L))

Check for
updates

Proceedings of the Royal Society of Edinburgh, page 1 of 21
DOI:10.1017/prm.2024.69

Dual formulation of constrained solutions of the
multi-state Choquard equation

Gershon Wolansky*
Department of Mathematics Technion, Israel Institute of Technology,
Haifa, Israel (gwolanl@gmail.com)

(Received 28 November 2023; accepted 28 April 2024)

The Choquard equation is a partial differential equation that has gained significant
interest and attention in recent decades. It is a nonlinear equation that combines
elements of both the Laplace and Schrodinger operators, and it arises frequently in
the study of numerous physical phenomena, from condensed matter physics to
nonlinear optics.

In particular, the steady states of the Choquard equation were thoroughly
investigated using a variational functional acting on the wave functions.

In this article, we introduce a dual formulation for the variational functional in
terms of the potential induced by the wave function, and use it to explore the
existence of steady states of a multi-state version the Choquard equation in critical
and sub-critical cases.
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1. Introduction

1.1. Background
The Choquard equation

in R? was originally proposed by Ph. Choquard, as an approximation to Hartree-
Fock theory for a one component plasma. Equation of similar types also appear to
be a prototype of the so-called nonlocal problems, which arise in many situations
(see, e.g [17]) and as a model of self-gravitating matter [11].

A generalized version in R" takes the form

—Ap+ ¢ = (I x|0]") []" ¢ (1.1)
where
I, = A()|z|*™";  A(a) = M:/(QZE(:)/Q)) (1.2)
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2 G. Wolansky

is the Rietz potential, a € (0, n), p € (1, co) was considered by many authors in
the last decades, using its variational structure as a critical point of the functional

Epa(@) =5 [ (90?4167 = o (T loP) o) 13
on an appropriate space. In particular, existence of solutions the case p =2 (and
for more general singular interaction kernels) was studied by E.H. Lieb, P.L. Lions
and G. Menzala [6, 7, 10]. For existence, regularity and asymptotic behaviour of
solutions in the general case see [12, 13] and references therein.

The non-linear Schrodinger equation associated with F, . takes the form

—i0pp — Ay — a(Lo * [YP) [P =0 . (1.4)

The number a € R is the strength of interaction. The case a > 0 corresponds to the
attractive, gravitation-like dynamics, and is related to Choquard’s equation. The
case a < 0 is the repulsive, electrostatic case and is related to the Hartree system
(see, e.g. [18]). In this paper we deal with the attractive case.

Considering an eigenmode 1 = e ¢ we get that ¢ satisfy the non-linear
eigenvalue problems

—Ap—a(la*]0")[0]P 20— Ao =0 (1.5)

which can be reduced to (1.1) by a proper scaling! . However, the solutions of the
nonlinear equation (1.4) preserve the L2 norm, so it is natural to look for stationary
solutions (1.5) under a prescribed L? norm (say, ||¢||2 = 1). It is not difficult to see
that, in general, one can find a scaling ¢ — ¢.(z) = e ™/2¢(e/x) which preserves
the L2 norm and transform the strength of interaction in (1.5) into a = 1, making
this parameter mathematically insignificant. There is, however, an exceptional case
a =n(p— 1) — 2. In that case the first two terms in (1.5) are transformed with equal
coefficients under L2 preserving scaling, so the size of the interaction coefficient a
is mathematically significant in that case.

In the case p = 2 and in the presence of a prescribed, confining potential W, the
IL?— constraint version of (1.5) takes the form

2
asawo-a [ U a)o-xo=0 fola=1. (o)

A solution of (1.6) is given by a minimizer of the functional

Wi ] : DPlOWE
V@) = [ (vorswio?)ar- [ [ B 4, )

restricted to the L2 unit ball ||¢[]2 = 1.

In [8] the authors studied the equation (1.6) in the exceptional case o =n — 2,
for n >3, a >0 and W a prescribed function satisfying lim, ., W (z) = co. In
particular, they showed the existence of a critical strength a. > 0, depending on n
but independent of W, such that E/V is bounded from below on the sphere ||¢||2 = 1

INote that A < 0 is an eigenvalue below the essential spectrum of —A
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iff a < @.. Moreover, a minimizer of E;’Y exists if a < a., and is a solution of (1.6)
(c.f. [8]). It was also shown that a. = ||¢||2, where ¢ is the unique, positive solution
(c.f. [9]) of the equation of
— 5 2 — —
~AG— / |¢(y)|2dy b+ =0 (1.8)
o |z =yl

The object of the present paper is two-fold.
The first object is to extend the L?-constraint Choquard equation (1.6) into a
k— state system

k 2
—A¢j+W¢j—a<Zﬂi/R |‘;5"“’)oly> b — Nty
i=1 "

o=yl
=0 [[gjlla=1, ; j=1...k (1.9)
where (¢1, ... ¢y) constitutes an orthonormal k—sequence in L?(R") and
k
B;>0, > Bi=1 (1.10)
1

are the probabilities of occupation of the states j =1...k,

In § 1.2 we introduce the time dependent Heisenberg system which leads naturally
to (1.9), while the steady state (1.9) and its constraint variational formulation are
introduced in § 1.3.

The second object is to introduce a dual approach to the L.? constraint Choquard
problem in the case p = 2. For the case of single state k = 1, the dual formulation
of EW (1.7) for a = 2 on the constraint .2 sphere takes the form of the functional

Vi H (V)
a

W21 —
M) =

/ [VV]2+ (V)
Rn
over the unconstrained Beppo-Levi space V € Hj(R™) (c.f. §§ 1.4). Here the func-
tional Ay = A1(V) is the leading (minimal) eigenvalue of the Schrédinger operator
—A+ W —aV on R™.

The extension of this dual formulation to the k—system (1.9) for « € (0, 2] is
introduced in (1.28). In case o = 2 it takes the form

k
a
HE2W) =5 [ IVVE+ Y 8A0)

j=1

where A\ (V) < X2(V) < ... A\(V) are the leading k eigenvalues of the Schrédinger
operator, while 81 > B2 > ... 3 > 0.

The main result of this paper is summarized below ( § 1.6):

Using the dual variational formulation we show the existence of a minimizer of
Hg[jf corresponding to a solution of (1.9) in R™ for any a > 0 where « € (0, 2],
3<n <2+« . In the critical cases « =2, n =4 and o« =1, n = 3 we show the
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existence of a critical interaction level aﬁn)(ﬂ) for which there is a minimizer of
ng;la if a < a&n)(ﬁ) corresponding to a solution of (1.9), while Hgff is unbounded

from below for any a > a£”> (8) for n = 3, 4.

1.2. Mean-field Heisenberg system

Consider the Von Neumann-Heisenberg equation

i%—]: =[LW —aV,R], teR (1.11)

on a Hilbert space H. Here R is a density operator, namely a bounded linear oper-
ator on H which is self-adjoint, non-negative and of trace equal one. LW is an
Hermitian operator generating a norm preserving group " on H and V is a
non-linear operator.

In the context of mean-field system we consider (H, (-, -)) to be the Hilbert space
L2(R") where (¢, ) := f]R" @) the canonical inner product. A density operator can
be represented by a kernel Ky acting on ¢ € H via R(¢) = [, Kr(z, y)¢(y) dy
and Tr(R)(x) := Kgr(z, ). In these terms we define V(R) as the operator acting
on ¢ € H by multiplication with

V(R) := I, xTr(R) (1.12)

Since LW — @V is hermitian for any prescribed potential V', all observables along
the orbit ¢t — R(-, t) are unitary equivalent:

R(-,t) = exp (—i/ot(LW - aV(~,s))ds> R(-,0) exp (z /Ot(LW - aV(.,s>)ds) .
(1.13)

We restrict ourselves to a class of observables of a finite rank & € N. Hence the
kernel of R can be represented as

k
R(z,y,t) = Zﬁjwj@;’t)@j(yat) (1.14)

where 3; > 0 are the eigenvalues of R, which are constant in time, and ¢;(-, t) € H
constitute an orthonormal sequence for any ¢ € R. Under this representation (1.11)
takes the form

The eigenvalues ; € [0, 1] are interpreted as the probability of occupation of
the j— level satisfying Z?Zl B; = 1. For any t € R, the trace of R conditioned on
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reR”is
k
)= Bil(x,0), (1.16)
j=1

and the potential V' is determined in terms of the solution R by (1.12)

k
V= Zﬁjla SITHES

j=1
Consider now the Hamiltonian
ESND) : Zﬂg (LY 45,45 — Zﬂz (512 L = i)

acting on k— orthonormal frames 1 = (1, .. -¢1,). The system (1.11) (equivalently
(1.15) ) is, in fact, an Hamiltonian system in the canonical variables {t;, ¥, }:

albj 1 () aw 1 ()
=——05 850 it =0y, 1.17
at ﬂj Vi “B,a0 at ﬁj ¥i“Ba ( )
In particular, Eéaa) is constant along the solution of (1.11).

1.3. Steady states

The steady states of this system are given by v; = e " ¢; where {¢;} is an
orthonormal sequence corresponding to eigenvalues A; of the operator L' —aV/,
satisfying

k
LV ¢; —al, * (Z /Bi|¢i2> b; — Njo; = 0. (1.18)

i=1

DEFINITION 1.1.
HU = {0 € LXRY), 5 VoL@ [l =1 [ WP <o)
RTL
@kHl = {qg: (¢17 . ~¢k)7;¢j € Hl; <¢]7¢Z> = 657 27] € {1a . k}} :
(¢, )y is the quadratic form on H' defined by the completion of <LW<;S7 gz5>:
(60 = [ VP + WP
R’n
Let
)y 7 1 b
HOEED [<<¢J7¢J Zﬁz (651, Lo %151 >]
1

is defined over ®FH (c.f. Corollary 2.4 below).
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We formally obtain from (1.17) that the steady states (1.18) are critical points
of £ [(502 subject to the orthogonality constraints.

PROPOSITION 1.2. Suppose [(; # [ for any 1<i# j<k. Then any critical
d — —

point of 5(2) restricted to orthonormal frames ¢ = (¢1...dx) is composed of k

normalized eigenstates of the operator LY — aV where V = I, * (Zlf Biléil?).

For the proof of proposition 1.2 see the beginning of §2.
From now on we assume

B1>0Bs>...> B >0. (1.19)

Formulation of the problem : Consider the multi-state Choquard system satisfying
the equivalent of (1.18):

(LY —aV)p; —Njp; =0 ;5=1,... k (1.20)
on R". Here:
i) LW = A+ W, A:=>" 92 is the Laplacian on R™ and

W el (R?), lim W(x)=o00, inf W(z)=W(0)=0 (1.21)

loc || — o0 ZER™

ii) (5: (¢1, ... ¢x) € B*H' are normalized eigenfunctions of L — aV and \; €
R are the corresponding eigenvalues.

iii)

k
V=> Bila*|¢ (1.22)

i=1
where (3; are the probabilities of occupation of the states j, thus 3; > 0 and
B =1.iv) a>0.
1.4. A crush review on Rietz kernels and its dual

Let us recall some definitions and theorems we use later (for more details see [4]):
For V1, V5 € C3°(R™) and « € (0, n), consider the quadratic form

Wi Vidu = Ala) [ [ =D Vo) g,

‘I 7y|n+a

where the constant A(—«) is defined as in (1.2). If « = 2

(V1,V2) (g == | Vi Viade.
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The closure of C§°(R"™) with respect to the norm induced by the inner product
(s )2 is denoted by H*/2. We denote the associated norm by ||| - [/|4/2.2 Recall

that H*/? is a Hilbert space so, in particular, is weakly locally compact.

LEMMA 1.3 [1]. For a € (0, 2], n > 2, the space H/2 s continuously embedded in
L2/ (n=e)(R™), so there exists S = Sp.o > 0 such that

||V||2n/(nfoz) < Sn,a||V|Ha/2-

The fractional Laplacian (—A)®/2, 0 < o < 2 is defined as a distribution by

(Vid)ass = ((ZA)72V,6) ¥ 6 € CF(R™).

and the pointwise definition of the fractional Laplacian for 0 < o < 2 is given in
terms of the singular integral

Viz+y) —V(x)
ly|mte

(—A)2V () = A(—a) / dy

n

For o = 2, the above definition is reduced to the classical, local Laplacian —A =
Z?:l a%J .

The Rietz potential I, is defined as a distribution via the quadratic form induced
by the dual of the (-, -) , , inner product:

1 1
3 Taxpp)i= sup  (p, V)= (V. V). (1.23)
Velge (Rm)

The Euler-Lagrange equation corresponding to the right hand side of (1.23) takes
the form

(=A)Y/2Y = p. (1.24)

—a/2

In particular, I, = (—A) corresponds to the right inverse of the fractional

Laplacian
Iy (=A)Y2V =V . (1.25)

The pointwise representation of the kernel I, is given by (1.2). Moreover

LEMMA 1.4 [16]. For any 0 < « < n, the Rietz potential is a bounded operator from
LP(R™) to LYR™) iff l <p <n/a and 1/qg=1/p — a/n.

Our main results, described below, concern the Choquard problem on R™. How-
ever, in order to overcome problems of lack of compactness, we shell need to
introduce a version of this problem in bounded domain 2 C R™. In order to handle
this we need to define the Green function corresponding to the fractional Laplacian

2Note that H*/2(R™) does not contain L2(R™). In case o = 2 it is sometimes called Beppo-Levi
space.
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(—A)* in a bounded domain under homogeneous Dirichlet condition. This is the
motivation to define the local Rietz potential I} on ILP(Q) by

1 1
5 (L2 (0),p) = o (0, 8) = 5 (6 D)oo (1.26)

In the case av = 2 this definition induces the Green function of the Dirichlet problem
I = (—Aq)™!, that is, V(z) = [, I§(x, y)p(y) dy is the solution of the Poisson
problem

AV+p=0 2€Q; V=0 on 00. (1.27)
Not much is known? on the Green function I for a < 2. In case a = 2 the maxi-
mum principle implies immediately that for any x, y € € the inequality Iz(z — y) >

I$(x, y) holds, and that I$}(x, y) = 0if x € Q, y € Q. In the general case we obtain
from (1.26) :

LEMMA 1.5. For any 0<a <2, QDQ; and supp(p) C QU then IS8 (p) <
132(p) < Lo p.

In addition: Let Q; C R", Q; — R" is a monotone sequence of domains in R".
If p; converges to p in LP(R™), p € (1, n/«), and p; are supported in ; then

lim I8 (p;) = I % p in L7ova (R™) .
j—o0

1.5. Spectrum of the Schrédinger operator

One of the most celebrated results on the discreteness of spectrum for the
Schrodinger operator —A + W in L?(R") with a locally integrable potential is a
result of K. Friedrichs [2] which ensures the discreteness of spectrum if the potential
W grows at infinity at arbitrary rate. This and (1.21) implies, in particular

PROPOSITION 1.6. Let V € C3°(R™) and W satisfies (1.21). Then the spectrum of
the operator LW — aV is composed of an infinite set of eigenvalues \; — oo and

the corresponding normalized eigenfunctions ¢; constitute a complete orthonormal
base of L2(R"™).

For the proof of proposition 1.7 see Lemma 2.7 in § 2.

< 5,0 < a < 2, then proposition 1.6 can be extended for

PROPOSITION 1.7. If3 < n
— Aj(V') is a continuous functional in the ||| - |||o/2 norm.

V e HY2(R"), and V

Proposition 1.7 allows us to define the dual functional on H*/2(R"):
u k
Hgo (V)= 5 (ViV)apa + D B2 (V) (1.28)
j=1

where A (V) < Aa(V) < A3(V) ... < A\ (V) are the lowest k eigenvalues of the
operator L —aV.

3But see § 3-c.
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1.6. Main theorem
For any V € H, s2(R™) let ¢;(V) be a normalized eigenstate corresponding to
A (V)
[i] Visa minimizer of ’H;V’a on Ha/z( ™) if and only if (¢1(V), ... ¢x(V)) is a

minimizer of Sﬁ on ®FH. If this is the case then {\;(V), ¢;(V )}1<J<;C is a
solution of (1.20) .

[ii] If a € (0, 2] 3<n <2+« then Hﬁ '“ is bounded from below on HQ/Q(R”)
for any ( satisfying (1.19) and any a > 0, and there is a minimizer of H;‘ff

[ili] If « =1, n =3 or @ =2, n =4 then there exists a.(3) > 0 such that H?’/f is
bounded from below on H, /2(R™) if a < a.(3) and unbounded from below if
a > a.(B). If a < a.(B) there exists a minimizer of HWQ in Ha/g (R™).

2. Proofs

We start by proving proposition 1.2

Proof. Let v; ; be the Lagrange multiplier for the constraints (¢;, ¢;) = ¢; ;. Then
N

¢ is an unconstraint critical point of

g(a) JFZ"YJJ”@”HI JFZ%,J (i, 05) -
i#£j

This implies

()
Sﬁa

56, + 27;,505 + 271j¢1 Bi(LY = aV)g; + 27,6, + Z’Yi,j@gi =0.
i#j 7

In particular, Sp(¢; . .. ¢) is an invariant subspace of LW — aV.. Sinceﬁ(&l o p) s
an orthonormal sequence we get, after multiplying the above line by ¢; and taking
the inner product:

(B [LY —aV] 6j,0:) +7i,; =0

for any i # j. switching 4 with j and taking into consideration that L + V is self-
adjoint, we also get

(B [LY —aV] ¢j, i) +7i; =0
Subtracting the two inequalities we obtain ((3; — 3;)(L" —aV)¢;, ¢;) =0 thus

(LY — aV)q’)J, ¢;) =0 for any i # j. Since Sp(¢1 ... ¢x) is an invariant subspace
of LW — aV, this implies that ¢; is are eigenstates of L' — aV. O

AIf X;(V) is  degenerate, so  Aj—1(V) >N (V) =...=X; (V) > Xj141(V), then
{¢;(V), ... ¢j41(V)} is any orthonormal base of the eigenspace of \;.
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The first part of the following Lemma follows from a compactness embedding
Theorem (c.f. Theorem XIII.67 in [15]). The second part from Sobolev and HLS
inequalities (see, e.g. [13], sec. 3.1.1)

LEMMA 2.1. For anyn > 3, H! is compactly embedded in " for 2 < r < 2n/n — 2.
Ifn—2/n+a<1/2< n/n +a and ¢ € H then |¢|> € L2/ (+a)(R?) 0L (R)

and
14+a/n
[ (16216 < Cr ( / |¢|4”/<“+“>)

In particular we obtain:

COROLLARY 2.2. If max(0, n — 4) < a < n then the functional gl
SFH.

is defined on

,a

Let o € (0, 2], ¢ € FH! and V € Cg°(R"). Define

k

H (6,V) =38 (LV65,05) +a [V, Voo = (VY Bl0s2)] - @)

1

By (1.23) we get (c.f definition 1.1)

-,

inf  HY(6,V) =267)(9) .

VeCs (Rn)
Thus
inf  inf H@ ,V)= inf  inf H(a) , V)= inf g
Vecogse (bE@k]HIl B (¢ ) ¢€@kH1 Velse (¢ ) ¢E@kH1 B.a ( )
Let
Hgo (V)= _inf H(G,V).
Pe@FH
From (1.23 , 2.1) we observe that
W,a
HYE (V) = 5 ViV ﬁlggHIZ@ W —aV)g;. ;) -
Let
inf Zﬁj W aV)pj, b)) = Gpa(V) . (2.2)

¢E@kH1

As the infimum over linear functionals, V +— G ,4(V) is a concave functional, so

a a
Hy (V) = 5 {V.V)aa + Goa(V) (23)
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is the sum of convex and concave functionals. In the case k=1 (F = 3 = 1) we
observe, by the Rayleigh-Ritz principle

Gra(V) = inf (LY = aV)g,¢) = A (V)

and the supremum is obtained at the normalized ground state ¢, satisfying (L' —
aV — A1)¢1 = 0. In particular we reassure that Gy (V) = A1 (V) is a concave func-
tional. In general, higher eigenvalues A\; = \;(V') are not concave functions if j > 1.

However, if 3 := (B4, ... () satisfies (1.19) then we claim that V — Zle Bir; (V)
is concave. Indeed:

LEMMA 2.3.
k
Gaa(V) =Y BiA(V) (2.4)
j=1

where \;(V') are the k lowest eigenvalues of the operator LY —aV arranged by
order

Moreover, the minimum in (2.2) is obtained at the eigenfunction ¢; of L —aV
corresponding to \;.

Recall the definition of sup-gradient of a concave functional G on a vector space
C§°(R™) at V:

’

A G = {g € (C): G(Z)<GV)+(Z-V,0) VZ e 030}

while G is differentiable at V' if 0y G is a singleton.

COROLLARY 2.4. The sup-gradient of the functional Gg,, on C3°(R™) is contained
in LY. In fact OvGg 4 = aZle Bil¢; > where ¢; € L? is a normalized eigenstate
of LW — aV corresponding to the j— eigenvalue. So, in particular, |0y Gp.l1 = a.
If all eigenvalues of L™ — aV are simple then G, is differentiable at V.

Proof. Since V 2?21 B (LY —aV)¢;, ¢;) is a linear functional, (2.2) would
imply, in particular, that the functional G, is, indeed, a concave one.

Let ¢; be the normalized eigenvalues of LW — aV corresponding to A (V). Fix
some m > j and let H,, = Sp(¢1, ... o). Let us restrict the supremum (2.2) to

HE, == {$ = (¢1, ... ¢x), &; € Hy} C HE.
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Then
oy :Z<¢j,¢_5i>¢_5i, (LY —aV)¢; = Z)\i (¢j,05) ¢i.
i=1 i=1
Define fx11 = ... = B, = 0. Then we can write, for any (; € HE,
k m m
Zﬁ]< —aV) ¢]’¢J :ZZ jAil ¢Jv¢z 2. (2.5)
j=1 i—1j—1
Denote now 7;; := | (¢, ¢;)|*>. Then {’yiyj} is m x m, bi-stochastic matrix,

ie 2717” = Z;" 17vi; =1 for all 4,7 =1...m. Consider now the infimum
of YL, >0 1% jAif3; over all bi-stochastic martices {%; ;}. By Krain-Milman
theorem, the minimum is obtained on an extreme point in the convex set of bi-

stochastic matrices. By Birkhoff theorem, the extreme points are permutations so,
from(2.5)

k
V<;€ ana Zﬁj< —aV) ¢J’¢J ZBW(J
=1

for some permutation 7 : {1, ... m} — {1, ... m}. Now, recall that §; are assumed
to be in descending order while A; are in ascending order by definition. By the
discrete rearangment theorem of Hardy, Littelwood and Polya [3] we obtain that
the maximum on the right above is obtained at the identity permutation m(i) = 4,
that is, at the identity matrix ; ; := <q§j, <Z)Z> = 0; ;. This implies that the eigenbasis
b1, - .. ¢y of the k leading eigenvalues is the minimizer of (2.2) on H¥, for any m > k.

In particular, the minimizer of (2.2) in HY, is independent of m, as long as m > k.
Suppose there exists some 15 € H* which is not contained in and finite dimensional
subspace generated by eigenstates, for which (2.2) is strictly smaller than its value
on the first k— leading eigenspace. Since the eigenstates of the Schrédinger operator
under assumption (1.21) generate the whole space we can find, for a sufficiently large
m, an orthonormal base in H¥, for on which the left side of (2.2) is strictly larger
than 2521 B (V), and we get a contradiction for this value of m. O

From Corollary 2.4 and (1.24, 1.25) It follows that the Euler-Lagrange equation
corresponding to Hgvf is

k k
(A PV =" Bile P =0 =V =Tax > Ble;°
j=1

Jj=1

where ¢; are the normalized eigenfunction corresponding to A;(V'). In particular
we obtain the proof of theorem 1.6-(i):

COROLLARY 2.5. IfV is a minimizer ofH “ then V = Z] 1 Bila * |¢J |2 where ¢j

are the normalized eigenfunction correspondmg to X;j(V). In particular, {\;(V), ¢;}
is a solution of the Choquard system (1.20, 1.22).
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LEMMA 2.6. Suppose a € (0,2], 3<n<4+a and V € C(R™) is bounded
in HY2. If ¢ is a normalized eigenfunction of a ‘LW —V then |Vl ,
[ W|¢|? dz and |®ll2n/(n—2) are bounded in terms of |||V|||o /2 and the corresponding
eigenvalue \.

Proof. By assumption, ||¢|l2 = 1 and satisfy
(wAp+W)p—aVep—Ap=0.
Multiply by ¢ and integrate to obtain

Va3 — a/V|¢|2dx+ /W|q§|2dx —A=0. (2.6)

By the critical Sobolev inequality (lemma 1.3) and and Holder inequality

/ VIgP de < V1] o 191 2 < Sual VIl 20 (2.7)

nta

By the Gagliardo-Nirenberg interpolation inequality [14]

l6ll, < C©O)IVlzlelly

where C'(0) is independent of ¢, p = 2n/(n — 20) whenever 6 € [0, 1]. Since |||z =1
we get

11171572 = 16117 < C2(O)IVoll5”. (2.8)

Let now p/2 = 2n/n + «a, corresponding to 6 = (n — «)/4, we obtain from (2.7)

/ VIR di < S aC2 OV | V627

where 0 < 1 if 3 < n <4+ «a. Substitute it in (2.6) we obtain the upper estimate
on ||V¢|l2 and [ W/|¢|? dz. Finally setting § = 1 corresponding to p = 2n/(n — 2)
we obtain from (2.8) the estimate on ||¢||2n/(n—2)- O

LEMMA 2.7. I[f2<n<4+a, 0 <a <2 then C(R™) 3V > ALY

on bounded sets in Ha/g (R™) with respect to Lebesgue norms LI(R™), where n/2 <
V)
J

1S continuous

q < 00. In particular V +— A\ can be extended as a continuous function on HQ/Q.
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Proof. By lemma 2.3, there exists ¢(V) € HF such that

Gpa(V)= inf Zﬁ] —aV)e;, ;)

¢e@kﬂ.ﬂ1

Thus, for V;, Vs bounded in H*/2,

k ~ ~
GialV3) = GpalT2) € 3 85 (L7 = aT)ol ™, o)

j=1
k
>0 (LY —ath)of"™, o))
j=1
k -~
=35 (=)ol 6"
j=1

k .
& - \%
<ad_ BillVa = Villllof™® 2] 2, -

j=1

By lemma 2.6, |||¢>§-V)|2||p is bounded in terms of the norm of |[|V||/2 for 1 <p <
n/(n —2). It follows that G (V1) — Gg,o(V2) is bounded in terms of ||V — Vi,
for n/2 < ¢ < o0, so Gg,, is continuous in these norms. Since n/2 < 2n/n — « by
assumption and HQ/Q(R”) is embedded in 1>/ ("=®) (R™), we obtain the continuous
extension of G, on H, 5 (R") .

Finally, to continuity of each eigenvalue A; is obtained by subtraction
Gsy,..5).aV) = Gay,pyr),aV) = 57 V) by lemma 2.3. O

2.1. Lower limit of the dual functional

Recall the Lieb-Thirring inequality for Schrodinger operator :

THEOREM 2.8 [5]. For the Schridinger operator —A + 'V on R™ with a real valued
potential V' the numbers i (V) < pa(V) < -+ < 0 denote the (not necessarily finite)
sequence of its negative eigenvalues. Then, forn >3 and v > 0

> < Lv,n/Vf/M dz (2.9)

Jimy (V)<0
where V_ = max{0, =V} and L, ,, is independent of V.

PROPOSITION 2.9. The functional V — a/2(V, V), 5 + Gp.a(V) is bounded from

belowonHa/Qforanya>Oif3<n<2+a. ifn=3,a=1o0rn=4, a =2 there

exists a = aé") (,6’) > 0 independent of W for which the functional is bounded from

below if a < at™ (B) and unbounded if a > al )(,6')
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Moreover, in the casesn =3 andn =4, a < al” (_’) the functional is coersive on
HQ/Q(R"), namely

lim V.V o+ Gaa(V) = oco. 2.10
\||V|\|a/2ﬁoo2< Jaje + Gpa(V) (2.10)

Proof. Recall that \;(V) are the eigenvalues of LW —aV = —-A+ W —aV.
Since W > 0 it follows that A\;(V) > u;(aV). Hence Gg (V) := Z§:1 Birj(V) =
- ijj(avko Bjli;(aV)|. By Holder inequality, for

>1,9 =v/(y—1) and (2.9)

& 1/4 1/~
Gpa(V) 2= | D16 Y. | =
j=1 Jsmg(aV)<0
. ) 1/~
—ai, (fvere)
Set now y = 2 n/2—%
and

Then,if2<n<2+\/1+3aweget7;la/1

2(n—a)
GoalV) > —arsi=1ifzlal, ([ vi®) T
@ - vn Tn,a - +

Using the critical Sobolev inequality

4
Gpa(V) > —aa=m L/1|1B]l.,

S(4+a)— <V V>o(;l/-ga) n
hence
a
5 (ViV)ase +GpalV) 2
TTa—n 1 T Taea 71/ m
a(V, V>a/2 5V V>a/2 —amen LB, Sna (2.11)
It follows that HW’U‘ is coersive for any a > 0if 3 < n < 2+ a. If n = 2 + « then the
=i
'L (23 1
functional is coersive if a < SL177 |ﬂ\

. Note that W;z,a =ooforn=3a=1
and 7, , =2 for n =4, o = 2. Hence coerswity holds if

S5 2 _
o (a,n) =(1,3):a < 4|0
v,3

o (,n)=(2,4)a 411/‘2 181"

We now prove the existence of a critical strength a.(f) in both cases. For a given,
non-negative V € H*/2, let k(V) be the number of negative eigenvalues of —A —
aV, enumerated by order \J(V) < AJ(V)

..)\g(v)(V) < 0. Denote G} (V)
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Z;Mk(v) BiX)(V). Let ¢9 be the corresponding eigenfunctions of —A —aV. From
the variational characterization of G, introduced in lemma 2.3 we may obtain

EAk(V)

G00(V) < CpalV) < G o (V Z 5 / W62 + 0(1) (2.12)

where O(1) stands for some constant independent of V.

Substitute now now V/\/a for V. Then §(V/\/a, V/\/a),,, + G5 ,(V/\/a) =
LV, V) o )n +GY . (V//a). By definition GY ,(V//a) = X7 V/V& g,30(v//a),
while \9(V/\/a) is a negative eigenvalue of —A+ W +y/aV. Thus, if V <0
somewhere then lim, . G} ,(V/\/a) = —oc. In particular it follows that

if @ >0 large enough then 3V € Ha/g for which g (ViV)aya + GO’G(V) <0
(2.13)

Now apply the transformation V + V(z) := 62V (dz), where § > 0. We obtain
that A(Vs) = 52)\9(‘/) (in particular, k(V5) = k(V)), while d);),& = (5"/2¢?(5:r) is
the corresponding normalized eigenfunction. Hence G ,(Vs) = 0°GY (V) so, by
(212), Gp.a(Vs) < 8°GG,, (V) + 35500 65 [W1h ° + O(1).

Next, we obtain for both n = 3, « = 1 and n = 4, a = 2 cases that the quadratic
form scale the same: (Vs, Vs), /o = 82V, V)ay2 0

a a
S Vo, Vadaja + Gaa(Va) <02 [5 (Vi V)gya + G5 (V)

EAK(V)

+ Z ,BJ/WW) 2+0(1). (2.14)

By (1.21) we also get lims_. o fVV|¢?75|2 =W (0) =0, so, using (2.13) we obtain
the existence of V' for which § (V;, V5>a/2 +Gpe(Vs) = —c0as d — oo, ifa>01is
large enough.

Now let

-

a
ac(f) = in {a - Y véﬁa/z 2 v, >a/2 N B’a( ) < }

It follows that oo > a.(3) > 0 and is independent of W for any B in the cases
n=3, a=landn=4, a=2. O

2.2. Existence of minimizers of the local problem

When attempting to prove the existence of minimizers to the functional Hgvf
(2.3) we face the problem of compactness of the space H,, /2- S0, we start by con-
sidering the subspace of HQ/Q(B}%) C HQ/QR”L obtained by the closure of C§°

5We may estimate this constant by Zz/\k(v)Jrl B )\}." where )\}” is the j— eigenvalue of Hy =
A+ W.
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of functions supported on the ball B :={x € R™; |z| < R} under the induced
I~ 1lla/2 norm (8§ 1.4). .
Note that, by this definition, V' € H, /2 (B%) is defined over the whole of R™, and

is identically zero on R™ — B}.
By

LEMMA 2.10. Given B satisfying (1.19), R>0, 3<n<2+a or either
W,a

n=3,a=1o0rn=4, a=2. Then there exists a minimizer Vg of Hs., restricted
to HQ/Q(B}%). Moreover,
k
B _
I (Ve) = | Y Bilof (2.15)
j=1

where &f are the normalized eigenstates of L' — aVg in R™.

Proof. Let V,, c H, /2(B%) be a minimizing sequence of H?ﬁla . Since HZ‘T&Q is
bounded from below by proposition 2.9 we get
. W,« . W,
nlLH;oHﬁﬂ (V)= inf Mg (V).
VeHa/2(BR)

Since Ha/g(Bﬁ) is weakly compact and the functional is coersive (2.10) there
exists a weak limit Vi € H, /2(Bg) of this sequence. Moreover, by Sobolev compact
embedding, V;, converges strongly to Vg in LI(B%) for any 1 < ¢ < 2n/(n— «).
Since n < 2 4 « then n/2 < 2n/(n — «) and by lemma 2.7

lim vaa(Vn) = Gﬂ,a(VR)- (216)

n—oo

Since V — H|V|Hi/2 is Ls.c , it follows that

lim (Vi, Vi)y o dz = (Vi, Vi)

n—oo a/2

This and (2.16) imply that Vg is, indeed, a minimizer of Hg‘ff on HQ/Q(B}%).
Finally, (2.15) follows from (1.26) while taking Q0 = B}. d

2.3. Proof of theorem 1.6(ii, iii)

L.et Vin be a minimizing sequence for Hg)/;la in H, /2(R™). Since C§°(R™) is dense
in Hy/2(R™) by definition, we can assume that there exists a sequence R, — oo
such that V,, is supported in By .

Let V,, be the minimizers of H?ﬁla on H, /2(Bp).

. Since H?,/f(vm) < H;‘ff(vm) then V,, is a minimizing sequence of H?ﬁﬁ on
H,/2(R™) as well. Now, under the conditions of the Theorem we know by proposi-
tion 2.9 that ’H?ff is bounded from below on HQ/Q(R") and coersive (2.10), so
[[Vinlllay2 are uniformly bounded. Let ¢7* be the normalized eigenfunctions of
LW —aV,. By lemma 2.6 we obtain that [[V¢7'[|y and [5, W[¢7"|> and
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[ |</3§%|2 l|n/(n—2) are uniformly bounded on R™. In addition, ||<5§”||2 = 1 by definition.
In particular, 413;" are in the space H' (c.f Definition 1.1) . Using the first part
of Lemma 2.1 we obtain a subsequence (denoted by the index m ) along which
Pm = Z?Zl ﬂj\g?);”|2 converges in LP(R™) for any p <n/(n—2)=2*/2, while

Vin = 15;‘(,6@). Since n/2 < n/(n —2) for n =3, 4, lemma 1.4 implies the con-
vergence of V;, to V' in LI(R"™) for any 1 < ¢ < oo. By lower semi continuity we

obtain that V € Ha/z(R”) and <V, ‘7>a/2 < limyy, o0 <Vm7 Vm>a/2~

In addition, lemma 2.7 implies that G q(V;,) converges to Gg o (V). This implies

Hmﬂmgv,mf Hy (V)
EHQ/Q (R")

so VeH, /2(R™) is, indeed, a minimizer. The proof of theorem 1.6 follows now
from lemma 1.5 and Corollary 2.5.

3. Further remarks

It is interesting to consider the dependence of the solution to the Choquard sys-
tem on the probability vector ﬁ In particular, the relation between the critical
interaction strength a(3) at dimension n —4 and the universal critical value a.
corresponding to the scalar case k =1 (see (1.8)).

(a) FEstimate on a.: In [8] the critical value in case a = n — 2 is implicitly given as
the L? norm of the solution of equation (1.8). However, these solutions are not
known explicitly. Here we introduce an estimate based on Hardy inequality

n—2\* [ |f]?
/HIVf|2>< . )/RW

for any f € C§°(R™). In particular it implies that the operator —A — V is
non-negative in R™ for any V < (%52)|z| 2.

As discussed in §§ 1.1, the functional E'Y is bounded from below on the
unit ball of L2 iff a < @.. This implies, in particular, that if A > @. there
exists ¢ € H! for which

B =5 [ 0ok - [ (Leaxldf)idP<0. @

Moreover, by Riesz’s rearrangement theorem we can assume that this g?) is
radially symmetric. B
In particular, for any V > I,, o * |¢|?

—A—(A/2)V 20. (3.2)

In the special case n =4, Iy = (—A)~! is the fundamental solution of the
Laplacian. Let p := |¢|? be this radial function. Then U := I5 * p is a solution
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of AU + p = 0. Thus

-3 (ﬁU’)I ¥ p(r) = 0. (3.3)

Let m(r) =22 [ s®p(s)ds. In particular, m(-) is non-decreasing on R,
m(0) = 0, and m(r) < 1 by assumption. Integrating (3.3) we get

m(s)

’

P30 ds < 2w2r 2.

53

(1) = ~(2n?)Hnlr) = U = () [

Thus, taking V = 27%r~2 in (3.2) we obtain a violation of the Hardy inequal-
ity if 72 A is below the Hardy constant. Since the Hardy constant (”?_2)2 =1
for n = 4 we get A > 72 for any A > a,, that is

- 1
a il
c = 7T2
if n=4.

It is not clear, at this point, if the above estimate holds for general dimen-
sion, since I,,_5 = (—=A)~! only if n = 4. There is, indeed, an estimate of the
form

c n/(n—a)
23 Lo % pl(a)] > t] < e (5lplz)
(c.f [16], eq. (2.12)) which, if p is radial, is equivalent to
Lo # pr) < cwi =™ plliren

where w, is the surface area of the unit sphere S?~!. This suggests a
similar estimate for a. in for general n and o = n — 2 using Hardy inequal-
ity. However, there is now known estimate (as far as we know) for the
constant c.

(b) Relation between a. and ag: The inequality a(3) > a. can be easily obtained
for the critical case for any « =n —2, n > 3, and any [ satisfying (1.10).
Indeed, using Definition 1.1 and the polar inequality

1
(o7, In = |64]*) < 3 (1%, o % 1517 + (|63, Ia  |¢] )]

we obtain

ESNG Zﬁ][ (@560 — 5 (16512 L % 1941%)] = S BEN(6)

7j=1

where EW as defined in (1.7). It follows that Eéaa) is bounded on @FH! if

EW is bounded on H'. Since E is bounded from below iff a < @, ([8]), the
inequality a(3) > a. follows.

In the case n =3, a =1 and n =4, a = 2 we can say more about a.(f3).
By definition, a > a.(3) iff H;VQ is unbounded from below on H,, /2. Using
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(2.11) we obtain that a.(3) > O(|8|2}) for n =3 and a.(3) > O(|8]; ") for
n =4.

For an interesting conclusion from the above estimate, let 5 be the uniform
vector 3 =1; := k7 '(1,...1) € R*. Then |3|y = k=2 (resp. |fleo = k') s0

n=4= a.(1;) = O(kY?)resp. n =3 = (ac(1) = O(k)

for large k.

(¢) The following alternative definitions of I, and (—A)*/? is known [4, 16]:

1 o 1 o
Ia — / ta/Q—letA dt7 (_A)Q/Z — / t—oc/Q—l etA — 1) dt
L(a) Jo L(=a) Jo ( )

where €2 is the heat kernel on R™:

etA — (47Tt)—n/26—\z\2/4t.

We may, at least formally, substitute the kernel e®¢* of the killing, Dirichlet problem
for the heat flow in a domain @ C R™ in the above expression, and obtain (again, at
least formally. ..) an explicit expressions for I‘? and (—Agq)®/2, introduced implicitly
in (1.26). Such a representation can provide some insight on the trace of I} for

a < 2.
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