
WHICH GRAPHS HAVE ONLY SELF-CONVERSE ORIENTATIONS? 

1 1 
Frank Harary , Edgar Palmer and Cedric Smith 

(received January 12, 1967) 

An orientation of a graph G is an assignment of a unique 
direction to each line of G . The resul t is called an oriented 
graph. Two orientations of a graph a re regarded as equivalent 
if the resulting oriented graphs are isomorphic as directed graphs. 
For example, the graph C consisting of a cycle of length 3 (a 

triangle) shown in Figure 1(a), has exactly two orientations D 

and D ; see Figure 1(b) and (c). Both of these orientations are 

self»converse, i . e. , the reversa l of every direction resul ts in the 
same directed graph. 

- A - A -• A 
(a) (b) (c) 

Figure 1. The two orientations of a tr iangle. 

Not quite every graph has this property . For instance the 
graph P consisting of a path having 3 points, shown in Figure 
2(a), has the 3 orientations given in Figure 1(b), (c), (d). Only 
the f i rs t of these is self-converse, the other two being converses 
of each other. 
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(a ) (b) ( c ) (d) 

F i g u r e 2 . The t h r e e o r i e n t a t i o n s of a t h r e e - p o i n t p a t h . 

A g r a p h is cal led e n t i r e l y s e l f - c o n v e r s e if e a c h of i t s 
o r i e n t a t i o n s i s s e l f - c o n v e r s e . In th is no te , we d e t e r m i n e al l 
such g r a p h s and find tha t t h e r e a r e j u s t five of t h e m . We a l s o 
hand le the s a m e p r o b l e m for m u l t i g r a p h s (in which m o r e than 
one l ine m a y jo in a p a i r of po in t s ) , w h e r e we see tha t t h e r e a r e 
an inf ini te fami ly with th is p r o p e r t y , a l l having the s a m e u n d e r ­
lying g r a p h . F i n a l l y , we o b s e r v e condi t ions for g e n e r a l g r a p h s 
(in which loops can occu r as we l l as m u l t i p l e l ines ) to be self-
c o n v e r s e . 

E a c h of the c y c l e s on four and five p o i n t s , denoted by C 

and C r e s p e c t i v e l y , ha s exac t ly four o r i e n t a t i o n s ( see [3]) . 
5 

One quickly v e r i f i e s that both of t h e s e g r a p h s a r e e n t i r e l y self-
c o n v e r s e . F o r conven ience , the c o m p l e t e g r a p h s on one and two 
po in t s a r e denoted by C and C r e s p e c t i v e l y . We r e f e r to 

[1 , 2, 5] for g r a p h t h e o r e t i c no ta t ion and def in i t ions not g iven h e r e . 
In [4] we e n u m e r a t e s e l f - c o n v e r s e d i g r a p h s with a g iven n u m b e r 
of po in t s and l i n e s . 

T H E O R E M . The only connec ted g r a p h s for which e v e r y 
o r i e n t a t i o n is s e l f - c o n v e r s e a r e the " s m a l l c y c l e s " C , C , C , 

C and C . 
4 5 

F i g u r e 3 . The five e n t i r e l y s e l f - c o n v e r s e g r a p h s . 

P r o o f . We show how to i m p o s e an o r i e n t a t i o n which i s 
not s e l f - c o n v e r s e on any g r a p h G tha t i s not one of the s m a l l 
c y c l e s . 

426 

https://doi.org/10.4153/CMB-1967-040-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-040-0


CASE 1. G is not r e g u l a r . 

F o r e a c h line x = uv of G , e i t he r the d e g r e e s of u and 
v a r e equa l or they a r e not . If they a r e equal , o r i e n t l ine uv 
a r b i t r a r i l y ; if not, o r i e n t th is line f rom the poin t of h igher d e g r e e , 
to the o the r po in t . The o r i e n t a t i o n of G thus obtained is obviously 
not s e l f - c o n v e r s e . 

CASE 2 . G is r e g u l a r of d e g r e e 2r >_ 4 . 

Since G i s connected and has even d e g r e e , we can le t G 
have the o r i e n t a t i o n induced by a d i r ec t ed e u l e r i a n walk; s ee [2] . 
Then each poin t has both i n d e g r e e and o u t d e g r e e equal to r >_ 2 . 
Now choose any point v of G and r e v e r s e a l l of the a r r o w s on 
l ines coming f rom poin ts ad jacen t to v . In the r e s u l t i n g o r i e n t ­
at ion, G has a t r a n s m i t t e r but no r e c e i v e r s , and hence th is 
o r i e n t a t i o n is not s e l f - c o n v e r s e . 

CASE 3 . G i s r e g u l a r of d e g r e e 2r - 1 _> 5 . 

F i r s t we f o r m the jo in C + G by adding a new point to G 

and new l ines joining i t with e v e r y point of G . Since C + G i s 

e u l e r i a n , t h e r e i s an o r i e n t a t i o n of C + G as in Case 2, such 
1 

tha t e ach point ha s both i n d e g r e e and o u t d e g r e e equa l to r >. 3 . 
In the o r i e n t a t i o n thus induced on G itself, each point has both 
i n d e g r e e and o u t d e g r e e at l e a s t 2 . Again by r e v e r s i n g the 
d i r e c t i o n of a l l l ines to a p a r t i c u l a r point , an o r i e n t a t i o n with a 
t r a n s m i t t e r but no r e c e i v e r i s ob ta ined . 

CASE 4 . G i s cubic ( r e g u l a r of d e g r e e 3 ) . 

As in Case 3, we can c o n s t r u c t an o r i e n t a t i o n on G such 
that e a c h po in t h a s i n d e g r e e 2 and ou tdeg ree 1 or v ice v e r s a . 
Le t U be the co l l ec t ion of po in t s with o u t d e g r e e 2 and let W be 
the r e s t . Suppose u and u^ a r e po in ts of U and u , u ^ is a r r 1 2 1 2 
d i r e c t e d l i ne . If the d i r e c t i o n of th is line is r e v e r s e d , u i s a 

t r a n s m i t t e r and t h e r e a r e no r e c e i v e r s in the r e s u l t i n g o r i e n t a t i o n 
of G . S i m i l a r c o n s i d e r a t i o n s show that we m a y a l so a s s u m e 

A g r a p h i s r e g u l a r if a l l po in ts have the s a m e d e g r e e . The 
d e g r e e of a poin t i s the n u m b e r of l ines inc iden t with i t . 
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tha t no two of the po in t s in W a r e ad jacen t . Now choose any 
point v in W and suppose u v and u v a r e d i r e c t e d l i n e s . 

By r e v e r s i n g the d i r e c t i o n s of t h e s e two l i ne s , an o r i e n t a t i o n of 
G i s aga in obtained which has a t r a n s m i t t e r , n a m e l y v , but no 
r e c e i v e r s . 

CASE 5 . G i s a cyc le with m o r e than 5 p o i n t s . 

We exhibi t in F i g u r e 4 an o r i e n t a t i o n of C not i s o m o r p h i c 
o 

wi th i t s c o n v e r s e . The l a r g e r cyc l e s a r e handled s i m i l a r l y . 

F i g u r e 4 . An o r i e n t a t i o n of C which i s not s e l f - c o n v e r s e . 

The c o r r e s p o n d i n g r e s u l t for m u l t i g r a p h s fol lows quickly 
f r o m the t h e o r e m . 

COROLLARY. The only connec ted m u l t i g r a p h s which a r e 
e n t i r e l y s e l f - c o n v e r s e a r e the g r a p h s C , C , C and C and 

those m u l t i g r a p h s whose unde r ly ing g r a p h i s C . 

If a connected m u l t i g r a p h is e n t i r e l y s e l f - c o n v e r s e , i t s 
under ly ing g r a p h m u s t be C , C , C , C or C . Al l m u l t i p l e s 

1 2 3 4 5 
of C c l e a r l y have th i s p r o p e r t y . The me thod in the t h e o r e m i s 

e a s i l y used to c o n s t r u c t an o r i e n t a t i o n which i s not s e l f - c o n v e r s e 
w h e n e v e r t h e r e a r e m u l t i p l e l ines and the unde r ly ing g r a p h i s 
C , C or C . F o r e x a m p l e , a m u l t i g r a p h whose unde r ly ing 

3 4 5 

g r a p h i s C i s shown in F i g u r e 5 t oge the r wi th an o r i e n t a t i o n 

which i s not s e l f - c o n v e r s e . 

F i g u r e 5 . An o r i e n t a t i o n of a m u l t i g r a p h which i s not s e l f - c o n v e r s e . 

E n t i r e l y s e l f - c o n v e r s e g e n e r a l g r a p h s a r e a l l obtained f r o m 
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multigraphs with this property by simply adding exactly the same 
number of loops at each point. Two such general graphs are 
shown in Figure 6. 

Figure 6. Two self-converse general graphs. 
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