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Nonexistence of non-Hopf
Ricci-semisymmetric real hypersurfaces
in CP? and CH?

Qianshun Cui and Zejun Hu

Abstract. In this paper, we solved an open problem raised by Cecil and Ryan (2015, Geometry of
Hypersurfaces, Springer Monographs in Mathematics, Springer, New York, p. 531) by proving the
nonexistence of non-Hopf Ricci-semisymmetric real hypersurfaces in CP? and CH2.

1 Introduction

Let M"(c), for an integer n > 2 and a real number ¢ # 0, be a nonflat complex space
form of complex dimension # with constant holomorphic sectional curvature c. A
complete and simply connected complex space form is complex analytically isometric
to the complex projective space CP" if ¢ > 0, or the complex hyperbolic space CH" if
c<0.

There are a great many of studies on real hypersurfaces of M"(c) (see, e.g., [3,
16] and the references therein). In particular, it is known that there do not exist real
hypersurfaces with parallel Ricci tensor in nonflat complex space forms M"(¢) for
n > 2 (see [8, 10, 19]). Moreover, it was further shown in [9, 12, 17] (cf. also Theorem
6.29 in [16]) that there do not exist Ricci-semisymmetric real hypersurfaces in M"(c)
for n > 3, and there do not exist Hopf Ricci-semisymmetric hypersurfaces in M?(c).
Based on these results, in their wonderful book [3], Cecil and Ryan stated in Remark
8.70 of [3] that “The existence of non-Hopf Ricci-semisymmetric hypersurfaces in CP?
and CH? is an open question,” and then they further raised the following interesting
problem.

Problem 1.1 (cf. page 531 of [3]) Do there exist non-Hopf Ricci-semisymmetric
hypersurfaces in CP* and CH*?

In this paper, we shall solve the above problem by proving the following theorem.

Theorem 1.1  There do not exist non-Hopf Ricci-semisymmetric hypersurfaces in both
CP? and CH?.
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Nonexistence of non-Hopf Ricci-semisymmetric real hypersurfaces 189

To introduce the related notions, we recall that every connected orientable real
hypersurface M of an almost Hermitian manifold (M, J) is associated with a Reeb
vector field, called also the structure vector field, defined by & := —JN, where N is the
unit normal vector field of M < M. M is called a Hopf hypersurface if the integral
curves of & are geodesics. In particular, by Berndt, Bolton, and Woodward [2], a real
hypersurface of any nearly Kéhler manifold is Hopf if and only if its Reeb vector field
is a principal vector field. As is well known, Takagi [20] investigated homogeneous
real hypersurfaces in CP" and gave a well-known list, which is often referred to as
Takagi’s list: (A1), (Az), (B), (C), (D), (E). Then, Montiel [15] provided a similar
list of the real hypersurfaces in CH", which is often referred to as Montiel’s list: (Ay),
(A1), (Az), (B). Kimura [11] proved that a Hopf hypersurface of CP" with constant
principal curvatures is locally congruent to one of the Takagis list, whereas Berndt [1]
proved that a Hopf hypersurface of CH” with constant principal curvatures is locally
congruent to one of the Montiel’s list. These hypersurfaces can be seen as the tubes
over a submanifold of the ambient spaces.

To study the Ricci-semisymmetric real hypersurfaces in CP? and CH?, we recall
that a Riemannian manifold M is called Ricci-semisymmetric (or Ricci-semiparallel)
if
(L1) g(R(X,Y)S(Z) = S(R(X,Y)Z),W) =0, VX,Y,Z, W e TM,

or simply write R - § = 0. Here, R and S are the curvature tensor and the Ricci operator
of M, respectively.

The study of Ricci-semisymmetric real hypersurfaces in M" (c) has a long history.
First, Kimura and Maeda [12] proved that the Hopf hypersurfaces of CP",n > 2,
cannot be Ricci-semisymmetric. Ki, Nakagawa, and Suh [9] classified cyclic Ricci-
semisymmetric (or cyclic Ryan) hypersurfaces of the nonflat complex space forms
M"(c),n > 3. Moreover, we know from the results of [9] that all the cyclic Ricci-
semisymmetric hypersurfaces are not Ricci-semisymmetric. Hence, there do not exist
Ricci-semisymmetric real hypersurfaces in M" (c) for n > 3. Niebergall and Ryan [17]
proved that the Hopf hypersurfaces in M?(c) cannot be semisymmetric, i.e., R - R = 0.
As a Riemannian 3-manifold is semisymmetric if and only if R - S = 0, we see that
Hopf hypersurfaces of M?(¢) cannot be Ricci-semisymmetric. In summary, we have
the following.

Theorem 1.2 (Theorem 6.29 of [16])  In a complex space form of constant holomorphic
sectional curvature 4c, c # 0, there exists no real hypersurface M*"~', n > 3, satisfying
R - S =0. For n = 2, there are no Hopf hypersurfaces satisfying R - S = 0.

Combining Theorems 1.1 and 1.2, we have the following.
Corollary 1.1  There do not exist Ricci-semisymmetric hypersurfaces in nonflat com-
plex space forms M"(c), n > 2. In particular, there do not exist non-Hopf semisymmetric

hypersurfaces in both CP* and CH>.

Remark 1.1 In contrast to Corollary 1.1, we know by Theorem 6.30 of [16] and
Theorem 8 of [7] that there exist real hypersurfaces in the nonflat complex space forms
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M"(c) (n >2) satistying
(L2) g(R(X,Y)S(Z)-S(R(X,Y)Z),W) =0, VX,Y,Z,We {&}".

A real hypersurface of M"(¢) satisfying (1.2) is said to be pseudo-Ryan, whereas
Hopf pseudo-Ryan hypersurfaces in M"(c) coincide with the pseudo-Einstein ones
for all n > 2. See Remark 8.70 of [3] for details.

Remark 1.2 As related results, we would mention some nice researches about real
hypersurfaces of an almost Hermitian manifold with recurrent Ricci tensor (see [4-6,
13,14]). Recall that a Riemannian manifold M is called having recurrent Ricci tensor S
if there exists a one-form w on M such that (VxS)Y = w(X)S(Y) forall X, Y € TM.
Loo [13] and Hamada [5] proved independently that there are no real hypersurfaces
with recurrent Ricci tensor in M"(¢) for n > 3, and then in Theorem 20 of [14], Loo
further proved that the Ricci operator S being recurrent implies that S is semiparallel.
Thus, combining with Theorem 1.1, we have shown that there do not exist non-Hopf
hypersurfaces in M?(c) with recurrent Ricci tensor. Finally, we noticed that very
recently Wang [21] studied Ricci #-recurrent real hypersurfaces in M?(c).

This paper is organized as follows. In Section 2, we review the necessary materials
about real hypersurfaces of the nonflat complex space forms. In Section 3, we establish
three basic lemmas about the non-Hopf Ricci-semisymmetric hypersurfaces in the
nonflat complex planes M?(c¢). In Section 4, we complete the proof of Theorem 1.1.

2 Preliminaries
2.1 Geometry of hypersurfaces in nonflat complex space forms

Let M"(c) be the nonflat complex space form with the constant holomorphic sec-
tional curvature ¢, the complex structure J, and the Kihler metric g, respectively. Let
M be a connected real hypersurface of M" (¢) with unit normal vector field N. Denote
by V the Levi-Civita connection of the metric g, and g the induced metric on M. Put

2.1) JN =-£ JX=¢X+n(X)N, VX eTM,

where ¢X and n(X)N are the tangential and normal parts of JX, respectively. & is
called the Reeb vector field or the structure vector field, ¢ is a tensor field of type (1,1),
and # is a 1-form on M. By definition, for any X, Y € T M, the following relations hold:

(22) {n(x) =8(X. ), ¢*(X) =X+ (X)L, n(¢X) =0,
g(#X,Y) = ~g(X, 9Y), g(¢X, ¢Y) = g(X,Y) — n(X)n(Y).

Let V be the induced Levi-Civita connection on M, and let R be its Riemannian
curvature tensor. The formulas of Gauss and Weingarten are given by

(2.3) VxY = VxY +h(X,Y), VxN = -AX, VX, Y € TM,
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where h is the second fundamental form and A is the shape operator of M, which are
related by h(X,Y) = g(AX, Y)N. From (2.1) and V] = 0, we obtain

(2.4) Vx§ = ¢AX, (Vx¢)Y = n(Y)AX - g(AX, Y)<.
The Gauss and Codazzi equations of M are given, for any X, Y, Z € TM, by
R(X.Y)Z ={g(Y, 2)X - (X, 2)Y + g($Y, 2)$X - g($X. 2)$Y

(2.5)
-2g(¢X,Y)9Z} + g(AY, Z)AX — g(AX, Z)AY,

26)  (VxA)Y — (VrA)X = {{g(X, O)$Y - g(Y, )¢X - 2(¢X, V) ¢}
By the Gauss equation (2.5), we have
2.7) SX = {(2n +1)X - 35(X) &} + mAX - A’X, VX e TM,

where m = traceA is the mean curvature, and S is the Ricci operator.
2.2 The standard non-Hopf frame and their connections

From this subsection on, we shall restrict to the nonflat complex planes M?(c).Fora
non-Hopf hypersurface M of M?(c), there exists nonempty open subset
Q = {p € M| & is not a principal vector field at p} c M.

As our study is of local in nature, we shall assume Q = M in the sequel. Then, as
PV eE = p2AE = —AE + n(AE)E, we get

(28) AL =n(A§)E - Vel = al+ BU,
where a = 7(A), B=|¢pV€| #0,and U = —%(/)ng. It is clear that {£, U, U} is an

orthonormal frame field of M which, following that in [3], is called the “standard non-
Hopf frame” of M. Then, there are smooth functions y, §, and ¢ on M such that

(2.9) AU = BE+yU +8¢U, APU = 8U + ugU.
By using (2.4), (2.8), and (2.9), direct calculations give the following.

Lemma 2.1 (cf. [18])  With respect to the standard non-Hopf frame, there are smooth
functions r; (1< i < 3) such that the following relations hold:

Vyé€=-6U+ yoU, V¢Uf =—uU+ 69U, fo = BoU,
(2.10) VUU251¢U+8£, V¢UU:I$2¢U+M£a VgU:lij,(pU,
VU¢U = —K)lU - yf, V¢U¢U = —K)zU - 65, Vf(pU = —I{3U —/35

Moreover, taking X = &, U, ¢ U in (2.7), respectively, together with the use of (2.8)
and (2.9), we obtain

SE= (5 +ay + ap— 1)+ Bl - BOGU,
(2.11) SU =Bué+ Gc+ay+yu—p>-8)U+adpU,
SPU = —BSE+ adU + (3c+ap +yu - 6°)¢U.

https://doi.org/10.4153/50008439523000619 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439523000619

192 Q. Cuiand Z. Hu

3 Basic lemmas on non-Hopf Ricci-semisymmetric
real hypersurfaces

In this section, we establish three basic lemmas on non-Hopf Ricci-semisymmetric
real hypersurfaces in M?(c). To begin with, we have the following lemma.

Lemma 3.1 Let M be a non-Hopf Ricci-semisymmetric hypersurface in the nonflat
complex planes M*(c), and { &, U, ¢ U } is the standard non-Hopf frame such that (2.8)-
(2.10) hold. Then we have the following equations:

(3.1 §=0,
(3.2) ay - p*=-5,
(3.3) c+dap+yu—p*=0.

Proof  First of all, taking (X,Y,Z, W) = (& U, ¢U,U) in (1.1), then by direct
calculations with the use of (2.11) and Gauss equation (2.5), we can obtain

B8 =0.

As 8+ 0and ¢ # 0, we have § = 0 as claimed.
Next, taking in (L.1),

(X,Y,Z,W) = (& ¢U,U,¢U), (§¢U, ¢ ¢U), (U,¢U, U, ¢U),
respectively, with the use of (3.1), (2.11), and (2.5), we obtain

(3.4) ulay=p*+ ) =0,
(3.5) Eryp—ay+ ) (ap+ <) - put =0,
(3.6) (c+yw)(ap—ay+p*) - pu*=0.

Now, we claim that y # 0. Indeed, if y = 0, from (3.6), we shall get ay — f* = 0.
Then, from (3.5), we obtain ¢ = 0. This is a contradiction to the assumption.

From (3.4) and u # 0, we obtain (3.2).

Finally, substituting (3.2) into (3.5) or (3.6), we get (3.3). ]

Next, applying Lemma 3.1, the Gauss—Codazzi equations and some techniques, we
have the following basic lemma.

Lemma 3.2 Let M be a non-Hopf Ricci-semisymmetric hypersurface in the nonflat
complex planes M*(c), and {&, U, ¢ U } is the standard non-Hopf frame such that (2.8)-
(2.10) hold. Then we have the following equations:

(37) U(B) = &(y) = B (4ay - 8ap +y7),

(3.8) PBr1+ ks —ypu —yrs =0,
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(3.9) U(a) = &(B) = 2% (ay + 40 - 22),
(3.10) §(u) = Pras

(3.11) dU(a) = B(a + k3 —3u),

(3.12) QU(B) = ap —2pu + & + ay + Py,
(3.13) U (y) = —ury + yr1 + By + 2Bu,

(3.14) U(u) = yra — pkas

(3.15) E(ka) — 9U(k3) = —2Bu — Prs — K3k + Uk1,
(3.16) U(ky) — U (K1) = =2y — K2 — YK — K2 — pks — G,
(3.17) E(k1) = U(K3) = KaK3 — K2)»

(3.18) £(a) = )>

(3.19) U(y) = “221;*) (4c+y” +4ay +2yu).

Proof Taking (X,Y) = (&, U) in Codazzi equation (2.6) and using (3.1), we obtain

(3.20) U(B) =£(y),
(3.21) U(a) =&(B),
(3.22) Vi3 + yp — prs —ay + B — Bry = €

Then, from (3.2) and (3.22), we obtain (3.8).

Similarly, taking in (2.6), (X, Y) = (&, ¢U), (U, ¢U), respectively, with the use of
(3.1), we can obtain (3.10)-(3.14).

Next, taking in Gauss equation (2.5),

(X,Y,2) = (§¢U,U),(U,¢U, ¢U), (5, U, U),

respectively, and using (3.1), we can calculate to obtain (3.15)-(3.17).

To prove the remaining equations (3.7), (3.9), (3.18), and (3.19), more computations
are needed.

o Taking the derivative of (3.2) with respect to ¢ U and using (3.11)-(3.13), we obtain

(3.23) 0=¢U(a)y+¢U(y)a-2B¢U(B)
= Byks + Pyu — apry + ayry — fc - Zﬁzm.
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From (3.8), we have yy + yk3 = k1 + prs. Substituting it into (3.23), we have
0 = B(Br1 + urs) — apk; + ayky — fc - 2%k,
= ky(ay — B*) + Puks — apk, — Bc.

By using (3.2), the above equation can be rewritten as

(3.24) 0=—ri(ap+$)+p(urs —c).
Substituting (3.2) into (3.5), we have
(3.25) 0= (c+yu)(au+g)-pu’

As By # 0, we get from (3.25) that ap + 7 # 0. It follows from (3.24) and (3.25) that

-K1 MKz —C

- 0.
cryu By’

That is,

0= w*(Br1 - yrs) — c(urs — yu) + .

By (3.8), we have Br; — yk3 = pu — k3. Substituting it into the above equation, we
have

(3.26) 0=(u+c)(y—ra)u+c,
which implies that
(3.27) K3 # Y, yz +c#0.
o Taking the derivative of (3.3) along & and using (3.10), we have
0= p(48(a) + &(y)) + Pro(da +y —2pu).
It follows that
(3.28) §(a) = PRI —2E(y).
o Taking the derivative of (3.3) along U and using (3.14) and (3.21), we obtain
0=p(4U(a) +U(y) -U(n)) + (4a+y—p)U(p)
= p(48(B) + U(y)) + ka(y — ) (4o +y = 2u).
It follows that

(3.29) U(y) = -22-nBer 2 _4(p),

o Taking the derivative of (3.2) along &, we have

(3:30) 0= &(a)y +aé(y) - 2BE(P).
o Taking the derivative of (3.2) along U, and using (3.20) and (3.21), we obtain
(331) 0=¢(B)y +aU(y) - 2B&(y).
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Substituting (3.28) into (3.30), and (3.29) into (3.31), we have

—2BE(B) + (=L + a)E(y) = Yralionr2n)
(3.32) .

(y — 40)§(B) - 2B (y) = -2,

Since
‘ 4 = 4ﬁ + 7( )2 > 07

y—4a 28
we can solve (3.32) to obtain
§(B) = 2= [ BT —a(y - u) (-] + o)),
p(4pr+=—")

Ka(4a+y— 2
E(y) = J: ﬁ(4 (;34(21;42)7) (—ay +2ap - 1)
wapz =

From (3.2), we have
(3.33) 4B% = 4ay + c.
From (3.3) and the fact that g # 0, we have
(3.34) y+4(x:,u—i.
Thus, we obtain

(335) 4a+y-2u _ 4(4a+y-2p) —4(c+/42) _ 4
p(4p*+

)
Then, with the use of (3.33)-(3.35), &(8) and &(y) can be rewritten as

E(B) = - [ -3 (ay + Dy —aly - p)(-f + a)]

(336) =208 (ay + 407 - 2)
and
(3.37) ¢(y) = 2+c 2 (4ay —8ap +y )

(y—4a)* ~ u(dct+(y+4a)?) ~ ‘uz(4c+(‘u—i)2) Tt
4

195

From (3.20) and (3.37), we obtain (3.7). From (3.21) and (3.36), we obtain (3.9).

Next, substituting (3.37) into (3.28), we obtain

E(a) = - Bra(4aty—2u) _ Bra (oc)/ 2au+ L ¥y )

4u ur+c

Bra [(4a+y Zy)M

y2
R 1 r +¢xy—20¢y+7].

By using (3.3), we have

E(a) = £52 (c + ay + 4a® + 2ap).

ur+c

So (3.18) is obtained.
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Substituting (3.36) into (3.29), we obtain

Ko (y— 4 -2 K2 (y—
U(y) =- 2(y H)(ﬂ“*’)’ B _y 2;Z+CH)(“Y+4042 _ %

_ _ rka(y—p) s 2 yu
=- 2}427”[(4064—)/—2/4)7 +4(ay +4a” - 5],

By using (3.3), we have

U(y) = M(% +92 +day +2yu).

ur+c

So (3.19) is obtained. We have completed the proof of Lemma 3.2. ]

Lemma 3.3  Let M be a non-Hopf Ricci-semisymmetric hypersurface in M*(c), and
{&, U, ¢U} is the standard non-Hopf frame such that (2.8)-(2.10) hold. Then there exists
at least one point p € M such that K, # 0 at p.

Proof Infact,if k; = 0 on M, by (3.10) and (3.14), we have &(u) = U(y) = 0. Thus,
we have

0={[§& U] - (VeU=-Vu&)H(u) = (ks - y)pU(4).

From (3.27), we have ¢U () = 0. Thus, we obtain that y is a constant. It follows from
(3.26) that y — k3 is a constant. Then, taking the derivative of y — 3 with respect to
¢U and using (3.13), (3.15), and the fact that x, = 0, we obtain

0 =—prs + yr1 + By + 2Bu + (=2fu — Brs — Kaky + pk1)
= (B+r1)(y - K3).

As k3 # y, we have f = —k;.
Next, by k3 = 0, (3.7), and (3.19), we have &(y) = U(y) = 0. Thus,

(3.38) 0=A{[& U] - (VeU=-Vud)}(y) = (ks - y)U(y).
As k3 # 7, from (3.38), f = —k), and (3.13), we obtain

0=¢U(y) = —prr + yr1 + By + 2Bu = 3By,

which is a contradiction to f#0 and u=#0. This completes the proof of
Lemma 3.3. [ |

4 Proof of Theorem 1.1

Now, we are ready to complete the proof of Theorem 1.1.

Suppose on the contrary that M?(c) admits a non-Hopf Ricci-semisymmetric
hypersurface M, and {{, U, pU} is the standard non-Hopf frame on M such that
(2.8)~(2.10) hold. Then, from (3.3), we have ¢ = y* — yu — 4ap. Substituting it into
(3.24), we obtain

Z_yu—4da
0= iy (e + EIEZ20Y) & By + dap + yp — )
:M[iﬁl(ﬁ‘”) +B(ks+4a+y-p)].
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As p # 0, we have

(4.1) ki(u—y)=4B(ks +4a+y—u).
From (3.26), we have

2

(42) K3 =)+ m

Now, we claim that
y—u=+0.
In fact, if y = y, from (3.3), we get 4ay + ¢ = 0. This combining with (3.2) implies
that $2 = 0. This is a contradiction, which verifies the claim.
Then, substituting (4.2) into (4.1) and applying (3.34), we obtain

(4.3) mzi(y+ N —5):i(y— 2”)

#-y u(p*+e) u #-y #rtc

e Taking the derivative of (4.2) along U and applying (3.14) and (3.19), we obtain

_ 2 _ ka(y-u) 2 A(c+3p?)
(44) U(“{?’) =U (y + y(p,cz+c)) - 2‘uz+c [4C Yyt 4“)/ + 2)}[" T (ur+o) ]

e Taking the derivative of (4.3) along &, then applying (3.7), (3.9), and (3.10), we
obtain
_ 4B (u=y)=4BEW)=E) (4, _ <o
§() (u=y)? (y M2+C)

4B W) (WP ro)—cpué(p))
e |

(u?+c)?

- (#*ly)2 [%(“)} +4a? W)

T\

Bra (c=4*)Bra
(4.5) + o y[ﬂ 2 (4ay — 8ap +y )—%]

it BRI GRS Y

- ap?(u? + e - (day - sap +y?) ) |(
+ 2 [aay - 8ap+y? - L)
From (3.2) and (3.3), we have

(4.6) 4p* = day - (dap +yp—p*) = (u-y) (4 - 4a).

Substituting (4.6) into (4.5) and applying (3.3), we obtain
§(r0) =gz {[ - 4oy + 40® - 1) - B2 (207 - yu - day + do =y ) |

x (y- 44 ) + (- 40) [4ay - 8ap + * - L2}
(4.7) = {p(aa vy - 2p)(y - o8 ) + (u - 4a)[day - Sap +y?

)

la
ur+c

H
ultc
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In the following, we shall calculate the expression of £(,) — U(k3) in two different
ways. On the one hand, from (4.4) and (4.7), we have

E(m) = Uls) = i {uaa+y - 20)(y - 75%)

+(p- 4oc)[4ocy —8au+y* - C(;;ifz)]
2 cz(c+3 2)
(48) —(}’—M)[4C+)’ +4(Xy+2)/[/l— ‘uz(yz-{—‘c) ]}

H'fic {yy(4oc +y-2u)+(p- 40c)(4ocy - 8ap + yz)
+ (4= y)(dc +y* + day + 2yu)

# (=) BRGS0 ) 2D

By using (3.3), we have
yu(da+y—2p) + (p—4a)(day - 8ap +y*)

+(u=y)(dc+y* + day + 2pp)
(4.9) = Rayu +y*u - 8au* —16a’y + 32a*u — 8ay* + 4(u - y)c -y’

=8a(4ap+ypu—p’) +y(dap+yu—p*) + @’y + 4(u—y)e - y(y + 4a)?
= —8ac - 5yc + 4uc + p*y — y(y + 4a)?
and

) et (er3p?) PR )
(u=7) u*(p+c) + (u - 4a) u*(p+c)

:mPf -(u- Y)CZ - 4C,M3 - )/[44 + 36)/[/12 - 8ocy4 + 40([12C]
=36 - = y) (- y = 4a)* — dep — yu + 3cy - 8oy
(4.10) + 4occ]
c 3 2 2
=0 [# —da(dap +ypu—p) - p(dap +yp—u”)

=3p(4ap + yu - ;42) +y(y+ 4a)* - dcp +3cy + 4(xc]

(p*+c)

[pﬁ +8ac—3uc+6yc+y(y+ 4a)2].
Substituting (4.9) and (4.10) into (4.8), we obtain

§(r1) —U(ks) =

u {4yc ~5yc —8ac + yu* - y(y + 4a)*

ur+c
+ HZCH [ +8ca—3cu+6cy +y(y+4a)’]}
(4.11) = yl;ic {5uc —5yc —8ac+yp® - y(y + 4a)

+ ﬁ[Sca —4cu+6ey+y(y+ 4a)2]}.
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On the other hand, substituting (4.2) into (3.17) and applying (3.3), we obtain

(4.12) §(k1) — U(ks) = W = Nzzfc(.” -y -4a).

From (4.11) and (4.12), we obtain

=n +C{5yc—5yc—80cc+yy —y(y + 4a)?
+ +C(8coc 4cy+6cy+y(y+4oc) )—c(y—y—4(x)}.

(4.13) 0 =4pc — 4yc — dac + yu* — y(y + 4a)?
+ —[8ca — 4cp + 6cy + p(y + 4a)?].

By using (3.34), we can rewrite (4.13) to obtain

o=t 5) - )

(4.14)

e [800( —4cp+ 60y + y(,u - ﬁ)z]
Multiplying both sides of (4.14) by u*(u? + c), we shall obtain
0=cu(3u* +2cyu + c* + 8cap).
Since cu # 0, we have
(4.15) 0=3u* +2cyu + c* +8cap.
By using (3.3), we can rewrite (4.15) to obtain that
(4.16) 0=3u*+c*+2c(p—c)= (B> - c)(p* +¢).
It follows from (3.27) that
(4.17) 3> —c=0.
e Taking the derivative of (4.17) along & and using (3.10), we obtain
(4.18) YPr2 =0

Since 8 # 0 and u # 0, we obtain that x, = 0, a contradiction to Lemma 3.3.
We have completed the proof of Theorem 1.1.
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