EXTENSIONS OF ENDOMORPHISMS FROM THE
HIGHER CENTRES

FRANKLIN HAIMO

Introduction. If 0 > 4 - C— B — 0 is an exact sequence of abelian
groups, if f is a 2-cocyle for this extension, if « € End 4, and if 8 € End B,
then a necessary and sufficient condition that a extend to an endomorphism y
of C which induces § is that (M) of and fB8 be cohomologous; see Montgomery
(2). We shall extend this result to the case where 1 =4 - G— B — 1lis an
exact sequence of groups and 4 is abelian. For a to extend to a 4 which induces
B and extends an endomorphism on the centralizer of 4 in G, it is (Theorem 2)
necessary and sufficient (i) that, for each & € B, b and Bb be carried onto the
same element of G modulo the centralizer of 4 in G; (ii) that @« commute with
the automorphisms of 4 induced by B via the extension; and (iii) that con-
dition (M) hold. If @ is an endomorphism on Z,G, the nth member of the
ascending central series of G, if each Z,G, 0 < ¢ < n, is a-admissible, if 8 is
an endomorphism on G/Z,G, and if a can be extended to a v € End G which
induces B3, then we shall show (Theorem 3) that the respective cohomology
classes of the extensions

15 Z,(G/ZG) > G/ZG—G/ZimG—1  (0<i<n)

lie in the kernels of suitable endomorphisms of the 2-cohomology groups
OD(G/Z 1G, Z111G/Z ,G), the endomorphisms generated in each case from
«a and B. Conversely, if essentially the cohomology classes lie in such kernels,
then (Theorem 4) it is possible to modify « slightly so that the modification
will extend to an endomorphism v on G which induces 8.

The principal device is that of an extended centrally compatible family of
endomorphisms for o € End Z,G, the family of endomorphisms induced on
the various Z,(G/Z,G), 0 <72+ j < n, by a. Theorem 1 provides us with
such a family whenever all the Z,G, 0 < ¢ < #n, are a-admissible.

If A and B are groups or rings where B contains 4, then C(4, B) is to be
the centralizer of 4 in B, a normal subgroup of B whenever 4 is a normal
subgroup of B. If B is a group which operates on the abelian group 4 via some
6 € Hom (B, Aut 4), we sometimes write P (B, 4;0) for HP (B, 4) in
order to emphasize the map 6. For a function ¢ from X to Y, ¢|U means ¢
with its domain cut down to the subset U of X. The symbol § denotes the usual
coboundary operator. The symbol ¢ is reserved for the identity map of any set
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under consideration. If g is an element of the group G, then {g) is to be the inner
automorphism on G given by (g)x = gxg~! for each x € G. If v, and v, are
functions from a group G to a group H, vy1 + 72 is to be that function v from
G to H which is given by v(g) = vi(g)v2(g) for each g € G. Note that the
order of summation is important. The function —v has its values given by
(—v)(x) = (v(x))~. All maps are written to the left: if a product of maps
II}_, 8, is given, it is to be understood that the first map to be applied is 8,
and the last is 8;. Frequently, an inverse ¢~ will appear in a product of homo-
morphisms even though ¢ is not single valued. In each instance it will be found
that ker ¢ is such that the ambiguities disappear. In general, ¢~1(x) means
the complete inverse image of x under ¢.

1. Preliminaries. (a) Let A be an abelian group, let B be a group, and let
6 be any member of Hom (B, Aut 4). Observe that C(Im 6, End A4) is a sub-
ring of End 4. Let Endg B be the set of all 8 € End B for which 68 = 0, a set
which is closed under multiplication. If « € C(Im 0, End 4) and if 8 € End, B,
then, each in a standard way (1), « induces o* and 8 induces g%, both in End
9@ (B, 4;6). The map ( )* is a ring homomorphism while ( )* preserves
multiplication.

® . .
(b) Let 1 —> A4 — G — B — 1 be any extension of 4 by B. Then there exist
homomorphisms A and p such that the following diagram is commutative with
exact rows and columns:

1 1
l—nfi }1 1
| L,
(©) 15 CA4,G) —— G——G/C(4,G) —1
q) L
1- CA,G)/4—B-L56/c4,6) =1
L

1 1 1

Let End, B be the set of all 8 € End B for which p8 = u, a set which is closed
under multiplication.

(c) Foragroup G, let Z, G = 1, and let Z; G be the ith member of the ascend-
ing central series of G, where ¢ = 1,2, .... Let J°G = G, let JIG = JG, the
inner automorphism group on G, and let J*'G = J(J'G) for j =1,2,....
Let ¢, be the homomorphism which makes the sequence

A, 152, 76— 76 ¥ je -1
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exact,7 = 1,2,....If welet ¢, ; = ¢,/Z:11 J"IG, then

44,9 12,776 — Zia fj_ngi—’LZz' JG—1

is exact.

For a positive integer # and for o € End(Z, G), we say that « is centrally
compatible on Z, G if Im(a|Z, G) < Z, G for each positive integer m < 7.
Given a centrally compatible a, write a,0 = @, an,0 = a|Z, G1 < m < n)
and a,0 = 0, the trivial (and sole) endomorphism on 1. The finite set {ay,o}m=0
is called the centrally compatible family for (centrally compatible) o on Z, G.
Each 8 = ay,0 of such a family is centrally compatible on Z,, G, and if % is an
integer for which 0 < & < m, then B0 = a;,0. Later, we shall need the fact
that the map

(multiplication proceeding from the left to right with increasing j) for each
positive integer ¢ makes

(4’) 1-2,6-68 76 -1
exact.

THEOREM 1. Let « be a centrally compatible endomorphism on Z, G where n
1s a posittve integer. For each pair of non-negative integers © and j with 0 < 7 +
7 < n there exists an endomorphism a,; centrally compatible on Z, J'G such that

(1) Qp,0 = &
(i) @, )| Zn JIG = oy, ; whenever 0 < m < ©; and
(iii) the following diagrams are commutative with exact rows:

1—— Z, TG —— Z oy J1G e, Z.JG——1

B,
( 1’]) lal,j—l iyt,j—1 Aq,
11— Z, J71G——> Z 1 JIG i’——j) 2, JG——>1
for each pair of integers © and j satisfying 1 < i1+ 7 < 1,0 <, and 1 < j.

Proof. Let {an.olm—o be the centrally compatible family for «. Let aq,; be
the trivial (and only) endomorphism of Z, JG = 1. For each integer m such
that 1 < m < #u, let an,1 = ém,1 %mt1,0 dm,1 % Even though ¢,,:~! need not
be single valued, the fact that Z; G = ker ¢,,,;, makes the definition of
an1 € End Z,, JG unambiguous. One readily checks that (ii) holds in that
an,1|Z; JG = oy,1 for each integer k such that 0 < & < m < n. Further, the
diagram (B,,1) is commutative with exact rows for each integer m with
1 < m < n. Now suppose, inductively, that (1) there exist

Op—1,1 € End A —1 JZG
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for each integer / such that 1 < I < j < #; (2) there exist ay,,; € End Z, J'G
for each integer m such that 0 <m < n — 1, where an,; = ap_1,1|Zn J'G;
and (3) (Bnp,1) is commutative with exact rows for all such m and /; or (4)
j > n. Then, if (4) holds for j, it holds forj + 1. If j < #, let

Q1,41 = Pr—jm1, 541 Oy, Prejm1, j41 %,

unambiguously defined as a member of End Z,_; ; J/*'G, since Z;JIG =
ker ¢,—;-1,;+1, and since the induction assumption gives a,_;,;/Z1 J'G = ay,,.
By construction and by the induction assumption, (B,_;-1,;+1) is commutative
with exact rows. If m is an integer for which0 < m < n —j — 1, let

U, 41 = P, g1 Ut 1,5 P, g1 Y,

unambiguously defined as a member of End Z, J*'G, since Z,J'G =
ker ¢, 541, and since api1,;/Z1J'G = a1,; by the induction assumption. By
construction and by the induction assumption, (B, ;+1) is commutative with
exact rows. Finally, upon further appeal to the induction assumption, we have
that, for each integer m such that 0 < m < n —j — 1,

01, 141 Zm TG = b j1,411 Qg Snm o1, j417 Y m TG

= w1 i1,y P41 = gt
and the proof is complete.

We call the set {a;;},0 <7+ j < n, for non-negative integers 7 and j,
the extended centrally compatible family for o on Z, G.

2. The basic extension theorem.
THEOREM 2. Let A be an abelian group, B be a group, § € Hom (B, Aut 4),
and let
5}
1-4—->G—>B—1

be any extension of B by A which belongs to some t € HP (B, 4;80). Suppose
that o € End A and that 8 € End B. Then there exists v € End G such that
Im(y|C(4, G)) < C(4, G), and that both

[}
1 A G B 1
Lk
63}
1 A G B 1
and
1— C4, G) — G—>\——> G/C4,G)——1
(D) lvlC(A, G) |« .

A
1—> C4,G) — G——> G/C4,G) —— 1
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are commutative diagrams with exact rows, if and only if
(i) B € End, B,
(ii) « € C(Im 6, End A4), and
(iii) t € ker(a* — B7).

Proof. Suppose that C(4; G) is y-admissible and that both (D) and (D’)
are commutative with exact rows. From the commutativity of (C), A = u®
whence uB = (u®)® '8 = A®~'3. But, from the commutativity of (D),

= &y d~!; and from the commutativity of (D’), Ay = A so that

AR = (V)P =AD"l = (ud)D L,

and uB = u, or, equivalently, 8 € End,B, establishing (i). Since A = u®,
and since u = uf,

APt == pB = pPP7IB = P78

so that 68 = 6, and 8 € End, B.
Since ®y®~! = B, since v]4 = a, and since 68 = 6,

a(@(®)) = v(©0(@©)) = (08(0))a = 0(b)a

for each b € B, and (ii) holds. Because of (i) and (ii), o* and 8* are defined.

Choose g, € ® b foreachd € B;and,forallx,y € B,leti(x, y) = g, g, g,
Here, t is a 2-cocycle which represents t. Since 8 = ®v®~1, (vg,) (gs) ™! =
hy, € A forevery b € B. Then,

at(x, ¥)hay goen = Y%, ¥)ge) = Y(€ &) = Pz gz By g5y
= h; 0(8x) (h,)gs: gy = ho(0x) (h,)t(Bx, BY) g8

so that at differs from ¢8 by 6k, yielding (iii).

Conversely, suppose that t € ker(a* — gf) where (i) and (ii) hold for
B and «. Choose a normalized transversal {g,} and form the representing,
normalized, 2-cocycle ¢. Then at — {8 = 6k where % is a normalized 1-cochain
on B with values h, € A. Each member of G has a unique representation in
the form ag, where a € A. Define v € G% via v(ag,) = a(a)h, gg. By its
definition, v makes (D) commutative. As in the proof above, 8 € End, B.
An easy consequence is that

2 gs € ker A = C(4, G).

From this one shows that Im(y|C(4, G)) < C(4, G), so that (D') is com-
mutative. A routine check, employing (a) 88 = 6, (b) at — {8 = 6h, and (c)
the values of {8 can be written in terms of the transversal elements, shows that
v € End G.

COROLLARY. (a) If 1 >4 -G E’, B — 1 4s an extension of A by B where
A< Z,G, if « € End 4, and if B € End B, then a necessary and sufficient
condition that there exist v € End G making (D) commutative is that the coho-
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mology class t of the extension lie in ker (o* — B*). (b) Let a be an endomorphism
of Z1 G. A necessary and sufficient condition that a possess an extension v which
is a central endomorphism of G (Im v < Z1 G) s that to, the cohomology class of
the extension

1> 2662 161,

be in ker o*. The set of all such a s a left ideal in End Z; G. (c) Let a be an endo-
morphism of Z1 G. A necessary and sufficient condition that a possess an extension
which is a normal endomorphism of G (induces « on JG) is that o*(ty) = {,.
(d) If B € End JG, then there exists an extension of the identity automorphism on
Z1G to a v € End G which induces 8 € End JG if and only if Bt(t)) = to.
(e) If B € End JG, then there exists an extension of the trivial endomorphism of
Z1G to a v € End G which induces 8 € End JG if and only if t, € ker B,

3. Endomorphisms on the higher centres.

THEOREM 3. Let n be a positive integer; let o« € End Z, G be centrally compatible
with extended family {a;,;}. For each integer © such that 0 < 1 < n, let

ti € SP UG, Z,J'G)
be the cohomology class of the extension

) 1— 2, TG — 76 258 76 51,

and let B be in End J"G. Suppose that there exist v € End G such that

On

1 Z, G G J'G 1
(En) (43 17 B

1— 2,6 —— G2 6 —— 1

1s commutative. Let v™ = B, and let v? = ¢;v0; 1 € End J'G be the map on
J'G which s induced by v via (4',), 1 <1 < n. Then t; € ker(ay,* — y*+D7),

0<z2< .
Proof. Recall that o; = ¢; and that o1 = ¢j4105 7 = 1,2,.... By the
definition of ¥, yP¢, = 6;v,72 =1,2,...,n. Hence, for 1 <7 < n,

G170 = dupr10:Y = o1y = ¥ o1 = YV 00

But ¢; is an epimorphism with image J'G, so that ¢;11v? = y(HD¢, 4,

2=1,2,...,n — 1. That is, the right rectangle of
bit1
1 Z J'G JiG JHIG 1
(Fy) lal,i lv”) lv”“’
i1

1 Z,JG J'G JHIG 1
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is commutative for integers ¢ such that 1 < ¢ < #. It is likewise commutative
for 2 = 0if we take ¥ = v and recall the definitions of y¥, ¢, and ;.

Since « is centrally compatible and since (E,) is commutative, v|Z: G =
a|Z1 G = a1,0, making the left rectangle of (F;) commutative. Suppose that
1 <t < mn Then

YO 1 = YV¢1|Z1G = ¢17| 2111 G = drayp1,0 = @s1 ¢4,
since (B,,1) is commutative. The fact that Im ¢, = Z,JG leads to
YW Z,JG = a;1,1 <t < n.

Let (S;) be the statement that if 7 is an integer such that 0 < 7 < &, then
1) 1> mn, or (II) ¥?|Z,J'G = a,,; whenever 1 < ¢ < n —i. From the
commutativity of (E,), (S1) holds. If & = 2, then yP|Z,JG = a,1,1 < ¢t < =,
leads to (S2). Now suppose, inductively, that £ > 2 and that (S,) holds for
each integer j such that 1 < j < k. Then,if £ < n,wehavefor0 < ¢t < n — k
that

YOb k Prr1i-1 = YO dor1,i-1 = b Y Vb ry1 51
= ¢ ’Y(k_l)¢k—1izz+2 TG = ¢y br ’Y(k_z)IZHg JE2G

= ¢r Pr—1%1p2,5-2

(by the induction assumption since 0 < & — 2 < #n)

= Qur Prr1,0—1 %422 = Uk Dok Pri1,k—1

(since (B1.:-1) and (B,,;) are commutative diagrams for the values of ¢ and
k allowed). Moreover, ¢, ¢11,,—1 is onto Z, J*G, and we now have y®|Z, J*G
= o, for0 <t <n—kand 2 < k < n. If E > #, then the induction assump-
tion says that (S,) holds, from which (S;41) holds. In either case, the induction
is complete. In particular, v?|Z; G = ay,;for each integer ssuch that1 < 7 < #,
and the left rectangle of (F;) is commutative, 0 < 7 < #. By Theorem 2,
Corollary (a), t; € ker(a;,* — y(*#), 0 < 7 < n, completing the proof.

Suppose that ¥ and a® are both centrally compatible endomorphisms on
Z, G. We say that a® and o'? are equivalent centrally compatible endomorphisms
on Z,G (aV ~a®) if

Im(@®;0—a®;0) < Z;.1G
for each integer 7 such that 1 < 7 < n. That is,
a®io(®)[a®0(®)]? € Z:aG
wheneverx € Z;G,1 < 72 < n. If a® ~ a®, then a®; y = a?; . The relation

~ is an equivalence, and all the automorphisms of G are equivalent. For g € G
and for « centrally compatible on Z, G,

all centrally compatible endomorphisms on Z, G.
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Let p be any decreasing crossed endomorphism on Z, G related to a centrally
compatible o € End Z, G. Thatis,if x € Z,G,0 <1 < n, then p(x) € Z,_1 G;
p(lg) = 1g; and if %1, x5 € Z, G, then

px1 ) = ((eew2))p (1)) p (2).

We have a + p ~ a where, for every x € Z, G, (a + p)(x) = a(x)p(x); and
if &’ ~ a, then there exists some decreasing crossed endomorphism p on Z, G
related to « such that @’ = a + p.

THEOREM 4. Let n, a, B, and ty be as in the hypothesis of Theorem 3. Suppose
that, for each integer i obeying 1 < 1 < n, one can find TP € End J'G with the
properties

(i) T® =B,
(ii) to € ker (o, o* — T'DVF), and

(iii) the diagrams

) b
11— Z, JF1G JiG JG 1

(K.) l" lpa_n me
1—— Z, J1G T4 Jig 1

2 < 1 < n, are commutative with exact rows. Then there exist v € End G and a
decreasing crossed endomorphism p on Z,, G related to o such that the diagram

12,6 —— G G —— 1
ol
(E') la-l-p lv 16

1 ——Z,G—— G — "G —— 1

is commutative.

Proof. From (ii) and from Theorem 2, Corollary (a), there exists '@ =
v € End G such that (K;) is commutative. From the commutativity of the
left rectangle in (K,),

Y1 = 'lelG = 01,0.

Suppose, inductively, that, for a positive integer j, we have (1) 7 > %, or (II)
v; =v|Z,G is a centrally compatible endomorphism on Z;G for which
vj~ajo If j + 1 < n, consider the diagram with exact rows

gj

1 Z,G G—>5 JiG 1

(E)) l,yj l,y ) lpu’)

1 Z,G G JiG 1
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the commutativity of the left rectangle of which is immediate from the induc-
tion hypothesis. Since the diagrams (K;), 1 < 7z < #, are commutative with
exact rows, the right rectangle of (E;) is commutative.
Consider the diagram with exact rows
)
1'—_)ZjG_"‘?Zj+1G Zl]jG 1

(Lj) 1’)’1 J"YH—I lam
¢(7)

1_‘-_)ZjG—_)Zj+1G_‘—)Z1JjG_“)1

where
J
€]
¢ = Uj|Zj+1 G= 111 br, j—r+1y
k=

multiplication proceeding with increasing % from left to right. The commuta-
tivity of (E,) implies that T@¢; = ¢;v. Now I'P¢;|Z;,1 G = T'P¢?P, From
the commutativity of the left rectangle of (K1), TV = ay,; ¢ so that
Im(o;v|Z;+1G) < Z1J'G. From the fact that ¢;72(Z1J'G) = Z;11 G, one
obtains Im(y|Z,+1) € Z;41 G, so that v;1 € End Z;41, and (L;) is com-
mutative.

From the commutativity of the diagrams (By,;x+1), 1 < kB < j, the com-
mutativity of the diagram

(€]
1’_'—>ZiG——)Zj+1G"_‘_‘)Z1JjG—_)1

(Z j) {am laﬁl'o lal,;‘
¢(1)

1"——)Z1G——>Zj+1G lejG 1

follows. From the commutativity of the right rectangles of both (L;) and (L';),
¢Pai1,0 = a1,; 9 = ¢Py 4,
so that Im (41,0 — vs41) < ker ¢? = Z,; G, completing the proof.
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