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Abstract

Let {X,}nen be an X-valued iterated function system (IFS) of Lipschitz maps defined
as Xo € X and for n > 1, X, := F(X,,—1, ¥,), where {8,},>1 are independent and iden-
tically distributed random variables with common probability distribution p, F(-, -) is
Lipschitz continuous in the first variable, and X is independent of {%,},>1. Under
parametric perturbation of both F and p, we are interested in the robustness of the V-
geometrical ergodicity property of {X,},eN, of its invariant probability measure, and
finally of the probability distribution of X,,. Specifically, we propose a pattern of assump-
tions for studying such robustness properties for an IFS. This pattern is implemented for
the autoregressive processes with autoregressive conditional heteroscedastic errors, and
for IFS under roundoff error or under thresholding/truncation. Moreover, we provide a
general set of assumptions covering the classical Feller-type hypotheses for an IFS to be
a V-geometrical ergodic process. An accurate bound for the rate of convergence is also
provided.
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1. Introduction

Let (X, d) be a Polish space equipped with its Borel o-algebra X'. The random variables
are assumed to be defined on a probability space (2, F, P). Throughout the paper we are
concerned with iterated function systems (IFSs) of Lipschitz maps according to the following
definition.

Definition 1.1. (IF'S of Lipschitz maps.) Let (V, V) be a measurable space, and let {$},,},>1 be
a sequence of V-valued independent and identically distributed (i.i.d.) random variables with
common distribution denoted by p. Let X be an X-valued random variable that is assumed to
be independent of the sequence {$,},>1. Finally, let F: X x V, X ® V) — (X, X) be jointly
measurable and Lipschitz continuous in the first variable. The associated IFS is the sequence
of random variables {X}, },en recursively defined, starting from Xy, as follows:

foralln>1, X,:= FX,_1,%,). (1.1)
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922 L. HERVE AND J. LEDOUX

Let xg € X be fixed. For any a € [0, +00), we set V,(x) := (1 + d(x, x0))?, and we denote
by (Bg, | - |4) the weighted-supremum Banach space associated with V,(-), i.e.

B, := {f : X — C measurable such that |f|, := sup @l < oo}.
xex Va(x)

Note that (By, | - |o) is the Banach space of complex-valued bounded measurable functions on
X equipped with the supremum norm. The total variation distance between two probability
distributions o and p; on X is defined by ||uo — p1llTv := supr,<1 1Ho(f) — ni(f)l, where
wi(f) =[x f(¥) dpi(x), i=0, 1.

Let {X,,},,en be an IFS of Lipschitz maps. This is a Markov chain on X with transition kernel
P given by:

forallxe XandA e X, P(x,A)=E[14(F(x, %))]= / 14(F(x, v)) dp(v). (1.2)
\%

Recall that {X,},en is V,-geometrically ergodic if P has an invariant probability measure
such that 7 (V,) < oo and if there exists p, € (0, 1) and C, € (0, +00) such that

foralln>1andfeB,, |Pf—a{)xla<Cupllfla- (1.3)

The V,-geometric ergodicity of IFSs has been extensively studied (see, e.g., [2, 12, 18,
36, 47] and references therein). The common starting point in most of these works is that P
satisfies the so-called drift condition under the moment/contractive Condition 1.1 below (see,
e.g., [13]), for which we introduce the following notation. If ¥ : (X, d) — (X, d) is a Lipschitz
continuous function, we define

d(y (), ()

H= S“p{ dcx, y)

, (x,y) EXZ, x;éy}.

For all v e V, set Lp(v) :== L(F(-, v)) to simplify. The Lipschitz continuity in the first variable
in Definition 1.1 reads: for all v € V, Lr(v) < co. Then, for every a € [1, +00), Condition 1.1
is written as follows.

Condition 1.1. The function F(-, -) and the sequence {1}, },>1 satisfy

E [d(xo, F(xo, 91))"] < o0, (1.4)

E [Lr(91)*] < 1. (1.5)

The condition @ > 1 in Condition 1.1 is just a technical assumption for applying the Holder
inequality, for instance. In fact, Condition 1.1 can be considered with a@ > 0 by replacing the
initial distance d with d* for some « € (0, 1). Let us specify Condition 1.1 for the so-called
vector autoregressive model.

Example 1.1. (Vector autoregressive model (VAR).) Assume that X := R for some ¢ > 1.
Let ||-|| be any norm of RY, and define d(x, y) := |lx — y|| as the associated distance. Consider
Va(x) := (1 + ||x|])* with a € [1, +00) (here xo:= 0), and let {X,,},en be the IFS Xy € RY,
foralln>1, X, := AX,_| + . Here, F(x, v) :== Ax+ v, where A = (a;;) is a fixed real ¢ x ¢
matrix. This is called a vector or multivariate autoregressive model. We have Lp(v) = ||A]|,
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where ||A| denotes the induced norm of A corresponding to ||-]|, and d(0, F(0, v)) = |v].
Consequently, Condition 1.1 holds for some a € [l, 400) provided that E[|d]“] < oo
and ||A|| < 1. Moreover, if ©#; has a probability density function (PDF) on RY, then P is
V,-geometrically ergodic. More precisely, inequality in (1.3) holds for any p, € (||A]|, 1); see
Remark 4.2.

The aim of this work is to use the results of [14, 23, 43] to investigate the robustness first of
the V,-geometrical ergodicity property (1.3), second of the stationary distribution 77, and third
of the probability distribution of X,,. This study is made with respect to parametric variations
of both the function F and the probability distribution of the noise random variable ¢, in (1.1).
For this purpose, let us introduce the following definition.

Definition 1.2. (Parametric perturbation of IFS.) Let us introduce the parameter 0 := (£, y)
taking values in a subset ® of some metric space. Let F¢ : (X xV, X ® V) — (X, X) and let
{19,(,’/)},,21 be a sequence of V-valued random variables, both satisfying the assumptions of
Definition 1.1. The common parametric probability distribution of {19,(,)/)}”21 is denoted by p,,.
For any 0 € ©, the process {X,(f)}neN is the X—valued IFS of Lipschitz maps given by

Xy eX, foralln=1, X0:= F (X, 0). (1.6)

The transition kernel of the Markov chain {Xf,e)}neN is denoted by Py, and g is the probability
distribution of X(g).

The Markov chain {X( }neN must be thought of as a perturbed model of some ideal

model {X( 0)},161\1 with 6y € @ where @ denotes the interior of ®. Next, pick 0y € @ and let
us introduce the following assumptions.

Assumption 1.1. There exists a > 1 such that Py, is V,-geometrically ergodic with stationary
distribution denoted by mg,; i.e. Py, satisfies (1.3) for some p, € (0, 1) and C, > 0.

Assumption 1.2. M, := supy.q E[d(xo, Fz (%o, ﬁfy)))a]l/a o

Assumption 1.3. k, := supgcg E[Lr, (g{V))“]l/a -1

Assumption 1.4. Ag := [Py — Py, llo,a ﬁ) 0, where
—bo
1Po — Poylloa:= sup  |Paf — Payfla-
feBo, Iflo<1

Assumption 1.1 is the natural starting point for our perturbation issues. Note that
Assumptions 1.2 and 1.3 are nothing but the uniform version with respect to 6 of Condition
1.1. As a by-product, it follows from Assumptions 1.2 and 1.3 that each Py satisfies a drift
condition with respect to the function V,,. More precisely, let « € (x4, 1). Then the following
drift condition, uniform in 6 € ®, holds true (see Appendix A):

(1 4 kg + M) (1 + M)

foralld e ®, PyV,<68,Va+K,, withd,:= k% and K, :=
(k —Kkq)*

1.7)
This implies that, for every 6 € ®, Py admits an invariant probability measure denoted by
my. The following natural questions are much more difficult to address: Is the map 6 +— my
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continuous with respect to the total variation distance? Do the perturbed transition kernels
Py satisfy the V,-geometrical ergodicity when 6 is close to 8p? In our context of parametric
perturbation of IFS, these questions are addressed in the following theorem using the results of
[14, 23, 43].

Theorem 1.1. Under Assumptions 1.1-1.4, the following properties hold:

P;: Forevery p € (pq, 1) there exist an open neighbourhood Vg, of 6y and a positive constant
R such that,

forall§ € Vyg), n>1, and f € Bq, |Pyf —me(f)lxla <Rp"|fla-
P>: limg_.¢, |9 — mg, llTv = 0. More precisely,
—1yy—1
exp(l)KaDBn(A" )
(I =68,)(1 = pa)

provided that Ag € (0, exp(—1)), where the constants p,, C,, 84, and K, are given in
Assumption 1.1 and (1.7), and Dy = 2C4(K, + 1).

foralld €©, |ms — mallv < Apln(AZYh,  (18)

P3: We have, for every n> 1 and for every 6 € ©,

llieoPo™ — 1ayPay" ITv < Capd” sup e (f) — e, (F)l
flsv

—1\1—1
. exp(DGD, "™ !

Ag In(AZ D,
1= pa v

provided that Ay € (0, exp(—1)), with G, := max{K,/(1 — 84), ne,(Va)}. In particu-
lar, if Xée) and X(()QO) have the same probability distribution, say [, then we have
limg g, [[Py" — uPy," ITv =0.

In the general framework of V-geometrically ergodic Markov chains, Property P; and the
first statement in P, are proved in [14, Theorem 1] by using the Keller—Liverani perturba-
tion theorem [29]. The real-valued parameter ¢ in [14] may be replaced with the ®-valued
parameter 6. The inequality (1.8) in P, follows from [23, Proposition 2.1] or [43, (3.19)]. The
formulation of [43, (3.19)] has been preferred to that in [23, Proposition 2.1] in connection
with Property P3. Property P3 is proved in [43, Theorem 3.2] by using the Wasserstein distance
associated with a suitable metric on X defined from the Lyapunov function V, as introduced
in [19].

The goal of this work is to present various applications when both the function F and the
probability distribution p of the noise in Definition 1.1 are perturbed, and to show that the
weak continuity assumption, Assumption 1.4, is well suited to such a study. This last claim is
highlighted by the following first simple application, where only the probability distribution of
the noise is perturbed.

Example 1.2. (IFS with perturbed noise.) Consider the generic IFS introduced in
Definition 1.1 with noise probability distribution pyg. Its transition kernel Py, is given, for all
f€Bo, by (Ppf)x)= f f(F(x,y))dpo(y). Let us consider the specific perturbation scheme
x9 .= F(Xff_)l, ,5”) for X(()g) e X and all n > 1, where {z‘/‘,(,y)}nzl is a sequence of V-valued
i.i.d. random variables with a common parametric probability distribution denoted by p,,. That
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is, we consider an IFS with perturbed noise but fixed function F (e.g. the matrix A is fixed in
the VAR model introduced in Example 1.1). For any f € By such that |f|p < 1, we have, for all
x € X, |(Pp, X)) — (P )0 = llpy — pollTv. It follows that

I1Pp, — Ppollo.a < IPp, — Ppylloo:= . sup [Py, f — Ppoflo < lIpy —pollTv.
feBo, Iflo=<1

Hence, Assumption 1.4 is satisfied provided that lim [|p,, — pollTv =0.

In Section 2, a second application of Theorem 1.1, which again illustrates the interest of
Assumption 1.4, is provided for the real-valued Markov chain X,, := aX,,—1 + 0(X;,—1)0y, for
which all the data «, o(-) and the probability distribution of the noise ©#; are perturbed. This
Markov chain is called an autoregressive process of order one with autoregressive conditional
heteroscedastic errors of order one (AR(1)-ARCH(1)). Such autoregressive models with con-
ditional heteroscedastic errors were introduced to allow the conditional variance of time-series
models to depend on past information. It turns out that such processes fit many types of econo-
metrics and financial data very well where stochastic volatility must be taken into account
(see, e.g., [46]). Note that the perturbation results of Section 2 can be extended to multivari-
ate AR(p)-ARCH(g) processes with any order (p, g) [35] thanks to the material provided in
Section 5.

In Section 3, a third application is presented in the framework of roundoff errors. In applied
mathematics, any analytic material must be run on a computer to get practical answers. This
concerns simulation, approximation, numerical schemes, and so on. Thus, when a Markov
model is implemented on a computer, the original transition kernel P is replaced with a per-
turbed one, say P, and their difference may have a great impact on the results. Such changes
in computer simulations induced by floating point roundoff error were discussed in [7, 42].
In this case, the perturbed transition kernel takes the form i’(x, A):= P(x, h~1(A)), where P
is the transition kernel of a fixed IFS and where 4 : X — X is close to the identity map. The
weak continuity assumption, Assumption 1.4, is still proved to be well adapted, as illustrated
in Proposition 3.1, for the VAR model defined in Example 1.1. Note that the function Fg in
(1.6) is fixed in Example 1.2 so that we do not have to divide by V(x) to prove Assumption 1.4.
Indeed, the inequality [Py, — Pp,llo.0 < [Py — pollTv in Example 1.2 is directly obtained and
it automatically gives Assumption 1.4. When F¢ in (1.6) is not fixed as in Sections 2 and 3, the
division by V(x) in the definition of ||-||p,, must be done to investigate Assumption 1.4.

In Section 4 we propose a new approach to prove the V,-geometrical ergodicity of IFSs of
Lipschitz maps under Condition 1.1, together with a bound on the spectral gap of P (i.e. the
infimum bound of the positive real numbers p, satisfying (1.3)). In Section 5, further appli-
cations of Theorem 1.1 are presented. The goal of Section 5.1 is to show that the arguments
developed in Sections 2 and 3 for specific IFSs of Lipschitz maps naturally extend to more
general IFSs. In Section 5.2 we apply Theorem 1.1 to the case where the function F and the
PDF p of {¢#,},>1 in (1.1) are perturbed, by thresholding and by truncation respectively.

Perturbation theory for Markov chains is a natural issue which has been widely developed in
recent decades. As mentioned in [45, p. 1126] (see also [14]), the strong continuity assumption
introduced in [26, 27], which involves the iterates of both perturbed and unperturbed transi-
tion kernels, does not hold in general for V-geometrically ergodic Markov chains, excepted
for particular perturbed transition kernels (e.g. when Py = Py + 0D; see [3]) and for uniformly
ergodic Markov chains (i.e. when (1.3) holds with a = 0); see [1, 25, 39, 40]. Similar ques-
tions arise for dynamical systems, and [28, p. 316] seems to be the first work which introduced
a weaker continuity assumption using two norms as in Assumption 1.4 (instead of a single
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one in the standard theory). Then, the Keller-Liverani perturbation theorem [4, 29, 31] has
proved to be very powerful for studying the behaviour of the Sinai—-Ruelle-Bowen measures
of certain perturbed dynamical systems (see, e.g., [4, Theorem 2.10] and [16, Theorem 2.8]).
In the context of V-geometrically ergodic Markov chains, Keller’s approach is used in [45]
and the Keller-Liverani theorem is applied in [14, 23]. The recent works of [34, 43] and refer-
ences therein combine Keller’s approach and the elegant idea of [19] using the Wasserstein
distance associated with a suitable metric on X defined from the Lyapunov function V.
Perturbation issues have also been investigated in the framework of roundoff errors [7, 42] (see
Section 3) and in the special case of reversible transition kernels as in Markov chain Monte
Carlo methods; see, e.g., [33, 41] and the references therein. The purpose of this paper is to
show that the material developed in [14, 23, 43] is very well suited to the perturbation of gen-
eral IFSs. In the IFS context, Assumption 1.4 has so far only been investigated in [14, 43]
for the perturbation of univariate AR(1) processes X, := aX,,—1 + ¥, with respect to the con-
tracting coefficient «. Our work shows that Assumption 1.4 allows us to deal with perturbation
schemes of the general IFS (1.1) with respect to both function F and the probability distribution
of 9.

Let us mention that this paper does not address the statistical issues when the model is mis-
specified. Indeed, we do not study the convergence properties of estimators of the parameters
of the Markov model when the data are generated under the ‘wrong’ model and the size n of
the data growths is large (see, e.g., [11, 17] in the Markov context).

2. Robustness of AR(1) with ARCH(1) errors

According to Definition 1.2, we consider the perturbed AR(1)-ARCH(1) real-valued
{X,(le)},,eN defined, for X(()g) a given real-valued random variable, by

foralln>1, X := Fe(x?, 0, 2.1)

where Fg(x, v) =ax+v(B + Ax2)1/2 with constants & € R, B >0, A > 0, and {z‘},ﬁ”}neN has
a common PDF p, and is independent of X(()g). Therefore, we have 0 = (&, y) with & :=
(a, B, A) e R x (0, +00)? and y € I', where I" is some metric space (typically I' C R). Thus,
® is a subset of R x (0, —}—oo)2 x I". Here, d(x;x9) = |x —xg| and xp := 0 so that V,(x) =
(1 + |x])?. The Markov kernel Py of {X,(f))}nEN is given by Py(x, A) := fR 14O)po(x, y) dy
(A e X), with
pox,y):= (B +Ax2)—1/2py (@%) (2.2)
Next, we report the following observations with respect to basic quantities required in
Assumptions 1.2 and 1.3. First, it can be checked (see Lemma B.1) that

Ly, (91) = max(ja — v/A91 ], |a +vA01]). (2.3)
Hence, the real number «, in Assumption 1.3 is
1/a
Kq = Sup (/ max(|a — VM), o+ \/Xv|)apy(v) dv> . (2.4)
0e® \ JR

Second, the real number M, in Assumption 1.2 is given by

1/a
M, := sup BE[|9{"*]"* = sup /B(/ v[“py (v) dv) . 2.5)
0€® 0€® R
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Note that if B8 lies in a compact set, then M, < co under the following uniform moment
condition for the PDF of 9" : sup,cr g V1P, (V) dv < oo,
Let us formulate the assumptions under which the conclusions of Theorem 1.1 hold true for

{X,(,G)}HEN' Let 6y = (g, Bo, *o, Y0) € ©. We denote by L!(R) the usual Lebesgue space, and
by ”'”]LI(R) its norm.
Assumption 2.1. There exists a > 1 such that:

(a) Foreveryr >0, the function

> go /()= inf pe (e, y)= inf (Bo + hoxd)2p, [ —2 20
Y 800,rY) )ce[—r,r]pgO Y X€E[+,r] 0 0 o (;60+)»0x2)1/2

is positive on a subset of [—r, r] that has a positive Lebesgue measure.
(b) M, < oo, where M, is given in (2.5).
(c) kq <1, where kg is given in (2.4).
Assumption 2.2. lim,,_, ,,, 1P, — Py, ll1 Ry = 0.

Proposition 2.1. Under Assumptions 2.1 and 2.2 for the AR(1)-ARCH(1) process given in
(2.1), the assertions P;—P3 of Theorem 1.1 hold.

Proof. Let 6y = («g, Bo, ro, Y0) € é, and let a>1 in Assumption 2.1. As already dis-
cussed, the conditions in Assumptions 2.1(b) and (c) imply that Assumptions 1.2 and 1.3 of
Theorem 1.1 hold. Moreover, we can use (A.1) to state that there exist §, < 1, K, > 0. and
ro > 0 such that PQO Vi<6,Vy—+ Kal[—r‘,,ru}

Next, Assumption 2.1(a) ensures that, for all x € [—74, 74] and A € X, Py, (x, A) > ¢, 9,(A)
with the positive measure ¢, g,(dy) = gg,-(y) dy. In others words, S =[—ry, 4] is a small set
for Pg,. Moreover, ¢, 4,(S) > 0 from Assumption 2.1(a). Then, Assumption 1.1 holds true; see
[5, Theorem 1.1] and [36].

The following lemma asserts that Assumption 1.4 holds true under Assumption 2.2, so the
proof is complete. U

Lemma 2.1. If limy, _, ,, [Py — Py Iy = O then limg_.g, |Ps — Pgyllo.a = 0.
Proof. Let f € By be such that |[f|gp < 1. We have, for all x € X,

|(Pof)) — o _ | S o6, ) = poo 06 YY) dy| _ i [Pox, ) — Py, )] dy
Va(x) B Va(x) N Va(x) .

Let ¢ > 0. Since limy—, 400 V,(x) = +00 and the last term is bounded from above by 2/V,(x),
there exists B > 0 such that

(o)) = Py )| _ e

Va(x) 2
It follows that the conclusion of the lemma holds true provided that, under the condition
limy%yo ”py - pyo ||]Ll(]R) = 0, we have

|x| >B=forall ) € ®, (2.6)

’ - N d
forallA>0, lim sup JrPo(x, y) — poy(x, )l dy _
0—00 |x|<A Va(x)

0. 2.7

Indeed, (2.6) and (2.7) with A = B ensure that ||Py — Py, l|lo,« <& when 0 is sufficiently close
to 6.
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Let us prove (2.7). It follows from (2.2) that

/H; P (x, ¥) — pg,(x, y))| dy

y—ax y — apx
Pr ((ﬂ n m)m) ~Pn ((/30 n xoxz)m) ’ by

y — doXx 2\-1/2 _ 2\—1/2
+pry0(—(ﬂO+kox2)l/z)|(ﬂ+/\x) (Bo + dox*) /2| dy. (2.9

5/ (B + rx2)~1/2
R

First, using the change of variables z=(y — ax)/(8 + Ax2)1/ 2 in the integral (2.8) and the
triangle inequality, we obtain

B B+ ax? \ /2 o —o
(2'8)‘V/R pV(Z)_p”((m) Z+x(ﬂo+kox2)l/2) ‘

<
=< /R 1Py (2) — Py (@) dz + /R [Py0(2) = Py (Dp, 2 (02 + ag (x))] dz, (2.10)
where
B+ rx? 12 o — o
bﬂ )L(X) = (W) ) aa()C) = XW.

The first integral in (2.10) does not depend on x and is equal to [Py — Py, llp1(r). Which
converges to 0 when y — yg from the assumption. Now let A > 0 be fixed. It follows from
Lemma B.2 that limg ) (8,,10) SUP|yj<4 |bg,a(x) — 1] =0 and limgy_ 4, SUP|y|<A ay(x)=0.
Then, under Assumption 2.2, Lemma B.3 allows us to conclude that the second integral in
(2.10) is such that

lim su / 7) — bg ()7 + ay(x))|dz=0.
g Iy SUB | T80 (2) = B (b 002 + 00

Second, let us consider the integral (2.9). We must show that the supremum of this integral
on x € [—A, A] converges to O when (8, A) — (Bo, Ao). We obtain, for any x € R such that
x| <A,

3 . y—agx
Q29 =B+ 1) = (Bo + rox) | X/Rp}@(W) dv

= (Bo + dox?) "2

o o)
— X —
bpa) 2\ o+ 02 )
1 —bp (x) . 24172
=|— Py, (2)dy (change of variables z = (y — ctox)/(Bo + Aox") /)
bg 1 (x) R
t —b,s,x(X)l’
bp(A)

with bg(A) := (B/(Po + rpA2))1/2 < minjy<a bg(x) and fR Pyy(z)dz=1. We know that
lim(g 3)— (By,10) SUP|x|<a 10p,2.(x) — 1/ =0 from Lemma B.2, so the expected convergence
holds. H
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Remark 2.1. If the PDF p,, for the unperturbed AR(1)-ARCH(1) process is continu-
ous on R, then Assumption 2.1(a) (stated to prove Assumption 1.1) can be omitted in
Proposition 2.1. Actually, under the condition fR LFE() (»)*py,(v)dv < 1, which is contained in
Assumption 2.1(c), Assumption 1.1 holds with any real number p, (and the associated constant

C,) such that
1/a
(/RLFSO Py (V) dv) < pg < 1.

Indeed, the kernel pg, (x, y) given by (2.2) is continuous, so Remark 4.3 and Proposition 4.2
ensure that, under the conditions in Assumption 2.1(b) and (c), Py, satisfies (1.3) for any
pa satisfying the above condition. In other words, if the PDF p,, is continuous on R, then
only the conditions in Assumption 2.1(b) and (c) with ® = {6y} are useful in obtaining
Assumption 1.1.

Remark 2.2. It is well known from Scheffé’s lemma [44] that the almost-everywhere point-
wise convergence of the PDF p,, to the PDF p,,, when y — yq provides the L' (R)-convergence
required in Assumption 2.2.

3. Robustness of IFS under roundoff error

From [7, 42], the effect of roundoff errors using a Markov chain with transition kernel P
means considering a Markov chain with a (perturbed) transition kernel of the form P(x, A):=
P(x, h~1(A)), where h: X — X is such that (x) is close to x. Let us consider an X-valued IFS
as defined in Definition 1.1. Let (hg)yee be a family of functions on X such that hg — id when
6 — 6y in a sense to be spe01ﬁed later, where id denotes the identity map on X, ® is a subset

of a metric space, and 6 € @ Then the associated roundoff IFS {X(g)} el 18 defined as

for X(()g) eXandalln>1, X =F, (Xr(le_)l, %),

where Fy(x, v) := hg(F(x,v)) and Fy,(x, v) =id(F(x, v)) = F(x, v). The perturbed/roundoff
transition kernels associated with {Xﬁf)) }en (01 (hg)gee) are given by

forall f e ByandxeX, (Pof)(x)=P(f o hy)(x) = / f((hg o F)(x, v))dp(v).  (3.1)
\%

When the Markov kernel Py, is assumed to be V-geometrically ergodic, the first natural
question is to know whether Py remains V-geometrically ergodic for 6 close to 6. The simplest
way used in [42] to study this question is to assume that ;g — id uniformly on R? when 6 — 6y
(i.e., for all x e RY, ||h(x) — x| < &(6) with limg_, g, €(6) = 0). However, as mentioned in [7],
this assumption is too restrictive in practice since the roundoff errors for some x € R? are
obviously proportional to x. In [7], the authors introduced the weaker assumption ||A(x) — x|| <
e(@)|lx|| with limg_.¢, £(6) =0, and proved that the V-geometric ergodicity property is stable
for the roundoff Markov kernels under some mild assumptions on the function V. Below, as
a by-product of Theorem 1.1, we again find this result in the specific instance of the roundoff
process associated with a VAR model {X,},cn, but more importantly the sensitivity of the
probability distribution of X,(,G) and of the stationary distribution of {Xf,g) }neN when 6 — 6 is
addressed too. These two issues are not investigated in [7].

Let {X},}sen be an R?-valued VAR model as defined in Example 1.1. To simplify, we assume
that, for some p > 1, © is an open subset of R? containing 6y := 0 (the null vector of R”), and
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we consider a family (/9)gce of functions on X := R such that hg = id. Thus, the roundoff

process {Xf,e)}neN associated with Fy(x, y) := hg(Ax + v) is the Markov chain with transition
kernel Py (see (3.1)),

forallf e Bpand xe X, (Pgf)(x)= / f(ho(Ax 4+ v)) dp(v). 3.2)
RY

If g : R? — RY is differentiable and z € RY, we denote by Vg(z) the Jacobian matrix of g at z,
and we set || Vglleo 1= sup,cpq IVE(2)|, where ||| here denotes the induced matrix-norm of
Example 1.1. For the sake of simplicity the norms chosen on R? and R” are both denoted by

I-]l. We introduce the following assumptions in order to apply Theorem 1.1 to {X,(f) }n N

Assumption 3.1. ||A|| < 1 and there exists a > 1 such that E[||91]%] < oo.

Assumption 3.2. supy.q qu lhg W) [|%p(v) dv < o0.

Assumption 3.3. For any 6 € ©, hy is differentiable on RY and supy.g || Vhglloo < [A] 7.
Assumption 3.4.

(a) The probability distribution of ¥1 admits a bounded continuous PDF p satisfying the
following monotonicity-type condition: there exists M > 0 such that, for every z1, 22 €
RY, M < llzill = llz2ll = p(z2) < p(z1).

(b) Forevery € ©, the map hg is a C'-diffeomorphism on RY with inverse function denoted
by go, and the following conditions hold:

(i) There exists ¢ € (0, 1) such that, for all € ® and z € RY, ||go(z) — z|| < c|lzll.
(ii) Forall zeRY, limg_, ¢ go(z) =z

(iii) supyee lIVgolloo < 00, andlimg_o Vgp = id uniformly on each ball of R? centred
at 0, i.e. for all A >0 and n > 0 there exists o > 0 such that, for all 6 € ® with
101l <o, supy<a IVgo(z) —id|l < 1.

Proposition 3.1. Under Assumptions 3.1-3.4 for a VAR process as defined in Example 1.1, the
assertions Pj—P3 of Theorem 1.1 hold for every real number p, € (||A|l, 1) (and associated
constant Cg).

Remark 3.1. The conditions in Assumption 3.4(b) focus on the inverse function gy of hy
because gy naturally occurs in the proof after a change of variable. Note that, as in [7], the
uniform convergence limg_,o go = id (or limyp_,¢ hy = id) is not required on the whole space
R? in the above assumptions. For instance, the roundoff functions /g (x) = x + Ox (simple per-
turbation of id on R) satisfy the above assumptions, but neither the convergence limg_, o gg = id
nor the convergence limg_, o hg = id are uniform on R.

Proof. Recall that 8y = 0 here. We know that Assumption 1.1 holds (see Remark 4.2). Next,
for any 6 € ® and z € RY, set I'g(z) = | det Vgy(2)|. Then, using (3.2), Py has the form

for allf € By and x € RY, (Pyf)(x) = / f(@p(go(z) —Ax)Me(2) dz
Ra
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from the change of variable z = hy(Ax + v). Recall that Py is the transition kernel of the R7-
valued IFS {Xﬁf))}neN associated with Fg(x, v) := hg(Ax +v). Then, Assumption 3.2 is just
Assumption 1.2 (here xo =0), while Assumption 1.3 is implied by Assumption 3.3 from
Taylor’s inequality applied to Ag.

Next, we prove Assumption 1.4. For every r > 0, let B(O, r)={z € RY: ||z|| < r}. Letf € By
be such that |f|g < 1, and let x € RY. Fix ¢ > 0. First, let K = K(¢) > 0 be such that (1 + K)™¢ <

&/2. Then
|(Pof)(x) — (Pof )(x)| 2
q
for all x e R? \ B(0, K), Ve < Ve 3.3)
Now we assume that x € B(0, K). Note that
|(Pof)(x) — (Pof)(X)| < /R \ Ip(go(z) —Ax)Lo(2) — p(z — Ax)| dz (3.4)

since gg =id. Setd := 2/(1 — ¢), where c is given in Assumption 3.4(b)(i). Note that ||Ax|| < K
and that Assumption 3.4(b)(i) provides, for all z € R?, ||gg(2)|| > (1 — ¢)||z||. Then we have, for
every z € R such that ||z|| > dK,

S
) B

1
llgo(z) — Axll > llge (DIl — lAx]| = (1 = o)|zll = K = (1 = o)|lzll — EIIZII >
It follows from Assumption 3.4(a) that we have, for every 6 € ®,
lzll > B = B(¢g) := max(dM, dK) = p(go(z) — Ax) < p(d~'2).

Since the function z — p(d~'z) is Lebesgue integrable on RY, we can choose C = C(g) > 0
such that /\IZHZC p(d_lz) dz <¢&/2(y + 1), where y := supy¢g Sup,cgrq I'9(z). Note that y < oo
from the first condition of Assumption 3.4(b)(iii) and from the continuity of the function det(-).
Set D = max(B, C). We deduce from the triangle inequality that, for every 6 € ©,

_ I3
/ [p(ge(z) —ANy(z) —p(z—Ax)|dz<(y + 1) pd'z)dz < 7 (3.5)
lzl=D lzll=C
Now we investigate the integrand in (3.4) for z € B(0, D) (recall that x € B(0, K)). First,
setting m := sup,cgrq P(u), we have, for every z € B(0, D) and x € B(0, K),

Ip(go(z) —AX)I0(2) — p(z — AX)| < ¥ Ip(go(2) — Ax) — p(z —Ax)[ +m|To(z) — 1. (3.6)

We have, for all z € B(0, D), ||go(2)|| < (1 + ¢)D (using Assumption 3.4(b)(i)). From the stan-
dard statement for uniform convergence of differentiable functions, we deduce from the
conditions in Assumption 3.4(b)(ii) and (b)(iii) that limg_, ¢ gg = id uniformly on B(0, D). Let
£p denote the volume of B(0, D) with respect to Lebesgue’s measure on R?. From the previous
uniform convergence and from the uniform continuity of p on B(0, (1 4 ¢)D + K), there exists
an open neighbourhood Vj of 8 =0 in R” such that

forall 6 € Vo, z€ B, D), and x € BO, K),  [p(gs(2) — Ax) — p(z — Ax)| < 4); .
D

Moreover, there exists an open neighbourhood V) C Vy of 8 =0 in R? such that

foralld €V, and z€ B(0, D), |Ty(z)—1| < £
dmlp
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from Assumption 3.4(b)(iii) and from the uniform continuity of the function det(-) on every
compact subset of the set M (R) of real g x g matrices. It then follows from (3.6) that

forall & € Vg, z€ B(0, D), and x € B(0, K), |p(go(z) —Ax)[g(z) — p(z — Ax)| < %
D

Integrating this inequality on B(0, D) gives

for all € V} and x € B(0, K), / Ip(go(z) —Ax)T9(2) — p(z —Ax)|dz <
llzll<D

(3.7

| ™

We deduce from (3.4), (3.5), and (3.7) that

|(Pef)(x) — (Pof) ()

for all @ € V) and x € B(0, K),
orall 8 € Vj and x € B( ) Vo)

= |(Pef)(x) — (PofH)(0)| < &.
This inequality, combined with (3.3), gives Assumption 1.4. (|

4. V,-geometric ergodicity of IFS

For a > 1, define for any x € X, p(x) := 1 + d(x, xp), so that V,(x) := p(x)?, and let us
introduce the following space L,:

Lg:= {f:X—)(C:ma(f):: sup
()X, xz£y

{ ) ) }<OO}
d(x, y) (p(x) + p(y))a—1 '

Such Lipschitz-weighted spaces were introduced in [30] to obtain the quasi-compactness
of Lipschitz kernels (see also [6, 13, 20, 21, 38]). Note that, for f € L,, we have, for all
xeX, [f()] < [f(xo)| 4+ 2%V my(f) Va(x), so that |f|, < oo for any f € L,. Hence, L, C B,.
Moreover, L, is a Banach space when equipped with the norm, for all f € L,, ||flla:=
ma(f) + |fla-

Let {X,,}en be an IFS of Lipschitz maps as in Definition 1.1. Forallx € X and v € V, we set
F,x:= F(x, v). Recall that we set Lr(v) := L(F),) in Section 1. Since F is fixed in this section,
we simply write L(v) for Lg(v). Similarly, for every (vi, ..., v,) € V" (n € N*), define

Fyw = Fy,0---0F,, L(vy:v1):= L(Fvn:w)- “4.1)

By hypothesis we have L(v) <oo, and thus L(v,:vy) <oo. Note that, for each a> 1,
the limit &, := lim,— o0 E[L(D, : PV exists in [0, +00], since the sequence
(E[L(Dy : 91)*Dnen+ is sub-multiplicative. In this section we first present a standard contrac-
tion/moment condition, Condition 4.1 (counterpart of Condition 1.1 in Section 1), for P given
in (1.2) to have a geometric rate of convergence on L, (see Proposition 4.1). Then the passage
to V,-geometric ergodicity is addressed in Proposition 4.2.

Condition 4.1. For some a € [1, +00),

Eld(xo, F(xo, 91)9)] < oo, (4.2)
Ko< 1. (4.3)
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Note that (4.3) is equivalent to
there exists N € N* such that E[L(9y : 91)] < 1, (4.4)

and Condition 1.1 in Section 1 corresponds to (4.2) and to (4.4) with N = 1.

The properties in the next proposition can be derived from the results of [13, Chapter 6];
see also [6] for the existence and uniqueness of the invariant distribution. For convenience,
in Appendix C the properties (4.5) and (4.6) are proved with explicit constants under the
assumptions (4.2) and (4.4) with N =1 (i.e. E[L(¥1)*] < 1).

Proposition 4.1. ([13, Chapter 6].) Under Condition 4.1, P has a unique invariant distribution
on (X, X), denoted by 1, and we have 7w (d(xo, -)*) < 00. Moreover, the Markov kernel P con-
tinuously acts on Ly, and for any k € (k,, 1), there exist positive constants ¢ = ¢, and ¢’ = cy.
such that:

forallf € Loandn>1, |P'f —a()Ix|s < cc"mu(f); 4.5)

forallfe Loandn>1, |Pf—ra(O)Ixlla < k" ||flq- (4.6)
In particular, if k1,4 := E[L(®)*/? < 1, then
forallf e Loandn>1, |P"f —m()Ix|a <cik1q"ma(f), 4.7
where the constant ¢y is defined by ¢y := V4| ((1 + || ||)*"", with

n 1/b
& := sup sup w < 00, |l := (/X V() dn(y)) forb=1,a.

n>1 xeX Va(x)

Under Condition 4.1, Property (4.5) with f := V, and n:= 1 gives PV, <&V, for some
&1 € (0, +00), so that P continuously acts on ,. But it is worth noticing that Property (4.5)
(or (4.7)) does not provide the V,-geometric ergodicity (1.3) since (4.5) (or (4.7)) is only
established for f € £,. Under Condition 4.1, it was proved in [2, Proposition 5.2] that, if
{X}nen is Harris recurrent and the support of w has a non-empty interior, then {X,},en is
V,-geometrically ergodic. Under Condition 4.1, the Markov chain {X}},en is shown to be V-
geometrically ergodic in [47, Proposition 7.2] provided that P and PV for some N > 1 are Feller
and strongly Feller, respectively. An alternative approach is proposed in Proposition 4.2 below.
The bound (4.8) is the same as in [47, Proposition 7.2], but the Feller-type assumptions of [47]
are replaced with the following: Pt By — B, for some € > 1 is compact (see Remark 4.2 for
comparisons).

Proposition 4.2. Let us assume that Condition 4.1 holds, and that Pt:By— B, for some £ > 1
is compact. Then P is V,-geometrically ergodic, and the spectral gap py,(P) of P on B, (i.e.
the infimum bound of the positive real numbers p, such that Property (1.3) holds) satisfies the
following bound:

pv,(P) <Ka. (4.8)

Proof. To avoid confusion, we simply denote by P the action of P(x, dy) on B,, and we
denote by P|z, the restriction of P to L,. Let § and « be such that k, < x <§ < 1. Then there
exists N € N* such that ck Vmg(V,) < 8V, where ¢ = ¢, is defined in (4.5). Then, Property (4.5)
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applied to f:= V, gives PNV, <8NV, + n(V,). We deduce from [23, Proposition 5.4 and
Remark 5.5] that P is a power-bounded quasi-compact operator on 5,, and that its essential
spectral radius ress(P) satisfies ress(P) <k, since 8 is arbitrarily close to &, (see, e.g., [20] for
the definition of the quasi-compactness and of the essential spectral radius of a bounded linear
operator). From these properties it follows that the adjoint operator P* of P is quasi-compact
on the dual space B}, of B, and that ress(P*) <.

Next, let us establish that P is V,-geometrically ergodic from [24, Proposition 2.1]. Let
ro € (Ka, 1). Prove that A := 1 is the only eigenvalue of P on B, such that ro <|A| < 1. Let
A € C be such an eigenvalue. Then A is also an eigenvalue of P* since P and P* have the same
spectrum and 7es(P*) <%, < |A|. Thus, there exists ' € B, such that f' o P = Af’. But f” is also
in £}, since we have, for all f € L, [{f',f)] < |[f’||Ba/ Ifla < |[f’||Ba/|[f||a. This proves that A is
an eigenvalue of the adjoint of P|,,. Hence A is a spectral value of Pz, . More precisely, A is an
eigenvalue of P, since, from (4.6), P, is quasi-compact on £, and ress(P|c,) <Ky<ryg<
|A]. Finally, we have A = 1. Indeed, if A # 1, then any f € £, satisfying Pf = Af is such that
7(f) =0, and thus f = 0 from (4.6) (pick « € (kg r9)).

Now prove that 1 is a simple eigenvalue of P on 3,. Using the previous property and the fact
that P is power bounded and quasi-compact on B,, we know that P" — IT with respect to the
operator norm on B, where IT is the finite-rank eigenprojection on ker(P — I) = ker(P — I).
The last equality holds since P is power bounded on 5,. Set m := dim ker(P — I). From [47,
Proposition 4.6] (see also [22, Theorem 1]), there exist m linearly independent non-negative
functions f1, . . ., fi, € ker(P — I) and probability measures 1, ..., iy € ker(P* — I) satisfy-
ing pk(V4) < oo such that, for all f € By, TTf = Y ;. uk(f)fi. That 1 is a simple eigenvalue of
P on B, then follows from the first assertion of Proposition 4.1.

From [24, Proposition 2.1] and the previous results, we have proved that, for any ro €
(iKa, 1), we have py,(P) < rp. Thus, py,(P) <kg. O

Remark 4.1. Inequality (4.8) means that, for any real number p € (i, 1), there exists a con-
stant C = C, such that, for all n>1 and f € B,, |P"f — n(f)1x|s < Cp"|f|s. Unfortunately,
neither the proof of Proposition 4.1 nor that of [47, Proposition 7.2] give any information
on the constant C. Computing such an explicit constant C is an intricate issue which is not
addressed in this work (see, e.g., [5, 23, 24, 32, 37] and the references therein). It is worth
mentioning that explicit bounds on p and C are also provided in [15] for a parametrized family
of transition kernels.

Remark 4.2. Assume that every closed ball of X is compact. Let {X},},,en be a Markov chain
such that its transition kernel P satisfies the hypothesis that there exist a positive measure n on
(X, X) and a measurable function K : X2 — [0, +00) such that

forallxe X, P(x,dy)=K(x,y)dn(). 4.9)

If Pt is strongly Feller for some £ > 1, then P is compact from By to B, (see, e.g., [18,
Lemma 3]). Hence, if P admits a kernel as in (4.9), then assuming that PV s strongly Feller
for some N in [47, Proposition 7.2] is more restrictive than the compactness hypothesis of
Proposition 4.2. A detailed comparison with the approach in [47, Proposition 7.2] is provided
in [18] for general Markov kernels. Finally, note that the transition kernel P of a VAR process
(see Example 1.1) is always strongly Feller. Indeed, let f € By be such that ||f|o < 1. Then we
have

forall (x, x) e RY x RY,  |(PH() — (PN < /Rq PG — AG" —x) — p(y)| dy.
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Since t+ p( - —f) is continuous from R to the Lebesgue space L!(RY), it follows that P is
strongly Feller. Thus the V,-geometric ergodicity of P claimed in Example 1.1 follows from
Proposition 4.2. See also [47, Section 8].

Remark 4.3. If {X,,},,cn is an IFS of Lipschitz maps as in Definition 1.1 such that its transition
kernel P satisfies the assumption in (4.9) with K continuous in the first variable, then P is
strongly Feller, thus P? is compact from By to B,, so that the conclusions of Proposition 4.2
hold true under Condition 4.1. Indeed, we have, for all (x, x') € X2 and for any f € By,

|(PAHG) = (PO S/XIK(X’,)’)—K()C, nldn@).

Since K(-,-) >0, fK(-, ydn(y)=1, and limy_ K, y)=K(x,y), we deduce from
Scheffé’s theorem that lim,/_, . fx |K(x', ) — K(x, y)| dn(y) = 0. This proves the desired state-
ment. Note that the previous argument even shows that {Pf, |f|o <1} is equicontinuous, so
that the compactness of P : Bp — B can be directly proved from Ascoli’s theorem.

Remark 4.4. In the proof of Proposition 4.2 the drift inequality PNV, <8VV, + n(V,) was
written with any 8 € (k,, 1) by using Property (4.5) of Proposition 4.1 in order to deduce the
bound ress(P) <k, on the essential spectral radius of P (acting on B,). This bound was suf-
ficient since the remainder of the proof of Proposition 4.2 is based on Property (4.6), from
which we deduce the bound ress(P)z,) <. Actually, for any § € (x4, 1), the drift inequality
PNV, <8NV, 4+ K with some N > 1 and K > 0 can be derived from Condition 4.1 by adapting
the proof in Appendix A (here with Pg, =P and ® = {6}). Then, the more accurate bound
Fess(P) <k2 can be derived from [23, Proposition 5.4 and Remark 5.5] under the compactness
assumption of Proposition 4.2. See also [47, Proposition 7.2], which provides the same bound
under Feller-type assumptions.

5. Further applications

Theorem 1.1 was applied in Section 2 to real-valued AR(1) models with ARCH(1) errors
(see Proposition 2.1), and in Section 3 to the roundoff errors of a VAR model (see Proposition
3.1). Although these applications have been presented for specific IFSs, it is worth notic-
ing that they give a general road map for investigating the issues in P;—P3 of Section 1 for
other instances of R7-valued IFSs, provided that the probability distribution of the noise p,,
in Definition 1.2 admits a PDF with respect to Lebesgue’s measure on V=RY, and that
the change of variable v z = F¢(x, v) is valid for every x € R?, where F¢(-, -) is the per-
turbed function involved in Definition 1.2. In Section 5.1 we propose two examples to support
this claim. Finally, in Section 5.2 we discuss the robustness of IFSs of Lipschitz maps under
perturbation caused by some thresholding and truncation.

5.1. A general non-linear time series model

Denoting by GL,(R) the set of invertible real g x g matrices, consider an IFS {X,},en of
the form
foralln>1, X,=v%X,_1)+BX,_1)%,, 5.1

where ¥ : R? — R?, B: R? — GL4(R), and the random variables {1,},>1 have common PDF
p. If B(x) =1, for any x € RY, where I, is the identity ¢ x ¢ matrix, this Markov chain is called
a functional-coefficient AR model. The Markov model (5.1) encompasses a very large class of
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non-linear time series models (see, e.g., [36, Chapter 2], [46, Chapter 4]), and [8, 9, 10, 35,
and references therein].

As a generalization of Section 2, consider the following general parametric perturbation of
the R9-valued IFS {X},},cn defined in (5.1):

foralln>1, Xfle) = (X(O)

n—1

)+ B (x,”) 07,

with some parametrized maps ¥ :R? — RY and Bg :RY— GL4(R), and with an ii.d.
sequence {ﬁﬁy)}pl of R?-valued random variables with common parametric PDF denoted

by p, (hence 6 = (&, y)). Then, noticing that for every x € R? the change of variable v z:=
Ye(x) + Bg(x)v is valid and leads to Py(x, A) := fR 14(2)pe(x, 2) dz (A € X), with

Po(x, 2):= | det Be(0)| ' py, (Be(0) ™' (z — Y (0))), (5.2)

the following remarks are relevant to investigating Assumptions 1.1-1.4 of Theorem 1.1.

Remark 5.1. If the PDF p,,, of the unperturbed IFS (corresponding to some 6y = (o, o)),
as well as the functions V¢, and Bg,, are continuous on RY, then it follows from Remark
4.3 and Proposition 4.2 that Py, is V,-geometrically ergodic provided that the unperturbed IFS
satisfies Condition 1.1. More precisely, in this case, Assumption 1.1 holds with any real number
0q (and the associated constant C,;) such that E[LF.&O (ﬂfy"))a]l/ “ < pg < 1, where Fg,(x, v) =
Ve, (X) + Bgy ().

Remark 5.2. The moment/contractive conditions (1.4) and (1.5) related to 8y = (&, yp) in
Remark 5.1 involve expectations which depend on the above function Fg, and on the PDF
py,- Hence, the conditions in Assumptions 1.2 and 1.3 consist in assuming that these expec-
tations are respectively bounded and strictly less than 1 in a uniform way on the parameters
0 := (&, y) near Oy = (&, yp) (reducing the set ® if necessary).

Remark 5.3. Thanks to (5.2), Assumption 1.4 holds provided that, for every A > 0,

X, 7) — X,
lim sup / |po(x, 2) — pay(x, 2)| G0,
080 ||x| <A JR (1 + [|lx[)e

since the previous integral is less than 2/(1 + A)* for ||x|| > A. Moreover, the above integral
on RY can be decomposed on some ball of R? and on its complement in order to use the
uniform continuity and decay properties of the kernel py(-, -) (see the proof of Proposition 5.1
in Appendix D).

Next, as a generalization of Section 3, consider the IFS defined by (5.1) under roundoff
error. If (59 )gce is the roundoff family with /g close to g = id when 6 — 0, then the roundoff
transition kernel Py (x, A) = P(x, h;l(A)) is written as Py(x, A) := [ 14(2)p(x, 2) dz with

Po(x, 2):= To(@PBE) ™~ (gs(2) — ¥ (1) (5.3)

from the change of variable v+ z:= hg(¥ (x) + B(x)v), where gy denotes the inverse function
of hg and I'p(z) := | det Bg (x)| 1| det Vgg(z)|. Using the kernels in (5.3), Remarks 5.1-5.3 then

apply.

https://doi.org/10.1017/jpr.2022.107 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.107

Robustness of IFS 937

5.2. Robustness of IFS under thresholding/truncation

Here we consider X := R? (d > 1) equipped with the Euclidean norm |-||, and V := RY
(g > 1) equipped with some norm still denoted by ||| for the sake of simplicity. Let {X,},eN
be an IFS of Lipschitz maps,

forXoeR%andalln>1, X,:= FXp_1, %), (5.4)

with F: R? x R — R and {19, },>1 satisfying the assumptions of Definition 1.1. Suppose that
the probability distribution of 1 is absolutely continuous with respect to Lebesgue’s measure
on RY, with PDF denoted by p. Assume that {X,},cn is V-geometrically ergodic. Then, a nat-
ural question is: what happens if we consider a perturbation of the IFS (5.4) caused by some
thresholding and/or truncation? Such an issue may arise as soon as a numerical implementa-
tion of the model is considered. Thus, let us investigate the robustness of the IFS (5.4) when
thresholding the function F' on the infinite set X and truncating the PDF p on RY.

More precisely, for any & € (0, +00) let @ : RY — R? be the following thresholding
function at level &:

x if |lx]| <&,
for all x € RY, ®g(x)=min(i 1) =

) X .
Ix] E i ) > £

[lxl

Moreover, for any y € (0, +00), define the truncated PDF p,, at level y, for all v € R, by

-1
Py (V) = ¢y p(W)1p(0,y)(v) with ¢y, := <-/]_:? p(v) dV) )

©0,y)

where B(0, y) denotes the ball centred at 0 with radius y in RY. Then, according to Definition
1.2, we consider the perturbed IFS {X,(f)},,EN defined by X(()g) € X and

foralln>1, X := F: (X9, 99),  with Fe(x,v):= ®e(F(x,v), (5.5

where the sequence {ﬁ’(l)/)}n>l of R9-valued i.i.d. random variables is assumed to admit the
common PDF p,. Note that the stability of quantitative bounds for Markov chains via trun-
cation rather than thresholding is studied in [34]. However, it is worth mentioning that we
cannot set Pg(x) =0 for x € R? such that x|l > &, as in [34, Section 3.2, Theorem 9], since
the resulting perturbed process is no longer an IFS of Lipschitz maps. Morevover, note that the
study of {X,(,Q)}HGN does not fit into the framework of Section 3. Indeed, the family {F¢, & > 0}
does not satisfy the assumptions of Section 3 since ®¢ is neither bijective nor differentiable.
By contrast, each function ®¢ is 1-Lipschitz (i.e. L(®¢) = 1), and this property is well suited
to our perturbation approach. Therefore, Proposition 5.1 is stated in the general framework of
Definition 1.1 up to the condition of absolute continuity of the probability distribution of 9.
The proof of Proposition 5.1 is postponed to Appendix D.

Proposition 5.1. Assume that the unperturbed IFS {X,},en given in (5.4) satisfies
Definition 1.1, with v having a PDF on R9. Moreover, suppose that Assumption 1.1
holds for some a > 1, and that M, := E[HF(O, DDV < 00, Ra = E[Lp(91)*1V/4 < 1, and
E[||91]|] < 00. Let k4 € (Kg, 1), and let ® := (0, +00) x (yp, +00), with yg > 0 defined by
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the condition, for all y > yo, ¢, <(ka/Ka)". Then, the perturbed IFS {X,(ze) tneN defined by
(5.5) with 6 € O satisfies P;—P3 of Theorem 1.1 with Ag — 0 when & — +00 and y — +00.
More precisely, for every ¢ € (0, 2) define A, =2% % — 1. Then we have Ay < &, provided that
0:= (&, y) € O is such that

ey — 11+ (1 + (f_> )(E[llfalll“l N <2Ag:<a>‘;a+ (sz) .

Ka

Appendix A. Proof of (1.7)

Suppose that Assumptions 1.2 and 1.3 are fulfilled. Then we prove the drift inequality (1.7)
in Section 1. In fact, for any « € (k,, 1), we prove that the following strengthened inequality
holds:

forall0 € ®, PV, <6:Va+ Kl r1, (A.1)

where the constants §, < 1 and K, > 0 are given in (1.7), and where r,:= (1 + M, + «k, —
k)/(k — kq). We have, for any 6 € ® and any x € X,

(PoV)\ "/ ol 1+ d(Fe (x, 97): 200\ “T\ '/

( Va(x) ) _< ( 1+ d(x; x0) )D

< (IE-(l +d(Fg (x, 9,"); Fe (0, 9{")) + d(Fe (xo, 05”%)6()))”})”“
UL 1 +d(x; x0)

(v oy, d(Fe (xo. ﬁl(y));xt)))” )1/”
(IE_<1—i—d(x;xo)—HJFS(I91 )+ 1 + d(x; x0)

1/a

IA

1

5 N a, B[40 (0, 977"): 0]
1+ d(x; x0)

1+ d(x; x0)

(e
E[LFs ()]
using Holder’s inequality. It follows from Assumptions 1.2 and 1.3 that

(Pevaxx))‘/“ e Ma
Valx) = Ttdarg 47 T+daix)

forall9 € ® and x € X, < (A.2)

For any « € (x4, 1), set rg:= (1 + M, + k4 — k)/(k — k4) > 0. Then we have, for every x € X
such that d(x; xg) > rg,

14+M, - 1+M,

14+dG;xg) — 14+,

=K —Kq.

It follows that, for every 6 € ® and for every x € X such that d(x; xo) > g,
(PoVa)(x) < k“Vy(x). (A.3)

Moreover, for every 6 € ® and for every x € X such that d(x; x9) < r,, we deduce from (A.2)
that
(PoVa)(x) < FuVa(x) < Fo(1 4 14)%, (A.4)

where F, := (1 4+ k, + M,)“. Finally, combining (A.3) and (A.4) provides (A.1), and then (1.7)
with 8, := «,* < land K, := F,(1 +r,)* > 0.
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Appendix B. Complements to Proposition 2.1
First, we prove (2.3).
Lemma B.1. Ler (o, B, A) € R x (0, +00)?,  and, for all (x,v)e R2, F(x,v):= ax+
v/ B + Ax2. Then we have, for every v € R,
F(x,v)—F(y,
Ly sp  FEVZFOI_
(.y)E€R2, xty lx =yl

Proof. Let v € R be fixed, and define, for all x € R, F,,(x) := F(x, v). Then,

max(|ot—\/xv|; |a+ﬁv|). (B.1)

ABv

forallxeR, F,(x)=« B+ 232

XV F// N
MRS

If v=0, (B.1) is obvious. Assume that v > 0. Then F}, is strictly increasing, so that

inf FJ)= lim Fy(x)=a —vAv<a++Av= lim F(x)=sup F,(x).
xeR xX—>—00 x——+00 xeR

Then L(v) < max(|a — \/Xv|; | 4+ \/Xv|) follows from Taylor’s inequality. If v < 0, then F}, is
strictly decreasing, so that

inf Fj(0)= lim Fl(x)=a+viv<a—+Av= lim F)@x)=sup F,(x),
xeR X—>—+00 X—>—00

xeR

and the same conclusion holds. That L(v) > max(la — v/Av|; |a + +/Av|) follows from the
inequality L(v) > |F}(x)| for any x € R, which is easily deduced from the definition of L(v)
in (B.1). Hence, we obtain L(v) > limy+ |F}(x)|. The proof of (B.1) is complete. U

Next, we prove the two following lemmas used in the proof of Proposition 2.1.

Lemma B.2. Let (g, Bo, 10) € R x (0, +00)2. For any (a, B, 1) € R x (0, +00)? and for any
x € R, define

+ax? 12 a—a
bg s (x):= (%) , ay(x):= x 0

NS

Then, for any A > 0,

lim sup |bg(x) —1|=0and lim sup ay(x)=0.
(B.2)—(Bo, 0) |x\£x P x—>ao lesri\ ¢

Proof. Let A > 0. We have, for any x € R such that |x| <A,

- A — Ag)x2 1
lbpa(x)* — 1] = £ ﬂgoi(/\oxz o S%Hﬁ—ﬁolﬂk—kolAz].

Therefore, we have limg ;) (y,10) SUP|y|<A Iblg,;h(x)2 — 1] =0. Since 1 + bg »(x) > 1, we have
[bg.2(x) — 1] < |bg, a(0)? — 1], so that the first convergence is proved. The second one holds

since sup|, <4 |aa ()| <Ala — agl/+/Bo. =
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The following lemma is an easy extension of the classical continuity property of the map
f > f(-+a) from R to L' (R).

Lemma B.3. For any f € L'(R), lim(5)—(0,1) [ [f(a + bz) — f(2)| dz=0.

Proof. Let Ckx(R) be the set of continuous functions on R with compact support. First, if g €
Ck(R), then the desired convergence follows from Lebesgue’s theorem. Second, if f € LY(R),
then we have, for every g € Cx(R) and for every (a, b) € RR? such that b > %

flf(aerz)—f(z)ldz
R
< / \fla+b2) — gla+b2)] dz + / lglat b2) — g dz + / 1) — ()] dz
R R R
1
=~ / £ — 8] dy + / lg(a+b2)— g(2)] dz + / 1) — ()] dz
R R R

< /R 9@+ b2) — gl dz+ 31 — glluige-

We then conclude by using the density of Cx(R) in L!(R). O

Appendix C. Proof of (4.5) and (4.6) under the assumptions (4.2) and (4.4) with N =1

Thoughout this section, the conditions (4.2) and (4.4) with N = 1 are assumed to hold. Note
that (4.4) with N=11s k1 4= E[L(®) 1Y < 1. We prove (4.5) and (4.6) of Proposition 4.1
with explicit constants. Under the general assumption k, < 1 of Assumption 4.1, the proofs of
(4.5) and (4.6) are similar (replace P with PV where N is such that E[L(9y : 91)%] < 1).

That the constant £ in Proposition 4.1 is finite can be easily deduced from the drift inequal-
ity (A.1) which holds here with Py, =P, ® = {6}, and with «; , in place of «,. Now let
us introduce some notation. If @ is a probability measure on X and Xp~ u, we make a
slight abuse of notation in writing {X}},cn for the associated IFS given in Definition 1.1.
We simply write {X}},en When u := §y is the Dirac mass at some x € X. We denote by M,

the set of all the probability measures p on X such that |u|l, := (fX Vo) du(y))l/a < 00.
Finally, for n € N and for any probability measures | and uy on X, define A,(ug, u2):=

d(X4T, X1 (pXA) + p(xii)) .
Lemma C.1. We have, for all n > 1 and (i1, t2) € My x M,
E[An(p1, p)] <&@V B[d(X)", X57) [l lla + llzlla)* (C.1)

Furthermore, we have, for all f € L,,
E[fF(XED) — fXEDN] < 4V ma (e} E[d(X5" . X52) [Almilla + Izl (C2)

Proof Note that X!\ = F ﬂn;ﬁ]Xg from Definition 1.1 and the notation introduced in (4.1).
If a:= 1, then (C.1) follows from the independence of the %, and from the definitions
of L(v) and k1 ,. Now assume that a € (1, +00). Without loss of generality, we can sup-
pose that the sequence {¥,},>1 is independent of (X', X{?). Also note that, if u€ Ma,
then we have E[p(X;)*] = [ (P"Va)(x) du(x) < &|p||. From Holder’s inequality (use 1=
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1/a+ (a — 1)/a), we obtain
E[An(1, 12)] = Eld(Fy,.5,X} ", F,.0, X5 )p(X4) + p(X42))*~"]
<E[dX}", XyOIEILW, : 01)(pXE) + pX2) ]
<E[dX}", XHIEILW, : 1)1 “EL(pXL) + pX)2))4 @/
<E[dX}", XEOIEIL@ DT E“" Dl lla + N2l

This proves (C.1); (C.2) follows from (C.1) and the definition of my(f). O

Now recall that we consider the case N = 1 in (4.4). Let us prove the inequality (4.5) in this
case (that is, (4.7)). Applying (C.2) to p1 := 8, and puy := 7 gives

[P f(x) — (O] < ELF(X) — X1 ]
<&@V (P} BldCe, X1 Sklla + 1 1)
Next, observe that ||6x||, = p(x), and
E[d(x, X§)] < E[d(x, x0) + d(x0, X§)]1 < p(x) + 7 (d(x0, -)) < p(O)|I7l1-
Hence, E[d(x, X)1(I8:lla + 17 l)* ™" < p)* 7 [l1(1 + [l [|o)*~". This proves the expected
inequality.
Finally, to prove (4.6), it remains to study m,(P"f) for f € L£,. Applying (C.2) to 1 := &
and p := 8y for any (x, y) € X2 gives
forallf € La,  |P'f(x) — P"fO)| <&V 9 ma(f)xf d(x, y)(p(x) + por)* .
Thus, ma(P"f) < gw—l)/ama(f);c;{u. Since mg(1x) = 0, this gives
ma(P"f — w(H)lx) <E“" D my(f)xct .
Combining the last inequality with (4.7) gives (4.6).
Appendix D. Proof of Proposition 5.1
For every 6 := (&€, y) € ® := (0, +00) X (Yo, +00), the expectation

E[|Fe (0. 9”)]] = fR LI @(FO. v)[%py () dv < (%) /R IF© %) dv

a

is finite, so Assumption 1.2 holds with xo =0 and M, := NaKa /Ka. Moreover, note that
Ly, <1, so that, forallveV, Lr, (v) < Lr(v). Hence, we have, for every 8 = (€, y) € O,

E[Lr, (9)"] = /R Lr )y dv ey /R LrO) p() dv < ey Rg <.

Thus, Assumption 1.3 holds. It remains to check Assumption 1.4 and to specify the error
term Ay. Let P (respectively Py) denote the transition kernel of the unperturbed IFS {X;},en
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(respectively of the perturbed IFS {X,(Ze) tnen). Let € > 0, and let f € By be such that |[f]g < 1.
First, note that we have, for every x € R? satisfying |lx|| > A,
|(Pof)x) = (PHXI _ 2 .
Va(x) T Valo) T

(D.1)

by the definition of A, in Proposition 5.1. Next, for every 6 := (£, ) € ® and for every x € R¢,
define the following subsets Ey , and Gy  of RY:

E@,)C = {V € Rq ‘ve B(O’ 7/), ”F(xv V)” S s}v

Gox:= {veR!:ve B, y), |Fx,v)| > &}

From the definition of the thresholding function ®¢, we have, for every x € R4,

(Pof)(x) = /R qf (Fe(x, v))py (v) dv

=cy / SFEE, v)Ip()dv+cy / S p)p(v) dv,
E&,x G(?,x
with 1, := £[|F(x, v)|| ' F(x, v). Hence,

|(Pef)(x) — (PHX)] < |cy — 1] /E p(v)dv+ (1 + Cy)/R p(v) dv
0,x

IN\Ep x

K a
<ley =11+ (1 + <%—a) ><P(||191|| >y)+ P(IF(x, D)l > E))
a
from the definition of R?\ Ey , and the condition ¢, < (x, /Ka)*. Now let x € R4 be such
that ||x|| < Ag. Then, for all v € RY, || F(x, v)|| < Lr(v)A¢ + ||F(0, v)|| from F(x, v) = (F(x, v) —
F(0,v)) + F(0,v) and the triangle inequality. Therefore, [Lp(v)Ag <&/2 and ||F(0, V)| <

&/ 2] = ||F(x, v)|| <&, from which we deduce that

P(IF(x, DI > §) < P<LF(19]) > 21) +P<IIF(0, oIl > %)

(2A )a 2a
< 55 E[Lp(ﬁl)“]+$—uE[||F(o, U
_ QAR + (2i,)
= £a
from the Markov inequality. Consequently, we obtain that, for every x € R? such that
llxll < A,
|(Pof)(x) — (P))]

< |(Pef)(x) — (PN

a El 19112 ~ \a 7 \a
§|cy—1|+<1+(f—“) )( [”y;” ]+(2A€K“)€j(2M") )

The conclusion of Proposition 5.1 follows from this and (D.1).

Va(x)
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