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ON THE PROBLEM OF R. DE VORE

BY
GEZA FREUD

I. Introduction. Let fe L, (1<p< o) be 27-periodic,

, 1 T |r {r N 1/p
) il = 50 [ | B 0() s ax]
27 J—r |i=0 J
and let us consider the rth order moduli of continuity of f
(2) wr(Lp;f; h) = sup ”A;f"p
05t<h

R. de Vore! stated the following conjectures:
(a) Let 5,—0 decreasingly,

(3) 1 > nv+1/7]v > 01 > 0 (‘V = 1: 2’ L °)
and for some a<2 let

4) 1AM 1, = OG0 (me{n))
then for every >0

(5) wy(Ly; f3 h) = O(h").

(b) If for the sequence {7,} the condition (3) does not hold for at least one
6,>0 then there exists an f'€ L, for which (4) is valid but (5) is violated.

R. de Vore himself settled problems (a) and (b) for the limiting case p—o0, i.e.
for the space C.

In the present note we prove conjecture (a) for p=2 and conjecture (b) for all
1<p< @, in both cases also for higher order moduli of continuity.

II. Proof of conjecture (a) for p=2.

LemMa 1. Let +(x)=x for 0<x<1 and +(x)=1 for x>1. Let further
S(x)~ay[2+ 2 (a; cos kx+by sin kx)
then

) det
ORQICE DI Skgllf(kh)]z’(aﬂ b = be(f; h) < cx(Mw(Lo; f; WY
Lemma 1 was proved in our paper [1].

! Oral communication in January 1972, at a tims when both R. de Vore and the author were
visiting professors at the University of Alberta, Edmonton (Canada). (See [2]).
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LeMMA 2. We have
Q) HALf T > 2% 3 (ag+bp)(ke)™.
k<wul/t
Proof. We refer to [1] for the relation

8317 = 2 3 (a+ bisin®” kif2

From this we obtain (7) by taking sin u>2u/7 (0<u</2) in consideration.

LeMMA 3. We have for every f € L, and all natural integers p<r

&) cy(r, p)thf u™* o, (Ly; f; W] du < [w,(Lys f; M <
h
< ey, p)hz"f u o (Ly; f;u)Pdu  (h > 0).
h
Lemma 3 was proved under the heading “Theorem 3” in our paper [1].
LemMa 4. Let {t,} be a sequence of positive numbers satisfying
) 1>t,t>60,>0 (=12..)

then for every natural r and every f € L, we have
(10) [0,(Lo; f5 t)]* < es(r, 0) glllﬁt'vf [
Proof. By (7) we have

(1 lelAivf I3 > cﬁ(r)kzl (ax+bpk™ 3, 1.

ktysSw

For kt, < we have clearly

K3 60> (k) 2 [kt (kty < ).

EtySw

In the case kt,> there exists, as a consequence of (9), an index u for which
w>kt,>0;7. Consequently

K73 67 > K> (0,m)* > (0ym) e (k)]

kty=m

(We used here that 7(k#,)=1). Combining both cases
(12) K3 67 > eolr, 0)[r(kt)

kty=m
We obtain (10) from (11), (12) and the first half of (6), Q.E.D.

THEOREM 1. Let (0) be a nondecreasing function. For proper choices of 0,>1,
0;>1 let

(13) O2p(h) < p(2h) < Op(h) (b > 0),
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and for an f € L, let
(14) 185 fl: < vt (e{n))

where {n,} is a positive nullsequence satisfying (3) then

@15) w(Le; [ B) < eg(0s, 0, 05, () (0 < h < 6p)
and for every p<r

© 1/2
(16) wp(Le; f3 h) < o8y, 02, 03, 7, p) - {hz”fh u=y*(u) du} ‘
ReMARK. In particular, if

1A flle = O (me{n,})

then we have for every a<p<r
w,(Lg; f3 ) = O(h").
This statement implies the case p=2 of conjecture (a).

Proof of Theorem 1. First we construct a suitable subsequence {n} < {1,}.
Let 7y =1,. After 7}, is constructed, let 7}, ,=7, be the greatest 7 satisfying
7,<0,m. Then clearly 5,_,/n% >0, so that
an 1> 0, > nmiaftm = NelMsmr * Nsafn > 5.

We apply now Lemma 3 with =7 +w (v=1,2,...) and consider that
{nm} < {n,} so that by (14)

N " O B A Uk
We obtain

19 (oL fimF < e 0 3 i) = e GO+ S,
where

(19) O = > 1/’2(77:;)-

e * —
2 h=1pr < <2y,

As a consequence of (3), the number of terms to which the sum (19) is extended
does not exceed —log, 2+1=c,(6,) so that

(20) 0, < 010(91)11’2(2_7077:) < 010(61)02—%’)”2(7]:)-

Here we made use of the facts that 9 (A) is nondecreasing and satisfies (13). We
obtain from (18) and (20)

(21) o(Le; f3m7) < en(rs 01, 62)p(n).
For an arbitrary 0<A< 7y let 7 ; <h<7 then by monotonicity of w,
() o (Ly; f3 ) < 0(Lo; f317) < en(r, 03, 0)9(3).
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We fix a sufficiently great integer ¢ so that 2-¢<6;. We obtain from (17)

hing = niamy > 05> 27
and from (13) follows, since y(d) is nondecreasing,

(23) v < 05p(27n7) < O%p(h).
From (22) and (23) we conclude that (15) is valid. We obtain (16) by combining
(15) with Lemma 3. This ends our proof.

I11. Proof of conjecture (b)

LemMA 5. Let fi(x)=sin kx then we have

(24 o(Ly; fi; h) = {2 Ap(sm 2) (0 < h < =fk)
2’4, (h > =[k)

where

2 4, = 1Al

Proof. Lemma 5 is a trivial consequence of the relation
t . ™ kt
Al (x—r—) =2 sm(kx—r—)sin'— .
Let us observe that A, is increasing, so that

(26) %=A13A1,3Aw=1.

ku

Let r be an arbitrary integer and let 0<s<r. We consider a system of non-
overlapping open intervals (x,, X,) in (0, 1) and we assume that

27) X, x) " >4 (p=1,2,..).
Finally, let us consider the function
(28) g(x) =2 277X sin[ X, "X,
v=1
where [X5 %, T*]>1 is the integer part of X;%x; " and a=s]r.

LEMMA 6. For every 1< p< oo and for every h>0 satisfying

(29) he(x,X,) (=12,...)

we have for the function g defined as above

(30) o(L,; g; h) < h?

but we have

(31 lim h~w/(L,; g; h) = .
h=0
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Proof. Let
32) 2y(x) = g E‘V‘I*X $ sin[ X5 % M x
and
(33) Gy(x) = > 27T XS sin[ X% x.
Xy<h

If h<x, then a fortiori #< Xgx,™ so that by Lemma 5 using the fact that a=s]r

G4 ofLygh) < 3 27X 24, sinr L <
zy=h 2 Xﬁxt“‘

S Ap Z 2—v-—1X3( h )= Ap Z 2—v—1(h /xv)r—shs
zy>h

zy=h X:X},—a
<P <3 (1< p< o)

In the last link of this chain of inequalities we applied (26).
In turn, we obtain from Lemma 5 and (26)

(35) w(L,; G h) < S 27X 274 < S 27 = Lhe
P D

XySh

Now if (29) holds then

(36) g(x) = gu(x)+Gy(x)

so that (30) is a consequence of (36), (34) and (35). This proves the first half of
our statement.
Let now h,=Xpxy * € (x;, X;). Then

(37 g(x) = ghk(x) + th(x) +27F7X l:fi:h; 14(x).

From Lemma 5 we get using (26)
(8) oLy forsi h) = 24, (k) 2 2% sin’ > ().
ks
We have in consequence of (37), (34), (35) and (38), taking (27) in consideration

(39) hy*w(L,; g5 hy) > —1+012(r)2—k_1-rX7§h;s =

= —14en(N2 (X fx) > = 12t
This shows that (31) holds. Lemma 6 is proven.

THEOREM 2. Let {6,—0} be a decreasing sequence and
40 Tim 011/0 = O,
k= o

then there exists for every 1<p< o0, for every natural integer r, and for every
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0<s<r a function g(x) for which we have

(41) wr(Lp; g 6}0) S 6; (k = 1: 2, .. )
but
(42) lim h™w,(L,; g; h) = c.

h—

REMARK. Let p<r be a natural integer. Applying the elementary relation

. w(Ly; g5 h) < 2P0, (Ly; g5 h)
we infer from (42) that

lim i L, g; =0 (p=1,2,...,7)
h=

Taking r=p=2 this shows that de Vore’s conjecture (b) is true for every 1 < p< 0.

Proof. By (40) we can construct a sequence of nonoverlapping open intervals
{(x,, X,)} so that

(a) X,>x, are two consecutive terms of the sequence {J,}

(b) (27) is satisfied.

Let us consider the function g(x), defined as in (28), which is related to this
interval sequence {(x,, X,)}.

By our construction no d, is situated inside any of the open intervals (x,, X,).
Applying the first half of Lemma 6 we see that (41) is valid. Moreover, (42) was
proved as the second half of Lemma 6. Theorem 2 is proved.
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