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Abstract

In this paper, we consider a mixed dividend strategy in a dual risk model. The mixed dividend strategy is the
combination of a threshold dividend and a Parisian implementation delays dividend under periodic observation.
Given a series of discrete observation points, when the surplus level is larger than the predetermined bonus barrier
at observation point, the Parisian implementation delays dividend is immediately carried out, and the threshold
dividend is performed continuously during the delayed period. We study the Gerber-Shiu expected discounted
penalty function and the expected discounted dividend payments before ruin in such a dual risk model. Numerical
illustrations are given to study the influence of relevant parameters on the ruin-related quantities and the selection
of the optimal dividend barrier for a given initial surplus level.

1. Introduction

The dual risk model describes the surplus of a company with a fixed expense rate, and earns a random
amount of income at random times. Therefore, it might be appropriate to adopt this model for pharma-
ceutical, petroleum or any business with random growth. The dual risk model was introduced by Avanzi
et al. [4], who studied the expected discounted dividends until ruin for the dual model under the barrier
strategy, and showed that the optimal value of the dividend barrier under the dual model is indepen-
dent of the initial surplus. However, if such a barrier strategy is applied, the ultimate ruin probability
of the company is always to be 1. Ng [21] proposed a threshold dividend strategy to replace the barrier
dividend strategy. In a threshold strategy, excess surplus is paid at a constant rate ¢; > 0 instead of a
single burst. For more studies on the barrier and threshold dividend strategy, see Cheung and Drekic
[7], Gerber and Smith [17], Avanzi et al. [5], Albrecher et al. [3], Yu et al. [31], Peng et al. [22], Zhou
et al. [36], Liu et al. [19], Wang et al. [24], among others.

Although the surplus flow evolves continuously, it is only checked periodically by the board of
directors or tax authority who decide on dividend payments to the shareholders of the insurance company.
These led Albrecher et al. [1,2] to first consider periodic observation of the classical compound Poisson
model. Because ruin and dividend can only be observed at random observation times {v;},, a lump
sum of dividend is payable at such discrete time points. Albrecher et al. [1,2] studied the expected
discounted dividend payments before ruin and the expected discounted penalty function, respectively.
For more related papers on this strategy, see Avanzi and Wong [5], Choi and Cheung [11], Cheung and
Zhang [9], Yu et al. [30] and the references therein.
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In addition to the above-mentioned continuous dividend and periodic dividend, recently, the Parisian
implementation delays dividend have become very popular in ruin theory. The Parisian implementation
delay idea originates from the concept of Parisian options, see Chesney et al. [6]. An example is the
owner of which loses the option if the underlying asset price down-crosses the level b remains below
this level for a time interval longer than d. In particular, Dassios and Wu [14] first introduced Parisian
implementation delays in insurance risk models, if the surplus remains negative for a period of time,
then Parisian ruin occurs, and they obtained the Laplace transform of the Parisian ruin time under
the diffusion-perturbed classical model with exponentially distributed jumps. For more information on
Parisian ruin, we refer to Czarna and Renaud [13], Yang et al. [29], Loeffen et al. [20], Wang and Zhou
[25], Xu et al. [28] and so on. The Parisian implementation delays dividend has also attracted a lot of
interests recently. Cheung and Wong [8] considered the dual risk model with Parisian implementation
delays in dividend payments and derived the expression of the Laplace transform of the time of ruin and
the expected discounted dividends paid until ruin. Zhao et al. [34] studied a spectrally positive Lévy risk
process with Parisian implementation delays in dividend payments and derived the Laplace transform
of the ruin time. For more on the Parisian implementation delays in dividend payments, see Wong and
Cheung [26], Drekic et al. [16], Czarna et al. [12] and the references therein.

In principle, during the delay, the company still has access to the random amount of income at
random times. Due to the uncontrollability of the delay time, the company may experience significant
growth in-between delay dividend times and may wish to distribute a portion of the growth as dividends
immediately. It is assumed that dividend is payable only when the process has stayed above the barrier
for a certain amount of time d > 0. If the process dips below the barrier during that interval, then the
decision is revoked and no dividend is paid. As aresult, shareholders may never get a dividend. Motivated
by this, we propose a class of hybrid dividend strategies that allow continuous dividends within the
deferred dividend period. On the basis of Cheung and Wong [8], we add threshold dividend and periodic
observation. That is to say, for a pre-specified sequence of random observation times {v;};7,,, when the
surplus is observed above the pre-given barrier level b > 0, the Parisian implementation delays is carried
out, and dividends will be paid continuously at a fixed rate ¢; > 0 in the process of delay (during the
delayed period, the surplus drops to b, and the threshold dividend stops correspondingly); if the level of
surplus remains above barrier level b throughout the deferral period, the amount exceeding the barrier
level at the end of the delay will be paid as a lump sum dividend.

The outline of the paper is organized as follows. Section 2 gives an introduction to the model of
this paper, a definition of the function to be studied and also gives some results that will be used in
this paper. In Section 3, we provide the general expression of the expected discounted penalty function
¢p(u), and derive the general result of the function ¢, (u) by calculating the intermediate function in
the expression. In the same way, we give expression and derivation of the expected discounted dividend
function Vj, (1) in Section 4. In Section 5, some numerical examples are given to analyze the effect of
relevant parameters on the ruin-related quantities and the selection of the optimal dividend barrier for a
given initial surplus.

2. The model

We consider companies with deterministic expenses and random gains, its available capital can be
described by the process {U(#) };so (in the absence of dividends) defined via

N (1)
U(t)=u—ct+S(t)=u—ct+ZX,~, >0, 2.1)

i=1

where U(0) = u > 0 is the initial surplus and ¢ > 0 is the constant expense rate per unit time. The
premium number process {N(f)};>0 i a homogeneous Poisson process with intensity 4 > 0, and the
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gain amounts {X;}?*, are mutually independent and identically distributed (i.i.d.), and also independent
of {N(t)}:>0- The time of ruin is given by 79 = inf{r > 0; U(z) = 0}.

Inspired by the articles mentioned in Section 1, this paper aims to propose a mixed dividend strategy
with a Parisian implementation delays in the dual risk model (2.1), which extends the work by Cheung
and Wong [8]. Then, the surplus process is denoted by {U l‘f }+>0. At the observation times {v;}7,, vo = 0,
if the level of surplus x is observed to exceed the previously given barrier b, then the dividend mixture
begins. Defining 7; = v; — v;_; fori = 1,2,..., and assumed that the inter-observation times {Ti};?il
are i.i.d. with same distribution as 7" and are independent of {N(#)},>0 and {X;}:2,. We use {V;}, to
denote the ith Parisian implementation delay when {U g}fZO is observed for the ith time above b. It is
assumed that the delays {V;}, form a sequence of i.i.d. positive random variables that are independent
of {N(#)}s»0. {T;};2, and {X;}?2,. Now, define the threshold dividend model Uy, (¢) based on Model 2.1,
and the auxiliary process W;(¢),i=1,2,...

U(@), 0<t <,
U, v <t<vh j=1,2...,
Up(t) = N ()
b
UG = (c+e)t-v+ > Xovi<t<m,
i=N (v})+1
Up (1), £>0,i=1,
Wi (1) = NG
0= b-c(t—mi)—ci(t-v)+ Z X, t>ni-, i=2,3,...,
i=N (17;-1)+1

where v{ = inf{v; > n,_1; W;(v;) > b},i =1,2,...isthe first time {W;(t)};,,, is above the dividend
barrier; 7; = (v +V;) A6, fori = 1,2,.. ., with the starting point 7o = 0 (x A y = min(x, y)); whereas
0; = inf{t > v{; W;(¢) = b},i=1,2,... represents the first time {W;(?)},>,+ down-crosses level b due
to the expense rate and threshold dividend. The surplus process {U Z (t) }+>0 can now be characterized by

Ud(t)y=Wi(t), mioy<t<m, i=12,.... (2.2)

From the previous hypothesis, we noticed that if {W;()},>,+ stays above the dividend barrier continu-
ously for a period of V; such that W; (v +V;) > b (or equivalently, v{ + V; < 0; so that n; = v] + V),
then a dividend of W;(5;) — b will be paid at time 7;, dragging the process {Ug(t)},zo back to level
b. On the other hand, if {Wi(l‘)}tz‘,lf drops below b within a period of length V; (i.e. 8; < v +V;) so
that n7; = 6;, then no Parisian dividend will be paid at time 7;. The time of ruin in this modified model
{Ug(t)},zo is defined as T = inf{v;; Ug(vi) < 0}. For convenience, we let ¢ + ¢| = ¢;.

To illustrate the features of {Ul‘j(t)},zo, we plot a sample path of it in Figure 1, where “type 1”
and “type 2” represent dividends generated by continuous dividend payments at rate ¢; and Parisian
implementation delays dividend, respectively. In this paper, we are interested in the Gerber-Shiu expected
discounted penalty function that is defined as (classical risk model)

¢(u) := E“[e”Tw(U(1=), |[U@) D z<wj], u 20,

where 6 > 0is the Laplace transform argument, and E* is the expectation of the initial surplus u, /{7 <0}
is an indicator function, w : [0, 00) X [0, 00) — [0, o0) is a measurable penalty function of the U(7—) and
|U(7)|. It has become an important and standard risk measure in ruin theory since various quantities of
interests in ruin theory can be obtained for different values of the discount factor ¢ and different penalty
functions w. For recent research progress on the Gerber-Shiu function, we can refer to work by Lin ez
al. [18], Yuen et al. [32], Zhao and Yin [35], Chi and Lin [10], Deng et al. [15], Zhang and Su [33], Xie
and Zhang [27], among others. In this paper, we consider the Gerber-Shiu expected discounted penalty
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Figure 1. Sample path of{Ug(t)}, >0-

function is simply (a constant multiple of) the Laplace transform of the time of ruin given by

¢Lb(u)’ u< O,
E'[e % I ircoy] = E"[€7°7] = ¢ (1) = dmp(u), 0<u < b, (2.3)
dup(u), b <u,

where the subscripts “L,” “M” and “U” stand for “lower,” “middle” and “upper” layers, respectively.
Note that we have omitted the indicator /(<) of the event {7 < co} in the definition (2.3) because ruin
occurs with probability one in the presence of a barrier. In addition to the Laplace transform of the time
of ruin, we also defined about the expected discounted dividend payments before ruin, which is

E“ | e UL () = b+ e / e % df]l{m«}l
e m;
VLb(u), u<0,
=Vy(u) =4 Varp(u), 0 < u < b, 24
Vup(u), b <u.

Remark 2.1. Theoretically, the classical risk model and the dual risk model have great similarity, the
two are mutual reflection in nature. Through the duality principle, studying a problem in one model can
often provide ideas or even directly solve the problem in another model. Therefore, the classical risk
model and some corresponding existing results are introduced below which will be applied to calculate
Egs. (2.3) and (2.4) later. We first introduce the classical compound Poisson insurance risk process
{Us(t)}:>0 which is defined by

N (1)
Ug(t)=u+ct—S(t):u+ct—ZXi, t>0, 2.5)
i=1

where Ug(0) = u > 0 is the initial surplus, ¢ > 0 is now the incoming premium rate per unit time, S(t)
represents the aggregate claim amounts by time 7 and { X}, is interpreted as the sequence of insurance
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claims. Considering the periodic observation {T,-};.’il, the model (2.5) becomes

Us(vi) = Us(vie)) + T = [S(vi) = S(vie))], i=1,2,.... (2.6)

The time of ruin is defined by 74 = vg,, where k;, = inf{k > 1 : Us(vx) < 0} is the number of
observation intervals before ruin. Similarly, we define the moment when the surplus process first crosses
the barrier b as 7, = vi;, where k; = inf{k > 1 : Us(vx) > b} is the number of observation intervals
before the first crossing barrier . To derive the Gerber-Shiu expected discounted penalty function ¢, ()
and the expected discounted dividend payments before ruin Vj, (1), we made the following assumption.

Assumption 1. We assume that the {T;}2, form an i.i.d. sequence with common density fr(t) = Be P,
t > 0, where the scale parameter 3 > 0.

Assumption 2. We assume that the distribution X of single claim (gain) amount in this paper is
exponential distribution, and its density function is p(x) = aje” ", x > 0.

Assumption 3. We assume that each Parisian implementation delay is deterministic such that V; = d
foralli=1,2,...

Let
Alfx(€) = 1] +ce=6+p, 2.7)

where fx (x) is the density function of single claim quantity, let fx (s) = /Ooo e™** fx (x) dx denote the
Laplace transform of the claim size density. Therefore, Eq. (2.7) can be simplified to

82+(a1_/1+,8+6)8_ (B+06)a

=0. 2.8)

C C

By Eq. (2.8) in Albrecher et al. [2], we known that it has a unique negative solution p; < 0 and a positive
solution p, > 0. Note that for 5 = 0, Eq. (2.8) reduces to the well-known Lundberg fundamental equation
of the compound Poisson risk process. There is also a unique negative root p(l) < 0, and the only positive
root pg > 0.

We define the discounted density of the ruin deficit of {Us()},;>o at random observation to be
h5(ylu), u>0,h5(ylu), u<0.According to the Egs. (2.16) and (2.17) of Albrecher et al. [2]

15(y lu) = (p) — p1)e?™*¥, u >0, 2.9)

Blay + p2)(p) — p1) P Blai + p>) o

hs(ylu) = ) P
° =P (o2 —p0)° T elpr-p° Ve
ﬂ(al ,01) l)l(u+y)l{y>_u}, u<0. (210)
C(,Dz - p1)

We calculate the dividend function V,(x) by analyzing the discounted density of the increment of
the process {Us(?)},>0 between continuous observation time points (see [2]). Due to the Markovian
structure of {Us(?)};0, this sequence of pairs is i.i.d. with generic distribution (7, ZN(T) X; —cT) and
joint Laplace transform is

Ele 6T - Y(Z X; CT) :E[e—[/1+6—¢5—/1MX(—5)]T] :/ e—sygé(y) dy, (2.11)
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Figure 2. Sample path before and after folding.

where g5(y)(—o0 < y < o0) represents the discounted density of the increment Zf\iin X; — cT between
successive observation times, Mx (s) is the moment generating function of X, discounted at rate § with

respect to time 7. According to the Example (4.1) of Albrecher et al. [2], they gives

Blai +p2) P2y

Blai+p1) ,,
plar T pu ,
c(p2 = p1)

, y>0. (2.12)
c(p2 = p1)

gs(y) = . g5y =

3. The Laplace transform of the time of ruin

In this section, we study the Laplace transform of the time of ruin ¢, («). It can be seen from Eq. (2.3)
that the form of ¢, (1) varies with the initial surplus u. Therefore, we first consider the case where the
initial surplus O < u < b. The case where the initial surplus ¥ < 0 and u > b will be resolved later.

For 0 < u < b, we need to distinguish whether ruin occurs before the process was first observed
above or below level b (i.e. ruin occurs before or after v])

bap () = E"[e T Izayry] + E* (e ye <oy bai (D). 3.1)

Similarly, let u = b in the above equation and bring back to the above equation to get

Eu [e—éml{va}]Eb [6_6T1{7-<V]+}]

u) = E*[e %I repn] +
¢Mh( ) [ {r<v] }] 1-Eb [6—6771 1{vl"<‘r}]

(3.2)

It can be seen from Eq. (3.2) that the key to calculate the Laplace transform of the ruin time is to calculate
E" [€_6T1{7<V1+}] and E¥[e™ o™ I{qu}] for 0 < u < b. Next, we will calculate these two expressions
separately.

3.1. The discussion of E*[e™* Iz}, 0 Su < b

When 0 < u < b, the ruin occurred before the first observed surplus was above b, the surplus process
{Ug(t)}tzo simply behaves like the process {U()};so prior to time v{. As a result, the quantity
E"[e %71 {r<vr}] is independent of the distributional assumption on the Parisian implementation delay
for 0 < u < b, so that we have Figure 2.

Theorem 1. When 0 < u < b, we have

(P2 = P (2 = PDI(PY = p1)e D7) — (p¥ — py)eriP=)]
p2(03 = p1)(p2 = p2)e?2? = (o) = p1)(p2 — p3)ert?

E" [6_671{7-<V]+}] = , 0<u<b. (33

https://doi.org/10.1017/50269964822000481 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964822000481

448 K. Hu et al.

Proof. From Figure 3 and Remark 2.1, we want to calculate the E“[e’671{7<vl+}], which can be
observed that the event { < v]} in the process {Ug(t)lUg (0) = u};s0 is equivalent to the event that
{Us(t)|Us(0) = b —u},>o reaches level b before observation dropping below zero. Under such an event,
T in {Ug(t)|Ud(O) = u};»0 is simply 75, in {Us(2)|Up (0) = b — u},so. We have

E“[e° Iizayry) = E[e %™ 1,z )|Us(0) = b —u], 0<u<b, (3.4)

which can be seen as the Laplace transform of 7, when {Us(#)},¢ is above b for the first time before
ruin. In the spirit of Albrecher et al. [1], suppose a penalty function w*(+) is applied to the first overshoot
of {Us (1) },50 over level b avoiding ruin until then and define the quantity

x(W) = E[e ™ w* (Us(1) = ) {z,<z3|Us(0) =u], 0<u<b. (3.5)

According to the Section 4 of Albrecher et al. [1], we have

Xw) = /0 W (Vhs(yluydy. 0<u<b, (3.6)

where hs(y|u) is the discounted density of the overshoot above level b avoiding ruin. Assume again
that both the claim sizes and the observation intervals are exponentially distributed with mean 1/a; and
1/B, we have

e (p2 = P (P2 = P (D5 = pr)er™ — (o} — pr)er]
(03 = p1)(p2 = PP = (p) = p1)(p2 = pYeri®

he(ylu) = , y>0,0<u<b. (37

Therefore, when we consider the penalty function w*(-) = 1, we obtain

© o=P2y _ 50 _ 0 0 _ epgu _ 0 _ ep(l)u
x(u)=/ (P2 = P3)(p2 = p))[(py = p1) (P} —p1) ]dy, O<u<b. (38
0

(03 = p1)(p2 = PNeP? = (p% — p1) (p2 = pY)eri®

Consolidating the above observations, we arrive at Eq. (3.3). So replace u in Eq. (3.8) with b — u.

3.2. The discussion of E* [8_6”11{VI<7—]], 0<uc<bh

Theorem 2. When O < u < b, we have
E"[e M rary] = / (h}(y [b—u)- / E[e™°™ Iz <z,}: Us(1p) € b+dx | Us(0) = b — u]
0 0
h5(y| b +x)) EPYY[e9M] dy, (3.9)

where

W5y [u) = (p9 = pr)e?™*#1Y,y > 0. (3.10)

Proof. Inmodel (2.1), when the level of surplus crosses barrier b, it can be analogous to the deficit at the
moment of ruin in model (2.5). Therefore, the deficit of ruin of surplus process {U Zl (1) }+»0 is equivalent
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Figure 3. Sample path before and after folding.

to the part that the surplus process of {Us(7)};s0 exceeds level b. It can be known from Eq. (2.9) that

0
B (ylu) = (o) = pr)ef™Y, y > 0.

Note that for surplus process {Us (#) };>0, we consider the discounted density of the ruin deficit A% (y | u).
One of the cases is that the time when the surplus level exceeds b is observed for the first time before the
ruin, which is equivalent to that in the surplus process {Ug(l)}zzo, the ruin occurs before the surplus
level exceeds b is observed for the first time which needs to be deducted. The sample trajectories of
surplus process {Ug (1) }+s0 and surplus process {Us(?)};>0 are shown in Figure 3.

Such contribution can be removed by subtracting fooo El[e®™] (ro<ta}; Us(1p) € b+dx|Us(0) =
b — ulhi(y|b + x) from h%(y|b — u). Thus, we can obtain Eq. (3.9). Since the functions
/OOOE[e“ST”I{qud}; Us(tp) € b +dx|Us(0) = b —u]h(y|b + x) can be obtained from the cal-
culation of y(u), refer to Section 4 of Albrecher et al. [1] for details, it suffices to derive E*[e~%™] for
u > b in order to have a full characterization of ¢, (u). Finally, we consider E*[e~%™], u > b.

According to the previous definition, when Ug(O) = u > b, since the surplus was observed above
b at the initial moment, one has that 7; = 6; A d. We found that during the delayed period, due to the
threshold dividend, the surplus level can only be continuously observed until the surplus again recover
to the obstacle level b. For the results of the E¥[e~ %], u > b, can directly be used, where Cheung and
Wong [8] Egs. (4.5), (4.9) and (4.10)

E“ [e—dm] — gu-b [efd(To/\d)]. (3.11)

If ruin occurs before the first gain, then 7y = u/c, with probability e~1*/<2)_In contrast, if there is at
least one gain before ruin, then 79 > u/c,. From the Eq. (4.38) of Seal [23], we know that the density
function fy (¢ | u) at the time of ruin 7 is

© k=1 -t (),
fu(tlu) = Z T()P*k(czt —u), t>ufcy, (3.12)
=1 :

where p*¥(-) is the k-fold convolution density of the gain density p(-) with itself. when u > c,d, ruin
happens after u/c,, which is 7y > d, and we arrive at

E4[e 0" D] = ¢7%4 4 > ¢od. (3.13)
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For 0 < u < ¢»d, conditioning on 7 leads to
E“[e 0] = E* [ cay] + E* [ (ry2a)]

d
= ¢~ (o+u/er +/ e % fu(t|u)dt
ujcy

d
+e % (1 — g~ ulex fu(t|u) dt), 0<u<cyd. (3.14)

u/cy

Note that the density function p(y) = a;e~?, p**(-) is an Erlang(k) density and hence Eq. (3.12)

becomes
) /lktk_le_/ltu a’f(CZt _ u)k*le*al(cﬂfu)
t = , t . 3.15
fultlu) ; % ( =D > ufe; (3.15)

Then, the first integral in Eq. (3.14) is found to be

d
/ e % fu(t|u)dt
/C7

_ (ay)*u k=1 —(1+6)t k=1 —ai(cat—u0)
Zk'(k—l)‘ u/czt e (cat —u)~ e ™ dt

oo

-y 4 Ml/cﬂ" Z (k+i=1)!
Gk =i = DN +a)k

k=1

( ‘ k+i—1 [(M + al)(c2d _ u)]je—((/l+6)/cz+a1)c2d

Wi E N Z @ - uk-fem”). (3.16)
]

J=0

The remaining integral fu C/lcz Jfu(t|u)dt in Eq. (3.14) is simply a special case of the above expression
with 6 = 0, and because that

h:}(y|b—u)—/ E[e_6T”I{Tb<Td};US(T;,)€b+dx|US(0):b—u]hg(y|b+x)
0

- 0(b—
(2= P) (P2 = PYL(PS = p1)e? ™) — (p) = pr)ert® W])
0 0
pP2(05 = p1)(p2 = p)e2” — (p] = p1)(p2 = p9)e”?

0 _0
= (p) = pr)er PP (e P

(3.17)
Application of Egs. (3.11), (3.13) and (3.14) to Eq. (3.9) leads to
E”[e_éml{v]*<r}]
_ 0 _ 0 0 _ o0 (b-u) _ 0 _ 00 (b-u)
= (o)~ pr)et? (e_p?u+ (p2= P (P2 = PO (03 plo)ez (% = p1)e” : ])
piP2(p3 = p1)(p2 = P2’ = (p) = p1)(p2 — p9)e’?
1 (&2 pyed)  _sa| ] 1 ~(£-pi)ed
X —(l—e o PN e —+ (1 — et Predy
{% — Pi ) P1 é — pP1
Czd d L'zd d
+/ ep‘y/ e_‘s’fU(t|y)dtdy—e_‘sd/ ep‘y/ fu(tly)dtdyy, O0<u<b.
0 y/ea 0 i
(3.18)
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Using Eq. (3.15), the first double integral above is evaluated as

Czd d
/ ep‘y/ e fy(tly) dt dy
vl
i ”"‘)"Z (k+i—1)! 1 (k —i)!
l'(k—i—l)!(M_pl)kﬂ' (%_pl)k—iﬂ
SAC= — pr)cad]ie G P kil (/l+6 )j
- ~P1

!
j=0 J: j=0

_(M_pl)qd (Czd)j+k_i+l (k — i)!
Grk—i+D) |’

(&)

Xe

(3.19)

and the second double integral in Eq. (3.18) can be directly set as 6 = 0 in Eq. (3.19). With the Eqgs.
(3.18) and (3.3) derived, ¢psp (1), 0 < u < b are determined by Eq. (3.2). ]

The following two Remarks respectively give the results satisfied by ¢y (1) and ¢pp (u).

Remark 3.1. Whenu > b, at the time of the first observation, there are two scenarios for surplus ¢y, (1)

1. When the first observation is made, surplus UZ([) is already ruin (UZ(V]) <0,

xu, (u) = / 85(y) dy. (3.20)

2. When the first observation is occurred, the surplus U Z(t) is above 0 (U g(vl) > 0),

u—b

@)= [ gty s [T g B Dy (b) dy
+ /0 T g ()E [ (b) dy. (3.21)
So ¢y, () can be expressed as
dub(u) = xu, (u) + xu, (u)
= /u_ub 8s(Mémp(u—y)dy+ /um gs(y)dy + /Ou_b 8s(y)
X E" [0 D) gy, (b) dy
+ /0 ) S EY [0 g (B) dy,  u > b. (3.22)

Remark 3.2. When u < 0, at the time of the first observation, there are also two scenarios for surplus

drp ().

1. When the first observation is made, surplus U;f () is already ruin (Ug(vl) < 0),

XL.(M)=/0 g;(y)dy+/0 g5(y)dy. (3.23)
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2. When the first observation is occurred, the surplus Ul‘f (¢) is above 0 (Ug(vl) > 0),

(o]

b-u
Xi,(u) = / g5 dump(u+y) dy + / s E e g1, (D) dy. (3.24)

u b-u

Then ¢, (1) can be expressed as
Lo (u) = xr, () + x1, (1)

) —u b-u
=/O g;(y)dy+/0 gfs(y)dy+[ 85(V)omp(u+y)dy

u

+ / gE(E" P[0 ) gy, (b) dy, u <O. (3.25)
b

—u

4. The expected discounted dividends until ruin

In this section, we study the expected discounted dividend payments before ruin Vj;p, (u). Similar to
Section 3, we first consider the case where the initial surplus 0 < u < b. Since it is a Parisian
implementation delays in a dividend model with periodic observations, we note that dividend payment
is possible only if the process {U g (t) }+s0 is observed above barrier b before ruin, which leads to

vt

1
e om e O dt

Vmp(u) = E*

U;,’(n,‘)—b+c1/

m

1{v;<r}l
+E"[e7 M 1y ey lVip (D), 0 <u<b. 4.1)
Besides, Eq. (4.1) at u = b implies

Ug(nl_)—b+cl‘/ ey

7]1’

Varp(u) = E* |e7 ™M

1{v;<r}l

E“[e70M Ly eryJEP [ U () = b+ ey [ e dilyer)]

+ . 4.2
1-Eb [e_éml{vl*<‘r}] *2)

The calculation of Eq. (4.2) is same as the calculation of Laplace transform of the time of ruin
dmp(u), and the final result is directly given here. The case where the initial surplus u < 0 and
u > b will be resolved later. Since E* [e"s”‘l{yrq}] is given in Eq. (3.18), we only need to calculate

E[en [UL () —b+er [7 e dillypen],0 S u s b,

Theorem 3. When O < u < b, we have

v

Ug(nf)—b+cl/ e dr

7]1‘

E" 67677] I{vl"<‘r}

=/0. (hg(be—u)—/O E[e“ST"I{qud};US(Tb)eb+dx|U5(O)=b—u]h*(;(y|b+x))

d To
X (Ey [e_ad [U(d) - / e ot dt” -E [e_‘mcl/ e ot dtI{TO<d}}
0 0

d
e %d [U(d) - / e ot dt] I{To>d}]) dy.
0

+E”
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Proof. Analogous to Eq. (3.9), the former quantity can be expressed in terms of the latter one via

vt

1
E"|e~om [Ug(nf) —-b+c / e %! dt]l{v;fq}l

m

:l (hg(be—u)—'/o E[e_‘ST"I{quL,};US(Tb)€b+dx|Us(O):b—u]hg(y|b+x)

+

vV,
e om [Ul‘j(nl_) —b+c; / I e %" di]

7];

x EbY dy. (4.3)

According to the definitions in Section 3.2, when UZ(O) =U(0) =u > b, itgivesthatn, = 6 Ad as the

surplus was observed above b at the initial moment. Hence, E*[e~ %™ [Ug(nl‘) —b+c f] 7V,‘ e % dt]]
1

can be written as

v

1
E" e % dr]

e om [Ug(nl_) -b+c /

ny

ToAd
= fu? [e_é(TUAd)[U(To Ad) - c / e o df]] , u>b. 44)
0

In order to obtain Vj;;, (1), we need to compute E*[e~ 0™ ) [U(1y A d) — ¢, fOTOAd e~ dt]], u> 0.1t

is similar to Eq. (3.13), ruin occurs after u/c, when u > c,d, which is 1y > d, and we arrive at

ToAd d
E" [e‘s(m/\d) [U(tgAd) —c / e o dt]] = E" [e5d[U(d) —-c / e %! dt]]
0 0

= 0d [u + (AE[X)] - ¢)d - %(1 - e-ﬁd)] . 45)

For 0 < u < c,d, conditioning on 7y leads to

ToAd d
E" [e_é(TUAd) [U(to A d) — ¢ / e ot dt]] = E* [e“”[U(d) —ci / e ot dt]l{mzd}}
0 0

70
—E4 [e—“@c1 / e“”dtl{mq,}]. (4.6)
0

For the first term to the right of Eq. (4.6), we have

d d

u | ,-od _ -5t — Fu |,—0d —
E [e [U(d) Cl./o e dt]l{mzd}] E [e [U(d) c1/

e 9! dt]]
0

d
- E* [e‘m[U(d) - / e ! dt]1{70<d}]
d—T()

d
= e % (u+ (AE[Xi] - ¢) {d— (d—1)fy(t|u)dt - (d— l) e‘“cz)}
u/c; 2
c d e d d
——(1—e-‘5d)+c1/ e e dt + ¢4 fU(t|u)/ e % dzdt). 4.7
0 d-u/c; ujcy d-t
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The other term in Eq. (4.6)

To
Eu |:e—5T()C1/ €_6t dt]{‘rg<d}:|
0

—s4 Cq
— o —(1-
e 26(

Then

-om

E" |e

m

0

_ 0 —
= e %(p) — p1)en” (e Pk 4

v

d _ 1
Ub(m)—b+c1/

(p2 -

e % dt

d t
6_53)+'/ e“”cl‘/ e %% dzfy (t | u) dt.
0

ujcy

Tyrary

P9 (02 = PO [(PY = p1)e 2B — (p0 — py)eriP=0]

0
pP2(p3 = p1)(p2 — P2 — (p) = p1)(p2 — I

s (2
cre (& p‘)czd—cl cp—cre (mpned  gpied -6d ¢l -od
X 5 %5 * S
5(u pl) 6(62 pl) P

Lok

d

-0 Cc)
( %)fu(tlu)dtdy—/o eP'y{%u—e-M)

CE e - S 1 (a
+Ci St e fU(f|M) dzdtpdy+— —|—+c,
0 e \pi

1

d 1
-— —d/ e”‘y/ fu(tly) dtdy+/ e"‘y/ tfu(tly)dtdy - ——
p1 0 2 0 x A =201

% (czd— . 1 (1 _ e(pl—(i'z)Czd))
o —P1

}, 0<uc<hb.

Using Eq. (3.19), the double integral above is evaluated as

cd d 0o k . |
o1y -6t _ (=4p1) (k+i-1)!
‘/0 e L te” fy(tly) dt dy kz 1)|Ck+1 Z ik —i)! (,1:25_

(k+1-i |, "*z‘j" [(42

)

(M — pr)k-i+?

i (e —p)erd i—
~ perd)e ks

j=0
—(M—pl)czd (CZd)]+k l+2(k l)'
(G+k—-i+2)! |’

Jj=0

E ' _Z(/l+6

4.8)

|

(4.9)

(4.10)

and the second double integral in Equation (4.9) can be directly set as 6 = 0 in Eq. (3.19), the third

double integral in Eq. (4.9) can be directly set as ¢ = 0 in Eq. (4.10). With Egs. (3.18) and (4.9) derived,
Vb (1), 0 < u < b are determined by Eq. (4.2).

The following two Remarks respectively give the results satisfied by Vi, (1) and Vi, (u).

O

Remark 4.1. Whenu > b, at the time of the first observation, there are two scenarios for surplus Vi, (1)

1. When the first observation is made, surplus U (7) is already ruin (Ug (v;) < 0),

Xy, (1) = / gs5(y) dy.
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2. When the first observation is occurred, the surplus Ug(t) is above 0 (Ug (v1) > 0),

Xy, () = / . s Vup(u—y)dy

ueb ToNd
+/ g:;(y) {Eu—y—b [e—é(‘ro/\d) [U(T() Ad) - cy / e %! dl]]
0 0

+Eu_y_b[8_6(T0Ad)]VMb(b)} dy+/ g5(y) {E‘”"‘b [e“s(““’) [U(To A d)
0

ToAd
—c1 / e %" dt
0

So Vyp(u) can be expressed as

+ E“*y—b[e—5<T°Ad>]vM,,(b)} dy. (4.12)

Vup (u) = xy, (u) X0+ x, (u)

u-b
— / g(_s(y) {Eu—y—b [e—é(‘ro/\d)
0

ToANd
U(tog Ad) — ¢y / e % dt”
0

+EUYb [e—é(To/\d)]VMb(b)} dy +/ g:;(y) {Eu+y—b [e—é(To/\d) Uty Ad)
0
ToNd
- / e %" dr||+E"P [e"‘s(T“Ad)]VMb(b)} dy
0
+/ gsMVmp(u—y)dy, u>b. (4.13)
u-b

Remark 4.2. When u < 0, at the time of the first observation, there are two scenarios for surplus Vg, ().

1. When the first observation is made, surplus U (1) is already ruin (Ug (v;) < 0),

)(Zl(u)=/0 g;(y)dy+/0 g5 () dy. (4.14)

2. When the first observation is occurred, the surplus U l‘j(t) is above 0 (U g(vl) > 0),

b-u
X () = / 5 () Varn (e + ) dy

u

o ToAd
T R e
b-u 0

T [e“S(TOAd)]VMb(b)} dy. (4.15)
So Vi, (u) can be expressed as

Vi (u) = x7, (u) X0+ x7,(u)
0o ToAd
= / g;(y){E””’b [e‘s(f"/\d) [U(TQ Ad) —c / et dt”
b-u 0

b-u
s [e5<foAd>]vMb(b)} dy + / gEONVap(w+y)dy, u<DO. (4.16)

—u
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Remark 4.3. The key computational procedure for ¢, (1) and V}, (1) is summarized in below:

1. Since the initial surplus U[‘f(O) = u can be any value, ¢, (u) can be expressed as ¢, (u) for u <0,
dprp(u) for 0 < u < b and ¢yp (u) for b < u. In the same way, V, (1) can be expressed as Vi (u)
foru < 0, Vpsp(u) for 0 < u < b and Vyp(u) for b < u.

2. Through simplification of Egs. (3.2) and (4.2), it is found that ¢, (1) and+VMb (u) is only related

to E* [e_éTI{T<V1+}], E" [8_677‘I{VI+<T}] and E*[e~°™M [UZ (T]I) -b+c /”‘1:1 e o dt]l{yl‘r<-r}] for
0<u<baswell as E[e %] foru > b.

3. Use Eq. (3.3) to get E"[e™°"I{z<y+)] for 0 < u < b.

4. Determine E* [6‘5’7‘1{V]+<T}] for 0 < u < b by Eq. (3.18), where the first double integrals therein is
evaluated by Eq. (3.19) (with the second double integral in Eq. (3.18) can be directly set as 6 = 0 in
Eq. (3.19)).

5. Determine E*[e~%""] for u > b by Eq. (3.11), it can be broken down into Egs. (3.13) and (3.14),
where the two integrals therein are evaluated by Eq. (3.16) (the remaining integral /u 0/102 fu(-)dtin
Eq. (3.14) is simply a special case of the above expression with 6 = 0).

6. Get E4[e~ %™ [Uif(nf) —-b+c f'ﬁ e ot dt]l{ys<ry] for 0 < u < b by Eq. (4.9), where the first
double integral is Eq. (4.10), and the second double integral in Eq. (4.9) can be directly set as 6 =0
in Eq. (3.19), the third double integral in Eq. (4.9) can be directly set as 6 = 0 in Eq. (4.10).

Remark 4.4. When the observation interval T is Erlang(n) distributed and the single claim (gain)
amount X has a rational Laplace transform, we can also obtain the results of ¢, («) and V,(u). As
can be seen from step 2 of Remark 4.3, to calculate ¢, («) and V; (u), we must know the values of
h5(ylu), hiy(ylu), g5(y), g5(») and x(u). When the observation interval T is Erlang(n) distributed
and the single claim (gain) amount X has a rational Laplace transform, we can refer to Section 4 of
Albrecher et al. [1], Sections 3.2 and 4 of Albrecher et al. [2] and Remark 3 of Cheung and Wong [8] for
the results of these formulas. After the solutions of the above five expressions are obtained, we proceed
with the steps of the Remark 4.3 and the results of ¢, (u) and V, (u) after the relaxed Assumption
1 and Assumption 2 are obtained. For detailed calculations, interested readers can refer to references
Albrecher et al. [1], Albrecher et al. [2] and Cheung and Wong [8].

Remark 4.5. Note that with 8 — oo, ¢; = 0, the model in this paper becomes the dual risk model with
Parisian implementation delays in dividend payments (the surplus process is observed continuously).
Similarly, 275 (y | u) also degenerates into the expected discounted deficit at ruin for the classical com-
pound Poisson risk model with continuous observation. Both the Laplace transform of the time of ruin
and the Expected discounted dividends until ruin can degenerate to the result of Cheung and Wong [8].

5. Numerical illustrations

This section aims at providing some numerical examples to study the effect of Parisian implementation
delays under a mixed dividend strategy on the Gerber-Shiu expected discounted penalty function and
the expected discounted dividend payments before ruin. The optimal dividend barrier that maximizes
Vi, (1) with respect to b will also be discussed. In all examples, it is assumed that the constant expense
rate is ¢ = 0.5, the fixed continuous dividend interest rate is ¢; = 0.25, the periodic observation with
B =1 and the Laplace transform argument is 6 = 0.1. All numbers are generated using the software
package Mathematica (Specific reference Cheung and Wong [8]).

The functions ¢, (u) and V,, (u) are computed for the initial surplus levels u = 2,6, 8, 10 and fixed
barrier level » = 10, and that’s the case of 0 < u < b. When the initial surplus u, the amount of income
is subject to the exponential parameter a; and the deterministic delays d = 10 are also fixed, the higher
the revenue intensity parameter A of Poisson arrival rate, the higher the total V, (u) of the expected
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Table1. ¢ =0.5,¢; =025 8=1,a,=1,d=2,b=10,6 =0.1.
¢10(u) Vio(u)
A u=72 u==~6 u=28 u=10 u=72 u==6 u=238 u=10
1 0.043389 0.000198 0.000014 0.000002 1.51882 3.51092 4.72591 6.35823
0.9 0.064976 0.000060 0.000062 0.000011 1.29783 1.58336 2.23002 3.13839
0.8 0.095988 0.001754 0.000232 0.000024 0.22002 0.72001 1.07673 1.60664
0.7 0.139022 0.021035 0.000878 0.000121 0.12266 0.49653 0.80351 1.29533
Table 2. ¢ =0.5,¢;, =025 8=1,1=1,d=2,b=10,6=0.1.
$10(u) Vio(u)
ap u=72 u==~6 u=38 u=10 u=72 u==~6 u=28 u=10
1 0.043389 0.000198 0.000014 0.000002 1.51882 3.51092 4.72591 6.35823
1.2 0.061386 0.000507 0.000048 0.000008 0.72883 2.04065 3.04647 4.54500
1.4 0.084452 0.001199 0.000140 0.000012 0.32592 1.15171 1.95184 3.30516
1.6 0.112468 0.015661 0.000389 0.000041 0.05704 0.26698 0.52773 1.04242
Table3. ¢ =0.5,¢; =025 8=1,a;=1,14=1,b=10,6 =0.1.
$10(u) Vio(u)
d u=2 u==6 u=23 u=10 u=2 u==6 u=238 u=10
1 0.043391 0.000198 0.000014 0.000002 1.43257 3.31155 4.45754 5.99716
2 0.043389 0.000198 0.000014 0.000002 1.51882 3.51092 4.72591 6.35823
3 0.043389 0.000198 0.000014 0.000002 1.51989 3.51339 4.72923 6.36269
4 0.043389 0.000197 0.000013 0.000001 1.53849 3.55638 4.78710  6.44055
Table4. ¢ =0.5,¢; =025 B8=1,a,=1,d=2,b=10,6 =0.1.
¢10(u) $10(u)
A u=10 u=11 u=15 u =20 u=-1 u=-3 u=-5 u=-10
1 0.0000019 0.0000015 0.0000014 0.0000014 0.76063 0.86271 0.89460 0.90830
0.9 0.0000109 0.0000089 0.0000081 0.0000081 0.78218 0.87158 0.89801 0.90857
0.8 0.0000236 0.0000201 0.0000175 0.0000175 0.80367 0.87976 0.90093 0.90876
0.7 0.0001211 0.0001035 0.0000901 0.0000656 0.81026 0.88159 0.90144 0.90878

discounted dividend is. Because more positive earnings a company has, the more dividends it pays.
Similarly, the expected discounted penalty function ¢, (u) will decrease as A increases.

The findings on Table 2 is same as that in Table 1. The income intensity parameter A in Table 1 is
replaced by the exponential parameter a; of the single income amount, and then the relationship among
ay and the expected discounted penalty function ¢ (#) and the expected discounted dividend function
Vi, (u) is discussed. As it can be seen from the results in Tables 1 and 2, both A and a; influence the total
amount of earnings S(¢) at time ¢. Therefore, the impact of the change in parameter a; on ¢, («) and
Vj, (u) of the single return is the same as that in Table 1.
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Table5. ¢ =0.5,¢,=0258=1,2=1,d=2,b=10,6 =0.1.
d1o(u) ¢10(u)

a; u=10 u=11 u=15 u =20 u=-1 u=-3 u=-5 u=-10

1 0.0000019 0.0000015 0.0000014 0.0000014 0.76063 0.86271 0.89460  0.90830
1.2 0.0000080 0.0000065 0.0000060 0.0000060 0.79497 0.88158 0.90246  0.90890
1.4 0.0000119 0.0000099 0.0000088 0.0000088 0.82283 0.89317 0.90615 0.90905
1.6 0.0000405 0.0000337 0.0000302 0.0000301 0.84487 0.90009 0.90783  0.90908

Table 6. ¢ =05, ¢, =025 =1,a,=1,4=1,b=10,6 =0.1.

d10(u) P10(u)
d u=10 u=11 u=15 u=20 u=-1 u=-3 u=-5 u=-10
1 0.0000021 0.0000018 0.0000018 0.0000018 0.76063 0.86271 0.89460 0.90830
2 0.0000019 0.0000015 0.0000014 0.0000014 0.76063 0.86271 0.89460 0.90830
3 0.0000016 0.0000012 0.0000012 0.0000012 0.76063 0.86271 0.89460 0.90830
4 0.0000007 0.0000011 0.0000010 0.0000010 0.76063 0.86271 0.89460 0.90830

With the extension of the certainty time d of the delay, the Parisian implementation delays dividend
becomes more stringent, which leads to a later ruin time and hence a smaller value of ¢ (u). As the
delay gets longer, there are three effects on the expected discounted dividend function Vj, (u):

1. A longer delay time makes the duration of threshold dividend longer. However, when d reaches a
certain length, the surplus process has passed through the barrier b and dropped below b, which
will no longer affect the total threshold dividend.

2. The longer the delay, the lower the probability of ruin. The longer the company survives, the more
potential dividend opportunities will be generated by the company’s long surplus growth.

3. The longer delay means that early Parisian implementation delays dividend are more unlikely.

The numerical results in Table 3 suggest that the above first two effects dominates.

The left side of Tables 4-6 considers the case where the initial surplus are greater than the dividend
barrier b = 10. It can be seen from the table that similar findings of Tables 1-3 are still retained. In
each of Tables, for fixed A, a; and d, it is observed that ¢, (u) decreases and converges as u increases.
Intuitively, when u is considerably larger than the dividend barrier b = 10, although the threshold
dividend is being paid, the initial surplus is so large that it is likely the surplus process will remain above
the dividend barrier b during the entire delay period. In such a case, the surplus will drop to dividend
barrier b upon payment of a dividend at the end of the delay period, and the time remaining until ruin
is just the time of ruin with initial surplus level b. Therefore, any further increase in u virtually does not
affect the ruin time but merely increases the amount of the first dividend.

Similarly, the right side of Tables 4— 6 considers the case where the initial surplus are less than the
dividend barrier b, which is also shown in Tables 1-3. By comparing Tables 1 and 4, it can be seen
that the smaller the initial surplus u is, the smaller the impact of revenue intensity parameter A on the
expected penalty function ¢, (u) is. Besides, from Tables 2 and 5, it can be seen that the smaller the
initial earnings u is, the smaller the impact of exponential parameter a; of the single income amount on
the expected penalty function ¢, (u) is. This is because the smaller the initial surplus is, the more likely
ruin will occur and it will converges to a constant of 1.

In addition to the effects of various parameters on the expected discounted penalty function ¢, (u)
and the expected discounted dividend function Vj,(u), we are also interested in the optimal barrier
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V(u) (2.47131, 4.16784)

b

r 3 4 5 6 7 8 9
Figure 4. V(x) for u = 2 with parameters c =0.5,¢1 =025 =1,a1=1,2=1,d=2,6§ =0.1.

V(u)
(2.89544, 12.3939)

b

Figure 5. V(u) for u = 12 with parameters ¢ = 0.5, ¢; =025, 8=1,a;=1,1=1,d=2,6 =0.1.

maximizing the expected discounted dividend function V}, (). The results are given in Figures 4-6 and
are explained as follows. The three cases of initial earnings # = 2,u = 12 and u = —2 are considered here.
The value range of dividend barrier b is 2 to 9, which is corresponding to three cases of initial surplus
between 0 and b, greater than b and less than 0, respectively. It can be seen from Figures 4-6 that when
the initial earnings u and the delay time d are determined, it might not be the case that the smaller the
dividend barrier b is, the better. A smaller dividend barrier will make it easier to distribute the dividend,
but it will also be more likely to cause a ruin of a company. Similarly, it is not the case that the bigger
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V(u) (10.2384, 0.00371)
0.0035
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0_00155
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Figure 6. V(u) for u = =2 with parameters ¢ = 0.5, ¢c; =0.25,8=1,a;=1,2=1,d=2,6 =0.1.

the dividend barrier b is, the better. A large dividend barrier will reduce the probability of ruin, but the
dividend will occur later, and the total dividend amount will be reduced.The relationship between all
dividend barriers b and the expected discounted total dividend V}, (1) is shown in Figures 4-6.
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