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ON SOLUTIONS OF VARIATIONAL INEQUALITIES
CONSTRAINED ON A SUBSET OF
POSITIVE CAPACITY

KAZUYA HAYASIDA axp HARUO NAGASE

1. Let £2 be a bounded domain of R* with boundary 92 and let E
be a compact subset of 2. We assume that both 92 and E have positive
capacity. The norm and the inner product in L*(£) are simply denoted
by || || and (,) respectively. We define ||ul, = |[Fu|. The completion of

%) with respect to the norm |u|, is denoted by Hi(2), where Cy®) is
the set of all functions in C'(£2) with compact support in £2. The inner
product of H}(2) is written with (,),. We denote by H-'(£2) the dual
space of Hy?) and by || |-, its norm.

Let K be a closed convex set in Hy(£2) such that each element of K
is constraind only on E, that is, if ve Hy(?) and v =« on E for some
ue K, then ve K. It is known that for any given ge H-'(£2), there is a
unique solution u € K of

1.1 w,v—uw), = (g v—u) for all ve K

and if g is besides in Li.(2 — E), the weak second derivatives ¢’z also
are there, though 9°u are distributions over £.
In particular, when g = 0 and K equals to

K, = {ve H(2); v=+ on E in the sense of Hy2)}®

for a given function v € C'(?2), H. Lewy and G. Stampacchia [11] showed
that the solution u of (1.1) is in C%2) under certain assumptions on E
and 32, for instance, 2 is a disk and E is a segment. Their method is
potential-theoretic.
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1) More precisely, there are two approximating sequences {u}, {v;} € H}(2) n C%Q)
such that u;—u, v;—v in HY?) and u;=7v; on E. Thus v=u on E except for a set

of capacity zero.
2) The precise definition of K, is referred to [11].
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Our interest is to know the behavior of d*z in each neighborhood of
E and 02. For this purpose we will give a result in the present paper
(see Theorems 1 and 2 in this section), where it is stated for vector valued
solutions, since there are several literatures for systems of variational
inequalities (see e.g. [3]).

When X is a Sobolev space defined on 2, [X]" denotes the space of
N-vector valued functions with components in X. Let U = (u,, -- -, uy)
and V= (v, ---,vy). Then we define

U= Sl @ V) =5 w0,
U= S ludt, (U V)= 5 (@ v,
and
1T = 2wl

We consider the bilinear form
a(U7 V) = (a.(jik)axjui’ azkvi) + (bg;‘)azkuj’ vi) + (cijuj’ vz‘) ’

where the coefficients are all C'-real valued in 2 and the notation of each
sum is abbreviated. We assume that for each i, {a¢{}} is symmetric and
positive definite in 2 and there is a positive constant « satisfying

12) (U, U) z «||U|R

for any Ue [H2)]*. Obviously a(U, V) is a continuous bilinear form on
[Hy2)]".

Let K be a closed convex set in [H{(2)]". For any given G e [H-(2)]",
there is a unique solution Ue K of

1.3) aU,V-U)=(G, V-0 for all Vek

(cf. Theorem 2.1, Chapter II in [9]). We assume that each element of K
is constrained only on E in the following sense: If Ve [HYQ)]¥ and
V=W on E for some WeK, then Ve K. We denote the coordinates of
R* by (x,, -++, x,). For example, E lies on the hyperplane {x, = 0} and

K=K,
— {Ve [HYDT; i UE vids, - - - dx,,_l]m < 1} :

i

https://doi.org/10.1017/50027763000021255 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000021255

VARIATIONAL INEQUALITIES 53

It is generally seen that the weak second derivatives 3*U are in [LZ (2
— E)}J¥, if G is there. Indeed V + WeK, if VeK and We [CY2 — E)}”.

We write £ U 32 simply with F. Let @(x) be the distance from the
point x to F. The set F is said to satisfy (C;), if it holds that

(1.4) L_F D(x)-2dx < oo

We shall prove the following
THEOREM 1. Let F satisfy (C;) for a certain positive constant § < 1 and
let v = 28/@2 + 8). If @G is in [LX(D)]", the solution U of (1.3) satisfies
y
@) |[.., 12U a=|" < caogy + 161, + ca)

where C and C(K) are independent of G and C does not depend on K.

The reason why we have imposed positive capacity on 92 and E is
referred to Part I of [11].

Remark 1. If we do not impose (1.4) on F, it follows from the proof
of Theorem 1 that

|@8%*v|| < the right-hand side of (1.5).

Remark 2. Theorem 1 holds also for quasi-linear systems of varia-
tional inequalities (see Section 5).

Next we consider the case when E lies on a certain (n — 1)-dimen-
sional hyperplane, which is taken to be {x, = 0} for simplicity. Let us
denote by JE the boundary of E in R"-'. In general, JE is not equal to
JE. For any xe R* we denote by &(x) the distance from x to JE. We
shall say that E satisfies (D;), if we have

(1.6) L B(x)~" dx < oo .

Let S be a given closed convex set in R, Let
K, = {Ve[H(Q]"; V(x)e S for xe E except for a set of capacity zero} ,

which is a special case of K in Theorem 1. Under these assumptions we
shall prove also the following theorem for the solution U of (1.3):

THEOREM 2. Suppose that K = K,. Let E satisfy (D,) for a certain
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Dpositive constant & with 1 <& <2 and let 7' = 20)(2 + &). If G is in
[L}(D]”, we have for a neighborhood B of E

an [[,euras|" < cadel + 161 + cay,

where C and C(K) are as described in Theorem 1. The integral domain
in (1.7) is interpreted as B — E, because 9°U is a distribution over .

In both theorems we note that 7(’’) approaches 2/3(1), if 6(¢") tends
to 1(2), respectively. In the next section we shall give a few examples
of sets satisfying (C;) or (D;), where d(3) is taken as desired as close to
1(2).

We return to the variational inequalities (1.1) with a scalar unknown
function. When E is identical with 2 and K is given in a concrete form
such as K,, there are many papers concerned with regularity of solutions
as is well-known (see e.g. [2], [4] and [11]). J. Frehse [4] showed that d°u
is in L (2) under a certain assumption. When E is a segment or an
(n — 1)-dimensional smooth manifold, the regularity of solutions for (1.1)
was yielded by several authors (cf. e.g. [10], [1] and [5]). However, if E
is a proper subset of 2 and its figure is irregular, it seems to us that
there are few literatures with respect to the regularity of solutions except
for [11] and [15]. G. H. Williams [15] generalized the result of P. Hartman
and G. Stampacchia [8]. On the other hand, if 2 is convex and 92 is
irregular, the unilateral problem imposed on 62 was dealt by P. Grisvard
[7], where he proved that d*u € L*(2).

Our method is to use a parallel translation of test functions with a
weight which do not change the set F. The simple translation parallel to
the boundary is found in the book of J. L. Lions (see p. 256 in [12]), where
Q={x,>0,, K=K,={ve H(£); v =0 on 02} and the square integrability
of *u is shown. He considered also the case when £ is a cone (see
Remark 1.17 in [13]). The line of our proof follows that of Theorem 8.6
in the above book.

The proofs of our theorems will be given in Section 4. For this we
prepare several lemmas in Section 3. Section 5 is devoted to quasi-linear
variational inequalities.

2. In this section we give two examples of compact sets with positive
capacity, satisfying (1.4) or (1.6). We consider in R’ with coordinates (x, y).
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ExamPLE 1. Let 0<d<1land 0<b<a<1l We define Q= {(x,5);
|x| < a, |y] < b}. By a proportional transformation we easily see that

@1 [, s (), @1~ dxdy < c(aby-,

where dis ((x, y), @°) is the distance from the point (x,y) to @° and the
constant C depends only on 4.
Next we set

A = {x|<af2, |y <a/2} N [{x] <b/2} U {y] <b/2}],
A, = {x[<b[2, [y] < b2},

A, = {|x| < b2, b2<y<af2},

A, = {x| < b2, —a/2<y< —b2},

A ={—0a2<x< —b/2, |y| < b/2}

and
A ={b2<x<al2 |y <b2}.

Then A = Ui_; A, and dis ((x, y), A°) = dis ((x, ), A9). Hence we see that

[[ tais (@ 3), a0 dwdy < 33 [ 1dis (@ 9), 401 dxdy .
Applying (2.1) to each integral on the right-hand side, we have
@) [, s (w2, 491 dxdy < CIB-0 + (@ — b)Y

Let {a;} be a monotone decreasing sequence such that
321 4% glzﬂ“”a;“" < oo
and
0<a,< 21-1(1 - ;2"“@) . j=12--

We eliminate from [0, 1] an open interval O with its length @, and
with its center 1/2. The remained closed intervals are denoted respectively
by I and I{" in turn from the left. Secondly we eliminate from each
I® an open interval O with its length @, whose center is identical with
that of I{". Then there are remained four closed intervals, which are
denoted by I®, I, I’ and I in turn from the left, respectively. We
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repeat inductively this process, that is, O{*" is eliminated from the center
of I (j =1,2,---,2"). The lastly remained closed set is written by .
And we set E=dJ X J.

From (2.2) we have

] [dis (%, ), E)]-* dxdy
{[0,1]%[0,1]} - E

! 7=1 k=1

=1

By our hypothesis, the right-hand side is finite. This implies immediately
that E satisfies (C;). Since the one-dimensional measure of J is positive,
the capacity of E is naturally so.

ExampiE 2. Let 1< <2 and 0<a £1. Then we see that
1 o
@.3) [} @+ yyrrddy < car-r,
0Jo0

where C is independent of a.
Indeed, the left-hand side equals

1/a 1
ar [ [ 6 4 o ndeds.
0 0
By putting s = ts’, we see

[ [ @+ oy dsat

1 (1t 1/a (1t
= ([ [+ [ )+ normdsan
0Jo 1 0
<[eva [ @ +nrds + ("1 ar,
0 0 1

which implies (2.3).

Let {I,};., be a set of disjoint closed intervals contained in [0, 1].
Setting E = the closure of | 7., I;, we assume that the one-dimensional
measure of E — Jj.,I; is zero. We put (0, 1) — E = 5., O;, where {O;}
is a set of disjoint open intervals. Further we assume that > 5., |I;[*”
and >;7.,|0,F-" are both finite. Then from (2.3) it follows that

f_l I : &(x, y)-* dxdy

o /1 . ) y

jZ:=1 (J‘—l Ill + I_‘ jo,)dj(x’ y) dxdy

=C (i " + iIOflz_a) < oo,
= =
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Hence E satisfies (D;).

In this example Theorem 2 is available in the neighborhood of the
Set .E - U;‘;l Ij.

3. For the time being let F be a general compact set in R". Let
?(x) be the function as in the first section. We denote by |x| the norm
of the point x.

First we have

Lemma 1. It holds that
|0(x) — O < |x —y| for x,yeR".

This lemma is well-known. So we omit the proof.
Let % be a non-zero vector in R* with A = |k|, where h is assumed
to be sufficiently small.

Lemma 2. We have for x& F
1+~ = 0x)[D(x + D(x)h) < (1 — ).
Proof. Let z be a point in F with &(x) = |x — 2. We see

O(x + D(0)h) < |x + P(x)h — 2|
Zlx — 2|+ hd(x) .

Thus we have shown the left half of the required inequalities.
Secondly let z be a point in F with &(x + ®(x)h) = |x + D(x)k — z|.
Then we have

O(x) < |x — 2| < |x + D(x)h — 2| + hd(x) ,
from which the lemma follows. Q.E.D.

By Lemma 1 the function @ is totally differentiable almost every-
where in R* and |3, 9| <1(@ =1,.--,n). We consider the transformation
of coordinates

Dy =x+ Ox)h .
We write h = (hy, -+-,h,) and J = a(y,, ---, ¥.)/0(x,, * -+, x,). Then we see

1+ hoo0, 7do,0, - -, hyd,0
J = hla.n@, 1 + h2azg@9 Y hnaxn@ .

..........
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In virtue of Lemma 1 it follows that for x, ¥’ € R"
(1 = h)|x — x| < [Du(x) — Pu(x)]|
<A -htx -2,

Accordingly, the mapping @, and its inverse @;' are both one-to-one map-
pings from R" onto itself. And they are totally differentiable almost
everywhere in R", whose first derivatives are essentially bounded.

If we set ¥'(y) = —0(x) (=—D(9;%(y))), it is written

Oitix =y + U(yh.
Now we define
(Su)(x) = u(x + k),  (Thu)(y) = w(y + T (»h),
(Pru)(x) = A [(Spu)(x) — u(x)]

and

(@u)(¥) = h ' [(Tru)(y) — w()] .

Obviously, (@,u)(y) = —(P,u)(x). These operators are similarly defined
also for vector-valued functions.

The above definition of the quotient of differentials is originated from
M. Marcus [14], where it was defined in a simple form:

h_l[u(xly ey Xpoy Xy + hxj, Xirty ** %y xn) - u(x)]

and it was used to the study of the Dirichlet problem with degenerate
boundaries.

Hereafter, let the direction of & be arbitrarily fixed and let us put
e=h"'h. We write V', =(@,,,-++,0,,) and V, = (@,,, -+, 8,,)-

The following lemma is trivial. So we omit the proof.

LemMma 3. We have

V. (Spw) = SV u + (h- SV ,u)V 0,
V,(Tw) =TV u+ (h-TV ,wW 7,
V(Pyu) = PV u + (e- SV u)y .9

and
V(Qw) =@V, u+ (e TV ,wW,7.
We note that the function u in Hy({) is extended over R" so that
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v =0in 2°. We denoted by (,), and || |,((,), and | |,) the L*inner
product and the L*-norm of functions on RZ(R:), respectively. Let J be
the determinant of J, which is essentially positive in R".

LemMMA 4. Let u, ve L*(R"). Then we have
(Quu, v), = (Ju, Pp). + h'[(Ju, v), — (4, v).] .
If ue HY(RQ), there is a constant C independent of h and u such that
9(x)""Prull, < Cllul,

and
1Z(y) ' @uull, = Cllull: .

Proof. The first equality is trivial. By the completion we can assume
that u e Ci(Q). We see

(Pu)(x) = h! f 3,u(x + ODR)AH
0
—0 f e-(7 u)(x + 60R)AH .
0
By Schwarz’ inequality the first inequality is valid. The second inequality
is similarly proved. Q.E.D.
LemMma 5. Let u be in Hy(2). Then

| Py — Pe-V ul,,
1@ — VeV, ul,—0 (h—0).

Proof. If u is in CY%), we have
(Pru)(x) — D(x)e- (¥ ;u)(x)
—0 L e-[(7.0)(x + 00k) — (7 .u)(x)]d8 .

This means that
1Py — G-V ull < cj‘ [ 100 + 008 — @w)0)r dxdo
0

which is valid also for ue Hy?) by the completion. The right-hand side
tends obviously to zero as A — 0. The later half is quite similar. Q.E.D.

Now let F be E U 02 and K be the closed convex set as in Theorem 1.
Then we have
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Lemma 6. If UeK, S,U and T, UeK.

Proof. The function S,U is in [H(2)]". Indeed, by Lemma 3 and
the boundedness of J-! there is a constant C such that

ISiVIh< ClIIVI,  for Ve[CYI",

where C is independent of # and V. And we note that the support of
S,V is compact in 2, if V is so. Thus taking an approximating sequence
of U, we see that S,Ue [HY)]". Since S,U= U on E, S,UeK in view
of the definition of K. Similarly T,Ue¢K. Q.E.D.

Next let K; be the set as in Theorem 2. Setting F = dE U 92 and
replacing k with & = (h,, -- -, h,_,, 0), we consider S, and Tj}.
Then we have

Lemma 6. If UeKk,, S, U and T,UcK,.

Proof. From the proof of the previous lemma, S, U and T, U are in
[Hy(D]¥. We easily see that it is necessary and sufficient to be x € E, in
order that x + #® e E. And it is obvious that if A is a set on {x, = 0}
with (n — 1)-dimensional measure zero, the images 9,(A) and @;'(A) have
also measure zero on {x, = 0}. Thus (S, U)(x) and (T, U)y)e S for x,ye E
except for a set of capacity zero, which completes the proof. Q.E.D.

4. In this section we prove our theorems. First Theorem 1 will be

shown.

Suppose that U (=(u,, -+ -, uy)) is a solution of (1.3) and U® is a
particular solution of (1.3) for G = (0, - - -,0). As well known, we have
1U— U, =a|G]-, .

that is,
“.1) UL = a'[|G-; + C(K)

(cf. Theorem 2.1, Chapter II in [9]).
Let us denote by a(, ). and a(, ), the bilinear form a(,) in Section
1 with respect to the variables x and y, respectively.
We note that S,U and T,Uec K from Lemma 6. We have by Lemma 3
a(Uy ShU)z = (a‘(iik)ax,ui, Shazkui)z + (a,(iik)a:cjut’ (h'Sthut)azk@)m
+ (b§7})azkuj, Spus)s + (ciyuy, Silts)s -

In general, it holds that for any function f, v and v
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(fal‘ju’ Shaxkv)z = (J—lThf' Tha‘yjuy a!lkv)‘y
= (J'Tuf-0y,Tous, 0,,0)y — (J'Tf-(h- TV ,w)2, ¥, 0,,0), .

Hence we see

a(U, S;U), = (J'Twa§l-0,,Thu,, 0,,u0),
+ (TS -0, Thuy, )y + (I Thes; - Tutdy, ws),
+ (a;k)az:juh (h'Sthui)axk@).t
— (J ' Twafd - (h- TV ,u.)9, ¥, 0,,u.),
— (J'T0% (k- TV yuy)d, 7, us),

We put J =1+ hd, and J-! = 1 + hJ,. More precisely, dy = J(x)dx,
dx = J(y)dy, J(x) = 1 + hd(x), J(y) = 1 + hJy(y) and J(x)J'(y) = 1. It
is easy to see that J;, and o/, are essentially bounded. We write T,f =f
+ hQ,f. In this way, we arrive at the equality

(T, U, U), = a(U, S,U),
— h[((@ + Jz)am az/jThuh 0yilhs)y
+ (@ + J)bF -0, Touy, ue)y + (Qn + Jo)eu; Thuy, we),]
- hz[(Jthajk az//Thui’ 0y ls)y
+ (@Y -0, Thuy, us)y + (L.@hci; Thuy, uy),]
— (0§20, uy, (k- SV ;1.)0:,D).
+ (Thaﬁ’ (k- T,,V,,ui)a,,jw, 0y, Ue)y
+ WL, Tl - (h-ToV yu,)d, ¥, 8,,u,),
+ (10055 - (k- ToV ,u))3,,7, wy),
+ LT - (k- ToV yu)o, 7, u,), .

4.2)

Moreover we see that

a(T,U, T,U), = (@RTx0,,u:, Tidy U0y
+ (B Ty, Thtes)y + (s Tutes, Touss),
+ (aﬁ’}EThay,uu (h-TWV yu 20,.7),
ald(h- TV ,u.)o, W, Tidy,us),
+ (af3(h- TV yu,)9,%,9,.7),
+ (b¥(h-To yu)o,. W, Thu,), .

Similarly in deriving (4.2), we have

«TWU, T, U), = (U, U),
+ hl(Ja$00. w4, 02,U:)s + (J10§70:,1y, U)o
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+ (Jicisuy, u).] — h[(Qaly - Ti, u,, Thdy U0,
+ (@b - 100wy, Totes)y + (@nCiy- Thtey, Thty), ]
+ @R T30y, (h- TV ,u)d, J0),

+ (@R T,F yui)aij, T:9,,u:)y

+ (@R(h-TiV yu;)0,¥,0,%7),

+ (bF(h- TV ju), W, Thu,), .

Combining (4.2) and this equality, we obtain

@, U, QU), = h7[a(T U, ToU), — o(T}U, U), + (U, U — T,U),]
= h*[a(U, U — 8,U), + «(U, U — T,U),]
+ h(J0$0, 1, 04,u:) 0 + (J:0500, Thu,, 0,,u.),]
+ A [(6890,,u, u,). + (05570, Thuy, u,),]
+ h(Ties g, wi)e 4 (oci; Thuy, u),]
+ R (@ua? - 0y, Thts, 0y, 1:)y — (@Quali - Thdy s, Thdyus),]
+ R (@nbSY -0, Thtey, w.)y — (@b - Tidy g, Thtss), ]
+ A (@uc:s Tuttys o)y — (QuCoy Tatsyy Ththi),]
+ A= (L, Thafl - (h-ToV ,u)d, ¥, 0,,u,),
— (LT - (k- ToV ,u )9, %, w),)
+ R @2k Tol yu.)0, ¥, Tidy,te)y
+ (@3(h- SV ,u;)d,,9. 0.,1u,),]
+ h7'[afRTHdy ., (k- TV ,u:)0,. %),
— (Tl (k- TV, ui)az/,w 0y, U0)y]
+ B BBk T yu,)0, 7, Thu,),
— (T30 - (h- TV ,u )3, 7, u,),]
+ [(J.@xaf? - -0, Thuy, 0,80y + (JQsd% -0, Thuy, u,),
+ (L@icss - Tutty, i)y + (@fi(e- TV ,u.)9,¥,0,.%),] .

Here we have used the fact that {a{}} is symmetric for each i. Denoting
each bracket by I, on the right-hand side, we have

8 11
4.3) aQU, QU), = kL + k7 L 1, + B 5 1) + L.
j=2 i=

We shall prove the following inequality
4.4  a@QU, &), = C(PG| + IGl-: + 1UI-U Ul + 1QUlk,»)

where C is a constant independent of %, U, G and K. For this sake let
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us estimate each term on the right-hand side of (4.3). From now on we
denote simply by C the constant independent of &, U, G and K.
In virtue of (1.3) it follows that
oU, U - SU), < (G, U — §,U),
- (ThG, ThU - U)y + h(JzThG, ThU - l])y
and
a(Ua U— ThU)y é (G, U-— ThU)il .

Hence we obtain from Lemmas 2 and 4 that

R < |(@WG, QiU | + [(LT3G, @U), |
= Cl9GIL(1QUlly + 1T -

We use often Lemmas 3 and 4 without saying. Let us note that o/,
+ o, = O(h) (h — 0), more precisely, J,(x) + J(y) = O(h) (h — 0), because
hi(J, + Jp) = —Ji,.

Secondly let us estimate A~'I,. Since

(Jza%c)Thaz/jui’ aykui)y = (JJ2(y)a.(71k)(y)azjui’ (axkui)(y))a: ’

‘we see
(JzaﬁThawui, aykui)y - (Jz(y)a%?az,ui, azkui)z
= ((J — DJIL)afi(y)0:,u:, (0:,4)())s
+ (@52(y) — a§DILY)0z, 14, (02,:)(F))=
-+ (Jz(y)a;‘ik)((azkui)(y) — 0,,U,), a.’b‘ju‘l).’c .
Hence

R (oS T30y s, 0y, 10)y — (JLA9)a500,1:, 05,14)]
S C(IUIE + IPF Ul Ul
= CIUIL (1€ Ull,y + UL -
On the other hand
I, = (Ji(®) + JA¥)afiosu, 0,,U.)s
+ [(LaR T30y Ui, 0y, 10)y — (JA)a500,11, 05,84
+ (J ook TV yu,)d, ¥, 6,,u,), .

This leads to the estimate

(4.5) R\ L) < ClUNL (1@ Ul + 1T
for j = 2.
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The term I, is written:

I = _h(Qhag'ik)’ Thay;uu Qha'(lkui)ll
+ h(Qha?k’ (e Tthut)aww, 0y i)y -
Thus (4.5) is valid also for j = 5. We see more easily that (4.5) holds
for j = 3,4,6,7 and 8.
Let us now consider the term I, Obviously, V,¥ = —(F . 0)(*J)-'. And
we can write

(4.6) ¢ =1+ hH,
where I is the unit matrix and each component of H is essentially
bounded. Hence it is easily seen that
[h—l(h-11'9 - [_(Jag‘ik)(y)(e'Vzui)az,d)y azkui)x + (agilg(e'Sthui)azj¢’ a.rkui)z]‘
<C|IUIL.

Using the equality

JaR(y)e-V u;) — afi(e- SV .u,)

= (J — Daf(y)e-V.u) + (@f(y) — afd)e-V.u,)
+ afi((e-V,u) — (e- S ,u,y)) ,
we have
h—l I(Ja_(;k)(y)(eVzut)GIJQ’ axkut)x - (ag‘ik)(e'Sthut)a.rj@, azkui)zl
S ClUILI@Uly + 11U -

Accordingly it follows that
h2 L < ClUL1@U L, + UL -

More easily we can estimate h~*|I,l, h~*|I,| and |I,| from above by the
right-hand side of (4.5).

Therefore combining the above estimates and (4.3), we get (4.4). In
virtue of (4.1) and (1.2), we obtain finally

€Ul = C(IPG] + |G- + C(K)) .

This implies that there are a subsequence {k,} and a vector function Ve
[Hi(D)]" such that |k,|— 0 (v — c0) and {Q, U} converges weakly to V in
[H(2)]" as v — . On the other hand, from Lemma 5 {Q, U} converges
strongly to Ze-V,U in [L¥(2)]" as v—> . Thus V="e.F,U. Writing
U(y) = O(y)-(—D(x)/D(y)), we have by Lemma 2
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4.7 |@e-V.Ul,. < C(|9G| + |G-, + C(K)) .
This yields
10°U|| < C(|2G| + |G- + C(K)) .

Let 7 and & be the numbers as in Theorem 1. Let p = 6/7 and ¢ =
2/tr. Then p,g>1 and p—'+ ¢! = 1. Applying the Holder’s inequality,
we conclude that

[, ruraz< (], oar)"([ oiovras)”.

With the aide of (1.4) this completes the proof of Theorem 1. Q.E.D.

Next we shall prove Theorem 2.

Taking S, and T} as in Lemma 6’ and replacing S,(T}) with S,(7%)
respectively, we proceed in parallel with the proof of Theorem 1. In
particular Lemma 6 is substituted for Lemma 6. Then in place of (4.7)
it follows that

Pe -V, Ul,,. < C(|1G|| + |Gl-: + C(KY) ,

where ¢ = I'/|k'| and &(x) is the distance from x to the set JE U 92.
Thus we get

(4.8) 1993, U < C(I2G] + | Gll-. + C(Kp)

for j + n.

Let g; be the i-th component of G. Since —d.,(a{?-0,,u;) + b{yd,u;
+ ¢, u; = g, in 2 — E for each i and af) does not vanish in 2, (4.8) is
valid also for j = n. Therefore

( j @ |FUP dx)'” < the right-hand side of (4.8) .
B

In view of (1.6) the remained part is quite similar. Q.E.D.

Remark. If ||G|-, is small, Theorem 2 holds also for the set K, defined
in the first section.

In fact, by putting V = (0, - - -, 0) in (1.3), we see that | U|; £ a7 ||G-;.
Hence we have by the trace imbedding theorem

[ wdw e ana]" =0 (<o,
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which means that S, U and T, U are in K, for sufficiently small |#’|. Thus
Theorem 2 holds for K = K,.

5. In this section we remark that our theorems are valid also for
quasi-linear systems of variational inequalities. For brevity we consider
only single operators with simple form. In this direction there is a result
of G. H. Williams [15], which is concerned with the Lipschitz regularity
of the solutions in the case of K = K.

Let a(®) = (a(é), - -+, a,(§)) be a C-mapping from R" to itself. We
assume that there are two positive constants @ and M such that for all
&neR"

la(®)] < M + |£))

and

al§f < [Pa)(y)-£6. < M|

The vector field a(§) becomes strongly coercive monotone in the sense of
Definition 4.1, Chapter III in [9]. We define

a(u, v) = (a,(Vu), d,,) for u,ve HYD) .

Let K be a closed convex set in HY%?) and g be any given function in
H-'(2). Then there exists a ue K of

6.1 a(u,v —u)=(g,v—u) for all ve K

(cf. Theorem 1.4, Chapter III in [9]).
Let u® be a particular solution of (5.1) for g = 0. We have by (5.1)

(@.(Fw), 8, (u® — w) = (& u® —u)

and

(@Vu®), 0, (u — u®)=0.
Thus

(@:(Fu) — a,(Pu®),d,(u — u?) = (g, u— u®).
The left-hand side equals
f (a )tV + (1 — O u®)-F(u — u®), 0, (u — u®)) ds
0

= allV(u — u9)|? (by our assumption) .

Hence
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lw —u®l, < agll,

from which the following inequality holds in place of (4.1):
(5.2) lul, < a'llgll-s + C(K) .

In Theorem 1 we substitute g and u for G and U respectively. And
we impose the assumptions of Theorem 1. That is, @g is in L*2) and
each element of K is constrained only on E. Following the method of
S. Gerhardt [6], we shall show that Theorem 1 holds for the solution u
of (6.1). S. Gerhardt [6] proved that d°z is in Lj3,(2) for the solution u
of (6.1) when K = K, and , g€ C¥£). Our proof is briefly sketched.

Setting

I=a(u, u— Su), + a(u, u — Ty, ,
we have from (5.1)
I'<(gu— Suw,+ (g u— Tw,,
whence it follows that
(5.3) I < CllOglls (1 @utells,y + llzell)
Since

a’(u7 u)x = (J_Iai(ThVVu)’ Thawu)v ’
a(u, Shu):c = (J_lat(Tthu): awu)u + (ai(Va:u)’ (h’Sthu)am@)x

and
a(u, u — Tyu), = (a,V ,u),d,,u — Ty, u), — (@, ,w), k- T,V ,u)30, ), ,
we can write

I= (ai(Tthu) - ai(Vzlu)s Thawu - a?ltu)il
+ h[(Ja (T ,w), Ty, u — 9,,u), — (@, .u), (e- S ,u)d.,D).,
- (at(Vvu), (e- Tthu)aww)z/] .

It is easily seen that

h 1 2 a||QF yully + (Tl T yu), @idy 1)y

(54) . h_l[(ai(qu), (e_Sthu)a“@)x + (ai(Vyu), (e- Tthu)aww)y] .

By writing H = (hy;) in (4.6), we have
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(ai(V'yu)’ (e' Tth/u)azliw)ll = —(Jai(ShVa:u), (e'qu)az¢¢)a;
- h(Jat(ShVa:u)’ (e'V:cu) Z a:c,thjz)z .
J

Hence

R (@ ;w), (- SW .w)d.,D). + (a.(V,w), (e- TV ,u)d, ¥),]
= (a,(V,u), (e- PV .u)d,, D), + (h~(a,(V,u) — a (S .w), (e-V, u), D),
- (‘Lai(Sthu)’ (eru)a“¢),; - (Jai(Sthu), (e'qu) Z aa:j@' hji)z .

By our assumption and (5.4) it follows that

Rl z || @ yully — C(L+ ull)(| @F yully, + 1PV ol + llull) .

Combining (5.2), (5.3) and this inequality, we proceed in parallel with
the previous section. Then we can deduce the conclusion of Theorem 1.
Similarly Theorem 2 is proved for the solution u of (5.1).
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