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Abstract

We use a linear algebra interpretation of the action of Hecke operators on Drinfeld cusp forms to prove
that when the dimension of the C,-vector space Sy, (GL,(F,[?])) is one, the Hecke operator T; is injective
on S, (GLy (F,y[2])) and Sy, (T'g(?)) is a direct sum of oldforms and newforms.
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1. Introduction

Let Sy(SL»(Z)) be the space of weight k cusp forms of level one. It is well known that
this space admits a basis of Hecke eigenforms, that is, normalised eigenfunctions for all
the Hecke operators T,,. The space S;(I'o(V)) still admits a basis of Hecke eigenforms,
but only for those 7, such that (n, N) = 1. To find a basis of eigenforms for all the
T,, we have to focus on forms that are genuinely of level N and also to consider
the operator U, if p | N, as Atkin and Lehner realised [1]. More precisely, we have
to distinguish between oldforms, that is, forms coming from lower levels M | N, and
newforms, which are defined as the orthogonal complement of oldforms with respect
to the Petersson inner product (see [10, Ch. 5]).

The present paper mainly deals with a function field counterpart of the above
results. It comes after a series of papers [3, 4, 6, 13], in which we investigated:

(1) diagonalisability of Hecke operators;
(2) injectivity of Hecke operators;
(3) newtforms and oldforms,

for the Drinfeld modular forms. Let S ,,(GL2(F,[1])), respectively Sy ,(I'o(p)), be the
space of Drinfeld cusp forms of weight &, type m and level one, respectively level p,
where p = (P) is a prime ideal of O := F,[t] and g a power of a fixed prime p € Z (see
Section 2 for details of the definitions and notation appearing in this introduction).
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Denote by T, and U, respectively the Hecke and Atkin—Lehner operators acting on
Skm(GL2(0)) and Sy (Lo(p)).

One of the challenges in the positive characteristic setting comes from the lack
of a suitable analogue of the Petersson inner product. In [3, 4], we overcame this
using a combination of a combinatorial argument, that is, Teitelbaum interpretation
of cusp forms as harmonic cocycles (see [12]), and of twisted trace maps to describe
what we identify as newforms. The combinatorial method allowed us to describe
explicitly the matrix associated to the U,-operator acting on S, (I'0(»)), when p is
prime generated by a degree-one polynomial, and to formulate a series of conjectures,
supported by numerical search, on the distribution of slopes, that is, p-adic valuations
of eigenvalues of U,, as the weight varies. In [4], among other things, we gave the
following conjecture.

CONJECTURE 1.1 [4, Conjecture 1.1]. With the notation as above,

(1) T, is injective;
(2) SimTo(p)) is the direct sum of oldforms Sg};(ro(p)) and newforms STV (I'g(p)).

k,m
We provided some evidence: in particular,

(a) for the case deg(P) = 1 and dim¢_ (i »(GL2(0))) = 0, in [4, Section 5];
(b) for the case deg(P)=1 and dimc¢_(S;»(GL2(0))) =1, in the (unpublished)
Section 3 of [5].

Recently, Dalal and Kumar [9, Theorem 4.6] provided a new proof for case (b): their
method is based on the analysis of the Fourier coefficients of the image of a generator
via the Hecke operator T, and, hopefully, it is suitable for more generalisations. Since
there seems to be quite some interest in results of this type, we decided to present here
our original proof of this fact based on the linear algebra interpretation of the Hecke
operators T, and U, and of the trace maps 7r and 7’ [3, 4]. The proof is via direct
computation, exploiting the symmetries of the matrices representing these operators.
We believe that such symmetries are the key to improve the results but, to go further, we
probably need a deeper understanding of how they reflect on the action on oldforms,
that is, to find the counterpart for oldforms of the antidiagonal action on newforms
(see [4, Section 5.2]). The statement and an explicit example already appeared in [6,
Example 2.19].

The paper is organised as follows. In Section 2, we recall the objects we shall work
with: Drinfeld modular forms, Hecke operators, degeneracy and trace maps, which
will enable us to define oldforms and newforms despite the absence of an appropriate
inner product. In Section 3, we specialise at p = () and, as in [3], we associate explicit
matrices to all operators. In particular, we describe a matrix M (see (3.2)) that is
involved in the description of U, and has many peculiar symmetries. After that, we
briefly deal with the diagonalisability of M and then prove our main results.

THEOREM 1.2. Assume dimc_, Sg,»(GL,(O)) = 1. Then
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(1) T, is injective (see Theorem 3.1);
) Sim(To() = SPe (To(D) © Spow' (To(2)) (see Theorem 3.2).

k,m

2. Setting and notation

Let K be the global function field F,(f), where g is a power of a fixed prime p € Z.
Fix the prime 1/¢ at co and denote by O := F,[¢] its ring of integers (that is, the ring
of functions regular outside o). Let K., = F,((1/1)) be the completion of K at 1/t and
denote by C,, the completion of an algebraic closure of K.

2.1. Drinfeld modular forms. We work on the Drinfeld upper half-plane, the set
Q := P'(C.) — P!(K,) together with a structure of rigid analytic space (see [11]). The
group GL,(K) acts on Q via Mdbius transformations (4 Z)(z) = (az+ b)/(cz + d).
Let T be an arithmetic subgroup of GL,(O): I has finitely many cusps, represented by
I'\P!(K). For y = (¢ Z) € GLy(Kw), k,m € Z and ¢ : Q — C,, we define

(@ lem¥)(@) = @(y2)(dety)"(cz + d) ™.

DEFINITION 2.1. A rigid analytic function ¢ : Q — C,, is called a Drinfeld modular
function of weight k and type m € Z/o(I')Z for T if

(@ lkmy)@) = ¢(z) forallyeTl,

where o(I') is the number of scalar matrices in I'. A Drinfeld modular function ¢ of
weight k > 0 and type m for I is called a Drinfeld modular form if ¢ is holomorphic at
all cusps and it is called a cusp form if it vanishes at all cusps. The space of Drinfeld
modular forms of weight k and type m for I" will be denoted by My, (I). The subspace
of cuspidal modular forms is denoted by S ,(I).

This definition coincides with [7, Definition 5.1]. Other authors require the function
to be meromorphic (in the sense of rigid analysis, see for example, [8, Definition 1.4])
and would call our functions weakly modular.

Let p = (P) C O be a prime with P irreducible of degree one. We shall work only
with the arithmetic subgroup I'g(p) of upper triangular matrices modulo p and the
spaces S (GL2(0)) and Si,,(T'o(p)) which we call respectively cusp forms of level
one and of level p. Note that in both cases, o(I') = ¢ — 1. To have nontrivial forms, the
weight and type must satisfy k = 2m (mod g — 1).

2.2. Hecke operators. We have the Hecke operators:

To(@)@ = P (@l (59))@ + P > (¢lm (§2))@,  on Sim(GL2(O));

Q€F,

Up@@ =P > (0l ($9))@,  on Sem(To(p).

Q€F,
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2.3. Newforms and oldforms. As already mentioned in the introduction, in the
positive characteristic setting, we do not have an analogue of the Petersson inner
product; therefore, we need a different approach. In [4, Section 3], we defined oldforms
and newforms of level 7. The definition has been generalised in [6, 13], but Dalal and
Kumar in [9, Section 4.3] pointed out the existence of a twisted Eisenstein form both
new and old (for our definition) when the level is pq (q another prime different from p).
Since we shall only work with levels one and p, we can still rely on our original
definition, which we now recall.
We have an injective map

(61,6p) : Skm(GL2(O))* — Skm(To(p))

61,6 1) = 0@ + (Wt (59) )@ = ¢(@) + P"y(P2).

DEFINITION 2.2. The space of oldforms of level p, denoted by SZIZ(FO(p)), is the
subspace of Sy, (I'o(p)) generated by Im(5y, 6y).

We recall that R = {Id,((l) bl) : Q€ F,} is a system of coset representatives for
Lo(P)\GL2(0).

DEFINITION 2.3. We have the following maps defined on S ,(I'o(p)):

* the Fricke involution, which preserves the space Si,,(I'o(p)), represented by the
matrix ¥, := (5 ') and defined by ¢ = (¢ lkm¥o);
* the trace map, defined by

Tr : Sk m(To(p) = Sim(GL2(0))
o ) @l
YER
o the rwisted trace map, defined by

T¥ : SkmTo(p) = Sikm(GL2(0))

@ - Tr(e™).

DEFINITION 2.4. The space of newforms of level p is S,‘;,e’;f(l"o(p)) = Ker(Tr) N Ker(Tr').
The following important criterion is [6, Theorem 2.8 and Corollary 2.10].

THEOREM 2.5. We have a direct sum decomposition Si,(I'o(p)) = SOl (To(p)) @

k,m

ng;“(ro(p)) if and only if the map D := Id — P*"?"(T¥')? is bijective. Moreover,

Ker(D) = {61¢ : ¢ € Skm(GL2(0)), Typ = iPk/2¢}_

3. Main results

For the level ¢ (actually for any prime of degree one), we computed the matrix
associated to the operator U, acting on Si,,(I'0(?)) (using Teitelbaum’s interpretation
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with harmonic cocycles in [3, Section 4] and [4, Sections 3 and 4]). For the
convenience of the reader, we recall the matrices involved in our computations.

To have Si,,(I'o(?)) #0, we need k =2m (mod g — 1), and hence there exists
a unique d € N such that k = 2m + (d — 1)(¢ — 1). For notational reasons, we put
j+1=m(mod g— 1) with 0 <j < g —2: the letters j and d provide the type m and
the dimension of the matrix U associated to the action of U, on Si,,(I'o(#)). The crucial
ingredient is the following matrix. For even d = 2n, put

my,| mp e omy, CDmy, o (D (=17*my
ma, my o omy, (D my, o (1) mg, (=1 my,
T R mpy,1 mp2 e My n (_1)j+lmn,n e (_1)j+1mn,2 (_1)j+lmn,l
T My, Myl o 0 0 (_1)j+lmn+],2 (_1)j+1mn+l,l
May-1,1 0 e 0 0 0 (=17 my14
0 0 .0 0 .. 0 0

(The reason to denote it by T will become apparent shortly.) For odd d = 2n — 1, one
just needs to modify the indices and add the central nth column

(ml,l’h MR mn—l,na O’ I ) 0)'

The entries of T are the binomial coefficients in F,,,

j+d=-axg=1) <+1(j+<d—a)<q—1>)] |
-1y f b
(j+<d—b><q—1>)+( Plse-ng-nll T

(i+d-aXg-1 o
(_1)](j+<a— 1><q—1>) a=>b

My p =

Let A be the antidiagonal matrix

0 (_1)j+1
A= .
(_1)j+l 0

Then A? = I (the identity matrix of dimension ) and the main symmetry of 7 can be
expressed as TA = T. This is clear for even d. For odd d and even j, note that the central
column is identically O by (3.1), while for odd j, one is simply multiplying the central
column by one. Finally, let

M:=T-A. (3.2)

We list here the matrices associated to the maps involved in our computations.
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* The action of U, on S ,,(I'p(?)) is described by

tS] O
U=MD :=M ,
0 t*
where for 1 <i<d, we put s;=j+1+({—1)(g—1) (so that s; + sg41-; = k for
1<i<d/f2orl<i<(d+1)/2accordingly as d is even or odd).
e The matrix for the Fricke involution Fr(¢) is
0 (=% 0 (=1)/*1sa
lm_kF — tm—k R — tm—k .
(" 0 (=1)7*1g 0
Note that F? = *] and AF = D.
* Direct computation (see [3, Section 3.3]) provides the equation

Tr(p) = ¢+ 1"Ul(e™). (3.3)
Its immediate translation in matrix form is

[+ "MD" F) = I + t*"MAF* = I + MA
=A+(T-AA=A+T-AA=TA=T.

* The matrix for the twisted trace follows directly:

"KM + A)F = " *(MF + D)
T’ = " *TF = { " *TAF = " *TD
" KTAF = "*(I + MA)F = " *(F + MD).

* Finally, since the trace acts trivially on Im(d,), it is easy to see that Ker(7r — Id) =
Im(d,), that is, in terms of matrices, Im(6;) = Ker(T — I) = Ker(MA).

3.1. Diagonalisability of M. As seen above, the matrices M and T satisfy a
number of equations. We mention a few more, leading to the diagonalisability of M
(unfortunately not equivalent to the diagonalisability of U = MD, which is included in
[4, Conjecture 1.1] and is related to the conjectures treated in this paper), but we shall
not pursue this topic further here.

(i) Like all trace maps 7> = T and T is diagonalisable. This obviously leads to d”
equations in the entries m;; which are still difficult to handle for a generic d.

(i) Letv = Mw € Im(M). Then Tv = TMw = T(T — A)w = (T? — TA)w = 0, that is,
Im(M) € Ker(T'). Conversely, let v € Ker(T'). Then, writing v = —Aw, we get 0 =
Ty = -TAw = —Tw, that is, w € Ker(T) as well. Therefore, Mw = (T —A)w =
—Aw = v € Im(M). Hence, Im(M) = Ker(T).
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(iii) Finally,
M3 =(T-A)? =(T?*-AT - TA + I)(T - A)
= (-AT +I)(T-A) = -AT* + T+ ATA - A
=T-A=M.

Therefore, for any p # 2, the matrix M is diagonalisable and we can write
v= 3P+ )+ 3Py =) + 0= MPY) = v+,

where each v is in the M-eigenspace of the eigenvalue a € {0, 1, —1}. This reflects the
results of [2], where we found examples of nondiagonalisability of U, in characteristic
two, due to the presence of inseparable eigenvalues associated to newforms.

3.2. Injectivity of T,. In [4], we proved some special cases of Conjecture 1.1
building on the analogue of Theorem 3.2 and on the above matrices/formulae (which
are not available for deg P > 2). In particular, in [4, Theorem 5.5], we proved that when
dimc,, (Sk.»(GL2(0)) = 0, that is, there are no oldforms, the matrix M is antidiagonal
and the conjectures hold. We shall now approach the case dimc_ (Sk»(GL2(0)) = 1.
This will include many more cases since, for example, dim¢_(Sko(GL2(0)) =1 if
and only if g < d <2q -1, by [9, Proposition 4.3] (compare with the bounds of [4,
Theorems 5.8, 5.9, 5.12 and 5.14]).

THEOREM 3.1. Assume dimc_ Im(6,) = 1. Then T, is injective.

PROOF. Observe that, by [6, Proposition 2.5], Ker(T,;) = Ker(MA) N Ker(MDMD).
Thanks to our assumption on the dimension of Im(d;) = Ker(MA) and because the
entries of MA are in F,,, we have dimc_ (Ker(MA) N Ker(MDMD)) < 1 and we can fix
a generator a = (ay,...,aq4) € P?,. To avoid adding the transpose symbol to the several
indices we shall need in the computations, with a little abuse of notation, we shall
write a both for the row vector and for its transpose, the context will clarify which one
we are using. Our goal is to prove a = 0.

We prove the case of even dimension d = 2n; for odd d, the argument is exactly the
same. The vector a satisfies the following equations coming from MAa = O:

(myy — Day + mipas + -+ mya, + (=) myuap1 + - + (1) 'my a2, = 0

+1 i+1
myay + (Mmoo — Dag + -+ mopa, + (=1)""mypapy + -+ (=1)""my a5, = 0

my1ay + myady + -+ + (mn,n - l)an + (_1)j+1mn,nan+l +-oet (_1)j+1mn,la2n =0

j+1 _
Mp1101 + Mypg1 200 + -+ + My pe1 Qo) = Qpa1 + -+ (=1) " mpi1102, = 0

j+1 —
Moy_1,101 — Aop—1 + (=1)/ " my,_1 102, = 0

—dy = 0.
(3.4)
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Now put p(¢) := MDa € Pp[t]z", with coordinates p;(¢). Then (with ay, = 0), p(¢) is
equal to

Mgt + -+ mygant® + (=1 my a5+ -+ (=D g pan, 5
myja ' + -+ mypant™ + (=) g a5 + -+ (1) (map — Dagyoy £

mn,lalts] S +(_1)j+1(mn,n - l)an+ltsn+] Sl (_1)j+1’nn,2a2n—1l‘szml
mn+l,laltsl R (_l)lantsn + n/ln+l,n—lan+21dwrz +oeee+ (_1)J+1mn+l,2a2n—lts2”7]

Mo a1 5 + (=1) apt™
(=1)ar*

(3.5)
Since MDp(t) = 0, we also have the equations:

Myt pr(t) + - -+ + Myt pu () + (=1 im0 py (1) + -+ + (=17 my = D pa, (1) = 0
Mo 1 p1(0) + -+ Mot pu(®) + (= 1) mg 15041 iy (1) + -+ + (= 1) mg 115 p,y(1) = 0

M1 p1(0) + o o My P(0) + (= 1) (= D Pt (1) + -+ + (= 1)y 17 oy (1) = 0

Ma-112° p1(1) + (=112 pa(8) + (= 1) oy 117 P2, (1) = 0
ripi() = 0.

(3.6)

Note that in (3.6), we have polynomials in F,[¢]. From now on, we shall use the identity
principle for polynomials to solve the equations in the g;. From the last row in (3.6),
we get pi(¢) = 0, and comparing with (3.5) and recalling the s; are distinct,

mya; = mypdy = o = Mypdy = Myplpe) = -0 = Mypda-1 = 0.
Substituting in the first and second-last equations in (3.4), we obtain
ap = agp-1 =0,
which also means that p,,(¢) = 0. We can rewrite (3.4), (3.5) and (3.6) as

(map — Day + -+ + mypay + (=) mypapiy + -+ + (=1 'myza2,0 = 0

Mpody + -+ + (mn,n - l)an + (_1)]+1mn,nan+l +-+ (_1)J+lmn,3a2n72 =0

j+1 —
Mpy1200 + +* + My 1Al — Ayl + -+ (D) my 362,20 = 0 3.7

Moyu—2202 — Aop— = 0

ay = a1 = a, =0,
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0

Myt + -+ + Mgl t™ + (=17 my a1 8590 + -+ (=1 my 30, 12

p(t) _ mn,ZaZfZ +eeet mn,nanlsnlﬂ' (_1)j+l(mn,n - l)anJrllsn“ +eeet (._1)j+lmn,3a2n72ts2“72 (3 8)
—Z M1 20287 + - + (=D aut™ + My ot ot + -+ + (=17 my g 300,012 ’

(=1)a
0

and
Mt po(t) + -+ + Myt pu(t) + (=17 my 5 pp (6) + -+ - (=17 my o155 poy 1 (1) = 0
Moot 2 pa() + -+ + Mot pu(t) + (=D g 541 pry (1) + -+ + (=1 (map = DE™ pyyy (1) = 0

mn,2tézp2(1) +oeeet mn,ntsnpn(t) + (_])jH (mn,n - 1)tsﬂ+lpn+l(t) +oeeet (_l)jH’nn.Ztsz"?‘p2n—l(t) =0

(-1)Jrpy (1) =0
p1(t) = p2 () = 0.

(3.9

We repeat the same argument starting now from the second-last equation in (3.9),
which yields p,(¢) = 0. This means

Mypdy =+ = My uly = M pulpsl =+ + = Mp3d2,—2 = 0,

which, substituted in the first equation of (3.7), gives a; = 0. From the second-last
equations in (3.7) and (3.8), az,—» = 0 and p;,—1(f) = 0 as well. Iterating the process,
we see that the specular symmetries between MD ((—1)/ on the antidiagonal) and MA
(—1 on the diagonal) and the positions of the m;; — 1 lead to a = 0. o

3.3. Direct sum. We use the criterion of Theorem 2.5 to show that Ker(D) = 0.
Note that ¢ € Ker(D) yields ¢ — 2"(Tr')*(¢) = 0, that is, ¢ = 5 2"(Tr")*(p) €
St.n(GL2(0)); and hence ¢ is old and, in particular, belongs to Im(d;) = Ker(MA).
So we write ¢ = 8¢ and, by [3, (3.2)], UJ61¢) = 6, T,y — 576, is old as well.
Moreover,

P = (T2 (619) = (T¥ )(T¥ (6:1%))
=T (61)" + t’"‘kU,(élw)) (use the twisted version of (3.3))
= TH(6)™)) + " T (U619))
= 2" KT (614) + "R (UL(619))
= 2"k + T (U619)),
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that is, 7r' (U;(61y)) = 0. We can similarly prove that 7r(U,(61¢)) = O (that is, U,(61¢)
is old and new), but the equations coming from MA and 7’U will be enough for our
purposes.

THEOREM 3.2. If dime,, Im(6) = 1, then Sy ,(To(2)) = S35 (To (1) & Sy (Lo (1)).

PROOF. Take a € P;", satisfying MAa =0 and representing an element 1 =06,¢ €
Ker(9), so that, as seen above, TF(MDa) = 0. We prove that these two relations yield
a = 0, so that Ker(D) = 0 and D is invertible. As before, we only treat the case of even
d =2n.

The equation MAa = 0 gives again the system (3.4) (in particular, a,, = 0). Writing
p(t) = MDa as in (3.5), from TF(MDa) = 0,

myi pr(t) + -+ my 7 pu(0) + my (=07 P () + -+ my (=) pr, (1) = 0
mo 122 p1(8) + « -+ Mgy pr(t) + My (=0 Py () + -+ -+ mo (=) oy (1) = 0

mn,ltslp](t) +et mn,nljnpn(t) + mn,n(_t)xnﬂpnﬂ(t) +-t+ mn,l(_t)sznPQrz(t) =0
My 18 p1(0) + -+ Mgy 1 (=) pan (1) = 0

My 15 p1(t) + Mop 2t po(t) + Mop—22(=1)*"' pryu_1(t) + May—21(=1)" p,(t) =0
M1 p1(8) + mou—1,1(=1)* p2,(t) = 0.

(3.10)

In the last equation of (3.10), the term of highest degree is ma,_11 (=) (=1Ya; ! =
—mz,,_l,laltk (note that p;(¥) has degree at most s,,-; because a,, = 0); therefore,
myu—1,1a1 = 0 and the second-last equation in (3.4) tells us that ay,—; = 0. Now, (3.4)
and (3.5) turn into

(myy — Day + mipas + -+ + mypay + () myane + -+ (=1)7"'my 3a2,2=0
myyar + (map — Dag + - + mopay + (1) mapper + -+ + (=1) my3a0,-2=0

nmy,14a; + nmy 203 +oeeet (mn,n - l)an + (_1)J+1mn,nan+l +--+ (_1)j+1mn,3a2n72:0

j+1 —
My 1101 + Mpy1200 + -2+ My 1 p1Gpo1 — Ayt + -+ (1) my 300,20 =0

Moy—2101 + Mop_220 — dzp— = 0

mou-1,1a1 =0

A1 = Az, =0
G.11)
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and

Muart + -4 my et + (1m0 4 (=1 3ag, 1
My @18+ - M gt + (=1 g 0 4 -+ (1) g 3a, ot

Wln,lall‘s1 L mnmantxn + (_1)j+1(mn,n - ])arwrltxwrl toeet (_1)'H-l"’l}'z,SLIZrkZl‘YZ’PZ
i $5n n j+1 520
Mpe1 10150 + o+ (1Y @t + My g1 @2t + o+ (1) im0 300,082

p(n)=

(=DJayr*
(=1)Jap

Consider the second-last equation in (3.10):
Mop21 8" P1(t) + Mop_22t" pa(t) + moy_22(=1)""" pou1(£) + Map_2,1(=1)"" p2,(t) = 0.
The term with the highest possible degree s1 + 55, = 52 + 52,-1 = k is
Man-22(=0) (=Y aot™ + myy 21 (0 (=1Yar "' = ~(may_22a2 + Mmay—n1a)t",

and hence my,—p1a; + moy—22a, = 0. Looking at the system (3.11), we obtain
az,—» = 0; and hence the degree of p;(¢) is bounded by s5,-3 for all i.

The proof goes on in the same way. It may be less evident than the one for
Theorem 3.1 (where the a; vanished in pairs), but looking always at the terms of degree
k of the (2n — i)th equation of (3.10) and substituting in (3.11), we are able to prove that
az,—; = 0 and, as an immediate consequence from (3.5), that all the p;(f) have degree
at most $»,,—;—1. For example, midway through the proof we get

ml,lalt“ +---+ ml,nants"

aj
a My a1 + - + iy ,ant™
a=|g| and p@=| muiiair +-+ (Yar
Myo,1a18" + -+ + (= 1Y a1 17!
0 :
—Da

Therefore, what remains of (3.4) is

(m]‘] — 1)(,11 +miqay + - +mya, = 0
mp a4 + (m2,2 — 1)(12 + -+ myp pa, = 0
(3.12)

My a1 +myady + -+ + (My, — Da, =0

Apy] = = Ay =0.
Finally, we observe that the nth equation of (3.10) is

mn,ltSlpl(t) +-o mn,ntsnpn(t) + mn,n(_t)SM]pn+l(t) +-0 4+ mn,l(_t)sznpbz(t) =0.
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As before, the term of degree k must have coefficient 0 and it appears only in the final
terms starting from m, ,(—1)**' p,.+1(t). So we get

My pQp + My p_10p—1 + -+ My a1 = 0

and, by (3.12), a, = 0 as well. Iterating we get a = 0 and so our claim. ]

References

[1] A.O.L. Atkin and J. Lehner, ‘Hecke operators on I'o(m)’, Math. Ann. 185 (1970), 134-160.

[2] A. Bandini and M. Valentino, ‘On the Atkin U;-operator for I';(f)-invariant Drinfeld cusp forms’,
Int. J. Number Theory 14 (2018), 2599-2616.

[3] A. Bandini and M. Valentino, ‘On the Atkin U,-operator for I'y(¢)-invariant Drinfeld cusp forms’,
Proc. Amer. Math. Soc. 147 (2019), 4171-4187.

[4] A.Bandini and M. Valentino, ‘On the structure and slopes of Drinfeld cusp forms’, Exp. Math., to
appear. Published online (25 November 2019).

[51 A. Bandini and M. Valentino, ‘On Drinfeld cusp forms of prime level’, Preprint, 2019,
arXiv:1908.09768 [math.NT].

[6] A. Bandini and M. Valentino, ‘Drinfeld cusp forms: oldforms and newforms’, J. Number Theory
237 (2022), 124-144.

[71 G. Bockle, ‘An Eichler—Shimura isomorphism over function fields between Drinfeld modular
forms and cohomology classes of crystals’, available online at https://www l.iwr.uni-heidelberg.de/
fileadmin/groups/arithgeo/templates/data/Gebhard_Boeckle/EiShNew.pdf.

[8] G. Cornelissen, ‘A survey of Drinfeld modular forms’, in: Drinfeld Modules, Modular Schemes and
Applications (eds. E. U. Gekeler, M. van der Put, M. Reversat and J. van Geel) (World Scientific,
Singapore, 1997), 167-187.

[9] T.Dalal and N. Kumar, ‘Notes on Atkin—Lehner theory for Drinfeld modular forms’, Preprint, 2021,
arXiv:2112.10340 [math.NT].

[10] F. Diamond and J. Shurman, A First Course in Modular Forms, Graduate Texts in Mathematics,
228 (Springer, New York, 2005).

[11] J. Fresnel and M. van der Put, Géométrie Analytique Rigide et Applications, Progress in Mathemat-
ics, 18 (Birkhiduser, Boston, MA, 1981).

[12] J.T. Teitelbaum, “The Poisson kernel for Drinfeld modular curves’, J. Amer. Math. Soc. 4(3) (1991),
491-511.

[13] M. Valentino, ‘Atkin—Lehner theory for Drinfeld modular forms and applications’, Ramanujan J.
58 (2022), 633-649.

ANDREA BANDINI, Dipartimento di Matematica,
Universita di Pisa, Largo Bruno Pontecorvo 5, Pisa 56127, Italy
e-mail: andrea.bandini @unipi.it

MARIA VALENTINO, Dipartimento di Matematica e Informatica,

Universita della Calabria, Ponte P. Bucci, Cubo 30B, Rende 87036 (CS), Italy
e-mail: maria.valentino @unical.it

https://doi.org/10.1017/50004972722000582 Published online by Cambridge University Press


https://arxiv.org/abs/1908.09768
https://www1.iwr.uni-heidelberg.de/fileadmin/groups/arithgeo/templates/data/Gebhard_Boeckle/EiShNew.pdf
https://arxiv.org/abs/2112.10340
mailto:andrea.bandini@unipi.it
mailto:maria.valentino@unical.it
https://doi.org/10.1017/S0004972722000582

	1 Introduction
	2 Setting and notation
	2.1 Drinfeld modular forms
	2.2 Hecke operators
	2.3 Newforms and oldforms

	3 Main results
	3.1 Diagonalisability of M
	3.2 Injectivity of Tt
	3.3 Direct sum


