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ABSTRACT

We consider a Deligne-Mumford stack X which is the quotient of an affine scheme
Spec A by the action of a finite group G and show that the Balmer spectrum of the
tensor triangulated category of perfect complexes on X is homeomorphic to the space
of homogeneous prime ideals in the group cohomology ring H*(G, A).
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1. Introduction

Let X be an algebraic stack. The category Perf(X’) of perfect complexes of Oy-modules is a
tensor triangulated category. One can ask for a classification of all thick tensor ideals in this
category, or equivalently for a description of the Balmer spectrum

Spc(Perf (X)),

the space of all prime thick tensor ideals in Perf(X), as defined in [Bal05]. An answer is known
at least in the following cases.

If X is a quasi-compact, quasi-separated scheme, the thick tensor ideals in Perf(X) are
classified in terms of their support by Thomason [Tho97]. This yields a homeomorphism

Spc(Perf (X)) =2 | X, (1.1)
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where |X| is the underlying topological space of X', by Balmer [Ball9, Theorem 4.1}, which relies
on [BKS07] when X is not noetherian. More generally, a homeomorphism (1.1) exists when X is
a quasi-compact algebraic stack with separated diagonal and X is tame, which means that the
geometric stabiliser groups of X’ are finite and geometrically reductive, by Hall [Hall6].

In a different direction, if X = BG is the classifying space of a finite group G over a field k,
then Perf(X) is equivalent to D?(kG-mod), the bounded derived category of finite modules over
the group algebra kG. In this case, thick tensor ideals in the stable module category of kG are
classified in terms of their cohomological support by Benson, Carlson and Rickard [BCR97] and
Benson, Iyengar and Krause [BIK11]; see also [CI15] for a direct proof of a non-stable version.
These results yield a homeomorphism

Spc(Perf(X)) = Spec”(Ry, ) (1.2)

where Ry, ¢ = H*(G, k) is the cohomology ring and Spec” is the space of all homogeneous prime
ideals, by Balmer [Ball0, Proposition 8.5]. The homeomorphism (1.2) is complementary to (1.1)
because the stack X = BG is tame if and only if the characteristic of £ does not divide the
order of G, in which case Spc(Perf(X)) is just a point. More generally, if G is a finite group
scheme over k, a similar classification of the thick tensor ideals in the stable module category
of kG and hence the homeomorphism (1.2) for X = BG exist by Benson, Iyengar, Krause and
Pevtsova [BIKP18].

Our main example

We consider a quotient stack X = [Spec(A)/G] where G is a finite group that acts on a commu-
tative ring A. Let T4 ¢ = Perf(X). This category is equivalent to the category D?(AG) A-perf Of
bounded complexes of AG-modules which are perfect as complexes of A-modules, viewed as a full
subcategory of the derived category D(AG). By [Ball0] there is a natural continuous comparison
map

pac : Spe(Tac) — Spec™(Ra)

with Ra ¢ = H*(G,A). If A is a field with the trivial action of G, which we will call the punc-
tual case, then p4 ¢ is the homeomorphism (1.2). If G is the trivial group, then ps ¢ is the
homeomorphism (1.1) for the affine scheme X = Spec A. The following is our main result.

THEOREM 1.3. The map pa g is a homeomorphism in all cases.

Even the case A = Z of integral representations seems to be new.

A stable version
The category Perf(AG) of perfect complexes of AG-modules is a tensor ideal in 74 ¢, and hence
the Verdier quotient

Sa.q = Taq/ Perf(AG)

is a tensor triangulated category again. As observed in [Bar2l], the following variant of
Theorem 1.3 is an immediate consequence.

COROLLARY 1.4. The map pa induces a homeomorphism

Spc(Saq) = Proj(Ra,q)-

The category Sa ¢ can be viewed as the stable category of the Frobenius category lat(A, G) of
all finite A-projective AG-modules, so Corollary 1.4 is in line with the classical results of modular
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representation theory mentioned above. If G acts trivially on A, another stable category of
AG-modules with different behavior was introduced in [BIK13], using the Frobenius category of
all finitely presented AG-modules with A-split exact sequences.

Recent literature

In the first version of this paper, Theorem 1.3 was proved only when the ring A is regular.
Afterwards, related results on stratification of compactly generated triangulated categories of
AG-modules in the case where A is regular with trivial G-action appeared in [Bar21, Bar22| and
in [BIKP22]. The fact that Theorem 1.3 implies Corollary 1.4 was observed in [Bar21].

Strategy

The proof of Theorem 1.3 is based on a reduction to the punctual case and the case of affine
schemes along the following lines. If A is a field with possibly non-trivial action of G, the result
follows from the punctual case by a form of Galois descent. In general we can assume that A is
essentially of finite type over Z; then it will be sufficient to show that p4 g is bijective. There is
a commutative diagram of continuous maps

PA,G h
Spc(7a,c) —— Spec"(Rac)

Jw Jm (1.5)

Spe(Tye) ——— Spec(A9)
PAG

where AY is the ring of G-invariants and T4c = Perf(Spec(AY)) is the associated category of
perfect complexes; note that A® is the degree-zero component of the graded ring Ry .. Here
pac is a homeomorphism by the case of affine schemes. Hence, the map pa g is bijective if and
only if it restricts to a bijective map between each fibre of w7 and the corresponding fibre of mg.
This map between the fibres will be related to the field case of Theorem 1.3 as follows. For a
prime ideal q € Spec(AY) we consider the reduced fibre of the ring A over g,

A(q) = (A ®4¢ k(a))red-

Explicitly this means that A(q) = k(p1) x --- x k(p,) where pi,...,p, are the prime ideals of A
over (. Functoriality gives the following commutative diagram, where the subscript q means fibre
over ¢ in (1.5).

pA(q),G h
SPC(TA(q),G) — Spec (RA(q)vG)

| B

(pA,G)a h
Spc(7a,6)qg —— Spec (Rac)q

The field case of Theorem 1.3 implies that p(g) ¢ is @ homeomorphism. We will show that jr
is a homeomorphism and that j7 is surjective, at least when A is noetherian. It follows that
(pa,c)q is bijective as required.

Change of coefficients
The preceding assertions on the maps jr and j7r relate to the question how the spaces
Spech(RAg) and Spc(7a) vary with the ring A. A G-equivariant homomorphism of
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commutative rings A — B gives rise to a base change map for the spectra of the
cohomology rings,

Spec"(Rp.¢) — Spec"(Raq) X $pec(AG) Spec(BY), (1.6)
and a base change map for the Balmer spectra,
Spe(7B,6) — Spe(74,G) Xspec(A) Spec(BY). (1.7)

In the case B = A(q) these maps can be identified with jr and j7. The following general result
on base change in group cohomology shows in particular that jr is a homeomorphism.

THEOREM 1.8. The base change map (1.6) is a homeomorphism if B is a localisation of a
quotient of A.

See Corollary 8.27 and the underlying Theorem 8.26, which says that the natural ring
homomorphism (R4,G)even @ s BG¢ — (RB,G)even induces a universal homeomorphism of affine
schemes if B is a localisation of a quotient of A. The proof of that result proceeds by a reduction
to three basic cases: the case where B is a localisation of A, the case B = A/I for a nilpotent
ideal I, and the case B = A/tA for an A-regular element ¢t € A9, under a noetherian assumption.

With hindsight, Theorem 1.3 identifies (1.6) and (1.7). A direct proof of the analogue of
Theorem 1.8 for the map (1.7) seems to be difficult, but in the above three basic cases we can at
least show that (1.7) is surjective, using a general surjectivity criterion of Balmer [Ball8], saying
that a functor between tensor triangulated categories which detects tensor nilpotence induces a
surjective map on the Balmer spectra. By formal arguments one deduces that (1.7) is surjective
when A is noetherian and B = A(q); in other words the map j7 is surjective in the noetherian
case.

Structure of the paper

In §2 we review the comparison map p and its relation with cohomological support for general
tensor triangulated categories. In § 3 we study the category D°(AG) A-pert from a purely algebraic
point of view. In §4 we introduce the category 74 ¢ of perfect complexes on X and show that it
is equivalent to the algebraic category of §3. In §5 we study basic properties of the comparison
map for these categories. The field case of Theorem 1.3 is established in §7. Theorem 1.8 is
proved in §8. The corresponding surjectivity results for the map jr are proved in §§9 and 10.
Finally, the main result is proved in § 11, and Corollary 1.4 is deduced in §12.

Notation
For a not necessarily commutative ring R we denote by R-Mod the category of left R-modules
and by R-mod the category of finitely generated left R-modules. The latter is abelian if R is left
noetherian.

2. Prime spectra and cohomological support

In this section we recall some aspects of Balmer’s theory of prime spectra of tensor triangulated
categories. Let 7 be an essentially small tensor triangulated category with unit object 1 and let

R = Ry = Endy(1) = @ Homz (1, 1[n])
nel

as a graded ring. This is a graded-commutative ring by the obvious composition of morphisms,
or equivalently by the tensor product of morphisms; see [BallO, Proposition 3.3]. By [Ballo0,
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Theorem 5.3] there is a continuous map, denoted there by p® and called the comparison map in
[Ball9],
p = pr : Spc(T) — Spec™(R) (2.1)
from the space of prime thick tensor ideals in 7 to the space of homogeneous prime ideals in R,
which is defined by the following property. If p(P) = p, a homogeneous element a € R satisfies

a & p if and only if cone(a) € P.
If the ring R is noetherian, then p is surjective by [Ball0, Theorem 7.3].

2.1 Support
For a graded R-module M we have the support

suppp(M) = {p € Spec"(R) | M, # 0}

where Spech(R) is the set of homogeneous prime ideals of R and M, is the homogeneous
localisation of M at p. For an object X of 7 there are two notions of support: the canonical
support

supp(X) = {P € Spc(7) | X ¢ P},

which is a closed subset of Spc(7); and the cohomological support
V(X) = suppp(End7 (X))

as a subset of Spec"(R), where My = End’(X) becomes a graded R-module by the graded
ring homomorphism R — Mx defined by f+— f ®idx, whose image is graded-central; the
same R-module structure on Mx arises from the tensor product of morphisms; see [BallO,
Proposition 3.3].

The cohomological support V(X)) can also be described using localisations of 7 as in [Ball0,
Construction 3.5]. For p € Spec”(R), the localisation 7, has the same objects as 7 and homo-
morphism groups Homz, (X,Y) = (Hom%(X,Y),)?, where ° means the degree-zero part. Let
Xp € 7, be the image of X € 7. Then

peV(X) <= (Mx)p#0+ X, #0. (2.2)

The category 7, is equivalent to the Verdier localisation of 7 with respect to the thick tensor
ideal generated by cone(a) for all homogeneous elements a € R\ p by [Ball0, Theorem 3.6]; in
particular, 7, is a tensor triangulated category such that the localisation 7" — 7, is an exact
tensor functor.

LEMMA 2.3. For a homogeneous element a € R we have
V(cone(a)) = V(a) = {p € Spec"(R) | a € p}.

Proof. Using (2.2) and the exactness of 7 — 7,, we have p € V(cone(a)) if and only if cone(a), #
0 if and only if a not invertible in 7, if and only if a € p. O

One can ask if (Spec(R), V) is a support datum on 7 as in [Bal05, Definition 3.1].

LEMMA 2.4. The cohomological support (Spec’(R),V) is a support datum on 7T if and only if
for all X,Y € T the set V(X) is closed and

VIX®Y)=V(X)NV(Y). (2.5)

1318

https://doi.org/10.1112/S0010437X23007200 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007200

THE BALMER SPECTRUM OF CERTAIN DELIGNE-MUMFORD STACKS

Proof. The conditions are part of the axioms of a support datum. Since the localisation 7,
is a tensor triangulated category, the remaining axioms of a support datum are easily verified
using (2.2). O

2.2 The comparison map and support
DEFINITION 2.6. The tensor triangulated category 7 will be called End-finite if for each X € 7
the R-module My = End%(X) is noetherian.

Clearly 7 is End-finite if and only if the ring R = End7 (1) is noetherian and the R-module
Mx = End%(X) is finite for each X € 7. Moreover, this implies that the R-module Hom’(X,Y)
is finite for all X,Y € 7 since the latter is a direct summand of End7(X & Y).

If T is End-finite, V(X) is closed in Spec”(R) for each X € 7.

PROPOSITION 2.7. For each object X of T we have

p(supp(X)) € V(X),
with equality if (Spec”(R), V) is a support datum or T is End-finite and rigid.

Proof. Let P € Spe(7) and p = p(P). We consider the multiplicative sets S in the category 7
and S in the ring R defined by

S={f:X —>Y inT |cone(f) € P},
S=8NR.

Then S is the set of homogeneous elements in R\ p by the definition of the map p. The
corresponding localisations of 7 are related by functors

T — ST —S8'7T=T7/P,
where S™'7 = T,, and S7'7 is the Verdier localisation at P. We get
(Mx)p=0<=X=0in7T,=X=0in7/P+= X eP,

hence P € supp(X) = p € suppr(Mx). This proves the first assertion.

To prove the second assertion, for a given p € suppr(Mx) we have to find a prime ideal
P € supp(X) with p(P) = p. We can replace 7 by the localisation 7y; cf. [Ball0, Theorem 5.4].
Then R is a local graded ring with unique graded maximal ideal p. Let M be the multiplicative
set of all objects of 7 of the form

X®" ® cone(a) ® - - - ® cone(a,)

with n > 0 and homogeneous elements ay,...,a, € p. We claim that 0 ¢ M. Then by [Bal05,
Lemma 2.2] there is a P € Spc(7) with M NP = §; in particular, X & P and cone(a) ¢ P for
each homogeneous element a € p. The first condition means that P € supp(X); the second condi-
tion implies that p C p(P) and thus p = p(P) since p was assumed to be maximal. So it remains
to verify that 0 ¢ M.

If (Spec(R), V) is a support datum, the tensor product formula (2.5) implies that p € V(Z)
for every Z € M because p € V(X) and p € V(cone(a)) for every a € p by Lemma 2.3. Hence,
0 € M. Assume that 7 is End-finite and rigid. We have X # 0 since p € V (X)), hence X®" £ 0
for n > 0 since 7 is rigid. So it suffices to verify that Y # 0 in 7 implies Y ® cone(a) # 0 for every
homogeneous element a € p. The triangle Y Y — Y ® cone(a) —71 gives an exact sequence

End%(Y) % End-(Y) — Hom’(Y,Y ® cone(a)).
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Here End%(Y') is a non-zero finite R-module, so the cokernel of multiplication by a on this module
is non-zero by the graded version of Nakayama’s lemma. It follows that Y ® cone(a) # 0. 0

COROLLARY 2.8. If (Spec®(R),V) is a support datum or T is End-finite and rigid, then p is
bijective if and only if p is a homeomorphism.

Proof. We have to show that if p is bijective and Z C Spc(7) is closed, then p(Z) is closed. The
definition of the topology on Spc(7') implies that Z is an intersection of sets of the form supp(X;)
with X; € 7. Proposition 2.7 yields p(supp(X;)) = V(X;), which is closed in Spec(R) by the
assumption. Since p is injective, p(Z) is the intersection of the sets V(X;) and thus closed. [

Remark 2.9. One can ask if the conclusion of Corollary 2.8 holds for general tensor triangular
categories; see [DS16, Lemma 2.1] and [DS] for a discussion.

PROPOSITION 2.10. If the category T is rigid and p is a homeomorphism, then p(supp(X)) =
V(X) for each X € T.

Proof. Let P € Spc(7) and p = p(P). As in the proof of Proposition 2.7, we consider the natural
functor j : 7, — 7 /P from the localisation at p to the Verdier quotient by P. We have to show
that X =0 in 7, if and only if X =0 in 7/P. In fact we show that j is an equivalence. By
[Ball0, Theorem 5.4] there is a cartesian diagram of topological spaces

T,
Spc(T;) — Spec”(Ry)

Spc(q) J J{

Spe(T) —— Spech(R)

where q:7 — 7, is the localisation functor. Since pr is a homeomorphism, pz, is a
homeomorphism. The space Spec” (Rp) has a unique closed point which maps to p in Spec(R).
Hence, Spc(7,) has a unique closed point P’ which maps to P in Spc(7). Since 7, is rigid, P’
is the zero ideal of Tp; see [Ball0, Proposition 4.2]. Explicitly this shows that P = ¢~1(0); in
particular, ¢ maps P to zero. Hence, ¢ induces a functor 7 /P — 7, which is an inverse of j. O

2.3 Products and colimits
Let us record how the Balmer spectrum and the comparison map behave under finite products
and filtered 2-colimits of 7.

LEMMA 2.11. Let T =Ty x T with tensor triangulated categories 7; and R; = EndZ.(1). Then
there are decompositions into open subspaces

Spc(T) = Spe(71) U Spe(T2)  and  Spec™(R) = Spec(R;) U Spec”(Rs)
such that pr = p7, U pry.

Proof. This is straightforward; note that R = Ry x Ra. See [AM69, Chapter 1, Exercise 22] for
the corresponding assertion for the spectrum of non-graded rings. O

LEMMA 2.12. Let 7 = hLQlZ be a filtered 2-colimit of tensor triangulated categories 7; and
R; = EndZ%.(1). Then we have

Spe(T) = limSpe(7;)  and Spec(R) = anSpech(Ri)

as topological spaces such that pr = llnz PT;-
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Proof. This is straightforward. See [Sta20, Exercise 078L] and [GW20, Proposition 10.53] for the
corresponding assertion for the spectrum of non-graded rings. ([l

3. Modules over the skew group ring

Let A be a commutative ring with an action of a finite group G. We denote by AG the skew
group ring for this action, so AG is the free A-module with basis GG, and multiplication in AG
is defined by (ag)(bh) = ag(b)gh for a,b € A and g,h € G. Let D(AG) = D(AG-Mod) be the
derived category of left AG-modules. The bounded-above derived category D~ (AG) is equivalent
to the homotopy category K~ (AG-Proj) of bounded-above complexes of projective AG-modules,
which carries the tensor product

PRQ=P®4Q (3.1)
with the diagonal action of G. This makes D™ (AG) into a tensor triangulated category. We
denote by

Db(AG)A—prOJ

the full subcategory of D(AG) whose objects are the bounded complexes of AG-modules which
are finite projective A-modules, and by

Db (AG) A-perf

the full subcategory of D(AG) whose objects are the complexes of AG-modules which are
A-perfect, that is, isomorphic in D(A) to a bounded complex of finite projective A-modules.
We will verify that these two categories are equivalent. It is easy to see that they are trian-
gulated subcategories of D™ (AG) and that (at least) D’(AG)a pert is stable under the tensor
product.

LEmMA 3.2. For every P € Db(AG)A_perf there is a bounded-above complex of finite projective
AG-modules with a quasi-isomorphism P" — P.

Proof. This is standard; see, for example, [Sta20, Lemma 064Z], where all rings are assumed to
be commutative, but that assumption is not used in the proof. Let us sketch a direct argument.
Assume « : @Q — P is chosen, where Q = [Q™ — --- — Q"] is a finite complex of finite projec-
tive AG-modules such that H(«) is surjective for i = m and bijective for i > m; equivalently,
H'(cone(a)) = 0 for i > m. Since cone(a) is A-perfect, it follows that H™ !(cone(a)) is a finite
A-module, so we can choose a surjective homomorphism of AG-modules Q™! — H™ ! (cone(a))
where Q™! is finite projective. This gives an extension Q' = [Q™ ! — Q™ — --- — Q"] of Q
and an extension o’ : Q' — P of a such that H'(cone(a’)) = 0 for i > m — 1. By infinite repetition
the growing @ gives P'. O

LEMMA 3.3. The inclusion Db(AG)A_prOj — Db(AG)A_perf is an equivalence of triangulated
categories. The resulting tensor product on D*(AG) a_proj is given by (3.1).

Proof. For P € D°(AG) gpert let P' — P be a quasi-isomorphism as in Lemma 3.2. For suffi-
ciently small n € Z, the truncation P” = 7>, P’ is quasi-isomorphic to P as well. Then P” lies in
DY(AG) A-proj because P” is A-perfect and bounded with finite A-projective components except
possibly in the left-most degree n. This proves the first assertion.

For the second assertion we note that for quasi-isomorphisms P’ — P and Q' — @ with
P',Q" € K~ (AG-Proj) and P,Q € D°(AG) A_proj the resulting homomorphism P’ ®4 Q" — P ®4
() is again a quasi-isomorphism. O
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LEMMA 3.4. There is an isomorphism of graded rings
and for two AG-modules M and N such that M is A-projective there is a natural isomorphism
of graded modules with respect to (3.5),
Hom, s (M, N) = H* (G, Hom (M, N)). (3.6)

Again this is standard, at least when G acts trivially on A, but this condition is not essential.
We sketch a proof for completeness.
Proof. We have Homi, 4 (M, N) = Hom}y 4 (A, Homy (M, N)), so in (3.6) it suffices to
treat the case M = A. If P’ — Z is a ZG-projective resolution, then P = A ®z P’ — A is an
AG-projective resolution, and the complex Hom (P, N) is isomorphic to Homgg(P', N). This
gives (3.6) and (3.5) as graded abelian groups. The cup product on H*(G, A) corresponds to
the tensor product in End}g( AG) (A), which coincides with the composition product by [Ball0,

Proposition 3.3], and hence (3.5) is an isomorphism of graded rings. Similarly (3.6) is an
isomorphism of graded modules over these rings. O

3.1 Functoriality
The pairs (G, A) where G is a finite group that acts on a commutative ring A can be made into
a category such that a morphism

f:(G,/A) — (H,B) (3.7)

consists of a group homomorphism G <+ H and an H-equivariant ring homomorphism f : A — B;
this is opposite to [Bro82, Chapter III, § 8] and [Wei03, 6.7.6]. A morphism of pairs f : (G, A) —
(H,B) as in (3.7) induces a functor of tensor triangulated categories

f«: D (AG) — D~ (BH)
or equivalently f, : K~ (AG-Proj) — K~ (BH-Proj), the latter defined by
f(P)=P®4B (3.8)

with diagonal H-action using the restriction under G < H on the first component. One verifies
that the functor f, restricts to a functor

fe: DY(AG) Apert — DP(BH) B_pert, (3.9)

which is given by (3.8) on the objects of D’(AG) A proj- Under the isomorphism (3.5), this functor
gives a ring homomorphism

fo  H*(G, A) — H*(H,B). (3.10)

This is the usual functoriality of group cohomology as a functor of two variables; see [Bro82,
Chapter III, § 8] or [Wei03, 6.7.6].

LEMMA 3.11. Let G be a finite group and A = h_I)nZ A; a filtered colimit of commutative rings
with an action of G. Then

Db(AG)A—perf = h_II)l Db(AiG)Ai—perf

as a filtered 2-colimit of tensor triangulated categories.

Proof. By Lemma 3.3 we can replace D’(AG) A pert by E(A) = DY(AG) 4-proj- The natural functor
lim, £(A4;) — £(A) is surjective on isomorphism classes because every complex in £(A) is deter-
mined by finite data of matrices over A subject to finitely many relations. The functor is fully
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faithful because for X,Y € £(A), after choosing a quasi-isomorphism P — X as in Lemma 3.2
we have Homg(4)(X,Y) = Homg(4q)(P,Y), which commutes with filtered colimits of A. O

3.2 Finiteness conditions
Let AG C A be the ring of G-invariant elements.

DEFINITION 3.12. The pair (G, A) will be called noetherian if the ring A is noetherian and A
is a finite A%-module.

LEMMA 3.13. If A is an algebra of finite type over a noetherian subring B of A%, then A% is of
finite type over B, and the pair (G, A) is noetherian.

Proof. Since A is integral over A® by [Bou75, Chapter V, §1.9, Proposition 22], [AM69,
Proposition 7.8] implies that A% is a B-algebra of finite type. Hence, A is noetherian. Moreover,
A is integral and of finite type over AY, hence finite over AC. O

COROLLARY 3.14. If A is a ring of finite type (i.e. a finitely generated Z-algebra), then A® is
of finite type as well, and the pair (G, A) is noetherian.

Proof. Let B be the image of Z — A and apply Lemma 3.13. g

PROPOSITION 3.15. If the pair (G, A) is noetherian, the triangulated category D(AG) A pert is
End-finite in the sense of Definition 2.6; in particular, the ring H*(G, A) is noetherian.

Proof. Let R = H*(G, A%). Since A® is a noetherian ring and A is a finite A%-module with
an A%-linear action of G, [Eve61, Theorem 6.1 and Corollary 6.2] give that R is a noetherian
ring and that H*(G, A) is a finite R-module, thus a noetherian ring. By Lemma 3.3 it suffices
to show that for P, Q € D*(AG) A proj the graded R-module Mpg = Homy 4¢)(P, Q) is finite.
Since the finite R-modules form a Serre subcategory of the category of all R-modules, one can
assume that the complexes P and ) are concentrated in degree zero. In that case, (3.5) gives
Mpgo = H*(G,Homy (P, Q)), which is finite over R by [Eve61, Theorem 6.1] again. O

4. Perfect complexes over quotient stacks

As in §3 let A be a commutative ring with an action of a finite group G. We consider the
Deligne-Mumford stack X = [Spec(A4)/G| and the tensor triangulated category

Ta G = Perf(X) (4.1)

of perfect complexes in D(Xet), the derived category of Ox-modules on the étale site of X, as
well as the graded-commutative ring

Rac = Endy, (1) = Endj ) (Ox)- (4.2)

We refer to [LMO00, (4.6.1)] for the definition of X', to [LMO00, § 12] for the étale site of X and
to [Sta20, Section 08G4] for perfect complexes on a ringed site. We note that Perf(X') is the
category of dualisable objects in D(X) by [Sta20, Section 0FPP]. In particular, Perf(X) is a
rigid tensor triangulated category.

Remark 4.3. For general algebraic stacks one uses the lisse-étale site and the associated category
D(Xiset) to define Perf(X); see for example [HR17]. For Deligne-Mumford stacks this makes
no difference because the categories Dyc(Xet) and Dge(Xjis-et) of complexes of Ox-modules with
quasi-coherent cohomology are equivalent by [LMO00, Proposition 12.10.1]; cf. also [HR17, §§1
and 4].
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PROPOSITION 4.4. There is an equivalence of tensor triangulated categories
Tac = DY(AG) Apert, (4.5)
and hence an isomorphism of graded rings
Rac = H*(G,A). (4.6)

Remark 4.7. We view Proposition 4.4 as a motivation to study the algebraic category
DY(AG) A-perf- In the remainder of the paper, the stack X will not appear in an essential way, so
the reader could skip the rest of this section and take (4.5) as a definition.

Proof of Proposition 4.4. Let Y = SpecA. We denote by Oy[G]-Mod the -category of
G-equivariant Oy-modules on the étale site of Y. Gluing of sheaves for the étale covering
m:Y — X yields an equivalence

Ox—MOd = Oy [G]—Mod, (48)

using that Y xy Y =2 G x Y. There is a pair of adjoint functors

®
AG-Mod m—— Oy[G]-Mod = Ox-Mod (4.9)
Q

with ¢ left adjoint to Q, where ¢(M) = M is the quasi-coherent Oy-module associated to M as
an A-module, with the action of G on M induced by the given action on M, and Q(M) = T'(Y, M)
as an A-module, carrying the action of G induced by the given action on M. The functor ¢ is
exact and preserves the tensor product defined by M @4 N in AG-Mod and by M ®p, N in
Oy [G]-Mod, in both cases with diagonal G-action. We will show that ¢ induces the inverse of
the desired equivalence (4.5).

Let Dg.(Xet) € DT (Xet) be the full subcategory of complexes with quasi-coherent
cohomology. The following variant of [SGAG, II, Proposition 3.5 is a special case of [HNR19,
Theorem C.1]; we give a direct proof for completeness.

~

LEMMA 4.10. The functor ¢ induces an equivalence of triangulated categories DT (AQG)

Dd.(Xet) with quasi-inverse functor RQ.

Proof. We begin with two initial remarks.

(1) For M € AG-Mod, the natural map M — Q(p(M)) is an isomorphism, so ¢ is fully
faithful. The image of ¢ is the category of quasi-coherent Oxy-modules in the sense of [Sta20,
Definition 03DL] because an Oy-module M is quasi-coherent if and only if My = 7*(M) is a
quasi-coherent Oy-module, which means that My = M for an A-module M by faithfully flat
descent.

(2) The functor Q is left exact with derived functors R'Q(M) = H*(Yet, M) with the induced
action of G. Since Y is an affine scheme, for an AG-module M and i > 0 we have H*(Yq, M) =0,
and thus R'Q(p(M)) = 0.

Now the exact functor ¢ induces an exact functor ¢ : D*(AG) — D{.(Xet). We have to show
that for complexes M € DT (AG) and M € D (Xet), the natural homomorphisms 7y : M —
RQ(p(M)) and epq : ¢(RQ(M)) — M are isomorphisms. Both assertions are easily reduced to
the case where M and M are modules concentrated in degree zero. Then 7, is an isomorphism
because M — Q(p(M)) is an isomorphism by (1) and R'Q(p(M)) =0 for i >0 by (2). The
module M is quasi-coherent since it lies in DJ.(Xet), thus M = o(N) for an AG-module N
by (1). Hence, €4 is an isomorphism since this holds for ny. O
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We continue the proof of Proposition 4.4. In the case G = 1, by Lemma 4.10 the functor ¢
gives an equivalence DT (A) = D (Ye;). This equivalence restricts to an equivalence Perf(A) =
Perf(Yy) because a complex P of A-modules is perfect if and only if for some faithfully flat
ring homomorphism A — A’ the complex P ®4 A’ is perfect; see [Sta20, Lemma 068T]. For
general G it follows that a complex P in DT (AG) is A-perfect if and only if the complex
™ (p(P)) in D" (Ye) is perfect, which means that ¢(P) in DT (Xy) is perfect because this is
a local condition. Hence, the equivalence of Lemma 4.10 restricts to the desired equivalence
DY(AG) A-perf = Perf(X'). This functor preserves the tensor product because this evidently holds

for its restriction to D’(AG) A_proj; see Lemma 3.3. The isomorphism (4.6) follows by (3.5). O

4.1 Functoriality
A morphism of pairs f : (G, A) — (H, B) as in (3.7) induces a morphism of algebraic stacks (see,
for example, [Sta20, Lemma 046Q)])

W = Spec(f) : [Spec(B)/H] — [Spec(4)/G],
which gives an inverse image functor of tensor triangulated categories

fe=v":Tac — T m, (4.11)

using that the étale topos of Deligne-Mumford stacks is functorial (see, for example, [Zhel5,
Construction 2.4], together with [Sta20, Lemma 08H6]). One verifies that under the equivalence
of Proposition 4.4, the functor f, of (4.11) corresponds to the functor f, of (3.9). We omit further
details.

5. The comparison map: basic properties

As earlier, let A be a commutative ring with an action of a finite group . The comparison map
p1 of (2.1) for the category 7 = T4 ¢ of (4.1) will be denoted by

paG :Spc(Tac) — Spech(RAg). (5.1)

5.1 Functoriality

Since the comparison map p7 is natural in 7, for a morphism of pairs f: (G, A) — (H, B) as
in (3.7) the functor f.:7yq — Tpm of (4.11) induces a commutative diagram of topological
spaces

PB,H B
Spc(7p,n) — Spec"(Rp.n)

f”J lfR (5.2)

PA,G h
Spe(7a,6) —— Spec"(Rac)

Here f7 is the inverse image map under the functor fy, and f is the inverse image map under
the ring homomorphism f; : Rq ¢ — Rp,n defined by this functor. We recall that under the
equivalence (4.5), the functor f, corresponds to the functor (3.9), and under the isomorphism
(4.6), the ring homomorphism f, corresponds to the homomorphism (3.10).
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5.2 The case of the trivial group
We will write T4 = T4 ;oy = Perf(Spec A) and pa = p4 g} In this case we have Ry ¢y = A as a
graded ring concentrated in degree zero, and the comparison map

pa 2 Spe(Ta) — Spec(A) (5.3)

is a homeomorphism by [Ball0, Proposition 8.1], which is based on [Tho97, Theorem 3.15].

5.3 Restriction to fibres

For a general pair (G, A) there is a morphism of pairs 7 : ({e}, A%) — (G, A) defined by the inclu-
sion A — A and the unique group homomorphism {e} « G. This gives the following instance
of the functoriality diagram (5.2):

PA,G h
Spe(7a,c) —— Spec”(Rac)

WTJ le (5.4)

Spe(Tye) p;NG> Spec(A%)
A

Here p ¢ is a homeomorphism by [Ball0, Proposition 8.1], as explained in (5.3). We note that
7% is induced by the ring homomorphism 7, : A — R4.¢ given by the inclusion of the degree-
zero component, and hence 7%(p) = p® is the degree-zero part of a homogeneous prime ideal p
of R A,G-

For a given q € Spec(AY) with unique inverse image Q € Spc(74¢) the vertical fibres in (5.4)
over these points will be denoted by

Spe(Tac)g = (1) 71(Q) and  Spec”(Ra)q = ()~ (a). (5.5)
The map pa,¢ induces a map between these fibres
(pac)q : SPC(Tac)q — Spec™(Raq)q. (5.6)
The following result is evident.

LEMMA 5.7. For a given pair (G, A), the map pa g is bijective if and only if the map (pa,q)q is
bijective for each q € Spec(A%).

Remark 5.8. Diagram (5.4) is functorial with respect to (G, A). More precisely, a morphism
of pairs f:(G,A) — (H,B) as in (3.7) gives rise to a commutative cube: [(5.4) for (H, B)] —
[(5.4) for (G, A)]. Since the lower line of (5.4) is always a homeomorphism, the essential
information of this cube is captured by the following extension of (5.2),

PB,H praat
Spc(Tp.H) —— Spech(RBﬂ) —— Spec(BH)

fTJ lf”“ l 50 (5.9)

PA,G <R
Spc(Tac) —— Spech(RA,G) —— Spec(A%)

where f0 comes from the ring homomorphism A% — B¥ induced by f.
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5.4 Fibres of the coefficient ring
For a given q € Spec(A%) let

Alg) = (A ®46 k(d))red; (5.10)

where the subscript red means maximal reduced quotient, so Spec(A(q)) is the reduced fibre
over q of the morphism Spec(A) — Spec(A%), and let

Yq: A— Aq) (5.11)

be the natural homomorphism given by a — a ® 1. The action of G on A induces an action on
A(q) via the first factor, and 1)4 is G-equivariant.

LEMMA 5.12. Let p1,...,p, be the prime ideals of A lying over q. Then
A(a) = k(p1) x -+ X k(py).

Proof. The prime ideals of A over q form a finite discrete set because they form a single
G-orbit in Spec(A) by [Bou75, Chapter V, §2.2, Theorem 2(i)], and this set is homeomorphic to
Spec(A(q)). Hence, the reduced ring A(q) is the product of its residue fields, and these residue
fields coincide with the corresponding residue fields of A since A(q) is a quotient of a localisation
of A. O

LEMMA 5.13. There is a commutative diagram of rings

4 o Alq)

T T

A6 - k(q) —— A(q)C

where the vertical homomorphisms are the inclusions. Here A(q)¢ is a field, and k(q) — A(q)®
is a purely inseparable field extension.

Proof. The composition A% — A — A(q) factors over k(q) by the definition of A(q), and the
resulting homomorphism k(q) — A(q) has image in A(q)¢ since G acts trivially on k(q). If
p € Spec(A) lies over q and if H C G is the stabiliser of p, then A(q)% = k(p)¥, which is a field,
and a purely inseparable extension of k(q) by [Bou75, Chapter V, §2.2, Theorem 2(ii)]. O

5.5 The fibre diagram
Again let q € Spec(AY) be given.

PROPOSITION 5.14. The functoriality diagram (5.2) for the homomorphism of pairs 1y :
(G,A) — (G, A(q)) of (5.11) induces a commutative diagram

PA),G A
SpC(TA(q)7g) — Spec (RA(q),G’)

wg’,rcs l J{wg—‘:rcs (515)

(PA,G)a i
Spe(7a,c)g — Spec(Ra.q)q

which we call the fibre diagram at q.

This diagram also appears in the introduction, where the vertical arrows are denoted by jr
and j R-
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Proof. Let us draw the extended functoriality diagram (5.9) for v.

pA(q),G h TR Ie
Spe(Ta(q).c) —— Spec™(Ra(q),c) —— Spec(A(q)©)

q R

PA,G TR
Spc(Tag) —— Spech(RA,G) ——— Spec(A9)

We have to verify that the images of the vertical arrows %7,— and wff map to q in Spec(A%). This
holds because the ring homomorphism A% — A(q)¢ factors over k(q) by Lemma 5.13, so the
image of @bg is the singleton {q}. O

LEMMA 5.16. As earlier, let p1,...,p, be the prime ideals of A over q. Moreover, let L = k(p1),
and let H C G be the stabiliser of the element p; of Spec(A). Then the tensor triangulated
category Ty(q) q Is equivalent to Ty, p, and consequently the map p4(q),c is isomorphic to pr, p.

Proof. The group H acts on L by functoriality. We use Lemma 5.12. Since G acts transitively
on the set {p1,...,p,}, there is an equivalence

A(q)G-mod = LH-mod

given by M M ®y L with diagonal action of H. The resulting equivalence
DY(A(q)G-mod) = DY(LH-mod) gives Ta(q),c = Tr,m by Proposition 4.4, using that every
A(q)-module is projective. O

Remark 5.17. On the geometric side, the equivalence Ty (q).¢ = 7L, g comes from an isomorphism
of stacks [Spec(L)/H] = [Spec(A(q))/G] which is induced by the obvious morphism of pairs
(G, A(q)) — (H, L).

5.6 Additional comments on the ring A(q)
LEMMA 5.18. If the ring A® is local with maximal ideal q, then 14 Is surjective and induces a
homeomorphism Spec(A(q)) = Max(A).

Proof. The assumption implies that A — k(q) is surjective, and hence 1)q is surjective. Since
A% C A is an integral extension, a prime ideal p of A is maximal if and only if p N A% is a
maximal ideal of AY; see [Bou75, Chapter V, §2.1, Proposition 1]. Hence, Max(A) is the set of
prime ideals of A lying over g, which is homeomorphic to Spec(A(q)). O

LEMMA 5.19. Let f : A — B be a G-equivariant ring homomorphism and let § € Spec(B%) with
image q € Spec(A%) be given. Then f induces an injective ring homomorphism f' : A(q) — B(q).
If B is a localisation of a quotient of A, then f’ is bijective.

Proof. Clearly f induces f’. All assertions follow from Lemma 5.12. Indeed, the G-equivariant
map Spec(f) : Spec(B) — Spec(A) sends the G-orbit over q to the G-orbit over g, and this map
between G-orbits is necessarily surjective. Moreover, for p € Spec(B) with image p € Spec(A)
the homomorphism of residue fields k(p) — k(p) is injective. Hence, f’ is injective. If B is a
localisation of a quotient of A, then Spec(f) is injective, so our map between G-orbits is bijective.
Moreover, f induces isomorphisms of the residue fields. Hence, f’ is bijective. O

LEMMA 5.20. Let Aq=S"'A with S= A%\ q. The homomorphism 1q factors into
G-equivariant homomorphisms

A—>Aq LA(q)
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where 7 is surjective. The ring (Aq)% = (A%)q is local with maximal ideal qq. There is an iso-
morphism A(q) = A4(qq) under which m corresponds to the homomorphism (5.11) for Aq and qq
in place of A and q.

Proof. The homomorphism v factors over S~!A because A — k(q) factors over S71(A%). We
have (A4)% = (A%), since localisation is flat. The rest follows easily; one can also use Lemma 5.19
with B = S~1A. ([l

6. Spectra of graded rings

For a graded-commutative ring R let Reven be the subring of R generated by the homogeneous
elements of even degree. Then Reyen is a commutative graded ring, and there is a homeo-
morphism Spech(R) =~ Spec” (Reven)- In this section we record a number of basic properties of
this construction.

LEMMA 6.1. For a homomorphism S — T of graded-commutative rings let
f : Spec(Teyen) — Spec(Seven) and fj : Spech(T) — Spech(S)
be the induced maps. If f is surjective, then so is fy. If f is a homeomorphism, then so is fp,.

Proof. One can replace S and T by Seven and Teyen. Since Spec”(S) C Spec(S) and Spec”(T) C
Spec(T') carry the subspace topology, it suffices to show that f;, is surjective if f is surjective.
For p € Spec(S) we consider the residue field k(p) = Frac(S/p) and the graded residue field
k((p)) = Sp/pSp, where S, is the graded localisation of S at p. There are ring homomorphisms
S — k((p)) — k(p). Since f is surjective, the ring T'®g k(p) is non-zero, hence the graded ring
T ®g k((p)) is non-zero. Any graded prime ideal of T'®g k((p)) gives a graded prime ideal of T'
that maps to p. OJ

LEMMA 6.2. Let R be a graded-commutative ring with an action of a finite group I' by automor-
phisms of graded rings. Then the inclusion R — R induces a homeomorphism Spec”(R)/T" =
Spec(RL).

Proof. The lemma includes its non-graded version because a commutative ring can be considered
as a graded ring concentrated in degree zero. The non-graded version is well known and appears,
for example, in [SGA1, Exp. V, Proposition 1.1]. In more detail, R'" — R is integral and gives
a bijective continuous map Spec(R)/I" — Spec(R') by [Bou75, Chapter V, § 2, Theorem 2]; this
map is also closed by [GW20, Proposition 5.12]. In the graded case it follows that the natural map
Spec®(R) /T — Spec”(R") is the inclusion of a subspace, and the map is surjective by Lemma 6.1,
hence a homeomorphism. O

LEMMA 6.3. A graded commutative ring R = @nzo R,, is noetherian if and only if the ring
Ry is noetherian and R is an Rg-algebra of finite type. If this holds, for any d > 0 the ring
R@) = D,, Rna is noetherian as well, and R is a finite R _module.

Proof. See, for example, [Mat80, Theorem 13.1] for the first assertion. The second assertion is

reduced to the case R = Ry[Th,...,T,] where each T; is homogeneous of some positive degree.

Then R' = Ro[T¢,..., T C R C R where R’ is noetherian and R is finite over R’, and the

second assertion follows. ]
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7. The comparison map: the field case

Let L be a field with an action of a finite group G. By Proposition 4.4, the tensor triangulated
category 77, ¢ is equivalent to DP(LG-mod). The aim of this section is to prove the following
result.

THEOREM 7.1. If L is a field, the map pr.c:Spc(Trc) — Spec®(Rpg) of (5.1) is a
homeomorphism.

If G acts trivially on L, this is the content of [Ball0, Proposition 8.5], which is eventually
based on the fact that thick tensor ideals in D?(LG-mod) are classified by their cohomological
support in Spech(RLg), or equivalently that thick tensor ideals in the stable module category
of G over L are classified by their cohomological support in Proj(Ry ). The stable version is
proved in [BCR97, Theorem 3.4] when L is algebraically closed, and in [BIK11, Theorem 11.4]
for arbitrary fields L; a direct proof of the unstable version appears in [CI15].

The general case will be reduced to the case of trivial action. Let

H = Ker(G — Aut(L))
so that G/H acts faithfully on L. The morphism of pairs
f:+(G,L)—(H,1L)

defined by the identity of L and the inclusion G < H gives the following instance of the
functoriality diagram (5.2):

PLH N
Spc(7r,.H) —— Spec (Rr.m)

fTJ lf"‘ (7.2)

PL.G N
Spe(7L,c) —— Spec”(RL.c)

Here the vertical arrows are induced by the functor f, : 7y, ¢ — 77,z which corresponds to the
restriction functor

res$; : DP(LG-mod) — D°(LH-mod)
under the equivalence of Proposition 4.4.

LEMMA 7.3. The group G = G/H acts on all spaces in (7.2) with trivial action on the lower line
such that all maps in (7.2) are G-equivariant.

Proof. The actions are induced by the conjugation action of G on the ring LG and on the subring
LH; note that H is a normal subgroup of G.

In more detail, for g € G and an LH-module X we form the L H-module X¢ which is X with
the action of z € LH by gzg~'. This defines a right action of G on the triangulated category
T H = DY(LH-mod), here called the conjugation action. The conjugation action admits the
following alternative description, which shows that the action of G on 77, i preserves the tensor
structure. Each g € G gives a homomorphism of pairs (H, L) — (H, L) defined by L — L, a —
g '(a) and H « H, ghg~! <+ h. The resulting endomorphism of 7 r,g by functoriality with
respect to (H, L) is isomorphic to the endomorphism X +— X9 because there is an isomorphism
X9 — X ®p4-1 L, y— y® 1. Hence, the action of G on the pair (H, L) induces by functoriality
the conjugation action of G on 77, g.
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The conjugation action of G on 77, i induces compatible left actions of G' on the source and
target of pr p. Similarly, G acts on the tensor triangulated category 71 ¢, which induces com-
patible actions of G on the source and target of pr, ¢ such that all maps in (7.2) are equivariant.
It remains to verify that H acts trivially on the source and target of pr i and G acts trivially
on the source and target of pr, .

For an LG-module X and g € G, multiplication by ¢ is an isomorphism X = X9. It follows
that G acts trivially on Spc(77, ). The alternative description of the conjugation action implies
that the resulting action of G on Ry ¢ = H*(G, L) corresponds to the conjugation action in
group cohomology as defined in [Bro82, Chapter III, § 8], which is trivial by [Bro82, Chapter III,
Proposition (8.1)]. Similarly, H acts trivially on Spc(77,m) and on Ry, g. O

LEMMA 7.4. The map f% of (7.2) induces a homeomorphism

_ FR
Spec™(Ry 1) /G EEAEN Spec"(Rp ).

Proof. Let K = L¢. Then L/K is a finite Galois extension with Galois group G. We consider
the sequence of left exact functors
O A (-)°
LG-Mod —— LG-Mod —— K-Mod (7.5)
whose composition is the functor of G-invariants. By Galois descent [GW20, Theorem 14.85], the

functor (—)% in (7.5) is an equivalence, in particular, exact. Hence (7.5) yields an isomorphism
of d-functors

HY(G, M)~ H'(H, M)

for M € LG-Mod, which coincides with the restriction map in group cohomology because this
holds for i = 0, as is easily verified. For M = L it follows that the homomorphism f, : Ry ¢ —
Ry p identifies Ry ¢ with the ring of G-invariants in Ry . Then Lemma 6.2 finishes the
proof. O

LEMMA 7.6. The map f7 of (7.2) is surjective.

Proof. The restriction functor f, : LG-mod — LH-mod has an exact right adjoint f' defined by
f'(M) = Homyy (LG, M), which is an LG-module using the right LG-module structure of LG.
This induces an exact right adjoint f' of the tensor triangulated functor f, : DY(LG-mod) —
DY(LH-mod). By [Ball8, Theorem 1.7] it follows that the image of the map f7 = Spc(f,) is
equal to the support of f'(1) = Homp g (LG, L), viewed as an object of D’(LG-mod). One ver-
ifies that H acts trivially on f'(1), so this is an LG-module. An LG-module is determined
by its L-dimension by Galois descent [GW20, Theorem 14.85]. Hence, f'(1) = LIG#] and thus

supp(f'(1)) = supp(1) = Spe(7L.c). O

Proof of Theorem 7.1. By Lemma 7.3, the commutative diagram (7.2) induces a commutative
diagram of topological spaces

_ PL,H A
Spc(Tr,u)/G —— Spec*(Rp u)/G

fﬂ l in (7.7)

PL,G h
Spc(7L,c) —— Spec"(Rrq)
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Here pp, p is a homeomorphism because pr, g is a homeomorphism by [Ball0, Proposition 8.5],
f% is a homeomorphism by Lemma 7.4, and f7 is surjective by Lemma 7.6. It follows that all
arrows in (7.7) are homeomorphisms. O

Remark 7.8. In the situation of Theorem 7.1 one could ask for a relation between the stacks
[Spec(L)/G] and [Spec(K)/H] or between the corresponding module categories LG-mod and
K H-mod. In general, these stacks are not isomorphic, and the categories are not equivalent. For
example, let L = C and G = Z/4Z such that a generator of G acts on L by complex conjugation,
so K =R and H = 2Z/4Z. Then KH-mod has two isomorphism classes of one-dimensional
representations while LG-mod has only one such class, so these categories are not equivalent as
tensor categories because the number of invertible objects up to isomorphism is different.

8. Change of coefficients in group cohomology

We fix a finite group G. For a commutative ring A with an action of G we ask how the graded-
commutative ring R4 ¢ = H*(G, A) and its homogeneous prime spectrum depend on A.

8.1 Base change homomorphisms
A G-equivariant ring homomorphism

u:A— B
induces a homomorphism of graded-commutative rings
' Rac — R

whose degree-zero component is the homomorphism A% — B defined by w. This gives a
homomorphism of graded-commutative rings

u” RA,G (JyYe] B¢ — RB,G

and, by restriction to the subrings generated by the elements of even degree, a homomorphism
of commutative graded rings

u/” : (RA,G)even ®AG BG - (RB,G)even- (81)

A homomorphism of commutative rings S — T will be called a universal homeomorphism if
it induces a universal homeomorphism SpecT’ — Spec S of schemes, which means that for every
ring homomorphism S — S’ the natural map Spec(T ®g S") — Spec(S’) is a homeomorphism.

DEFINITION 8.2. We denote by Coh-uh(G) the class of all G-equivariant homomorphisms of
commutative rings u : A — B such that the base change homomorphism " in (8.1) is a universal
homeomorphism.

Remark 8.3. The class Coh-uh(G) does not contain all G-equivariant ring homomorphisms. For
example, if L/K is a finite Galois extension with Galois group G, then L is an induced G-module
by the normal basis theorem, the inclusion map K — L is G-equivariant, and the associated
homomorphism Rx ¢ — Rp ¢ is the augmentation H*(G, K) — K.

PROPOSITION 8.4. The class Coh-uh(G) is stable under composition.

Proof. If A% B % C is a sequence of G-equivariant ring homomorphisms, then (v o )" = v o
(W ®@ga CY). 0O

We will show that the class Coh-uh(G) contains all G-equivariant surjections and
localisations. First we study the effect of such homomorphisms on the rings of G-invariants,
that is, on the degree-zero part of R4 .
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PROPOSITION 8.5. Let A be a commutative ring with an action of G and let B = A/I for
a G-stable ideal I of A. Then the natural ring homomorphism A%/I¢ — BS is a universal
homeomorphism.

Proof. Since A is integral over A® by [Bou75, Chapter V, §1.9, Proposition 22|, the injective
ring homomorphism A% /I¢ — B is integral, so A®/I¢ — BY is integral and injective as well,
and the induced morphism

f : Spec(BY) — Spec(AY/1¢)
is integral and surjective by [Sta20, Lemma 00GQ]. We have
Spec(A%) = Spec(A)/G and  Spec(BY) = Spec(B)/G

as topological spaces; see Lemma 6.2. Since Spec(B) — Spec(A) is injective it follows that
Spec(BY) — Spec(A®) is injective, hence f is injective and thus bijective. Since f is integral
and bijective, by [GD67, 18.12.11] it remains to show that the residue field extensions induced
by f are purely inseparable.

For given § € Spec(BY) with image q € Spec(A®) the homomorphism A — B induces an
isomorphism A(q) — B(q) by Lemma 5.19. The sequence of G-equivariant ring homomorphisms

A—>B—>B(E|)%A(q)

gives ring homomorphisms A — BY — B(g)¢ = A(q)¢, which induces field extensions k(q) —
k(§) — B(§)¢ = A(q)¢ by Lemma 5.13 applied to B, and the total extension k(q) — A(q)“ is
purely inseparable by Lemma 5.13 applied to A. Hence, k(q) — k(q) is purely inseparable as
well. O

LEMMA 8.6. Let A — B be a G-equivariant homomorphism of rings such that B is a localisation
of A, and let S C A be the set of elements which become invertible in B. Then B¢ = (S¢)~1 A%
and B = A® 4c BC.

Proof. 1f s € S then [ .5 9(s) € S¢. Hence, B= S7'A = A® ¢ (S¥)"1AC. Since localisation
is exact it follows that B¢ = (§¢)~1 A%, O

8.2 Calculation by resolutions

We will use the following description of the graded ring R4 ¢ = H*(G,A). Let P — A be a
resolution of A by a complex P of finite projective AG-modules; for example, one can take a
resolution P’ — 7Z by finite projective ZG-modules and set P = A ®z P’. Let

E = Endac(P) (8.7)
as a differential graded algebra. Then
Rag=H*(E) (8.8)
as a graded ring. Moreover, let
N = Homug (P, A) (8.9)

as a right differential graded (dg) F-module. The homomorphism P — A induces a quasi-
isomorphism of right dg £-modules £ — N and thus

Rag = H*(N) (8.10)

as a graded right R4 g-module, in particular as a graded abelian group.
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LEMMA 8.11. For a flat ring homomorphism A¢ — By let B = A ® 4¢ By, where G acts on the
first factor. Then B¢ = By, and the homomorphism of graded rings Ra g ® s B¢ - Rp g is an
isomorphism. In particular, the homomorphism A — B lies in the class Coh-uh(G).

Proof. Flatness implies that B¢ = By. For N = Hom (P, A) as in (8.9) there is an isomorphism
N ® ¢ B¢ = Hompg(P ®4 B, B) (8.12)

because P consists of finite projective AG-modules. Since A — B¢ is flat, the cohomology of the
left-hand side of (8.12) is Ra g ®4¢ BY. Since P ®4 B — B is a resolution by finite projective
BG-modules, the cohomology of the right-hand side of (8.12) is Rp . O

PROPOSITION 8.13. The class Coh-uh(G) of Definition 8.2 contains all G-equivariant localisation
homomorphisms.

Proof. By Lemma 8.6 we have B = A ® 4& By where By is a localisation of AY, so the assertion
follows from Lemma 8.11. 0

PROPOSITION 8.14. Let A= A/I for a G-stable nilpotent ideal I. Then the natural ring
homomorphism

Teven - (RA,G)even - (RA,G)even

is a universal homeomorphism, and the projection u: A — A lies in the class Coh-uh(G) of
Definition 8.2.

Proof. For a prime p let p” be the maximal p-power dividing |G| and let m, = |G|/p". Then
Spec(Z) is covered by the open sets Spec(Z[1/my]) for varying p, and we can replace A by
A[1/my)] for a fixed prime p, using Lemma 8.11. Then p"H'(G, M) = 0 for any AG-module M
and ¢ > 0.

To prove that Teven is a universal homeomorphism, by an induction using the sequence of
G-equivariant ring homomorphisms A — A/I?> — A/I we can assume that I has square zero.
Then the exact sequence of AG-modules

0->I—-A—>A—>0

induces a long exact sequence in group cohomology
H*G, 1)L Rag o Rig > H (G, ). (8.15)

Here 7 is a homomorphism of graded rings that restricts to the homomorphism meyen 0f the
proposition, H*(G, I) is a graded left and right R Ac-module since I is an A-module, and j is
R 4 g-linear. Moreover, ¢ is a graded derivation by Lemma 8.17 below. If a € R (; is homogeneous
of even degree, we obtain

T

P
5(af") = Zaifld(a)a” = ps(a)a? Tt =0, (8.16)
i=1

hence a?" lies in the image of 7; moreover, p"a lies in the image of 7 since p"(a) = 0. The image
7 has square zero since this holds for I. It follows that meven is a universal homeomorphism by

[Sta20, Lemma 0BRA].
To prove that u lies in Coh-uh(G) we can drop the assumption that I has square zero. The
degree-zero component of Teyen factors into the homomorphisms AG — AG /T G, AG, which are
both universal homeomorphisms by Proposition 8.5 and since I is nilpotent. Now meyen is the
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composition

(RA,G’)even - (RA,G’)even Ye] AG £ (R/LG)even

where the first arrow is a universal homeomorphism since this holds for A¢ — A%, and «”” is the
homomorphism associated to u: A — A as in (8.1). Hence, u” is a universal homeomorphism
since this holds for meyen. O

LEMMA 8.17. The homomorphism ¢ of (8.15) is a graded derivation, that is, (ab) = d(a)b+
(=1)lelad(b) for homogeneous elements a,b € Rig.

This is a variant of the well-known fact that the Bockstein homomorphism is a graded
derivation; see, for example, [Hat02, Example 3E.1]. We include a proof for completeness.
Proof. We use that R4 ¢ = H*(E) with E = Endag(P) as in (8.7). Let P = P/IP. Then P —
A is a resolution of A by finite projective AG-modules, and IP — I is a resolution of I by
AG-modules. Let E = End 4,(P) and J = Hom g (P, IP) = Hom (P, IP). The obvious exact
sequence 0 — [P — P — P — 0 induces an exact sequence

0-J—>ELE—0 (8.18)

where 7 is a homomorphism of dg algebras, so J is a two-sided dg ideal of E, and J becomes
a dg E-bimodule since J has square zero. The cohomology sequence of (8.18) can be identified
with (8.15). For a € R g let a € E be an inverse image under 7 of a representative of a in E.
Then 6(a) = [d(a)] where [ ] is the cohomology class of a cycle in J, and the lemma follows from
the relation d(ab) = d(a)b + (—1)l%ad(b). O

We recall that the pair (G, A) is called noetherian if the ring A“ is noetherian and if A is
finite over AY; see Definition 3.12.

PROPOSITION 8.19. Let A = A/tA wheret € A® is an A-regular element and assume that (G, A)
is noetherian. Then the natural ring homomorphism

Teven - (RA,G/tRA,G)even - (RAyG)even

is a universal homeomorphism, and the projection u: A — A lies in the class Coh-uh(G) of
Definition 8.2.

Proof. We begin with two initial remarks.

First, we can replace ¢t by a positive power t" using Proposition 8.14 for A/t"™ — A/t; note
that the projection (R4 G /t™)even — (RA,G/t)even is a universal homeomorphism, and Coh-uh(G)
is stable under composition by Proposition 8.4. The value of m will be determined later.

Second, as in the proof of Proposition 8.14, after replacing A by a localisation we can assume
that for a fixed prime p we have p" H/(G, M) = 0 for any AG-module M and i > 0.

The exact sequence of AG-modules,

0—-AL A A0,
induces a long exact sequence in group cohomology,
Rag 5 Rag ™ Rig > Rac > Rag, (8.20)
and thus an injective homomorphism of graded rings,
T Rag/tRac — Rag,

that restricts to the homomorphism 7Teyen of the proposition. By Lemma 8.21 below, after replac-
ing ¢ by t"™ for some positive m, for each homogeneous element a € Rj (; of even degree, aP" lies
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in the image of m. Moreover, p"a lies in the image of 7 since p"§(a) = 0. It follows that Teyen is
a universal homeomorphism by [Sta20, Lemma 0BRA].

The degree-zero component of Teyen is given by A% /tA® — A% which is a universal homeo-
morphism by Proposition 8.5; note that tAY = (tA)¢ since t is A-regular. Now Teven is the
composition

(RA,G)even ®aa AG/tAG - (RA,G)even e AG = (R/LG)even

where the first arrow is a universal homeomorphism since this holds for A /tA¢ — A% and " is
the homomorphism associated tou : A — A asin (8.1). Hence, v is a universal homeomorphism
since this holds for Teven- O

LEMMA 8.21. In the situation of Proposition 8.19, after replacing t by t"" for some fixed positive
integer m, for every homogeneous element a € Rj  of even degree we have §(aP") =0 in Rag.

Proof. This is similar to the calculation in (8.16), but with some complications since we do not
have a direct analogue of Lemma 8.17. Since the ring R4 ¢ is noetherian by Proposition 3.15,
the ideals J; = Ker(t' : Ra ¢ — Ra) stabilise for large i. After replacing ¢ by ™ for some
m > 1 we can assume that J; = Jo. We use again that R4 ¢ = H*(E) with E = Endag(P) as
in (8.8). Let P = P/tP. Then P — A is a resolution of A by finite projective AG-modules. Let
E = End 4,(P). There is an exact sequence

0—-ELELE o,

whose cohomology sequence can be identified with (8.20). If @ € F is an inverse image of a
representative of a in £, then 6(a) = [d(a)/t] where [ | denotes the class of a cycle in E. Since R4
is a graded-commutative ring, for homogeneous elements z,y, z € E with d(z),d(y),d(z) € tE
we have

ayz — (=DPWlyez e d(B) + tE. (8.22)
Modulo d(E) + tE we obtain

so 6(aP") = [d(x) + ty] = [ty] for certain x,y € E. Necessarily, d(x) + ty is a cycle, so 0 = d(ty) =
td(y). Hence, d(y) = 0 since t is E-regular, and thus §(a?") = tc with ¢ = [y] € Rag. We have
t2c =t6(aP") = 0 since t o § = 0 in (8.20). Since J; = J, it follows that §(a?") = tc = 0. O

The following combination of Propositions 8.14 and 8.19 will be used for a noetherian
induction.

PROPOSITION 8.23. Assume that the pair (G, A) is noetherian and the ring A® is local with
maximal ideal q. If the homomorphism 14 : A — A(q) of (5.11) is not an isomorphism, then there
is a non-zero G-invariant ideal I of A with I C Ker(1)q) such that the projection A — A/I lies
in the class Coh-uh(G) of Definition 8.2.

Proof. If A is not reduced, let I C A be a non-zero G-stable nilpotent ideal, for example the
nil-radical of A. Then I C Ker(t)q) since A(q) is reduced, and the projection A — A/I lies in
Coh-uh(G) by Proposition 8.14. So we can assume that A is reduced.

By Lemma 5.18, the homomorphism ), is surjective and induces a homeomorphism
Spec(A(q)) = Max(A). If some maximal ideal of A is also a minimal prime ideal, this holds
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for every maximal ideal of A because Max(A) is a single G-orbit in Spec(A), hence Spec(A) =
Max(A), and 14 induces a bijective map Spec(A(q)) — Spec(A). Since A is reduced and 14 sur-
jective, this implies that 14 is bijective, which was excluded. Hence, every minimal prime ideal
p of A is non-maximal and therefore satisfies p N A # q.

By prime avoidance in A® we find an element t € A with ¢ € q such that ¢ is not con-
tained in any minimal prime ideal of A; the minimal prime ideals of A form a finite set
since A is noetherian. Since A is reduced, ¢ is A-regular, so A — A/tA lies in Coh-uh(G) by
Proposition 8.19. U

PROPOSITION 8.24. If the pair (G, A) is noetherian, for each q € Spec(A%) the homomorphism
g A — A(q) of (5.11) lies in the class Coh-uh(G) of Definition 8.2.

Proof. Using the factorisation A — Ay — A(q) of ¢4 of Lemma 5.20, Propositions 8.4 and 8.13
allow us to replace A by Ay. Then A% is local with maximal ideal q. The case A = A(q) is clear,
so let ¢4 not be an isomorphism. Proposition 8.23 gives a factorisation of 14 into G-equivariant
homomorphisms

A A =A/TS Ag) (8.25)

where [ is non-zero and 7 lies in Coh-uh(G).

Here A’C is local with maximal ideal q’ lying over q because the natural map Spec(A’?) —
Spec(AY/I%) is a homeomorphism by Proposition 8.5. The resulting homomorphism A(q) —
A'(q') is an isomorphism by Lemma 5.19, so ¢ can be identified with the homomorphism (5.11)
for A" and ¢’ in place of A and q. One verifies that the pair (G, A’) is noetherian using the chain
AG — A'G C A, where A’ is finite over A® and A% is noetherian.

Hence, the hypotheses of Proposition 8.23 are satisfied by A’ and ¢’ in place of A and ¢, and
we can apply Proposition 8.23 repeatedly as long as the new rings A’ differ from A(q). Since A
is noetherian, the process necessarily stops and we arrive at a finite chain of G-equivariant ring
homomorphisms A — A’ — A" — ... — A = A(q) where all arrows lie in the class Coh-uh(G).
Then 14 lies in Coh-uh(G) by Proposition 8.4. O

THEOREM 8.26. The class Coh-uh(G) of Definition 8.2 contains all G-equivariant ring homo-
morphisms u : A — B such that B is a localisation of a quotient of A.

Proof. The homomorphism v : A — B factors into G-equivariant homomorphisms 4 = A’ % B

where w is surjective and v is an injective localisation. By Propositions 8.4 and 8.13 we can
assume that u is surjective.

Let us first assume that the pair (G, A) is noetherian in the sense of Definition 3.12. Then
Rp ¢ is a finite module over the noetherian ring R4 ¢ by Proposition 3.15. Moreover, R4 g is
a finite module over the noetherian ring (R4 ,G)even by Lemma 6.3. Hence, (Rp,G)even is finite
over (RA ¢)even- S0 the ring homomorphism «” of (8.1) is finite, thus universally closed, and it
suffices to show that u”” is universally bijective. This holds if and only if for each q € Spec(B%)
the base change of v/ under the natural ring homomorphism B® — k(q) is universally bijective,
which is verified as follows.

Let g € Spec(A%) be the image of q and let C' = B(q). Since A(q’) = B(q) by Lemma 5.19,
in the sequence of G-equivariant homomorphisms A = B — C' the homomorphisms A — C' and
B — C lie in Coh-uh(G) by Proposition 8.24. By two-out-of-three for universal homeomorphisms
it follows that the base change of u” under the ring homomorphism B¢ — C¢ is a univer-
sal homeomorphism; see the proof of Proposition 8.4. By Lemma 5.13, B¢ — CC factors as
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BY — k(q) — C%, where k(q) — C© is a purely inseparable field extension and hence a uni-
versal homeomorphism. It follows that the base change of v under B¢ — k(q) is a universal
homeomorphism as well. This finishes the proof if the pair (G, A) is noetherian.

The general case follows by a limit argument. We have A = lim., A; as a filtered direct limit
where A; runs through all finitely generated G-invariant subrings of A, and B = hm B; where
B; is the image of A; in B. Let w; : A; — B; be the restriction of u. There is the following
commutative diagram.

hm u

li_n)lz((RA“G)even ®ALG B,F) 4) llm (RB G)even

| |

1!
u/

(RA,G)even ®AG BG E— (RB,G’)even

Each pair (G, A;) is noetherian by Corollary 3.14, so u; lies in Coh-uh(G) by the first part
of the proof, that is, u" is a universal homeomorphism. It follows that limu;” is a universal
homeomorphism since Spec transforms a filtered colimit of rings into a limit of topological
spaces; see [GW20, Proposition 10.53]. The vertical arrows of the diagram are isomorphisms
since the cohomology of a finite group preserves filtered colimits of the coefficients. Hence, u”’ is
a universal homeomorphism as desired. ]

COROLLARY 8.27. Let u: A — B be a G-equivariant ring homomorphism where B is a local-
isation of a quotient of A. Then there is the following cartesian diagram of topological spaces
with immersions as vertical arrows.

R

Spec"(Rp.c) SN Spec(B%)

fﬂ Jfo (8.28)

R

Spec"(Raq) — Spec(AC)

Proof. The diagram is the right-hand square of (5.9) in the case H = G and f = u. The homo-
morphism wu factors into a G-equivariant surjection and a G-equivariant localisation, and it
suffices to treat these cases separately.

If B is a G-equivariant localisation of A, then B = S~ A for a multiplicative set S C A“ by
Lemma 8.6, so we have Rp g = SilRA,G by Lemma 8.11, and all assertions follow. If B = A/I
for a G-invariant ideal I, then A¢/I¢ — BY is a universal homeomorphism by Proposition 8.5.
Hence, in the chain of homomorphisms

RA7G Ky AG/IG — RA,G X pa BG — RB,G

the first arrow is a universal homeomorphism, while the second arrow is a universal homeo-
morphism by Theorem 8.26. Therefore, using Lemma 6.1, the upper line of (8.28) can be
replaced by

Spec"(Raq/IRag) — Spec(AY/1%),

and again all assertions follow. O
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COROLLARY 8.29. For an arbitrary pair (G, A) and q € Spec(A®) the map

it s+ Spec” (Rag).c) — Spec"(Rac)q
in the fibre diagram (5.15) is a homeomorphism.

Proof. This follows from Corollary 8.27 with B = A(q) because the continuous map
Spec(A(q)%) — Spec(A®) can be identified with the inclusion {q} — Spec(A%) by
Lemma 5.13. U

Remark 8.30. If the pair (G, A) is noetherian, to deduce Corollary 8.29 it is sufficient to use
Proposition 8.24 instead of Theorem 8.26.

9. Tensor nilpotence

Let F: K — L be a tensor triangulated functor between essentially small tensor triangulated
categories. Following [Ball8], we say that F' detects tensor nilpotence of morphisms if every
morphism f: X — Y in K with F(f) = 0 satisfies f®" = 0 for some n > 1.

If F' detects tensor nilpotence of morphisms and K is rigid, then the map Spc(F') : Spe(L£) —
Spc(K) is surjective by [Ball8, Theorem 1.3].

PROPOSITION 9.1. Let G be a finite group and let f : A — A’ be a G-equivariant homomorphism
of commutative rings. The resulting functor

fs :Tac — Ta g
detects tensor nilpotence of morphisms in the following cases:

(1) A’ = A/N for a G-invariant nilpotent ideal N;
(2) A’ = Ay x A/b for an A-regular element b € A,

Proof. We use the equivalence 74 g = D*(AG) A proj given by Proposition 4.4 together with
Lemma 3.3. Let f: X — Y be a morphism in D°(AG) A proj such that f': X’ — Y is zero in
DY(A'G), where X’ = X ®4 A’ etc. We have to show that f*" = 0 for some n > 1.

We choose a quasi-isomorphism u : P — X where P is a bounded-above complex of finite
projective AG-modules; see Lemma 3.2. Then f is represented by a homomorphism of complexes
g : P — Y which is unique up to homotopy, namely g = fu in D(AG). The base change ¢’ : P’ —
Y’ is homotopic to zero because ¢’ = f'u’ in D(A'G) where ' = 0.

In case (1) we write ¢’ = dh/ + h/d for a homomorphism of graded A’G-modules b’ : P" —
Y’[—1]. Since P consists of projective AG-modules, A’ lifts to a homomorphism of graded
AG-modules h : P — Y[—1]. We can replace g by g — (dh + hd) and thus assume that ¢’ is zero,
which means that g factors as P — NY — Y. Then ¢®" factors as P®" — (NY)®" — N"Y®" —
Y® If N" =0 it follows that ¢¥" = 0 as a homomorphism of complexes and thus f©" =0 in
D(AG). This refines (1) because the exponent r is explicit (the nilpotence order of N).

In case (2) let X = X ®4 Ay ete. Since the components of P are finite projective AG-modules
we have

Hompa,c)(Xp, Ys) = Homg(a,6) (P, Y5)
= Homg (ac) (P, Y)s = Hompag) (X, Y )s.

The assumption f' = 0 in D(AG) implies that f, : X, — Y} is zero in D(A4,G), and hence " f =0
in D(AG) for some r > 1. The obvious exact triangle X Yx o X/b" —7T in D(AG) then shows
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that f factors as
x = xn Ly,

Now there is the following commutative diagram in D(AG) where (X/b")®™ denotes the iterated
tensor product over A/b", and similarly for Y, and where f, : X/b" — Y/b" is the reduction of f.

Féreid idef
X®T®AX Y®T®AX _— Y®T®AY
ider idenr /
ide f

fOr®id
X®" @4 XNy —— Y® @4 X/vr

~ ~

BT Rid
(X/0)ET @y XJO ——— (Y/V)®" @450 X/

Indeed, the upper square and triangle are evident, and the lower square follows from the cor-
responding square in K(AG) with P in place of X and g in place of f. The assumption f’ =0
implies that f; : X/b — Y/b is zero in D((A/b)G). By the refined version of (1) applied to the
G-equivariant homomorphism A/b" — A/b it follows that f&" is zero in D((A/b")G) and hence
in D(AG). Tt follows that f&("+1) =0 in D(AG). O

10. Change of coefficients for Spc

Asin § 8, we fix a finite group G. For a G-equivariant ring homomorphism f : A — B we consider
the outer square of the extended functoriality diagram (5.9) for G = H,

PB,G

Spc(T,c) — Spec(BY)

le J 0 (10.1)

PA,G

SpC(TAg) — SpeC(AG)

and the corresponding fibre product of topological spaces,
(fO)* Spc(7a,6) = Spc(74,6) XSpec(AC) Spec(BG).
Diagram (10.1) induces a continuous map,
fres : Spc(Tp,6) — (f°)* Spe(Tac), (10.2)
which we call the base change map associated to f.

DEFINITION 10.3. We denote by Spc-surj(G) the class of all G-equivariant homomorphisms of
commutative rings f : A — B such that the base change map fgs is surjective.

One should compare this with Definition 8.2.
Remark 10.4. For the homomorphism f =1)q: A — A(q) of (5.11) the base change map fZ

res

can be identified with the map 1/13;63 in the fibre diagram (5.15) because the natural map
Spec(A(q)¥) — Spec(AY) can be identified with the inclusion {q} — Spec(A%) by Lemma 5.13.

PROPOSITION 10.5. The class Spc-surj(G) is stable under composition.
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Proof. 1f A L B%Cis a sequence of G-equivariant ring homomorphisms, then (go f)Z,
factors as

g 93;5 0y * (90)*fr7e-s 0\* 7 £0\*

pe(Teq) — (97)"Spe(Tp,q) —— (97)"(f7)" Spe(Tac)- O

PROPOSITION 10.6. The class Spc-surj(G) contains all G-equivariant localisation
homomorphisms.

Proof. Let f: A — B be a G-equivariant localisation, so B = S™'A for a multiplicative set
S C A% by Lemma 8.6. By [Ball0, Corollary 3.10], the Verdier localisation of Ta,c at the thick
tensor ideal generated by cone(s) for s € S is a tensor triangulated category S_ITA,G with
End(1) = S7'A% = B%. Since the functor f, : Ta,c — TB,g maps S to isomorphisms, it factors
into tensor triangulated functors

Tae 5 5 Tag 5 Toa
and accordingly the transpose of diagram (10.1) factors as follows.

Spc(e) 1 Spe(j)
SpC(Tng) E— Spec(S* TAyg) _ SpC(TAg)

pB,Gl Jp JpA,G (10.7)

Spec(BY) — Spec(S~1A%) ——— Spec(A%)

Here the right-hand square is cartesian by [Ball0, Theorem 5.4]. The functor ¢ is fully faithful
because homomorphisms in D?(AG) A-proj are homomorphisms in K~ (AG-proj) by Lemma 3.2,
and these commute with localisation at S by finiteness. Hence, Spc(y) is surjective by [Ball8,
Cor. 1.8]. Together it follows that fZI_ is surjective. D

PROPOSITION 10.8. The class Spc-surj(G) contains all surjective G-equivariant homomorphisms
f:+ A — B with nilpotent kernel.

Proof. Let N be the kernel of A — B. The map f° in (10.1) factors into Spec(B%) —
Spec(AY/N©) — Spec(A%), where both maps are homeomorphisms by Proposition 8.5 and
because N is a nilpotent ideal. So f° is a homeomorphism. The functor f, : 7, ac — Ipa
detects tensor nilpotence by Proposition 9.1(1), so the map f7 = Spc(f.) is surjective by [Ball8,
Theorem 1.1]. This map factors as

T
f res

Spc(Tp.a) —= (f°)* Spc(Taq) — Spc(Tac) (10.9)
where 7 is a base change of Y and thus bijective. Hence fgs is surjective. O

PROPOSITION 10.10. For each A-regular element b € A%, the projection homomorphism g : A —
A/b lies in the class Spc-surj(Q).

Proof. Let B = Ay x A/b. We consider the diagram (10.1) for the natural G-equivariant homo-
morphism f: A — B. Since Tp,¢ = T4, ¢ X Tas,c as tensor triangulated categories and B¢ =
(A)¢ x (A/b)¢ as rings, there are compatible disjoint decompositions into open and closed

subspaces
Spe(7p,c) = Spe(7a,,¢) U Spe(Ta,a), (10.11)
Spec(BY) 2 Spec((Ay)¥) U Spec((A/b)%), (10.12)
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using Lemma 2.11 for (10.11). There is a similar disjoint decomposition into an open and a closed
subspace

Spec(AY) = Spec((A%)) U Spec(AY/b). (10.13)

Here (A%), = (A4,)¢ and A% /b= A%/(bA)C since b is A-regular. Hence, the decompositions
(10.12) and (10.13) together with Proposition 8.5 applied to A — A/b show that the map f° :
Spec(BY) — Spec(AY) is bijective.

Now the situation is similar to Proposition 10.8. The functor f, : 74,¢ — 7B, detects tensor
nilpotence of morphisms by Proposition 9.1(2), so the map f7 = Spc(f.) is surjective by [Ball8,
Theorem 1.1]. Again this map factors as (10.9) where 7 is bijective since f is bijective, so fZ,
is surjective. The decompositions (10.11) and (10.12) yield that

T
Jres : Spe(Tapc) — (6°)" Spe(Tac)
is a retract of fZ , so gL is surjective as well. 0

PROPOSITION 10.14. Assume that the ring A is noetherian and the ring A® is local with max-
imal ideal q. If the homomorphism 14 : A — A(q) of (5.11) is not an isomorphism, then there is
a non-zero G-invariant ideal I of A with I C Ker(14) such that the projection A — A/I lies in
the class Spc-surj(G) of Definition 10.3.

Proof. This is parallel to Proposition 8.23, using Propositions 10.8 and 10.10 instead of
Propositions 8.14 and 8.19. U

PROPOSITION 10.15. If the ring A is noetherian, then for each q € Spec(A%) the homomorphism
g A— A(q) of (5.11) lies in the class Spc-surj(G); in other words, the map T/’qT,res in the fibre
diagram (5.15) is surjective.

Proof. This is parallel to Proposition 8.24, using Propositions 10.5, 10.6, and 10.14 instead of
Propositions 8.4, 8.13, and 8.23. See Remark 10.4 for the assertion ‘in other words’. O

11. The comparison map: conclusion

THEOREM 11.1. For every pair (G, A) the map
pac : Spe(Tac) — Spec’(Rac)

of (5.1) is a homeomorphism.

Proof. We recall that T ¢ is equivalent to DY(AG) A-perf Dy Proposition 4.4. Since A is the filtered
colimit of its finitely generated G-invariant subrings, by Lemmas 3.11 and 2.12 we can assume
that A is of finite type; in particular, the pair (G, A) is noetherian in the sense of Definition 3.12
by Corollary 3.14. Then the rigid tensor category 7y ¢ is End-finite by Proposition 3.15, so by
Corollary 2.8 the map pa,¢ is a homeomorphism if and only if it is bijective. By Lemma 5.7 this
holds if and only if for each q € Spec(A%) the map (pa.g)q of (5.6) is bijective. This map is the
lower arrow in the fibre diagram (5.15), in which the upper arrow p A(q),G 18 & homeomorphism
by Lemma 5.16 and Theorem 7.1, the right arrow wﬁres is a homeomorphism by Corollary 8.29,
and the left arrow quJes is surjective by Proposition 10.15. It follows that (pa,q)q is bijective as
required. O

Remark 11.2. In the first version of this paper, Theorem 11.1 was proved only when the ring A
is regular by a similar route, including also results on the functoriality of cohomological support.
In view of Proposition 2.10 these results are now obsolete.
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12. A stable variant

Let us record a variant of Theorem 11.1 with Proj in place of Spec”, which is a rather formal
consequence. This was first observed in [Bar21, § 3.4] when A is regular with trivial action of G.
We begin with an elementary remark.

Remark 12.1. The restriction of scalars res: AG-Mod — A-Mod has a left adjoint ind :
A-Mod — AG-Mod defined by ind(M) = AG ® 4 M, using the right A-module structure of AG
for the tensor product. Let Py = AG as a left AG-module. For an AG-module @ there is a natural
isomorphism

indres@Q = Py ®4 Q (12.2)

where the tensor product is formed as in (3.1), that is, G acts diagonally. Indeed, the A-linear
map res@Q — Py ®4 Q, v — 1 ® z gives by adjunction an AG-linear map indres@Q — Py ®4 Q,
which is an isomorphism.

LEMMA 12.3. The category Perf(AG) of perfect complexes of AG-modules is a thick tensor ideal
in Db(AG)A_perf.

Proof. Clearly Perf(AG) is a thick subcategory of D?(AG). By Lemma 3.3 it suffices to show
that for a finite AG-modules P, ) where P is projective and @ is A-projective, P ®4 @ is
AG-projective. We can assume that P = AG. Then P ®4 Q = indres@ by (12.2), which is
AG-projective. O

Using Proposition 4.4, we identify T4 ¢ and D*(AG) 4 pert- Then Perf(AG) is a tensor ideal
in 74 ¢ by Lemma 12.3, so the Verdier quotient

Sa.c = Taq/ Perf(AG)
is a tensor triangulated category.

COROLLARY 12.4. For every pair (G, A) the homeomorphism p4 ¢ of Theorem 11.1 restricts to
a homeomorphism

pAG : Spe(Sac) = Proj(Rac).

Proof. Compare [Bar21, Corollary 3.32]. The ring homomorphism ¢ : Ry ¢ — AC defined by pro-
jection to degree zero gives a closed immersion of topological spaces Spec(A%) — Spec” (Raq),
whose complement is Proj(Ra); moreover, the natural functor T4 ¢ — Sac induces a
homeomorphism

Spe(Saq) = {P € Spc(Tac) | Perf(AG) C P}

by [Bal05, Proposition 3.11]. Hence, it suffices to show that p4 ¢ induces by restriction a bijective
map pa,q as indicated. But some P € Spc(74 ) satisfies Perf(AG) C P if and only if AG € P if
and only if P & supp(AG) if and only if p(P) € V(AG) by Proposition 2.10. Now End*(AG) =
AG in degree zero, which is an R4 g-module via g, and it follows that V(AG) = Spec(A%).
Hence, p(P) ¢ V(AQG) if and only if p(P) € Proj(Ra ). O

Remark 12.5. The Verdier quotient S4 ¢ can be viewed as the stable category associated to the
Frobenius category lat(A,G) of A-projective finite AG-modules (here lat is short for lattice).
More precisely, lat(A, G) is an exact subcategory of the abelian category AG-Mod, and with
this exact structure lat(A, G) is a Frobenius category where the projective objects are the finite
projective AG-modules; note that exact sequences in lat(A, G) are automatically A-split, and
lat(A, G) has a duality involution defined by M" = Hom 4 (M, A) with G-action by conjugation.
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The stable category lat(A, G) is a triangulated category by [Hap88, Theorem 2.6], and it is a
tensor triangulated category since the projective objects of lat(A, G) form a tensor ideal. By an
obvious extension of [Ric89, Theorem 2.1] there is a tensor triangulated equivalence

lat(A,G) = Sac. (12.6)

In more detail, the composition lat(A,G) — Db(AG)A_perf — Sa,¢ induces the functor (12.6),
and an inverse functor is given by stabilised syzygies as follows. The category D°(AG) A-perf
is equivalent to the homotopy category K = K~ (AG-proj) apert of upper bounded complexes
of finite projective AG-modules which are A-perfect. Let T" denote the suspension functor of
lat(AG). Each X € K has bounded cohomology. If X has trivial cohomology in degree at most
n, then the AG-module Z"(X) = ker(d : X™ — X"*1)is A-projective and the object T~"Z"(X)
of lat(A, G) is independent of n. This construction gives a functor K — lat(A, G), which induces
an inverse of (12.6) as is easily verified. If G acts trivially on A, the equivalence (12.6) is also
proved in [Bar21, Proposition 3.26] using homotopy theoretic arguments.

Remark 12.7. If G acts trivially on A, a different stable category stmod(AG) is considered
in [BIK13]. The category of all AG-modules with the exact structure given by the A-split exact
sequences is a Frobenius category, the associated stable category is denoted by StMod(AG),
and stmod(AG) is the full subcategory of StMod(AG) whose objects are the finitely presented
AG-modules. There is an obvious functor Sy ¢ = lat(A, G) — stmod(AG), but these categories
behave quite differently with respect to tensor ideals. For example, for A =7Z and a prime p
dividing the order of G, by [BIK13, §7] there is an infinite ascending sequence D; C Dy C - --
of radical tensor ideals in stmod(AG), where D, consists of all finite AG-modules isomorphic to
modules annihilated by p™. This sequence is not visible in lat(A, G) because the inverse image
of D,, in lat(A, G) is zero for all n.

Remark 12.8. We also note the following geometric description of S4 . The natural morphism
h : Spec A — [Spec(A)/G] gives a direct image functor hy : 74 — 74 ¢, which corresponds to the
functor

Perf(A) — DY(AG), Q+— AG®4 Q.

It follows that Perf(AG) coincides with (h.74), the thick subcategory of 74 ¢ generated by the
image of h., and hence Sx ¢ = Ta.g/(h«7a).
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