since (a®){ao) is either (a*) or (a), we get
{(a*) < X, which is a contradiction. Suppose that (¢) < X. Then, X/ Cx((c)) < Aut({c))
which is abelian and so X < Cy((2)). Then, @ € G <X < Cx((2)), that is, [, ¢] €
{ap), which implies (a?,ag) < X, and again we get (a*) < X, which is a contradiction.
Therefore, we have 1 # (¢)y = (cp) £ (0).

Consider X; = G{co) < X. By the minimality of X, we get (a*) < X, which implies
that (co) normalizes (a?). Reset

K = {ag) =< {co), X = X/K = G&) and H = (a*) = {(cp).

If o(ag) < o(cp), then 1 # <86> = Z(K) < X is, for some j, a contradiction. Therefore,
1 < o(cp) < o(ap). Note that K is either a Frobenius group or Zf,. Thus, we have the
following two cases.

Case (1): K =ag) = {co) = Z, < Z,, a Frobenius group, where r > 2 and r | (p — 1).
In this case, p is odd, which implies ag € (@?). Set X=X /K. By the minimality of
X, we have H/K = (52> <X, that is, H := (@) = {cp) < X. Since K < X, we know that
(@®)/{ap) and {co)aop)/{ao) are normal in H/{ay). Then, [a?, co] < {(ap). So

H={(dcy|d" = cp =1, (@) = aza{)).

Let P € Syl (H). Actually, P < (a*). Then, Pchar H < X so that P < (a)x. Clearly,
Z(H) = (a*"). Then, (a*’) < (a)x. Noting that (a*’,P) = (azf’,a”/”k) = (a*), where
Prlin, we get a® € (a)x, which is a contradiction.

Case (2): K = (ag) x {(co) = Z;. In this case, we claim that ay € (a*). Arguing by
contradiction, assume that ag ¢ <a2). Then, p=2 and n is odd. In }_(, we know
that H < X, which implies (ao)H < X. Noting (a®) is a 2’-Hall subgroup of {ao)H,
we have (a?)char {ao)H < X, which implies a® € {a)y, and that is a contradiction.
Therefore, ay € (a*), which implies that p is an odd prime. With the same reason
as that in Case (1), we have H < X. Let H; be the p’—Hall subgroup of H. We
get that H; is also the p’-Hall subgroup of (a?) as o(co) = p. Then, H charH < X,
which implies H; < (a)x. We claim that H; = 1. Arguing by contradiction, assume that
H, # 1. Then there exists an element a; of prime order ¢ in H;, where g < p, as p is
maximal. Consider X := X/{(a;) = G(c). Similarly, we have 1 # (¢)y := (1) £ C and
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Hy:=(a*y={(c;)<X.LetP e Sylp(Ho). Then, Pchar H and so P < X, which implies
P < {a)x. Noting (H,, P) = (a*), we therefore get a’> € {a)y, which is a contradiction.
So H; = 1, which means that G is Qg4+ where p is an odd prime as G is not a 2-group.

Step 2: Show that the possible values of m are pq° for a prime g (may be equal to p)
and an integer e. Arguing by contradiction, assume that m = pg°m;, where m; # 1 and
q 1 m;. Reset a; = a", the involution of {a). Suppose that a; € {(a)x. Let (a;) > {c;) be
the core of (a;,c) in X, noting (a;) < X. Since (c}) <X and (c)y = 1, we get ¢? = 1.
Consider X = X /{ay){cy). Since G = D, is a dihedral group, by Proposition 2.11, we
get (52> ={a)< X, which implies (a) = (c;) < X. Then, {(a*) < X is a contradiction. So
in what follows (including Step 3), we assume that a; ¢ (a)x, which implies that (a)x
is a p-group.

Recall H = (a®) > (cp). Since H <X and b*> = a;, we get X = X/H = (b){c) and
by = Z4. By considering the permutation representation of X on the cosets [X : (¢)] of
size 4, we know that (52> <X.So(b,c% HY <X, thatis, X; := (b, 2, H) = (a,b){c?) =
G(?) < X.

First, suppose that m (=o0(c)) is even. Then, [X : X;] = 2. Let {c,) be the Sylow
2-subgroup of {c). By induction on X;, (a*) < X; and, in particular, (c?) normalizes
(a*). By Proposition 2.6, we know that (a’b){c,) is a Sylow 2-subgroup of X for some i.
Then we get Xo := H({a'b){c»)) = {(a, b){co, c2) < X. By the minimality of X again,
(a*) < X,, which implies (c,) normalizes (a®). Since both (c,) and (c?) normalize (a*)
and {(cy, ¢?) = {(c), we get (a*y < X, which is a contradiction.

Second, suppose that m is odd. Then both ¢ and m; are odd, so that X = X =
(({a®) = {co)).{c)) > (b). By induction on X3 := (H, "™ = (a, b){co, "™'™) < X and
Xy 1= (H, P4y = (a, b){(c™P7) < X, we respectively get both (¢"/™ and (c™/P?")
normalize (a®). Noting (™™ ¢"/P4"y = (c), we get (a®y < X, which is a contradiction
again.

Step 3: Exclude the case m = pq° for a prime q and an integer e. Recall that
a; = a" is the unique involution in G; {ag) is a normal subgroup of order p in X;
K = (ap) x {co) = ({ao)(c))x = Z3; H = (a®) = (co) < X (by the induction hypothesis)
and X = ((H.{c)).{a1)).<(b). Suppose that e = 0. Then, consider S := G N G°. Since
a; ¢ (a)x < S, we get that S is also a p-group, S < (a)y and |S| < p*~!. However,
noting 16pM*! < |G||G°|/IS| < |X] = 4p**!, we get a contradiction. Suppose that g = 2
and e = 1, 2. Then using the same argument as above, we get a contradiction again. So
in what follows, we assume that either ¢ is odd and e > 1; or ¢ = 2 and e > 3.

Since H is a p-group and (a?’) = U(H)char H < X, we get {(a*’) < X. Set X5 :=
(H {c?)) > {b) = {a, b){c?)y < X. By the induction hypothesis on Xs, we get (a’) < X,
that is, X5 = ((a®) = (c?)) > (b). Clearly, (a*>) = G’ < X; < (@?,¢?). So set Xi = (d@?, c3)
for some ¢3 € (c?). By Proposition 2.2, both X/Cx({a*”)) and Xs5/Cx, ((a®)) are abelian,
which implies that X" < Cx({(a*)) and X! < Cx,({a*)). Then, X} is abelian as (a*) <
X; = (a*, c3). The p’-Hall subgroup of X; is normal, which contradicts (c?)x, = 1,
meaning that X7 is an abelian p-group. Set L := H = {a;) = (a){co) < Xs.
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We claim that L £ X. Arguing by contradiction, assume that L < X. If H is abelian,
then we get that either (@?) = Z(L)char L < X, which is a contradiction; or L is abelian,
forcing {(a;)char L < X, which is a contradiction again. Therefore, H is nonabelian.
Note that X7 = (@?,c3) for 3 € (¢?). If c3 # 1, then ¢ € (c3) < X as o(co) = p, which
implies that H = (a?,co) is abelian, which is a contradiction. Therefore, X} = (a?),
which implies L = {(a) > {(c(). Note that {a;) char L < X. Thus, we get (a;) < X, which
contradicts a; ¢ (a)x. Therefore, L £ X, which implies that (c) does not normalize (a;)

inX = X/H. _ _
InX = X/H = ((¢) = (ay)).{b), we get that eitherc* = ¢~ 1fq is odd; or ¢ is either
¢ lor et r g = 2. Then we divide the proof into the following two cases.

Case (1): q is an odd prime. In this case, ¢ is odd. Since ¢ = ¢'in X =X/H, we
get (a?,c?) < X; < (a*){(c?). Note that X¢ is the abelian p-group. Thus, either g # p
and e = 1; or g = p. Suppose that g # p and e = 1, that is, o(c) = pq. Consider M =
{a){cy < X. Then, by Proportion 2.4, M’ is abelian. Note that (c)y = 1 and Gy is the
p-group. Thus, M’ is an abelian p-group with the same argument as the case of XZ.
Noting that {(a; }{c”) is the p’-Hall subgroup of M, we get [a;,c”] € (a;}{c’) " M" =1,
which implies ¢ = ¢ in X = X/H, which is a contradlctlon So in what follows, we
assume that g = p, that is, o(c) = p*!. Note that =clinX = X/H and (a?) < X’
Thus, X} is either (a*){c?) or <a2>, noting X? = (a®) only happens when e = 1.

Suppose that X = (a)(c”). Since H = (a®) = (co) < X} < Cx,((a*)), we get that
H = (a®) X (cp) is abelian. Note that both (a”) and (c) are p-groups and X = (H.{c)) »
(b). Set (a®)° = da*c’, and ¢’ = a®¢", where s = 1(mod p) and p { v. Then for an
integer w, we get (ag)‘ 2z ¢y’ and c = a®cy for some integers x; and x,. Since
(@)’ = (a*c!, )b there exist some 1ntegers X and y such that

=da

(@) =@ =d'cy" and (@) = a'cy,

which gives ¢ = 0 (mod p). Then, (a*) < X, which is a contradiction.

Suppose that X = (a*). Then, o(c) = p?, ¢o = c” and X5 = {a, b){cy). Since X: <
G < X5, we get that (ar)char G < X, which implies that (a1> < Z(Xs) as a; is an
involution. Thus, [cg,a;] = 1. Set ¢® = a*c¢™'™P asc™ =¢ "inX = X/H. Then,

2 ] )\ — ] -y — — —
c=c" = (a"c‘lcg)“' = a"(a"c‘lcf)) 16‘5 =a'c,"ca™*c) = a‘et PP,

which implies (a*) " = a*. Then, [a*,c] = 1. Note that ¢y =c” and ¢y = g =
(¢’ = a*c™P for some x. Thus, we get c(z) = 1, which contradicts o(cy) =

Case (2): q = 2. In this Case, we know that o(c) > 8p, X5 = ((a®){c?)) = (b) < X and
& is either ¢ or &2 in X/H.

We show ¢ ="' in X/H. Since (a?) < X% char X5 < X and X/ is the abelian
p-group, we get X = H, which implies that H is abelian. By Proposition 2.6, we get
that both (a’'b)(cP) and (a>b){(c*”) are Sylow 2-subgroups of X and Xs for some
iy and i, respectively. Then, [¢*”,a”b] € X, N (02”)<ai2b> =1, which implies that

(®P)(a”b) is abelian. So, [¢*,a;] = 1. Since & is either & or =2 in X/H, we get
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& =" in X/H. Since (a" b)(cP) = ((cP) = {a))).{a" by, we know (cP)™ = cP*2'P,
which implies ¢*'7 € M'.

Noting that (c) > (ar) = (a;,cla? = *P =1, (") = 1+270ry there are only
three involutions in (c?) = {a;): aj,c* 7 and a;c* '?. By Proposition 2.5, we know
that (c??) < (a""b)(c?). Recall that M = {(a){(c). By Proposition 2.4, M’ is abelian. Let
M, be the Sylow 2-subgroup of M’. Note that M, charM' charM < X, (:2 e,
(¢)x = 1 and a; is an involution. Thus, we get M, = that is, M, = (cze Py X {ay).
Consider HM, < X. Since M, <X, H <X, HOMQ = 1 and p is odd prime, we
get HM, = H x M, <X, which implies that a normalizes (¢ 7). Recall that
(c*P)(ab) is abelian. Then, we get [¢¥,ab] = 1. Since (2 Py < (c*’), we get
that b also normalizes (¢2~'?). Since X = (a,b,c), we get (¢*~ 7)< X, which is a
contradiction. |

LEMMA 4.3. Theorem 1.2 holds.

PROOF. (1) Suppose that (c)x = 1. For the five cases of Theorem 1.1, we know that
My is M, (a*}{c?), (a*}(c3), (a®>){c*) or (a*)(c?). Set My = (a'){c/), which is one of
the above five cases, and X; = GMy = (a, b){c/), where G € {Q, D}. Then, (cJ>Xl =1.
By Proposition 2.11 and Lemma 4.2, we get {(a*) < X, that is, ¢/ normalizes {(a*), and
so My N (a®) < M.

(2) Suppose {(c1) := (c)x # 1. Then, by Proposition 2.2, we get {¢) < Cx({c1)) <X
and X = X/Cx(cr)) = {a, b) is abelian. This implies (a, b) < 7o X 7y or Zy. Therefore,
(@®,¢) < Cx({c1)). Therefore, |X : Cx({c1))| < 4. O

To classify skew product groups of generalized quaternion groups, the following
lemma is useful.

LEMMA 4.4. Let G € {Q,D} and X = X(G). If {c)x = 1 and {a) < X, then G < X.

PROOF. X = ({a) = (c)).(b), and so we may write a° = a’ and ¢” = a*¢/. If j = 1, then
G < X.Soassumej # 1. Since b* = a" (o(a”) = 1 or2 if G = Dor G = Q, respectively)
and (a") < X, we get a" € Z(X), which implies ¢ = ¢” Then

c = ()’ = ([ = a*ddy = Iy,

that is, ¢! = (a*dy~! = (¢™1)?, so that b normalizes {¢' 7). Since X = X/Cx({a)) <
Aut ({a)), which is abelian, we get ¢ = =7, that is, ¢'7 < Cx({a)) so that
[c!7,a] = 1. Thus, we get (c!7) < X. It follows from {c)x = 1 that j = 1, which is a
contradiction. O

5. Proof of Theorem 1.3

To prove Theorem 1.3, set R := {@® =" =1, b* = a", a® = a~'}. Recall that M is
the subgroup of the largest order in X(Q) such that {(¢) < M C (a){c). By Theorems 1.1
and 1.2, we get that X(Q), where (c)x(g) = 1 has the forms listed in Table 3. Then, we
deal with these five cases in the following five subsections, separately.
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TABLE 3. The forms of {¢)xg) = 1.

Case M Mx o) X(Q)/Mx o)
1 {a){c) (a®y > (c)){a) Zy
2 (@®Xc) (a®) = (c?) D
3 (a*)c) (a®y > (c?) Ay
4 (a*)c) (a*y = (c?) S4
5 (@*)c) (a®) = (c*y)(a®) Sy

Let A= G.Jt), where G<A, be a group and = g € G. Then, ¢ induces an
automorphism 7 of G by conjugacy. Recall that by the cyclic extension theory of
groups, this extension is valid if and only if

7' =Inn(g) and 7(g) =g.
5.1. M = {a){c).
LEMMA 5.1. Suppose that X = X(Q), M = {a){c) and {c)x = 1. Then,
X ={a,b,c | R, (@) =a*,c" = da*c,c’ = a'c"), (5-1)

where
/= =7 = 1 (mod n), # = 1 (mod m),

3 t
252r1+2sr52sr+2sZrl—qul+urE2(1 —r) (mod 2n),
=1 =1 I=1

w w
=

ZSZYIEMZ(I—S(2F1+I”))IEO(HIO(12I’Z)

1 =1 I=1
only when w = 0(mod m), and moreover, if 2 | n, then u(ZlV;O1 rl = 1) = 0(mod 2n)
and v* = 1 (mod m); if 2 1 n, then Uy, r—ur = 2sr + (n — 1)(1 = r) (mod 2n) and
V2 = t(mod m); and ift # 1, then u is even.
PROOF. Noting (a*) < X and M = (a)(c) < X, the group X may be obtained by three
cyclic extensions of groups in order:

(@)= (c), (@)>(e)ay and ((@®) > (c))-(a))-(b).

So X has presentation as in (5-1). Then, we should determine the parameters r, s, t, u
and v by analysing three extensions.

(1) (a®) > {c), where (a®)° = a*. Set m; € Aut({(a*)) such that 7,(a®) = a*". Since
m1({a®)) = {(a*"), we get (r,n) = 1. As mentioned before, this extension is valid if
and only if o(7i(a*)) = o(a®) and 77" = 1, that is,

" —1=0(mod n). (5-2)
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(2) ((d®) = {c)).{a), where ¢ = a*c'. Set m, € Aut({(a®) = (c)): a* = a* and ¢ —
a*c'. Since my((a?, ¢)) = (a®,a*c"), we get (t,m) = 1. This extension is valid if
and only if the following three equalities hold:

2)c 2r:

(i)  m preserves (a°)° =a

P~ =1 = 0(mod n); (5-3)
(i1)  o(m(c)) = m: for any integer i,
(aZsCt)i — Cit(aZS)c’" . (aZA‘)c’ — Cita2s Zf:] il — Ctia2s Z;:I r"

Note that ¢ # 1 for any 0 <i < m. Thus, we only show (a*c')" =1,
that is,

m

s Z ' = 0 (mod n); (5-4)

=1
iii) 72 = Inn(a®):
2
2 !
ca®™ = Inn(a®)(c) = 72(c) = (@) = a®(@¥c') = " a®H AT,

that is,

13
2-1=0@modm) and s» F+rs+r-1=0(modn). (55
=1
B)  (({a?) = (c))(a)).(b), where ¢ = a“c”. Set 3 € Aut (({(a®) =< {(c)).(a)) : a = a”!
and ¢ — a“c”, where (v,m) = 1. We divide the proof into two cases according to
the parity of u, separately.
Case 1: u is even.

(i) w3 preserves (a®)° = a*":

71— 1 =0(mod n). (5-6)

(i)  o(ms(c)) = m:
1= (auc\/)m — Cvmauz’lzl r”

that is,

m

u Z 7 = 0 (mod 2n). (5-7)

=1

(iii) 3 preserves ¢ = a*c’: we get (c?)? = (a*¢')’, which implies a“c’ = ((a**c")’)*.

-2 ) -2 2 ) ) 2 2 vl -1 1
aucv — (Cl S(auct)t)a =a S(au(a sct)t)t =a sct va(ru+ 52/:1”)21:0”,
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that is,
v t—1
r(u+2s) = (ru +2s Z rl) r (mod 2n). (5-8)
=1 =0
By (5-5), (5-8) is equivalent to
3 \4
qul—ur—2sZ r' = 2sr +2(1 = r) = 0 (mod 2n). (5-9)

=1 =1

@iv) ﬂ% = Inn(a"): Suppose that n is even. Then, a” € (a*), which implies (a") = a".
Then, 73 = Inn(a") = 1.

¢ = Inn(a")(c) = m3(c) = & = a@ ey = Mt T
that is,
v
) P —ur=0(mod2n) and v*-1=0(modm). (5-10)
=1
Suppose that n is odd. Then, ¢ = /a1 50
cta(n—l)(l—r)+2sr — Inn(an)(c) — 71'%(6‘) — cb2 — a—u(auc\))v — Cvzau Y rl—ur,

that is,

uz P —ur=m-1)(1-r)+2sr(mod2n) and Vv*—t=0(modm).
I=1
(5-11)

Case 2: uis odd.If t = 1, then ¢ normalizes (a), which implies (a) < X. By Lemma 4.4,
we get G < X. Then, v = 1. With the same argument as Case 1,

u Z(l —2sr) = 0(mod 2n). (5-12)
=1

So assuming ¢ # 1, we shall get a contradiction.

Let S = {a?, c). Since u is odd again, we know that (@) < Sx < S. Since |X : S| = 4,
we have X = X/Sy = (¢, a).(b) < S4. The only possibility is o(c) = 2 and X = Dg s0
that m is even and v is odd. Then, ¢ is odd, as 7> = 1 (mod m). Moreover, we have
(@, = Sy < X.

Consider X = X/{a®) = (@, ¢).(b), where @’ = a, b= @, =¢ and @ =ac’. Let
m3 be defined as above. Since the induced action of 73 preserves ¢ =¢, we have
(%v)ﬁ — (%V)[’ that is %tv — %v((%v)z)([fl)/z — %v(ztvﬂ/)(zfl)/z — %v+(v(t+1)(t—1))/2’
which implies tv = v + v(t + 1)(t — 1)/2 (mod m). Noting that #* = 1(mod m), t # 1
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[17] The product of a generalized quaternion group and a cyclic group 17
and (v,m) =1,

r=1+ % (mod m). (5-13)

Let X; = GSx = (a, b){c?). By (5-13), we have (¢?)* = (a*’c")* = azs(“’_l)cz, which
implies that ¢> normalizes {(a). By Lemma 4.4, we get G < X|.

If n is odd, then X; = {(a,b) > {(c?) <X, which implies (a") < X,. Note that a"
is an involution and (cz)x1 =1, then 4" is the unique involution in Z(X;). Then
(a")ychar X| < X, which implies a" € Gy, that is, (a) <X. By Lemma 4.4 again, we
get G < X, which implies r = v = 1, which is a contradiction. So in what follows, we
assume that »n is even.

By G <1 X, we get b € G. Since b® = ¢"*D24%) for some x, we get (7 + 1) — 2 =
0 (mod m). By combining this with (5-13),

m m
v=1=« 7 (mod 2), 4im. (5-14)

—
SinCe E — Eb — a(%\/)v — EV(%V%V)(]/—])/Z — EV+(IV+V)(V—1)/27

vt + 1)
2

(v— 1)( + I)EO(modm). (5-15)

Then (5-14) and (5-15) may give m/2 = 0 (mod m), which is a contradiction.

(4) Ensure (c)y =1:If r=1,thenv =1 and 1 — 2sr = r(mod n) by (5-5). For any
integer w,

(™) = (@) = "a® I and (™) = (a“c)” = *q  Zh -2

Since (c)x = 1, we know that 25} r=0= uy (1- 2sr)! (mod 2n) only
when w = 0 (mod m).

If t # 1, then u is even, for any integer w,
(CW)a — (aZSCt)w — crwazs sy and (CW)b — (auCV)W = Mt Py r"

Since (c)x =1, we know that 2sY) ¥ =0=uY) v (mod 2n) if and only if
w = 0 (mod m).

Summarizing (5-2)—(5-12), we get the parameters (m, n, r, s, t, u, v) as shown in the
lemma. Moreover, since all the above conditions are sufficient and necessary, our
group X = X(Q) really does exist for any given parameters satisfying the equations. O

5.2. M = (a*){c) and X /My = Ds.
LEMMA 5.2. Suppose that X = X(Q), M = {a*){c), X/Mx = Dg and {(c)x = 1. Then,

2
X = <Cl, b,C I R, (aZ)C — a2r’ (CZ)a — aZSCZI’ (CZ)b — a2uc2’ac — bC2W>,
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18 H. Yu, W. Luo and S. Du [18]

where eitherw =0andr=s=t=u=1; or

—_

w—
W;tO,s=u2 rl+(un/2),t:2wu+1,

l

(uzw: P+ n/2) —r = 0(mod n),

=1

Il
(=)

t t
s;rl+sr52sr—u2rl+ur5 1 — r(mod n),
2w(l + uw) = nw = 2w(r — 1) = 0 (mod m/2)

and 2'*CD"/2 Z i, ' = 0(mod n) only when i = 0 (mod m/2).

PROOF. Under the hypothesis, My = (a*) = {c?). Set 2n = o(a) and m = o(c). If n is
odd, then (@, b) = Z4, which is a contradiction. So both n and m are even. Since
X/My = {a,bX¢) = Dg, we can choose b in X/My such that @ = b and b =a
Set ¢; := ¢ and X; = GMy = (a, b){c,). Noting that (a){(c;) < X1 and (c;)x, =1, by

Lemma 5.1, we get X; = (a,b,ci|R, (a*)" = a*, ¢4 = a*c!, c? = a®c}), where

v—1
r’"/z—lzr’_l—lzr"_l—lzu( rl—l)EO(modn),
1=0
! v t
sZrl+ers - qul r=1-r(modn),
=1 =1 =1
2_ 2
"=y = 1( d—),
% mod —
s =u r'=0(mod n)if and only if i = O(mod %) (5-16)

=1 =1

Moreover, since n is even and (c;)x, = 1, we get that b? = d" is the unique involution
of Z(X,). Then, a" € Z(X), that is, [b%, c] = [a",c] = 1. Now X = X,.(c). Set a° = bcY.
Then, X may be defined by R and

2\er . 2r _ 25 2t b_ 2u 2v ¢ _ w
(@)'=a”", ¢ =a”c”, c] =a"c”’, a" = bcy. (5-17)

Then, a* = a'~*"c]™ and b = a“c}"
If w = 0 (mod m/2), then o(a) = o(a“) = o(b) = 4, which implies

X=(a,bc|la*=c*=10*=d*>d"=a',a =b,b" =a”"),

that is, the former part of Lemma 5.2. So in what follows, we assume that w #
0 (mod m/2).
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[19] The product of a generalized quaternion group and a cyclic group 19
Recalling ¢; = c2,

C _ (acc]ﬂ‘))c — aclc;w — al*2src{flfw'

Since b = a" € Z(X), we also get b° = (b™'a") = (b)'a" = ¢} 1a® I Set e
Aut(Xy) :a — bey, b — al‘z”c{_’_w and ¢; — ¢;. We need to carry out the following

seven steps.

(i)  o(x(b)) = 4 : Since b* € Z(X), we only need to show (b°)* = a™:

at = (bC)2 — cqurtflaZsr 1+ny\2 w+t la2srflcvlv+tfla2sr—l
_ wHt=1, wrt=1\a ,—1, 2sr c‘“’l 23r—1 _owHt=1, 25 w1 25/ 42502
=" () Ya (a”" ) = (a”c)) a
_ (t+D(wHt=1) azw L2s Yot 4 25r-2
RS
w(t+1) 2sr”+1+2sz”+' Vil 2sr— 2
- 1
that is,

w+t—1
wit + 1) EO(mod @) and s 45 > A asr—1= 2 (modn), (5-18)
2 A 2

which implies " = D = 1 (mod n). Hence, [CW(VH) a’l=[cV,a*] = 1.
(i)  o(m(a)) = 2n:

1= (ch)Qn — (an(cW)bCW)n — (bc\ivbc‘lv)n — ((aZM V)w w n)n
( w(v+1) 2ur' ¥ lr+n)n

_ Crlzw(v+1)a2nurw Sy rant C}iLW(V+1)’

that is,
m
(v + 1) = O(mod E)' (5-19)
(iii) 7 preserves (a®)"' = a”":

((612)61 )c — ((aZ)C)cl — (bcv]vbczv)cl — ( w(v+1) 2ur’ ¥, r +n)cl _ c2w(v+1) 2urtt! N rln

and
(GZr)c — ((QZ)L')r — (Cvlv(v+l)a2urw 2 rl+n)r — C2wr(v+l)a2urw+l I r’+n’
that is,
m
W+ D(r=1)=0 (mod E)' (5-20)
; _ 2.1,
(iv)  mpreserves ¢ = a~c}:

c" w1
1ac—cl(“)—c ''=(cja

(ca)c =c la lcch 2ur)c‘l" — C\l/a2ur
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20 H. Yu, W. Luo and S. Du [20]

and

(abctl )X = (C:V(H])azww iy r’+n)sct] — C:Vs(v+l)+ta25urw*' iy r[+ns’

that is,

p=wsw+ 1)+ t(mod %) and w=suy r+ g (modn).  (5-21)

=1
b _ 2u,v.
(v)  mopreserves ¢] = a™c|:
w+t—1 2sr—1+n
bye — . (b _ 17 b 25
() =c1”’ =¢ =ca
and
(aZuC\lz)c — (Cvlv(v+1)a2urw o r1+n)uc\l) — C;vu(v+1)+va2u2rw+| o r1+un’
that is,
m = un
F=wulv + 1) + v(mod 3) and 5=y s+ D mod ). (522)
1=0

(vi)  #* =1Inn(cy): Recall Inn(cy)(a) = a'~*"¢;™, Inn(c;)(a?) = @* and Inn(c;)(b) =
v—1_2ur
¢\ a™b.

a1—2srC2—21 — Inn(CI)(a) — nz(a) — al—z‘vrC2—21—2W+2W’
as desired;

@ = Tnn(c))(@?) = (a®) = ((@)°)
_ (C‘lv(v+l)a2ww o r1+n)C _ Cvlv(v+l)(cv1v(v+l)a2urw Py r’+n)ur”' P r1+%

C»lv(w] Y(1+uw+n/2) azw ! +n/2)2’

that is,
w 2
Wy + 1)(1 uw + f) = O(mod T) and 7= (uz o n/Z) (mod n);
2 2 —

(5-23)
and noting (5-20) and (5-21), we get w(v+ D(r—1)=ws(v+ 1) +t-v=
0(mod m/2) and u = su )", r' + (ns/2) (mod n). Then,

C2(V—1)a2urb — Inn(c1)(b) — ﬂz(b) - (Cvlv+t—1a23r—l+n)c
— cvlv+tfl cvlv(v+1)a2ur‘” p r’+n)sr(bchV)flan

_ vl
Ctl l+wsr(v+l)a2usr iy +srnb’

as desired.
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[21] The product of a generalized quaternion group and a cyclic group

(vii) Ensure (c)x = 1: Since (c)x <M, we get (c)x < Mx = (a*){c*). Then, (c)

Nex ()" = Nyegle)' = mxeG(CZYC = <CZ>X1 =1. Recall SZ[ 17‘ = MZ; 1 r
0 (mod n) if and only if i = 0 (mod (m/2)).

Now we are ready to determine the parameters by summarizing (5-16)—(5-23).
If v =1, then inserting v =1 in (5-16)—(5-23), we get that s = u Z” LA+ (n)2)
and t=2wu + 1 by (5-22); nw = 0(mod m/2) by (5-18), (5-19) and (5 23); and
2w(r — 1) = 2w(1 + uw) = 0(mod m/2) by (5-20) and (5-23). All these are summa-
rized in the lemma. So in what follows, we show v = 1, that is, v = 1 (mod m/2).

Suppose that u is odd. Then by (5- 23) we get (u,n) = (X, rlon/2)=1as (r,n) =
1. Moreover 1f n/2 is odd, then )} 1r is even as r is odd. Then by (5- 22) we
gets =u Z '/l + (n/2) (mod n), which implies (s,n) = 1. Then, we have }};_, rl =
0 (mod n) if and only if i = 0 (mod m/2) by item (vii) and ;" 01 r = 1 (mod n) from
(5-16). Then, v = 1 (mod m/2).

Suppose that u is even. Then by (5-23), we get (u,n/2) = (Zflr n/2) = 1.
Then by (5-22), we get s = u?> 3/";'  (mod n), which 1mphes s is even. Then, by
(5-21), we get u =suy,’, ! (mod n). Then, we have Zz 1r = 0(mod n/2) if and
only if i = 0 (mod m/2) by item (vii) and Z[”:‘(} r = 1 (mod n/2) from (5-16). Then,
v = 1 (mod m/2). ]

5.3. M = (a*){c) and X /My = Aq.

LEMMA 5.3. Suppose that X = X(Q), M = {(a*){c), XMy = A4 and {c)x = 1. Then,
X ={a,b,c|R, (@) =a”, () =d*, () = a3, a¢ = bd™?,b¢ = a'b),

where n = 2 (mod 4) and either:

() i=s=u=0,r=x=1;or
(2) i=1,6jm r"?*=—1(mod n) witho(r)=m, s = (> —1)/2 +n/2(mod n), u =
(P = 1)/2r* + n/2 (mod n), x = —r + r2 + n/2 (mod n).

PROOF. Under the hypothesis, Mx = (a*) = (c*). Set o(a) = 2n and o(c) = m. If n is
odd, then we get (a, b) = Z4, which is a contradiction. So n is even and 3|m. Since

X/My = (@,b)() = A4, we can choose b such that @ = b and b = ab in X/My. Set
¢ :=c® and X; = GMy = (a, b){c;). By Lemma 5.1, we get

X1 = (a,b,c1|R, (@) = a”,(c1)" = a”c}, () = a™c)),

where

—lzr’_l—lzrv_l—lzu( rl—l)EO(mOdn),

s2r1+srzsr+s r—u r'+ur=1-r(modn),
I=1 =1 =1
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22 H. Yu, W. Luo and S. Du [22]

tz—lzvz—IEO(mod@),
3

s ; r=u ; ' = 0 (mod n) if and only if i = O(mod %) (5-24)
Moreover, since n is even and (c;)x, = 1, we get that b* = @" is the unique involution
of Z(X1). Then, a" € Z(X). Now X = X;.{c). Set a° = bc}'. Then, X may be defined by
R and

(@) =a”,(c))* = a*ct, ()" = a*c}, a° = be} , b° = a“z"bc’l’. (5-25)
If w = 0 (mod m/3), then o(a) = o(a“) = o(b) = 4, which implies
X=(a,b,c|la*==1,0*=d*>,a" =a',a¢ = b,b° = ab),

that is, the former part of Lemma 5.3. So in what follows, we assume w % 0 (mod m/3).

What we should do is to determine the parameters r, s, ¢, u, v, w, x and y by analysing
the last extension X.(c), where a = bc} and b° = a'**bc|. Set € Aut(X)) 1 a —
b}, b — a'"**bc], ¢ — ci. We need to carry out the following eight steps.

) o(n(b)) = 4: Since b* € Z(X), we only need to show (b°)* = a™:
an — (b0)2 — ( l+2xbc)’)2 — 2x+l1(CY)aba—2ch

) " RPN )
2x+n(ctta2u i ZSr)y 2XC*1 _ a2x+nc1{ ya2u Do P28 X, 1 2xc)1

- 1
— C‘I/W‘*'yar-‘ Quyy, r+2x(P=1)-2s ¥y )+n’

that is,
ry Yy

yiv+1) = O(mod ?) and qul + xr’ —x—sZrl = 0(mod n),
=1 =1
(5-26)
which implies % = #®*D = | (mod n).
(i1) o(n(ab)) = 4: Since (ab)* = a" € Z(X), we only show ((ab)°)* = a™:

an — (bcliva1+2xbc)’)2 — (an I(C] )ab —Zxcy) — ( n—1 WVH'_) r(ZuZl‘”lr 2521 lr 2x))
1 1
_ (CWVH}’)a -2+ Qu Y}, r=2s P r Zx) WVH'} PQuYY”, r=2s PN r'=2x)

— va+yt+tvw+y 2+ D) T, - xts Z[ L F)+s Z”H” rl= 1)
1
that is,
m
YW yt+tvw+y = O(mod 3),

ywyt

™ + 1)(ury Z r—=rx+s Zy: rl) Z r—-1= g (mod n),  (5-27)

=1 =1

which implies 7 = F+#"*™+ = [ (mod ). Hence, [¢}""", a*] = [, a*] = 1.
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[23] The product of a generalized quaternion group and a cyclic group 23

(i)  o(m(a)) = 2n:

1= ((aZ)C)n — (bC;vbC‘lv)” — (Cvlv(v+1)a2urw P r/+n)n

cnw(v+1)a2nur“’ oy r+n? — cnw(v+1)

1 1 ’

that is,
m
nw(v + 1) = O(mod 3)- (5-28)

(iv)  mpreserves (@) = a*":

((a2)cl )c — ((aZ)C)c| — (Cvlv(v+1)a2urw o r’+n)cl — CVIV(V+1)a2L¢rW+1 S rn

and

(a2r)c — ((aZ)C)r — Cvlv(v+l)a2ur”' P r’+n)r — CVIW(VH)HZWWH p rl+n,
that is,
m
w(v+ D0 = 1) = 0(mod 5 ) (5-29)

W) T preserves ¢ = a25ct1:

w1

bc

c W 2 w )
(c)) = o) = ¢, =(a ‘DT =cla™
and

((IZSCII )c - (C\iv(v+l)a2urw Py r’+n)sct1 — Cvlvx(v+1)+t(12sur”‘+1 py r’+sn’

that is,
w

m sn
v=ws(v+ 1)+ t(mod —) and u=su Z r'+ = (modn).  (5-30)
3 =1 2
(vi)  mpreserves ¢? = a®c': Since b¢ = (@"b)¢ = ¢, a' b,
. = 142, R , .
(C?)C — Cl(b) — Cil a _ C(fl 2p _ c’lvaz(“zﬁl rl=sr+x(r-1))

and

. +1 wyw ol +1)+ 2w+l xw ]
(a2uc11} c_ (C;V(v )a2ur pap r+n)uC11} — Cvlvu(v ) Va2u ISR W r+un’

that is,

wv=wulv+1)+ v(mod %),

t w
u Z = sr+x(r=1) = u?* ! Z P+ u_zn (mod n). (5-31)
=1 =1
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(vii) 7 =1Inn(c;): Recall Inn(c;)(a) = alfz”c} r= a*lc{ a2 Inn(c))(a?) = a*"
and Inn(c;)(b) = AV Va2 p.

a”le;”a ™ =Inn(en)(@) = (@) = (@ be} ™) = (@®))'(ab) ™
_ (CW(V+1) 2urt Y ]r+n)x n=1 WLty r‘(2uZ;"1r 25y -29) . w+v
- 1
—a! c;tw(1+x(v+1))+w+23 e 2ur® D) (g gt ’+2ux n Mr+xn+2x)
that is,
m
I —t=twv+wxv+wx)+w+2y modg ,
w(l+x(v+1)) w(l+x(v+1)) 2w
D Y Y Y
rlu r—s r—ux re s
=1 =1 I=w+1
= | — sr(mod n); (5-32)
wyw ol 2
a2r — Inn(Cl)(az) — 7T3((12) — (C;V(V+1)a2ur P r+n)c
— cliV(V+1)((Cl;/(V+1)a2urw P r’+n)urw p r’)can
c;v(v+1)+uwz(v+1)((Cv1v(v+1)a2urw = r1+n)(u > rl)zauwrz+n
_ C;v(v+1)+uw2(v+1)(1+uw)a2rw(u h r1)3+n,
that is,

W + 1) + uw? (@ + D@w + 1) = O(mod g)

w3
r= rw(u Z rl) + g (mod n),

=1
which implies (u,n/2) = (3}, rl,n/2) = 1as (r,n) = 1. Moreover, if u is even,
then n/2 is odd. Noting (5-30), that is, u = su ), rl + sn/2 (mod n), and
o = bczc‘f, we get that (s,n/2) = 1 and

(5-33)

¢™'a™"b = Inn(c)(b) = 7°(b) = a"((b—1>”2)f = d'(@ "))
— Cl( tl 1 2sr— l)c n +t 1( W(V+1) 2ur® Y, rl+n)sr(bcv1v')—1 n
— Ct1—1+ws(v+1)a2usr > 7l ””b,
that is,
m
veEt+wsv+ 1) (mod 3)' (5-34)
(viii) Ensure {c)x = 1: Since (c)y < M, we get {c)x < My = (a®){c*). Noting that

(O)x = NMeex (€)' = NG () = NG () =(cPx, = 1, sTp r'=uX, r=
O(mod n) if and only if i=0(mod m/3), (s,n/2) = (u,n/2)=1, and

https://doi.org/10.1017/51446788724000181 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000181

[25] The product of a generalized quaternion group and a cyclic group 25

both u and s are even only if n/2 is odd, we have 2(+-D"/2 5 7l = 0 (mod n)
if and only if i = 0 (mod m/3).

Now we are ready to determine the parameters by summarizing (5-24)—(5-34) by
the following three steps.

Step 1: Show t=v=1, w=m/6, " = —-1(mod n) and s = (1 —r)/2r (mod n/2).
Since (r,n) = (u,n/2) = 1 (after (5-33)), we get from (5-24) that 20+D/2 301l =
0 (mod n). By item (viii), 21+*D/2 321 = 0 (mod n) if and only if i = 0 (mod m/3),
which means v = 1 (mod m/3).

Inserting v =1 in (5-24)—(5-34), we get that 2w(wu + 1) = 0 (mod m/3) and ¢ =
1 +2wu =1-2ws(mod m/3) by (5-27), (5-30) and (5-31). Then, 2w = 0 (mod m/3)
by (5-33), which implies w =m/6 as w # 0(mod m/3). Inserting w =m/6 in
(5-24)—(5-34) again, we get t = 1(mod m/3) by (5-31), s = (1 —r)/2r (mod n/2)
by (5-24), and " = —1 (mod n) by (5-24) and (5-33).

Step 2: Show y = 0. Since 2y = 0 (mod m/3) by (5-26), we know that y is either O or
m/6. Arguing by contradiction, assume that y = m/6 = w. Then by (5-27), we get that
n/2 is odd, and with 5-26) and (5-27), we get 2x = (u —s) 2, r' = ®n/2) - 1 (mod n).
By (5-30) and (u,n/2) =1, we get s, r' =1+ (sn)/2 (mod n), then uyr, vl =
0 (mod n/2), which contradicts (u,n/2) = (3,7, r,n/2)=1.S0y=0.

Step 3: Determine u and x. By (5-27), we get 53, r' =1+ n/2(mod n). Then,
(s+wn/2 =0(mod n) in (5-30), which implies u# = s(mod 2). By (5-31), we get
x(r=1)=(s—wr—u’rY), r'+un/2)(mod n). If n/2 is even, then u,)’, r is
even. However, in (5-33), we get r = —(u Y}, #')* + n/2 (mod n) which implies that
uyy, ! is odd as 2 1 r and 2|n/2, which is a contradiction. So n/2 is odd. Then we
get uy,’, rl is even in (5-33) and u is even in (5-31). Then, ZL] r = 0(mod n/2)
if and only if i =0(mod m/3). Recall s = ("' -1)/2(mod n/2) in (5-24) and
sy, ' =1+n/2(modn)in (5-27). Since (3}, #,n/2) = Land x(r — 1) = (s — u)r —
u*r Y ' (mod n), we get 2x = u N o+ (u 2 )2 =1+ n/2 (mod n). Addition-
ally, by (5-33), we get —r = (u 3", ¥)* + n/2 (mod n). Take [ = —u })", ¥’ + n/2, then
r=0P@modn),u= (P -1)/2%+n/2(modn)and 1 + 2x = —[ + > + n/2 (mod n). Let
us rewrite [ as r and 1 + 2x as x for the sake of formatting. Then, s = (¥~ — 1)/2) +
n/2 (mod n), u = ((r* — 1)/2r*) + n/2 (mod n) and x = —r + r> + n/2 (mod n). O

In fact, if we add the conditions # = 1 and w # 0 and delete {(c)x = 1 in the above
calculation, then we can get the following.

LEMMA 5.4. With the above notation, suppose thatt = 1 and w # 0. Then,
X = <a’ b,C | R, (a2)c — aZr’ (CS)a — a2sc3’ (CB)b — a2uc3’ac — me/z,bc — (lxb>,

where n=2(mod 4), m=0(mod 6), r">=-1(mod n), s=((>-1)/2)+
n/2 (mod n), u = ((r* = 1)/2r?) + n/2 (mod n) and x = —r + r* + n/2 (mod n).
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54. M = (a*){c) and X /My = S,.

LEMMA 5.5. Suppose that X = X(Q), M = {a*){c), X/Mx = S4 and {(c)x = 1. Then,
X = <Cl, b,c | R, (a4)c — a4r’ (C3)a2 — a4sc3,(c3)b — 614”03, (612)6 — bcim/Z’bc — alxb’ o4 =
a?1*21+GmI3y \where either:

(1) i=0,r=j=1,x=3,s=u=2z=0;o0r

2) i=1 n=4(mod 8), 6jm, r?>=—-1(mod n/2), or)=m, s=@>—-1)/2+
n/4(mod n/2), u= (r* —1)/2r* + n/4 (mod n/2), x = —r + r* + n/4 (mod n/2),
1+2z=(1-r)/2r(modn/2),je {1,2}.

PROOF. Under the hypothesis, My = (a*) = (c®). Set 2n = o(a) and m = o(c). Then,
n is even and 3|m. If n/2 is odd, then (@, b) = QOg, a contradiction. So n/2 is even.
Since X/Mx = {a, b)(c) = §4, we can choose b such that the form of X/My is the
following: (a ) = b, b =ab and ©" = a*c*. Take a; = a* and ¢; = 3. Then, we
setal = beY, b¢ = atbe) and ¢ = a]*¢**3, where x is odd.

Suppose w = 0 (mod m/3). Note that o(a;) = o(a]) = o(b) = 4, which implies G =
Q16- Thus, X can only have the following form:

={a,b,cld®==1,b=d",a" =a',b° = afb,c“ = a,c).

So in what follows, we assume that w # 0 (mod m/3).

Then consider X; = GMx = (a,b){c;). Noting (a){c;) <X; and {(ci)x, =1, by
Theorem 1.2, we know (a;) < X, which implies that ¢; normalizes {(a;). Take X, =
{ay,b){c). Then we get X, = ({a;,b){c1)).{c). Note that ¢; normalizes (a;) in X>. Thus,
by Lemma 5.4, we get

X, ={a;,b,c| R, (a%)c = a%r,cal“ = a%’cl,c? = a?”cl,a‘i = b2, b¢ = a'b),

where

n = 4 (mod 8),m = 0(mod 6), ”"? = —1 (mod g),

n) P-1 n
s = =

_3_1
r2 +Z(mod§,u 7+Z(modg),xz—r+r2+g(modg).

Note X = X,.{a). Thus, X may be defined by R and

_ 2r ar _ 2s b 2u m/2 pc _ a _ 1+2z 243d
(al) ai’,c)' =ai’cy, ¢ = aj c,af = b, b =ayb,c =a, T

What we should do is to determine the parameters r,z and d by analysing the last

one extension X,.{(a), where ¢ = a}+zzcz+3d. Setre Aut(Xy) :a; » a;, b — al‘lb and

c— a%+zzc2+3d where d is odd. We need to carry out the following eight steps.

2r.

@) 7T preserves (az)c =a"

142z -Hd 2 2+3d
=da

a;" = (a))" = (@)D = (@) = (@)™ =ay
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that is,
n
rd_ 1= O(mod 5)

Since "2 = —1(mod n/2), we get r1*39/2_1=_1(mod n/2) and so
L= 0(modn/2)

(ii) 7 preserves ¢{' =

= a¥cy, thatis, af' = a}” 257 Since

G 1

ai+2z +d(c a]+21c)cl+d(c CleZC )ctli

1
a1+2zcl+da2zrbc +d+m/6axbcm/6a2zr d

a (ca)3 — al+ch2+3dai+2zC2+3dai+2zC2+3d

=dp G 1 1 G
142z 1+d 2zr+n2, 2u 1+d+m/6 —x _d+m/6 er
=a, "¢ ‘a (ay“cy) a;“c aj

62+3da22(r+r2+r3)+2—2xr +r2=x(1=25r3)4*M0 4y /12
1 >

we get

o4 1—0gr3)2+3d a3
(ail)a — all — a(l 1) — ai 2sr i

that is,
(1 =253 — 1 = 0(mod n).

Set f =2z(r + r* + r3) +2 =251 + 12 — x(1 = 2573) /0 4 nm/12. Then, f is

even and ¢4 = c%”d . Recalling s = (¥> - 1)/2 + n/4(mod n/2) and x =

—r + 2 + n/4 (mod n/2), we get 2f = 2(1 + 22)(r + r* + r*) + n/2 (mod n).
(iii) 7 preserves ¢? = ai“cy, that is, b' = a%"’zb:

(b = (b)) = (al‘lb)(c7) _ a? Peren/2-2fp _ 2ur —P=21420) ()
and
(alur by = ur g,
that is,
2(1+22)(r+r* +r7) =1 -7 (mod n).
(iv)  mpreserves a} = bc™2:
(a))" = (a‘f)(ca) _ a(IC“) R a;lc(l—2sr3)d+2u s A e

and

Qz(r+r2+r) =253 +r2 —x(1-2s13)4+m/6 12) Z;%6_1 Pl
a =

(bcm/Z)a — al—lb(ctll)m/G =a, bcm/Z,
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that is,
m/6-1 d
A P = a0 =25 4 2u ) ¥+ 1 (mod n),
1=0 =1

where A = 12 — 251> — x(1 = 2s7)HM0 £ 22(r + 12 + 13) + 2.
V) m preserves b = ayb:

2+3d

(b)Y = (bal)(c“) — (dIZ(HZZ)bal)C
_ gl_z(l+2z)r(ba1 )cz+3d _ al—Z(l+Zz)r(a(lx—l+n/2)rh)cf

x=1=2(1+22)r+n/2+2u 3¢ r¥!

=a, b
and
(@b)* = ai'b,
that is,
i d
“2(1 +22)r + = +2u Z ! = 0 (mod n). (5-35)
2 =1
(vi)  o(n(c)) = m: By 2 = —1 (mod n/2) again,
m/3—1 m/6-1 n
31 _ /2 3 — —
; Pl= (1 4+ ) ; r _O(modz),

which implies f 27;/53_1) 3! = 0 (mod n) as f is even. Then,

>

m/3—-1 3] m/3—-1 3]
(cu)m — (Ctlt)m/3 — (C%+3da{)m/3 — C(12+3d)m/3a{zl:0 r — a{Z,ZO r -1

as desired.

(vii) 7% = Inn(a): Recall Inn(a;)(c) = ¢+ /2! Vp,

—1+4n/2
C1+m/Za] +n/ b

— Inn(al)(c) — 7T2(C) — (Cl1+2ZC2+3d)a — a1+22(ca)2(C%+3da{)d
= g2t o2+3d 1422 243d(3+3d) [ f By

_ Gd +2)%4m /2a—3r—1—2z—4zr+(n(2+z;’*o‘ Pl (1=25r7)1) 4425 =2zr+1D)(1+r+12)) T 7! b
= | ,

that is,
(1 + d)(1 + 3d) = 0 (mod m/3),
(XS P+ (1= 2sr%))
+
4

d-1
—3r—2z—4zr+a-2r3152
1=0

(mod n),

where @ = 251° — 2zr + 1)(1 + 1 + 12).
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(viii) Ensure {(c)x = 1: Since {(c)x < M, we get (c)x < Mx = (a%)(cl), which implies
(e)x = Nyex ()" = Nyeg{c)" = Nyeg{c1)* = (c1)x,.- Then, it is sufficient to
ensure (c*)x, = 1.
Recall

. 3 2 2
X, ={a,b,c1IR, (a)" = a} , ¢} = a¥cy, ()" = aby,

where /2 = —1 (mod n/2), 2u = (> — 1)/r* (mod n/2) and i = (3(1 - 1*)/2) +
n/4(mod n/2). By (5-35), we get that u is even. Noting (c;)x, = 1 and
(u,n/4) =1, by Lemma 5.1,

Z rl= (mod )1f and only if j = 0 (mod %)

Note that ¥,/*3¢ ¥ = 0(mod n/2). Thus, 1+ 3d = 0(mod m/3). Since 1+
3d #0, we get 1+ 3d is either m/3 or 2m/3. By (5-35), we get 1 +2z =
(1 =7r)/2r (mod n/2). |

5.5. M = (a®*){c) and X /My = S,
LEMMA 5.6. Suppose that X = X(Q), M = {a*)(c), X/Mx = S, and {c)x = 1. Then,

m/4

X = <a’ b,C | R, ac4 _ ar,bCA _ l rb ( )cm/4 _ —3’ac — bc3m/4>, (5-36)
where m = 4 (mod 8) and r is of order m/4 in Z;, .

In this subsection, My = (a®>}{c*). Set &> = a; and ¢* = ¢, so that My = (a;¥c;).
Set o(a) = 2n and o(c) = m, where 3|n and 4|m. Then, we show (a;) < X in Lemma 5.7
and get the classification of X in Lemma 5.8.

LEMMA 5.7. {a;) < X.
PROOF. Let X1 = MxG. Since (a)(c1) < X1 and {c1)x, = 1, the subgroup X; has been
given in Lemma 5.1:
X = (a b,ci | R, (@) =ad¥, (c1)" = a}'cl, (c))" = dic}), (5-37)
ri =/ =/ =1 (mod n), # = 1 (mod m/4),
v t

'+ 6sr = 6sr + 65 Z P = 3u '+ 3ur = 2(1 = r) (mod 2n),
1 I=1 I=1

6s

NREL

l

w

6szw:r’ = SMZ(I —3s(Zt:r +r)) = 0 (mod 2n)
I=1 =1 =1

only when w=0 (mod m/4), and moreover, if 2 | n, then 3u(};2, Y'l—1)=
(mod 2n) and v? = 1 (mod m/4); if 2 1 n, then 3u Y1 rl = 3ur = 6sr + (n - D - r)
(mod 2n) and v? = ¢ (mod m/4); and if t # 1, then u is even.
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Now X = (Xj,c). Since X/My = (a,b)(T) = S,, the only possibility under our
conditions is

@=t=b=1la=a.a=ab, (5-38)
where i € Z3. Observing (5-37) and (5-38), we may relabel a’*3*b by b for some x € Z.
Then, in the perimage X, (5-38) corresponds to
& =a,b>=d",c*=cy,a = b, (5-39)
Set
(@) = dicf, (5-40)

necessarily, z is odd, as o(a; ) is even. Then, X is uniquely determined by (5-37), (5-39)
and (5-40). To show (a;) < X, for the contrary, we assume d # 0. Then we need to deal
with two cases according to the parameter 7 of X, separately.

Case 1: t =1. In this case, we get v=1 and 1 —6sr—r =0(mod n) by X;. Set
ri =1 —6sr. Then, r; = 1 (mod 6), a“ = a" and b = a|"b. By (5-37), (5-39) and
(5-40), we get b¢ = a**3*bc® for some x and y.

Since ¢ preserves a1 = al s

r

ap)™)’ = (a)" = (ajc] C‘—cdaz
((ar) |
and
d dry 2S5k
(a'l’l)c — (azlcl)rl — Clrlal =1"1 ,
which gives d = dr) (mod m/4). Since ¢ preserves b°' = a'l”‘ b, there exists some x

o o
such that (b)) = a@*3**30npe® and (a|"b)" = c‘f“”aiz’:‘ "a®*¥bc®, which gives

. 4 d(B+72 1
du = 0 (mod m/4). Since a{' = af = a’f‘cl(Z D for some xy,

A +2 +7+1) = O(mod %) (5-41)
By (5-39), we get ac = chc****. Then, a% = @i c? and ¢ = a' c‘f_dZ(Zz+Z+l), which
gives
di( +z+1)= O(mod %1)

With (5-41), we know d = 0 (mod m/4), which contradicts d = 0.

Case 2: t # 1. In this case, we have r # 1. If (a%) < X, then by considering X = X/(a%)
and (¢7) < X, one may get =1, which is a contradiction, as (c) < Cx({c1)) = X
In what follows, we show (a%) < X.

By (5-37), u is even and r = 1 (mod 3). By using (5-37), (5-39) and (5-40), we get
b¢ = a***bc] for some x and y, omitting the details.
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d(+1
Since ¢ preserves (aj)”' = ai’, there exists some x; such that ((a)")" = axlc]( *+1)

and (a}")° = a] cd(”l)r which gives d(t + 1)(r — 1) = 0 (mod m/4) Slnce c preserves

() = a'c!, there exists some x; such that (c”)L =a)'c| and (a}c))" = a)'c (ld”('“)/ Dy
which gives du(z + 1)/2 = 0 (mod m/4). Since ¢ preserves c¢{ = a%‘c[ we get c B
a%’c’1 Then, there exists some x; such that c}l"2 - = (ajcy = = ((a; cd)z d)’” =
a,'cY, which gives v = ¢ (mod m/4). By (5-39) again, we get ac® = cbc4(w+l) Then
there exists some x; such that (a%)“‘ =a}'c] ADEED a0 (a%)‘b‘l =a c‘f(”l) which
gives
m
de(t+1)=0 (mod Z)' (5-42)

Since O(CIT) =2n/3, we get dn(t + 1)/3 = 0 (mod m/4). With (n/3,z) = 1 and (5-42),
we get d(r + 1) = 0(mod m/4). Then, (a})° = (dic{)* = a; c‘li(”') =a)' for some xj,

which implies (a%) < X, as desired. O
LEMMA 5.8. The group X is given by (5-36).

PROOF. By the lemma, {a;) < X, that is, (a;)° = aj by (5-40). Since (a*y < X1, we get
{(ay < Xy and so G < X, thatis, r = v = 1 in (5-37). Then, by (5-37), (5-39) and (5-40),
we can set X = (a,b,c|R,a"" = a",b"" =a]"b, (ar)* = al,a = bc”“w) where r =
1= 6sr, #1’* =1 =2(ry —r) = 0(mod 2n) and 2sz r=0=uX]_ rl(mod 2n/3)
if and only if j = 0 (mod m/4). Note that 2s 21:1 = 0 (mod 2n/3) if and only if rJl -
1 = 0(mod 2n).

In what follows, we divide the proof into two steps.

Step 1: Show m = 4 (mod 8). Set {(c) = {(c2) X (c3), where {c,) is a 2-group and {c3) is
the 2’—Hall subgroup of {¢). Then, {c¢y) = (c‘z‘) X {c3). To show m = 4 (mod 8), we only
need to show c2 =1.

Consider X = X/{ay) = (a, b)(c} Then, CX((cl)) = X, which implies (c7) < Z(X)
and X /(c7) = S4. Note that (¢3) < (G3)((G3@)) < X, where ([X : (€3)((@3)@)]. [&3)) = 1.
Thus, by Proposition 2.7, we get that (c3) has a complement in X, which implies
X = (a,b)(c2)) = (c3). .

Consider X, = {a, b){c2), where (c2)x, =1 and (a;) <X,, and X, = Xp/{a;) =
(@, b)(c2). Note that (23") < X,. Then, Cg ((c2")) = X,, which implies that X, is the
central expansion of S4. By Lemma 2.8, we get the Schur multiplier of Sy is Z,, and
then o(c,) is either 4 or 8. Arguing by contradiction, assume that o(c;) = 8. Then, c;‘
normalizes G, and we seta> = @', where i = 1 (mod 3). Note that (a) < Cx,({a;)) < X>.
Then, {a, bc,, c%) < Cx,({ar)), which implies {a;) X (cé) < X5. Since i = 1 (mod 2n/3)
and i =1(mod 2n), we get i=1, which implies [a, c‘z‘] = 1. Then we have
{a, c2> < Cx,({apy x (cg)) <X, which implies bc; € Cx,({a;) X (c‘;)). So (cg)b = cg.
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Then, c‘z1 <X, is a contradiction. So o(c;) = 4, which implies (c;) = {c3). Then,
X = ({a,b){c2)) = {c1).

Step 2: Determine the parameters ri,u,w and z. In X, = {a, b){c,), we know a® = bcg
by (5-39). Consider (a) < Cx,({a1)) < X;. Then, Cx,({a;)) is either {a, bcy, c%) or X,.
Suppose that Cx,({a;)) = X. Then we know a; = b*as[aj,b] = 1, thatis, n = 3 and
a; =a;'. Then,m =4 and z,r = 1, as desired.
Suppose that Cx,({a;)) = {a, bcz,c§>. Then, a; = all’c2 = (al‘l)c2, which implies
z=-1. In X, =(a,b)y={c1), we know X, =(a,b,c;|R.a" =d",b" =a)"b).
Since ¢, preserves a“! = a”', we get

(be3)' = al" bcy and (a")* = (a(lr‘_l)/3 “2q% = a(ll_r‘)/3bcg,

which gives

1-r 2n
ury = 3 ! (mod ?)

Recall that rJl —-1=0=3u Z{:l rl1 (mod 2n) if and only if j = 0 (mod m/4). Then, we
get that r’1 — 1 = 0(mod 2n) if and only if j = 0 (mod m/4), which implies o(r;) = m/4.
For the purpose of formatting uniformity, replacing r; by r, then we get (5-36), as

desired. O

6. Proof of Theorem 1.4

As mentioned before, the group X(D) where (c)xp) = 1 has been classified in [8,
Theorem 1.2] by using computational methods in skew morphisms. Actually, with
almost the same methods as those that we used in X(Q), we may get a classification
of X(D), which has a different representation from [8, Theorem 1.2]. Here is our
classification. One may see [4] for its computation in detail.

LEMMA 6.1. Let G = D and X = X(D) = G{c), where m =0(c) 22, GN{c) =1 and
(¢)x = 1.SetR:={a" = b* =" =1, a” = a'}. Then one of the following holds.

(1) X={(a,b,c|R, (@ =a*,c*=a*c,c’=a"c"), where

—_

207 - =20 -1 = u( - 1) = 0 (mod n),
l§

I
(==}

l2

v? = 1 (mod m),

)4 13
rl+2sr52sr+2sZrl—u P+ ur =2(1 = r) (mod n),
I=1 I=1 =1

2s;rlzu N (1 —s(2r1+r))150(modn)

=1 =

2s

M-

= 0

if and only if w = 0 (mod m), and if t # 1, then u = 0 (mod 2).
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2) X={a,b,c|R, (az)c2 =a*, (AP =a*c?, (A =a*c*, af = bc®), where either
w=s=u=0andr=t=1;, orw+0, s=u22}§)1 o t=1+2wu, nw=2w(r—-1)=
2w(1l + uw) = 0(mod m/2), r** — 1 = (u Dy M —r=0"+ DA+ SZ;V:_OI =
0 (mod n/2) and Z§:1 ' = 0(mod n/2) if and only if i = 0 (mod m/2).

3) X={a,b,c|R, a = a’, () =a*c3,a¢ = bc™?, b¢ = a*by, where n =2 (mod 4)
and eitheri=u=0andr =x = 1; ori = 1, 6lm, "> = —1 (mod n/2) with o(l) =
mr=0,u=0~-1)/2Fand x = -1+ I + n/2 (mod n).

(4) X = <a’ b,C | R, (02)03 — aZr, (C3)b — 0(2(13_1))/1203,(6l2)c — bcim/Z’bc — a2(—l+lz+n/4)
b, c® = a***%c¥34y  ywhere either i=z=d=0 and 1=1; or i=1 n=
4(mod 8), m=0(mod 6), I"?*=-1 (mod n/4) with o(l)=m, r= B, oz=
(1-3D/4l, 1+3d=0(mod m/3) and Zji:l r'=0(mod n/2) if and only if
j = 0(mod m/3).

5 X={a,b,c|R, a = a’, b = a'~b, (a3)cm/4 = a*3,acm/4 = b, where m =
4 (mod 8) and r is of order m/4 in Z,,.

Moreover, in the families of groups (1)—(5), for any given parameters satisfying the
relevant equations, there exists X = X(D).

PROOF. Comparing Theorem 1.3 and Lemma 6.1, we get that (") < X(Q) for all cases
in groups (2), (3) and some cases in group (1) under the hypothesis {(c)y = 1. Moreover,
corresponding to D = Q/(a"), we have X(D) = X(Q)/{a", c1), where (a") < X(Q) and
(a",c1) ={a", c)x(p)- Thus, Theorem 1.4 is proved. O
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