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COMPARISON THEOREMS FOR THE EIGENVALUES
OF THE LAPLACIAN IN THE UNIT BALL IN R

KIN MING HUI

ABSTRACT. W obtain inequalities relating the eigenvalues of the Dirichlet and the
Neumann problems for the Laplacian in the unit ball in R".

In this paper we will compare the eigenvalues of radial symmetric eigenfunctions of
the Laplacian in the unit ball B(0, 1) in R". More specifically we compare the eigenvalues
of the following two problems:

1 Ap +Xpp =0 inB(0,1)

W ¢ laso.) =0 ¢ is radial
AY +ppy =0 inBO,1)

@ ) _ o
silasony =0 4 isradial

or in polar coordinates,

3) {(r”‘%’)’ +A7pé =0 in(0,1)
¢'(0)=0¢(1)=0

4) {('le)'wf'“pw =0 in(.1)

P'0)=9¢(1)=0

where p(x) = p(|x|) > 0 forx € B(0,1), n € Z*. It is well-known that the eigenvalues
{232, {uit 2, of (3), (4) are discrete with0 < A\ < Ay < -+ — 00,0 < py <
p2 < ---— 00 as n — oo and that we have the inequality p; < Mg fork = 1,2,....

In a recent paper of C. Bandle and G. Philippin [1], they proved that

5) e < A — 20

fork = 2,3, ... where )\, u are the kth eigenvalue of (1) and (2) when n = 1 and p(x)
is a decreasing function [0,1]. We shall show that (5) remains valid for eigenvalues of
(3) and (4) when n € Z* and p(x) = p(]x]) is a decreasing function of |x| on [0, 1].

The proof is a modification of the proof [1], [5]. We will assume without loss of
generality that ¢; > 0 in r € (0, 1) throughout the paper and we will also assume
p € C%([0,1]) in the following three lemmas.
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LEMMA 1. Let ¢ be the kth eigenfunction of (3). Let vy = ¢x/ 1. Then vy satisfies
the equation
(6) WY +vr T pdidr = 0in(0,1), V(0)=V(1)=0
where v = Ay — .

PROOF. A straightforward computation shows that v, satisfies (6) withv = X\, — ;.
By [2], ¢1(0) > 0. So

m P10, — D[ Px —0
0

Vi0) = li 52
1
Since ¢1(r) = ¢{()(r— 1)+ 0((r— 1)2) and ¢1(r) > 0 for r € (0, 1), ¢{(1) # 0. From
(3) &y satisfies

—1
) ¢" = —("=—0"+Mp9)
So by I’Hbpital’s rule
b10, — b dx
7
1 o — ol
= 1
261(1) roi- &1
_ 1 lim —$1 (L + Mpd) + du(B2 B! + Mipdy)
26{(1) r—1- é1
on—1 . | — /o
= z¢f(1>i£‘1‘1 o

= Ml)zr m {—o(“—— ¢1+A1p¢1)+¢1(
=0

V(1) = lirlii Vi(r) = lirln_

—Lo0+ Moo ) )

LEMMA 2. Let vi be as in Lemma 1. Then wy_; = r”_lvjcqbl satisfies the equation
( w' )’ w {2(151 qﬁl’r"*( 1
rlp) g2 g\l

where v = A — 22X with wi—1(0) = wi—1(1) = 0 and wy—| has a zero of order n at
r=20.

PROOF.  Since v,(0) = v,(1) = 0, wi—1(0) = wy_1(1) = 0 and wy_; has a zero of
order n at r = 0. By (6), wy_; satisfies

/ w )
p) }-H/F:Om(o,l)

J

@)  wo)) +v/ pdigi = 0 & ,,%lpqs] + ;2;%0”‘%{) FUdith =

Differentiating with respect to r, we get

WI gty 1 ’
) (r" )¢>1 ¢1p + W(rzn_;};i) +'n_1w¢1,(r2”—'2p) +v(P19] +Pidr) = 0

By substituting into {9) the expression for w' from (8) and simplifying the resulting equa-
tion, the lemma follows.
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LEMMA 3. Let v be a positive constant. If u is a solution of
Wy u
(10) (E) +v=5 = 0in (0.1, u(0)=u(l)=0
and u has a zero of order natr = 0, then = u'/ (¥ 'p)is a solution of (4). Conversely,
if ¢ is a solution of (4), then

u(r) = [ p(ayp (o) dt
is a solution of (10) and u has a zero of order n at r = (.

PROOF. Suppose first that u is a solution of (10) and has a zero of order n at r = 0.
Lety = u'/ (¥ 'p). Then by (10) we have

1/1’+1/% =0=r""9 +vu=0

=W +vd =0

=7 v oy =0
By (11) we have ¥/(1) = lier(—-r/u(r)/ r”’l) = 0. Since u has a zero of order n at
r =0, lim,_o- u(r)/ "' = 0. Hence v'(0) = 0 by (11).

Conversely, suppose 1 satisfies (4). Let
_ [Tt
ur) = [ pteyp o) e
Then u(0) = 0, u/'(r) = P 'p(My(r) = ¢ = u'/ ¥ p. Substituting into (4) we get
WY +vi(r)=0

Integrating with respect to r,

!

(12) ﬂ*‘¢’+yu(r):0:>( )'+VL:0

u
rmlp rl

By (12), vu(r) = ¥"~'4'(r). Hence u(1) = 0 and u has a zero of order n at r = 0.
Before stating the main theorem, we need to recall the Sturm-Liouville Theorem ([2],

[4D:
STURM-LIOUVILLE THEOREM. Let f € C([0,1]), f > 0. If vy and Uy are the kth
eigenvalues of the equations

(Gp) = A () +v 35 = 0in (0,1)

w(0) = w(l) = 0,

w has a zero of order n at r=0

and

rIp

{( oY +v S = 0in (0, 1),u(0) = u(l) = 0
u has a zero of order natr = 0

respectively. Then vy > 7.

We are now ready to state the main theorem:
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THEOREM 1. If p(r) > O for r € (0,1) and ¥~ p(r) is a decreasing function in
(0,1), then Ay — 2\ > pyp fork =2,3,....

PROOF. Since A, i depend continuously on p [2], we may assume without loss of
generality that p € C2([0, 1]). Then (1/ 7~'p)' > 0. So

{i((f;f; _ ¢1,(::4 (,,,_llp)l] >0forre (0,1)

since ¢; > 0in (0,1) = ¢>1’ < 01in (0, 1) by [3]. By combining Lemmas 1, 2, 3 and
using the Sturm-Liouville theorem, the result follows.
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