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A B S T R A C T 

It appears that it is necessary to look for oscillatory (i.e. overstable) instabilities as the cause of 
energy transport in sunspots. Making use of recent calculations on the hydromagnetic stability of 
thermally unstable layers with open boundary conditions, it is found that oscillatory modes can occur 
in the interior of sunspots. Some possible consequences of these oscillatory modes are discussed. 

1. Introduction 

A l o n g - s t a n d i n g p r o b l e m in so la r phys ics is t h e energy b a l an ce in a cen te r of act ivi ty . 
T h i s p r o b l e m is often re fe r red t o a s t h e miss ing ene rgy in a s u n s p o t , i . e . : w h a t h a s 
h a p p e n e d t o t h e energy t h e S u n w o u l d h a v e r a d i a t e d if t h e s u n s p o t h a d n o t been 
p resen t? Th i s p r o b l e m is still u n s o l v e d a n d will p r o b a b l y r e m a i n so un t i l t h e m e c h a ­
n i s m of ene rgy t r a n s p o r t in s u n s p o t s is u n d e r s t o o d . F o r t h i s r e a s o n , t h i s p a p e r will 
largely be c o n c e r n e d w i t h t h e m e t h o d of ene rgy t r a n s p o r t in a s u n s p o t . 

I t is of ten taci t ly a s s u m e d t h a t s o m e fo rm of convec t i on t a k e s p lace in s u n s p o t s a n d 
t h a t t h e c o n v e c t i o n m o t i o n s a r e t h e m a i n m e c h a n i s m of ene rgy t r a n s p o r t . S o m e a rgu ­
m e n t s t o s u p p o r t th i s idea a r e a s fo l lows. F i rs t , s o m e fine s t r u c t u r e such as t h e smal l 
u m b r a l d o t s r e p o r t e d by D a n i e l s o n (1964) a n d Beckers a n d S c h r o t e r (1967) a n d t h e 
l a rger u m b r a l g r anu l e s r e p o r t e d by Bray a n d L o u g h h e a d (1959) sugges t s t h e p resence 
o f c o n v e c t i o n . Second , t h e ' t u r b u l e n t veloci t ies ' obse rved i n s u n s p o t s a r e c o m p a r a b l e 
wi th t h o s e obse rved in t h e u n d i s t u r b e d p h o t o s p h e r e ( H o w a r d , 1958 ; Els te , 1963 ; 
Elsasser a n d F r i cke , 1965 ; B r u c k n e r , 1965) a n d suggest t h a t s o m e type of convect ive 
o r osc i l l a tory m o t i o n t a k e s p lace . A n d th i rd ly , i t is very difficult (if n o t imposs ib l e ) t o 
p r o d u c e a self-consis tent m o d e l of a s u n s p o t wi th on ly r ad i a t i ve t r a n s p o r t ( C h i t r e , 1963). 

H o w e v e r , h y d r o m a g n e t i c s tab i l i ty ca l cu l a t i ons h a v e failed t o reveal a n y u n s t a b l e 
convec t ive m o d e s in t h e s u n s p o t if we a s s u m e t h e p resence of a ver t ica l m a g n e t i c field 
o f a b o u t 2500 gauss . I n gene ra l t h i s is t o be expec ted b e c a u s e 7 / e q , t h e e q u i p a r t i t i o n 
m a g n e t i c field (i.e. t h e m a g n e t i c field for wh ich t h e m a g n e t i c - e n e r g y dens i ty equa l s t h e 
convec t ive-energy dens i ty in t h e n o r m a l convec t ive z o n e ) , is genera l ly smal ler t h a n 
t h e m a g n e t i c field in the s u n s p o t . 

* Presented by R. E. Danielson. 
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A s s h o w n in t he a p p e n d i x , 
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(1) 

I t is ev ident f rom E q u a t i o n (1) t h a t / / e q is qu i t e insensi t ive t o t he va lue of the m i x i n g 
l eng th which o n e chooses . T h e va lue of Hcq c o m p u t e d f rom E q u a t i o n (1) is s h o w n in 
F i g u r e 1 as a func t ion of d e p t h in t h e n o r m a l c o n v e c t i o n z o n e . T h e va lues of p wh ich 
w e r e used were t a k e n f r o m a t ab l e a d a p t e d by B o h m (1963) f rom a m o d e l (based o n 
/ / £ = 1) c o m p u t e d by B o h m - V i t e n s e (1958). 

8 

S u n s p o t M o d e l ( Y u n ) 

E qui p a r t i t i o n 

M a g n e t i c F i e l d 

I I I L 
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Z ( I 0 3 km ) 
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F I G . 1. The equipartition magnetic field and the magnetic field in a sunspot model of Yun (1967) 
as a function of depth (z) into the sunspot. Also shown is a constant field (2500 gauss) sunspot model. 

I t is clear f rom F igu re 1 t h a t t h e e q u i p a r t i t i o n m a g n e t i c field is several t i m e s smal ler 
t h a n t h e field in a s u n s p o t m o d e l c o m p u t e d by Y u n (1967) fo l lowing t h e m e t h o d s of 
D e i n z e r (1965) . I n d e e d for ///* = 1, Hcq does n o t exceed 2500 g a u s s ( t h e surface field in 
Y u n ' s m o d e l ) for a n y d e p t h in t h e c o n v e c t i o n z o n e . H o w e v e r , if l/h = 2, Heq exceeds 
2500 gauss a t d e p t h s in excess of 3 0 0 0 0 k m , b u t never exceeds t h e m a g n e t i c fields in 
Y u n ' s m o d e l . T h e va lues of Hcq ca l cu la t ed by M a r i k (1966) b a s e d o n a n ear l ier m o d e l 
of t h e c o n v e c t i o n z o n e (Vi tense , 1953) a r e s o m e w h a t l a rger t h a n g iven in F igu re 1, 
b u t t hey d o n o t exceed t h e m a g n e t i c fields in Y u n ' s m o d e l . 

T h u s , w i t h t h e pos s ib l e e x c e p t i o n of s o m e very special m o d e s , o n e w o u l d in genera l 
n o t expec t a n y c o n v e c t i o n m o d e s in s u n s p o t s . N o such special m o d e s h a v e been f o u n d 
a n d therefore it is necessa ry t o l o o k for osc i l la tory (i .e. ove r s t ab le ) ins tabi l i t ies a s t h e 
cause of energy t r a n s p o r t in sunspo t s . Sec t ion 2 of th i s p a p e r s u m m a r i z e s o u r p resen t 
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u n d e r s t a n d i n g of these osc i l la tory instabi l i t ies , while s o m e poss ib le c o n s e q u e n c e s of 
t h e m in s u n s p o t s a r e d iscussed in Sec t ion 3. 

2 . Summary of Hydromagnet ic Stability Calculations in the Presence of a 
Vertical Magnet ic Field 

Ear ly s tudies of h y d r o m a g n e t i c s tabi l i t ies in t h e p resence of a ver t ica l m a g n e t i c field 
( D a n i e l s o n , 1 9 6 1 ; Wei s s , 1964 ; for a genera l s u m m a r y see C h a n d r a s e k h a r , 1961) 
a s s u m e d a s u p e r a d i a b a t i c p l ane -pa ra l l e l layer of d e p t h d a n d e m p l o y e d t h e Bouss inesq 
a p p r o x i m a t i o n (Spiegel a n d V e r o n i s , 1960). T h e free-free b o u n d a r y c o n d i t i o n s were 
used because t hey led t o a very s imple e igenfunct ion for w, t h e ver t ica l (or z ) c o m p o ­
n e n t of t he p e r t u r b a t i o n veloci ty , i.e. 

w h e r e kx a n d ky a r e t h e h o r i z o n t a l wave n u m b e r s a n d w h e r e n is t h e c o m p l e x g r o w t h 
r a t e . W e will call such e igenfunc t ions ' c losed ' , a n d t h e c o r r e s p o n d i n g b o u n d a r y 
c o n d i t i o n s (in th i s case t h e free-free b o u n d a r y c o n d i t i o n s ) will be referred t o as 

F I G . 2. An R,Q stability diagram for a closed fluid layer (no outgoing hydromagnetic waves per­
mitted). Shown are closed instability and over stability curves. The overstability curve marked TJIK — 10~2 

includes only resistive heating as a dissipation mechanism. The curves marked m = 1 and 10 include the 
compressive heating mechanism of Kato (1966) as the means of dissipation. The points are the R, Q 
coordinates of Yun's (1967) sunspot model at each pressure scale height into the model. The depth (Z) 
into the model at which these quantities were computed is indicated. 

(2) 

14 
LOG Q 
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' c losed ' b o u n d a r y c o n d i t i o n s since they p r o h i b i t h y d r o m a g n e t i c w a v e emiss ion from 

t h e s u p e r a d i a b a t i c layer . 

T h e resu l t s of t h e c a l c u l a t i o n s wi th t he free-free b o u n d a r y c o n d i t i o n s a re s u m m a ­

rized in F igu re 2, w h e r e t h e cu rves s epa ra t e r eg ions in t h e R, Q p l a n e a c c o r d i n g to the 

c h a r a c t e r of n. T h e d i m e n s i o n l e s s n u m b e r s R a n d Q a r e defined by : 

_ gtxpd* _ pH2d2 

R= 2 * a n d Q = a Z 2 , (3) 
K 71 • 471 pK 

w h e r e g is t h e acce l e r a t i on of g rav i ty , 1 / T i s t h e v o l u m e coefficient of expans ion , 

T is t he t e m p e r a t u r e , d is t h e d e p t h of t h e s u p e r a d i a b a t i c layer , K is t he r ad ia t ive 

diffusivity, p. is t h e m a g n e t i c pe rmeab i l i t y , H is the s t r eng th of t he ver t ical m a g n e t i c 

field, p is t he m e a n dens i ty in t h e layer, a n d /? is t h e s u p e r a d i a b a t i c g r a d i e n t defined b y : 

In E q u a t i o n (4), (—g/cp) is t h e a d i a b a t i c t e m p e r a t u r e g r a d i e n t . T h e ca lcu la t ions 

a s s u m e d t h a t t he cell s h a p e factor , 

s=(ki + k 2

y r i d (5) 
71 

w a s e q u a l t o un i ty a n d t h a t rj/K = 1 0 " 2 , w h e r e n is t h e m a g n e t i c diffusivity. T h i s va lue 

of TJ/K is a p p r o x i m a t e l y t h e m e a n va lue be tween Z = 2 0 0 0 a n d Z = 9 0 0 0 k m in Y u n ' s 

(1967) s u n s p o t m o d e l (see F i g u r e 3). T h e exchange of s tabi l i t ies c u r v e is n o t s h o w n 

because of i ts m i n o r phys ica l significance ( D a n i e l s o n , 1961). 

T h e R, Q c o o r d i n a t e s of Y u n ' s s u n s p o t m o d e l a t e ach p re s su re scale he igh t a re a l so 

s h o w n in F igure 2 . T h a t is, t h e p r e s su re h a s inc reased by a fac tor of e a t t h e d e p t h 

r ep resen ted by e a c h p o i n t a n d t h e cha rac te r i s t i c d e p t h d h a s been set e q u a l to t he local 

p r e s su re scale he igh t a t each p o i n t . I t is ev ident t h a t t h e p o i n t s lie a b o u t a fac tor of 30 

be low t h e closed ins tabi l i ty cu rve . A p p r o x i m a t e l y t h e s a m e s i t ua t i on occurs for a 

u n i f o r m 2500-gauss field s u p e r i m p o s e d o n t h e n o r m a l c o n v e c t i o n z o n e s u p p o r t i n g t he 

genera l conc lu s ion (based o n t h e e q u i p a r t i t i o n m a g n e t i c field) t h a t t h e r e a re n o u n ­

s tab le convective m o d e s in t h e s u n s p o t u m b r a . H o w e v e r , t h e p o i n t s d o lie s o m e w h a t 

a b o v e t h e overs tab i l i ty cu rve for j o u l e h e a t i n g , b a s e d o n VJ/K = 10~2

9 a n d the re fore t he 

poss ibi l i ty of ove r s t ab le osc i l l a t ions is n o t exc luded . T h e ove r s t ab i l i t y cu rve for c o m ­

press ive h e a t i n g ( K a t o , 1966) is a l so s h o w n for m= VS/VA = 1 a n d m = 109 w h e r e Vs 

a n d VA a r e t h e s o u n d a n d Alfven veloci t ies , respect ively . T h e overs tab i l i ty cu rve for 

m=4 co inc ides w i th t h e overs tab i l i ty cu rve for H/K=10~2. H o w e v e r , K a t o ' s simplified 

d i spe r s ion r e l a t i o n o v e r e s t i m a t e s t h e d i s s ipa t i on for m>\ a n d the re fore t he t r u e 

cu rves lie be low t h e ind ica ted o n e s . Since m is g r e a t e r t h a n 10 for Z g rea te r t h a n 

7000 k m (see F i g u r e 4 ) , c o m p r e s s i v e h e a t i n g is p r o b a b l y less i m p o r t a n t t h a n j o u l e 

h e a t i n g a s a sou rce of d i s s ipa t ion in the bu lk of t h e s u n s p o t in te r io r . 
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Z ( I 0 3 k m ) 

F I G . 3. Log K (the radiative diffusivity) and log n (the magnetic diffusivity) as a function of depth 
in Yun's (1967) sunspot model. 

m 

Z ( 1 0 3 k m ) 

F I G . 4. m = VS/VA as a function of depth in Yun's (1967) sunspot model. 

H o w e v e r , t h e closed b o u d a r y c o n d i t i o n s u p o n which F i g u r e 2 is ba sed a r e p r o b a b l y 
r a t h e r unrea l i s t ic because t hey d o n o t a l low a n y ene rgy t o be e m i t t e d f r o m t h e layer 
in t h e fo rm of h y d r o m a g n e t i c waves . T h e first c a l cu l a t i ons wi th o p e n b o u n d a r y 
c o n d i t i o n s (Dan ie l son , 1966; M u s m a n , 1967) a re s h o w n in F igu re 5. A g a i n in t he 
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Bouss inesq a p p r o x i m a t i o n , free-free b o u n d a r y c o n d i t i o n s were c h o s e n for t he b o t t o m 
of t he s u p e r a d i a b a t i c layer whi le t h e b o u n d a r y c o n d i t i o n s a t t h e t o p of t h e layer w e r e 
c h o s e n in such a w a y as t o a l low h y d r o m a g n e t i c waves t o p r o p a g a t e u p w a r d s i n t o a 
semi-infinite a d i a b a t i c r eg ion . 

L O G Q 

F I G . 5. R,Q stability diagram for an open fluid layer (upward-propagating hydromagnetic waves 
are permitted). Shown are the open instability and overstability curves obtained by Musman (1967) 
for the case of no density discontinuity (A =/>down//?up = / ) . The R, Q coordinates of Yun's (1967) 
sunspot model are also shown. 

T h e o p e n ins tabi l i ty cu rve in F igu re 5 is lower t h a n t h e c losed ins tabi l i ty curve d u e 
t o t h e fact t h a t t h e o p e n e igenfunc t ion in t h e s u p e r a d i a b a t i c layer is a p p r o x i m a t e l y 
s inuso ida l wi th a w a v e l e n g t h e q u a l t o 4d whi le t h e c losed e igenfunc t ion h a s a wave ­
l eng th of 2d. T h e larges t c h a n g e t a k e s p lace in t h e o p e n overs tab i l i ty cu rve because 
t h e d a m p i n g caused b y h y d r o m a g n e t i c w a v e emiss ion is so l a rge t h a t t h e o p e n over-
s tabi l i ty cu rve lies n e a r l y a s h igh in t h e R, Q p l a n e a s t h e o p e n ins tabi l i ty curve . 
F u r t h e r m o r e , a t t e m p t s t o r e d u c e t h e wave emiss ion f r o m t h e s u p e r a d i a b a t i c layer by 
i n t r o d u c i n g a d i s con t inu i ty in t h e h y d r o m a g n e t i c veloci ty (by m e a n s of a dens i ty 
d i s con t inu i t y b e t w e e n t h e s u p e r a d i a b a t i c a n d a d i a b a t i c r eg ions ) d i d n o t significantly 
affect t h e resu l t s ( D a n i e l s o n , 1965). T h e r e a s o n for th i s is t h a t very large dens i ty 
d i scon t inu i t i es a r e r equ i r ed before a large f rac t ion of t h e h y d r o m a g n e t i c waves a r e 
reflected. 

F igure 5 r e p e a t s t h e R, Q c o o r d i n a t e s of Y u n ' s m o d e l a n d it is ev iden t t h a t they lie 
be low the o p e n overs tabi l i ty curve . T h u s on the basis of these ca l cu la t ions , o n e w o u l d 
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c o n c l u d e t h a t t h e s u n s p o t u m b r a is s t ab le n o t only to convec t ive o v e r t u r n i n g b u t a l so 
t o ove r s t ab le osci l la t ions . 

H o w e v e r , a dens i ty d i scon t inu i ty i n t r o d u c e s t he possibi l i ty of sur face g rav i ty waves . 
T h e effect o f these gravi ty w a v e s w a s n o t i nc luded in M u s m a n ' s (1967) ca l cu l a t i ons , 
b u t Savage (1967) h a s ex tended t h e ca l cu l a t i ons t o inc lude t h e p resence of s t a n d i n g 
g rav i ty waves a t t h e interface. H i s r e su l t s a r e s u m m a r i z e d in F i g u r e 6 w h e r e a new set 
of c o o r d i n a t e s , R a n d (5, a r e used . T h e s e c o o r d i n a t e s a re defined by 

-41 | i_J | | I 
- 3 - 2 - 1 0 I 2 

LOG § 
F I G . 6. R, Q stability diagram including standing gravity waves obtained by Savage (1967). The 

solid curves are open instability and overstability curves for A = />down/ />u P = 3 and 10 and for 
G = 69.5 and s = 1. The upper short-dashed curve is the closed instability curve. The two long dashed 
curves are open (A = 1) instability and overstability curves. This stability plot is valid for the surface 
layer of a sunspot. 

w h e r e (7, a d imens ion less gravi ty , is g iven by 

O - ' f , - ( 7 ) 
K 71 
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T h e R, Q c o o r d i n a t e s e l imina te t h e K2 d e p e n d e n c e of b o t h R a n d Q a n d emphas i ze 
t h e effect of grav i ty waves . 

I t is ev iden t f r o m F i g u r e 6 (which is based o n a typica l va lue of G for t h e surface 
layer of a s u n s p o t ) t h a t t h e g rav i ty waves p r o d u c e a large c h a n g e in t h e o p e n over-
s tab i l i ty cu rve for Q < 1. T h e phys ica l r e a s o n for this large c h a n g e c a n be seen wi th t he 
a id of F igure 7, which s h o w s t h e f rac t ion of t he energy of a n inc iden t Alfven wave 

10, 

- 3 - 2 - I 0 

LOG c u A 

F I G . 7. The energy flux transmission coefficient of Alfven waves through a density interface as a 
function of co\, the Alfven wave frequency. We assume the horizontal wave number, kn is 10 7 cm x, 
VA = 106 cm/sec (the incident Alfven velocity) and A =3. The vertical dashed line indicates the gravity 
wave frequency. 

w h i c h is t r a n s m i t t e d by t h e in terface . F o r f requencies la rger t h a n co g, t h e f requency of 
t h e gravi ty wave osc i l l a t ions , t h e t r a n s m i s s i o n is near ly uni ty . T h e sl ight difference 
f r o m u n i t y is a resu l t o f a smal l a m o u n t o f w a v e reflect ion d u e t o t h e c h a n g e in t h e 
Al fven veloci ty a t t h e in te r face . F o r f requencies less t h a n co g, howeve r , t h e a m o u n t of 
t r a n s m i t t e d ene rgy is very m u c h smal ler . F o r these f requencies , t h e g rav i ty waves 
r e s p o n d to p e r t u r b a t i o n s a t t h e in ter face caused by t h e inc iden t Al fven w a v e in a t ime 
w h i c h is sho r t c o m p a r e d w i th t h e p e r i o d of t he Alfven w a v e . Th i s h a s t h e resu l t t h a t 
t h e ref lect ion coefficient inc reases grea t ly a n d c o r r e s p o n d i n g l y p r o d u c e s a la rge decrease 
in t h e overs tab i l i ty cu rve . T h e r e a s o n t h a t g rav i ty waves affect t h e overs tab i l i ty curves 
fo r Q < 1 c a n be u n d e r s t o o d in t e r m s of t h e a b o v e d i scuss ion by n o t i n g t h a t Q c a n be 
w r i t t e n a s 
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w h e r e VA is t h e Alfven veloci ty a n d w h e r e Vg is t h e veloci ty of g rav i ty w a v e s h a v i n g 
a wave l eng th equa l t o twice t he d e p t h of t he s u p e r a d i a b a t i c layer . 

T h u s for ( 5 < 1 , t h e g rav i ty w a v e s r e d u c e t h e ene rgy loss by h y d r o m a g n e t i c wave 
emiss ion a n d therefore t e n d to ' c lose ' t h e layer. Th i s ' c los ing ' c a n a lso be seen in t h e 

2 

F I G . 8. An estimated R, Q stability diagram (including gravity waves) which is valid for deep umbral 

layers (G 1013). The R, Q, coordinates of Yun's (1967) sunspot model are included. 

ins tab i l i ty cu rves s h o w n i n F i g u r e 6 w h e r e t h e t r a n s i t i o n f r o m t h e o p e n ins tabi l i ty 
c u r v e for Q > 1 t o t h e c losed ins tab i l i ty c u r v e for Q < 1 is ev iden t . 

F i g u r e 8 s h o w s a n e s t i m a t e d fc, Q d i a g r a m valid for d e e p u m b r a l l ayers (<7« 1 0 1 3 ) . 
T h e o p e n overs tabi l i ty cu rve is for A = 3, wh ich m a y be t h e m o s t a p p r o p r i a t e cu rve 
for o u r p u r p o s e s (Savage , 1967). T h e fi9 Q c o o r d i n a t e s for each p r e s s u r e scale he igh t 
in t h e m o d e l c o m p u t e d b y Y u n (1967) a re a l so s h o w n . O n e sees t h a t for Z > 3000 k m 
( a b o u t 2000 k m be low t h e surface o f t h e s u n s p o t ) o n e is in a r eg ime of ove r s t ab le 
osc i l l a t ions . A n d if t he charac te r i s t i c d e p t h d for th is s tabi l i ty t h e o r y is m o r e t h a n o n e 
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pressu re scale he igh t (as m a y well be t h e case in a vert ical m a g n e t i c field) t he u p p e r 
t h r e e scale he igh t s m a y a lso lie in t h e ove r s t ab le reg ion . 

I t there fore seems t h a t ove r s t ab l e osc i l l a to ry m o d e s c a n o c c u r in t h e in te r io r of 
s u n s p o t s b u t t h a t u n s t a b l e convec t ive m o d e s d o n o t occur . H o w e v e r , o n e shou ld n o t 
forget t h a t t h e exis tence of t h e ove r s t ab le m o d e s is based o n a r a t h e r c r u d e h y d r o -
m a g n e t i c m o d e l w h i c h , s t r ic t ly s p e a k i n g , s h o u l d on ly be app l i ed t o t h e surface layer 
o f t h e s u n s p o t . T h e s i t u a t i o n m a y a l t e r a g rea t dea l w h e n t h e s tab i l i ty of m o r e real is t ic 
s u n s p o t m o d e l s a re inves t iga ted . W i t h these r e se rva t ions , s o m e poss ib le c o n s e q u e n c e s 
of ove r s t ab le osc i l la t ions a r e d iscussed in t h e next sec t ion . 

3 . Some Possible Consequences of Oscillatory M o d e s in Sunspots 

If osc i l la t ions occu r in t h e in te r io r of s u n s p o t s , o n e c a n c o m p u t e s o m e charac te r i s t i c 
p e r i o d s f r o m t h e h y d r o m a g n e t i c veloci ty by c h o o s i n g t h e ver t ical wave l eng th t o be 
e q u a l t o 2 d, w h e r e d is t h e charac te r i s t i c d e p t h in t h e s tab i l i ty ca lcu la t ions . Th i s 
c o r r e s p o n d s to near ly c losed b o u n d a r i e s for t h e layer u n d e r c o n s i d e r a t i o n . A n d if we 
c h o o s e d t o be t h e p r e s s u r e scale he igh t , we find ( a s s h o w n in F i g u r e 9) t h a t t h e p re ­
d ic ted pe r iod of osc i l l a t ion var ies f rom a b o u t 1 m i n a t t h e sur face of t h e s u n s p o t 

1 0 0 

_ 8 0 
CO 
CD 

| 6 0 
E 

°- 40. 

2 0 

0 2 4 6 8 10 12 

Z ( 1 0 3 k m ) 

F I G . 9. Period of oscillation (in minutes) of umbral layers as a function of depth into the sunspot. 

( Z « l x 1 0 3 k m ) t o near ly 1 h o u r a t a d e p t h of 1 0 4 k m (Zxll x 1 0 3 k m ) be low the 
su r face . T h e la t te r d e p t h is a b o u t e q u a l t o t he u m b r a l d i a m e t e r for a s u n s p o t h a v i n g 
a t o t a l a r ea o f a b o u t 150 x 10 " 6 of t h e so la r hemisphe re . 
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T h u s a t d e p t h s of 5 x 1 0 3 t o 1 0 4 k m b e n e a t h the surface of t h e s u n s p o t , o n e expec ts 
p e r i o d s of t h e o r d e r of \ h o u r . I t is in te res t ing t o n o t e t h a t t h e l ifetime of t he u m b r a 
d o t s is a lso a b o u t \ h o u r . T h i s sugges t s t h e possibi l i ty t h a t t h e u m b r a l d o t s a re caused 
by s o m e sor t of ' o v e r s h o o t ' f r o m ove r s t ab le osc i l la t ions d e e p in t h e in t e r io r of t h e 
s u n s p o t . 

A n o t h e r poss ib le c o n s e q u e n c e of osc i l l a t ions in t h e in t e r io r of a s u n s p o t is t h a t 
t h e y m a y p l ay a n i m p o r t a n t ro le in t h e miss ing ene rgy of s u n s p o t s . S o m e of t h e 
mis s ing ene rgy is u n d o u b t e d l y r a d i a t e d u p w a r d a t t h e sur face of t h e s u n s p o t in t h e 
f o r m of h y d r o m a g n e t i c w a v e s . I n d e e d if t h e obse rved ' t u r b u l e n t ve loci t ies ' in s u n s p o t s 
a r e i n t e rp re t ed a s d i s p l a c e m e n t veloci t ies in a h y d r o m a g n e t i c t r ave l ing wave , t he 
r e su l t ing n o n - t h e r m a l flux will be 

F = ipVLVA (9) 

a n d if we c h o o s e t h e dens i ty (p) a t w h i c h the m a x i m u m t u r b u l e n t veloci t ies ( K m a x ) a re 
m e a s u r e d t o be a p p r o x i m a t e l y 5 x 1 0 " 7 g m / c m 3 , we find t h a t (for 7 / = 2 5 0 0 gauss) t h e 
AlfvSn veloci ty (VA) is a p p r o x i m a t e l y 1 0 6 cm/sec . T h e n for K m a x = 3 x l 0 5 cm/ sec 
( r .m . s . t u r b u l e n t veloci ty = 2 x 1 0 5 cm/sec ) , we find t h a t F = 2 x l 0 1 0 e r g s / c m 2 sec 
w h i c h is a significant f rac t ion o f t h e so la r flux in t he u n d i s t u r b e d p h o t o s p h e r e (i.e. 
6 x 1 0 1 0 e r g s / c m 2 sec). 

T h e a b o v e flux is essent ia l ly t h e m a x i m u m poss ib le m e c h a n i c a l flux t h a t c a n be 
r a d i a t e d f rom t h e surface of t h e u m b r a , b u t it is still a f ac to r of 2.5 less t h a n t h e 
mis s ing energy in t he u m b r a . T h e la t t e r q u a n t i t y is a b o u t 5 x 1 0 1 0 e r g s / c m 2 sec based 
o n a n effective t e m p e r a t u r e of 3700 °K a n d it is far f rom ce r t a in t h a t t h e obse rved 
t u r b u l e n t velocit ies have t h e p r o p e r p h a s e r e l a t ion wi th he igh t t o r ep resen t a n u p w a r d 
t r ave l ing wave . I n d e e d , a flux of 2 x 1 0 1 0 e r g s / c m 2 sec e m i t t e d b y a n u m b r a h a v i n g a 
d i a m e t e r of 1 0 4 k m a m o u n t s to near ly 2 x 1 0 2 8 e rgs /sec . T h i s a m o u n t of ene rgy is 
sufficient t o keep a smal l flare g o i n g c o n t i n u o u s l y ! T h u s whi le h y d r o m a g n e t i c wave 
emis s ion by t h e surface of t h e u m b r a m a y a c c o u n t for s o m e of t h e miss ing energy , it 
d o e s n o t seem poss ib le t o a c c o u n t for it all by th i s m e a n s . 

Osc i l l a t ions in t h e in t e r io r of s u n s p o t s suggest a n o t h e r poss ib le w a y for a c c o u n t i n g 
for s o m e of t h e miss ing energy . I t s eems likely t h a t t h e osc i l l a t ions in t he s u n s p o t 
w o u l d give rise t o h o r i z o n t a l l y p r o p a g a t i n g h y d r o m a g n e t i c w a v e s (i .e . l ong i tud ina l 
m a g n e t o s o n i c waves) . Since t h e speed of s o u n d is several t i m e s la rger t h a n t h e Alfven 
veloci ty a t d e p t h s of 5000 t o 1 0 0 0 0 k m in t h e spo t , t h e l o n g i t u d i n a l m a g n e t o s o n i c 
w a v e veloci ty inside t h e s u n s p o t is a p p r o x i m a t e l y t h e s a m e a s t h e s o u n d velocity 
o u t s i d e t he spo t . A t these d e p t h s , t h e speed of s o u n d is of t h e o r d e r of 20 k m / s e c a n d 
t h e dens i ty is of t h e o r d e r of 5 x 1 0 " 5 g m / c m 2 . O n e m a y e s t i m a t e t h e h o r i z o n t a l flux 
f r o m a n e q u a t i o n s imi lar t o E q u a t i o n (9) a n d o n e finds t h e h o r i z o n t a l fluxes e q u a l t o 
5 x 1 0 1 1 e r g s / c m 2 sec (near ly 10 t i m e s t h e n o r m a l p h o t o s p h e r i c flux) for d i sp l acemen t 
veloci t ies of 1 km/sec . A n d for th i s flux, t he to t a l ene rgy e m i t t e d by a cyl indr ical 
surface hav ing a d i a m e t e r of 1 0 4 k m a n d a d e p t h of 5 x 1 0 3 k m is near ly 1 0 3 0 ergs/sec. 
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Thi s is a p p r o x i m a t e l y equa l t o t h e miss ing ene rgy of a n en t i re s u n s p o t hav ing a 
p e n u m b r a l d i a m e t e r of 2.5 x 1 0 4 k m (and a n u m b r a l d i a m e t e r of 1 0 4 k m ) if o n e t akes 
| of t he p h o t o s p h e r i c flux ove r t h e en t i r e s u n s p o t a r e a t o be t h e miss ing energy . 

T h e n u m b e r s in t h e a b o v e p a r a g r a p h a r e very specula t ive , b u t t h e y m a y ind ica te 
o n e w a y t o a c c o u n t for t he m i s s i n g energy in s u n s p o t s . A n d if t h i s be t h e case, the 
lack of a subs t an t i a l b r igh t r ing n e a r s u n s p o t s cou l d be u n d e r s t o o d if t he ho r i zon ta l ly 
p r o p a g a t i n g waves t rave l several t imes t h e p e n u m b r a l r a d i u s of t he s u n s p o t before 
d iss ipa t ing . A l so s o m e ene rgy m a y be p r o p a g a t e d a w a y from t h e s u n s p o t by m e a n s of 
surface grav i ty waves . 

A th i rd i m p l i c a t i o n of osc i l l a tory m o d e s in t he s u n s p o t in te r io r is t h a t they m a y lend 
s o m e s u p p o r t t o t h e use of a r e d u c e d mix ing length by D e i n z e r (1965) a n d Y u n (1967) 
in c o m p u t i n g m o d e l s of t h e s u n s p o t in te r io r . I n t h e absence of a m a g n e t i c field, t he 
r e a s o n for us ing a m i x i n g length (equal to t he loca l -pressure scale he igh t , for e x a m p l e ) 
is t h a t a n u p w a r d - m o v i n g e l e m e n t goes r o u g h l y o n e scale he igh t before s t o p p i n g a n d 
g iv ing u p its excess t h e r m a l energy to its s u r r o u n d i n g s . I n t h e case of osci l la t ions in 
t h e presence of a ver t ica l m a g n e t i c field, however , t h e u p w a r d - m o v i n g e l emen t s d o 
n o t s t o p a n d mix wi th t h e s u r r o u n d i n g s , b u t reverse the i r m o t i o n ins t ead . T h u s t he 
m o v i n g e l emen t s h a v e a l imi ted a m o u n t of t i m e in which t o e x c h a n g e energy wi th 
respect t o the i r s u r r o u n d i n g s a n d the re fo re t h e use of a mix ing l eng th wh ich is on ly a 
f rac t ion of a scale he igh t s e e m s l ike a p laus ib le first a p p r o x i m a t i o n t o e s t ima t ing the 
n o n - r a d i a t i v e energy t r a n s p o r t in a s u n s p o t . 

I n the event t h a t h o r i z o n t a l l y p r o p a g a t i n g h y d r o m a g n e t i c waves a r e emi t t ed in the 
in te r io r of t he s u n s p o t , a mod i f i ca t ion t o t h e p r o c e d u r e used by D e i n z e r (1965) a n d by 
Y u n (1967) is sugges ted . N a m e l y , t h e to t a l flux is n o t c o n s t a n t in t h e s u n s p o t b u t 
decreases wi th he igh t a s ene rgy is r a d i a t e d ho r i zon ta l ly . T h u s , t h e flux shou ld be 
var ied wi th t h e d e p t h in fu ture m o d e l s . O n e c o n s e q u e n c e of t h i s is t h a t t he larger flux 
in t h e d e e p e r p o r t i o n s of a s u n s p o t w o u l d p r o d u c e a l a rger s u p e r a d i a b a t i c g r ad i en t 
a n d , therefore , a g rea t e r ins tabi l i ty t o osci l la t ions . 

I n mix ing l eng th t h e o r y , t h e convec t ive flux Fc is g iven by ( B o h m - V i t e n s e , 1958) 

w h e r e Cp is t h e h e a t c a p a c i t y pe r g r a m , p is t h e dens i ty , T i s t h e t e m p e r a t u r e , Vis t he 
m e a n veloci ty of a ' t u r b u l e n t e l e m e n t ' , / is P r a n d t l ' s m i x i n g l eng th , h is t he p ressu re 
scale he ight , V = ( d ( l n T ) ) / ( d ( l n P ) ) , w h e r e p is t he g a s p re s su re , a n d w h e r e V is t h e 
s a m e q u a n t i t y in a ' t u r b u l e n t e l emen t ' . S imilar ly ( B o h m - V i t e n s e , 1958), 
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T h e p a r a m e t e r Q differs f r o m u n i t y on ly in t h e u p p e r few t h o u s a n d k i l o m e t e r s of 
t h e n o r m a l convec t ion z o n e ( w h e r e it t a k e s o n va lues of t h e o r d e r of 2) . The re fo r e Q 
m a y be set equa l t o un i t y for t h e p u r p o s e s of th i s p a p e r a n d 

Heq ^ 6600 g a u s s ( p WO'" 
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D I S C U S S I O N 

Severny: Should there exist some phase shift in oscillations at different levels inside a sunspot? 
Danielson: Yes, oscillations at different levels inside the sunspot will be coupled to some extent 

since they are traversed by the same magnetic field. However, the extent of this coupling will not be 
known until the actual modes in Deinzer's model are computed. 

Maltby: Since you have mentioned the transport of energy by sound waves in the horizontal 
direction, I would like to draw attention to a paper by G. Eriksen and myself (to be published in 
Solar Physics) where the Evershed effect is explained as a wave phenomenon and the effect of energy 
transport is mentioned. 

Sturrock: Sunspots normally begin as a small dark pore, giving the impression that, when the 
magnetic-field strength grows to a certain value, the normal convection pattern is suppressed and 
some other pattern is set up. Can your theory predict the field strength at which a pore would form? 

Danielson: Our stability model predicts that the normal convection pattern begins to be suppressed 
at the instability curve. The magnetic field corresponding to the half open instability curve is of the 
order of 800 gauss, but this value should not be taken too seriously since our stability model is 
rather crude. 

Elske Smith: Some very tentative results of my study of vertical velocities in the umbra of sunspots 
may have some bearing o n Danielson's model. I have found downward velocities, relative to the 
photosphere, of the order of 0.3 km/sec in certain photospheric lines (A 5123, 5434, and 5576). There 
is an indication that these velocities show a time variation with a period of about 5 min. Hence the 
actual velocities range from almost zero to 0.6 km/sec or even higher, though almost always down­
ward. Weaker lines, like X 5436 (Ni i), arising from greater depths in the umbra, have smaller ve­
locities, on the average of the order of 0.1 km/sec. 
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