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SOME INEQUALITIES FOR DIOPHANTINE APPROXIMATION
BY CONTINUED FRACTIONS

JINGCHENG TONG

Let ¢ be an irrational number with simple continued fraction expansion §{ =
[ac;a1,az2,...,an,...], let Pn/gn be its nnth convergent and let 8n = gn|gn — pnl.
In this paper a general method is introduced to deduce a series of inequalities
involving the triple (fn_1,0n,0n41).

1. INTRODUCTION

Let £ be an irrational number with simple continued fraction expansion € =
[@0;a1,a2,--.,Qpn,...], where ao is an integer and the a; (1 = 1,2,...) are positive
integers. Let p,/g, denote the nth convergent. The sequence of approximation con-
stants is defined as follows.

(1) 0n = @nlgn€ — Pnl-

About forty years ago, Brauer and Macon (1, 4] proved the following inequalities
involving the triple (6r_1,0n,0n+1):

(2) B 10n0n41 < 4/2T,
(3) 01+ 0.+ 0n+1 < 2,

1 1 1
(4) — b+ >6.

01:. -1 91: on-}- 1

Recently, Jager and Kraaikamp [2] generalised the above results. They proved the
following inequalities which include (2), (3) and (4) for an4y =1.

(5) 0n-10n8nt1 < (@nt1 +1)2/(@n1 +2)°,

(6) Gn_l + 9,, + 9,,_+1 < (2ﬂ.n+1 + 3)/(a,,+1 + 2),
1 1 1 2

(7) — t — 4+ ——>4+tan +

01 0n 0n+1 41 +1 )

In this paper, using the idea in {7, 8], we introduce a general method for deducing
a series of inequalities involving the triple (8,_1,8,,0,41). The results cited above are
very special cases of the new inequalities we obtain.
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2. PRELIMINARIES

Let £ = [ag;a1,a2,..-5,8p,--.], @nt1 = [@Gnt1;Gnt2,...]. Then (see [5, 8]) we have

¢ — Pn _ %ni1Pn + Pn—1 _Pn _ (_l)n

Gn  QAn419n+no1 9n (Cnt1 + dno1/9n)E2
Since ¢n_1/9n = [0,84,8n_1,---,a1], Wwe have that
0n = qalgn€ — pnl = 1/([@n+1;@nt2,-. ] + (0580, 801, .. a1]).

Set P = [an42;@n+3,---], @ = [@anjan-1,..-,81] and A =a,, PQ+ P+ Q. Then
we have the following relations.

] -1 a,,+1P+1 an 1 P+1
8 01!— = _— = = ,
®) ' (Q+an+1+P"l) ant1PQ+P+Q A
_ Z1\— PQ PQ
9 0n = (@ny1 + P71 nTto ===,
©) (ants + +Q7) an1PQ+P+Q A
1 -1 Q1@ +1 1@ +1
10 Opp1=( P+ —m = = .
(10) + ( +an+1+Q-1) an1PQ+P+Q A

Viewing P and @ as variables, one easily finds the following formal partial deriva-
tives with respect to P, Q.

(11) On_1,p = —1/A% ho1,@ = —(@ns1P +1)*/A%,
(12) ::,P = Qz/Az; ::,Q = Pz/Az,
(13) ::+1,P = —(a,11Q + l)z/Az; 9:;+1,Q =-1/A%

3. MAIN RESULTS
We need a very simple lemma (one need only observe that P > an42 and Q > a,).

LEMMA 1. Let f(6n_1,0n,0n+1) be a function defined for 8,_;, 6,,, 8,41 > 0.
Let Ay = anant1an4+2 + an + any2. Then

(1) if f((ent1P +1)/A, (PQ)/ A, (an+1Q +1)/A) is a decreasing function
in both P and @, we have

n + 1 n 1
(14) f(9n—1,9n,9n+1) <f(an+la +2 Gnlni2 Qni10n42 + );

Ap A Ay
(i) if f((ant1P +1)A, (PQ)/A, (an+1Q@ + 1)/A) is an increasing function
in both P and Q, we have

Ant16n12 +1 aja anyia +1
(15) f(on_l,e,,,on+1)>f( I, e, e )
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Since @, > 1, apnt2 = 1, (14) and (15) can be replaced by

Gnp1 +1 1 an+l+1
14/ On—1,6n,0n
( ) -f( n—1,Y%n, +1)<f(an+1 +2,ﬂ-n+1+2’an+1+2 ’
ant1+1 1 ant1 +1
15' 81,00, 0n - . '
(5) f(n 1,Yn, +1)>f(a"+l+2’a"+1+2’¢1n+1+2

THEOREM 1. Ifa,vy> >0, then

(ans1 +1)°17
(an+l + 2)a+ﬂ+1 :

(16) 0;‘,‘_10&07_“ <

n

PROOF: Let f(0n_1,0n,0n4+1) = 60%_,6867. . Then

n+l-
log f)p = oty p+ 0, 5+ 1,
(8.f)p 0., 1,P g, P Onr1 +1,P
_ —a +ﬂ+—7(an+1Q+l)
(a.,,+1P+1)A PA A
BT

Similarly one can show that (log f )’Q < 0. Therefore f(8,-1,0n,0n4+1) is a de-
creasing function in P and Q. By Lemma 1 and (14') we have (16). 0

Letting a = 8 = v = 1, we have inequality (5).
THEOREM 2. If3>a,v2821, A, B,C >0, and aA, vC > BB, then

+1\° 1 A Gny1 +1 7
17) A6%_, + B6P + CO7,, < A(a"+1—> B(-——) C(— .
( ) 1 + n n+1 Qny1 +2 + Qnt1 +2 + Aty +2

PROOF: Let f(6,_1,0,,0,41) = Ab,_1a + B6S + COZ+1 . Then

fp=0aA63716, | p+BBOE6, o ++CO) 16,1 p

_ —ad + BQ*-F N ~C(ant1Q +1)*77
(an+1P + l)a—lAs_a Pﬁ—IAS—ﬂ AS—‘Y
< BBQ*P  4CQ*
A3—B A3

= AP~ (BBQ* P — ATP4CQT).
Since v > B, we have AP = (a,4,PQ+ P + Q)"—ﬁ > Q7P hence

, QP
fp < x5=5(BB —+C) <0.
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Similarly, one can show that fi < 0. By Lemma 1 and (14'), we have inequality
(17). 0

Letting A=B=C =1 and a = 8=+ =1, we have inequality (6).

THEOREM 3. Let a, vy 212> 0,let A, B, C >0 and ad, vC > B.

Then
A B C QAn41 + 2):: B8 (an+2 + 2)7
—t — A B(apys +2 o2+ =
05, 68 * Ors2 (“n+1 +1  B(anra +2)7+ any1 +1

PROOF: Let f(0p_1,0n,0n41) = A46.%, + BO;P + 00;11 . Then

—ad , -8B 0 —C

! ! U
fp= garron-1,p + gaF onp + ik Ony1,p
_ aAA>1 BBAP-1 yCAT?
T (@ P+ 1) PRHIQFTT T (g L0+ 1))
yCAT! BBQ—*#

(ant1Q +1)77"  PPHIATA

Since A =an_1PQ+P+Q > ant1Q +1> Q, we have fp >vC — B > 0.
Similarly one can show that fo; > 0. By Lemma 1 and (15'), we have inequality

(18). 0
Lettinga=f =v=1and 4 = B=C =1 in Theorem 3, we have inequality (7).
THEOREM 4. Let A, C > B2 1. Then

(19) Abn—1 BOn(0bny1 A%Bﬁ“ C%
PROOF: Let f(0n-1,0n,0n41) = A% -1 B%% (COn+1. Then
(log f)p = 6, _1plog A+6, plogB+0y,, plogC
= 5 (1o 4+ @?1og B — (a011Q +1)*log C)

1
< Kz—(Q2 log B — Q? log C)
<0.

Similarly one can show that fo < 0. By Lemma 1 and (14'), we have inequality
(19). ad
Letting A = B = C, we again have inequality (6).
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The significance of Theorems 1,2,3, and 4 is not just that of their statements. They
are examples of a general method. For a given function f(6p_1,0n,0541) involving
parameters, one first finds fp and f, by using expressions (8)-(13) (this is the decisive
step), then one considers proper conditions on the parameters to make f decreasing
or increasing in P or Q. In this way one may deduce numerous other inequalities
involving the triple (8,_1,0,,0,+41).
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