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The present paper deals with the non-real eigenvalues for singular indefinite
Sturm-Liouville problems. The lower bounds on non-real eigenvalues for this singular
problem associated with a special separated boundary condition are obtained.
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1. Introduction

In the present paper, we consider the eigenvalue problem

—(py) +aqy = 2wy, [y, u_1](—=1) =0=[y,u](1), (1.1)

where the functions p, ¢, w are real-valued and w changes sign on (—1, 1) and
u_1, uy are the principal solutions of differential expression

= (') +qy = My (1.2)

at —1, 1 for A = 0, respectively. Such a problem is called indefinite and the indefinite
nature, that non-real spectral points may appear, was noticed by Haupt [11] and
Richardson [19] at the beginning of the last century and has attracted a lot of
attention in the recent years, see [1, 7, 8, 10, 14].

A priori bounds on non-real eigenvalues for indefinite Sturm—Liouville problems
were raised in [15] by Mingarelli and stressed by Kong et al. [13]. Recently, the
regular indefinite case of this problem was solved by Qi et al. in [2, 17, 18, 21]. For
the singular indefinite Sturm—Liouville problems with limit-point type endpoints

(Af)(@) == sgu(z)(—f"(z) + V(x)f(x)) = AMf(2), z€R, (1.3)

the authors in [3] provided sufficient conditions for the existence of non-real eigen-
values. The explicit bounds on the non-real eigenvalues of (1.3) were obtained in
[4]. In [5, 6], the authors not only estimated the absolute values of the non-real
eigenvalues in terms of the L'-norm of the continuous potential, but also obtained
the bounds on the imaginary parts and absolute values of these eigenvalues in terms
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of the L'-norm of the potential and its negative part. Recently in [20], the authors
solved the estimates of absolute values on the non-real eigenvalues for the singular
indefinite Sturm-Liouville eigenvalue problems with limit-circle type non-oscillation
endpoints associated with a special self-adjoint boundary condition.

In the present paper, we will focus on the singular indefinite Sturm—Liouville
eigenvalue problems with self-adjoint boundary conditions associated with principal
solution at endpoints. The lower bounds of this eigenvalue problem are obtained
under the some conditions. This paper is organized as follows: the preliminary
knowledge and the main results, theorems 2.2 and 2.3, are stated in § 2 and their
proofs are given in § 3.

2. Preliminary knowledge and main results

In this section, we give some basic knowledge for the singular differential equation
(1.2) under the standard conditions that p, ¢, w are real-valued functions satisfying

1 L/
p>0,|w| >0 a.e. on (—1,1), E,w,q = Llloc(—l,l),/ (‘p’ + gl + |w|> =0

-1
(2.1)
and w changes its sign on (—1, 1) in the meaning that

mes{z : w(xz) >0} >0, mes{x:w(x)<0}>0.

We first introduce some concepts. For fixed A € R, a real solution u(z) of (1.2)
is called a principal solution at 1 if there exists ¢ € (—1, 1) such that u(x) # 0,
x € (¢ 1), fcl 1/(pu?) = oo. A real solution v(z) of (1.2) is called a non-principal
solution at 1 if there exists ¢ € (—1, 1) such that v(z) #0, z € (¢, 1), fcl 1/(pv?) <
oco. If w and v are principal and non-principal solutions at 1, respectively, then

u(z)/v(z) — 0 as © — 1. (cf. [16] and [22, Theorem 6.2.2]). In order to give the
asymptotic behaviours of eigenfunctions at the endpoints, we assume that

1 xT
m /t q(s)ds

for some (and hence for all) ¢ € (=1, 1). Throughout this paper, the functions
p, ¢, w always satisfy (2.1) and (2.2). Then

T(t) :=

€ L' (—1,1), /zp(lt)dteLQM(—Ll) (2.2)

sup
—1<z<1

LEMMA 2.1. [20, Lemma 2.5] Assume that (2.2) holds, uy(-) is a principal solution
of (1.2) at 1 for A=0. Let y be an eigenfunction of (1.1) corresponding to the

eigenvalue \. If either fcl 1/p(t)dt = oo or fcl 1/p(t)dt < oo, g € L' (—1, 1), then y
is bounded and

[y, wm](1) =0 & (py)(@)y(x) = 0 as z—1. (2.3)

The similar conclusion holds for x — —1.
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The operator S associated with the right-definite problem

—(py) (2) + q(z)y(x) = Aw(z)|y(x),
{ [y, u_a](=1) =0, [y,us)(1) =0 (2.4)

is defined as Sy = ﬁTy for y € D(S), where 7y := —(py')'(z) + q(z)y(z),

D(S)={y € L|2w‘(—1, 1) : y,py € AC1oe(—1,1),7y/|w| € L2, (—1,1), By = 0}

|w]

and By = 0:= [y, u_1](—1) = 0 = [y, u1](1). It follows from [12] and [22, Theorem
10.6.2, p.195] that the operator S is self-adjoint in the Hilbert space (LIQw‘, 5wl
and it has discrete spectrum consisting of an infinite number of eigenvalues {,, :
n € N:={1, 2, ---}}, which are all real, unbounded from above and bounded from
below, i.e. —00 < 1 < pr2 < p3 < -+ — +00.

Let K = (L2 (=1, 1), [, ]w) be the Krein space with the indefinite inner product

[w]
[fs 9w = fil w(z)f(z)g(x)de, f, g € lew‘(—l, 1) and J = sgn w the fundamental
symmetry operator. The operator T in K is defined as

1
Ty = Ery, y € D(T) = D(S).

Then S = JT, [Tf, glw = (Sf, 9)jw|, f, 9 € D(T) and T is a self-adjoint operator
in K [3, 7, 9]. In the following, we denote the resolvent set of S by p(5).
Now, we state the lower bound result on T'.

THEOREM 2.2. Let T and S be defined as above. Suppose that 0 € p(S) and S~*
is compact. Let p* :=min o(S)N (0, 0o0), p~ :=min {|A]: X € ¢(S) N (—oc, 0)},
where min () := co. Then for each eigenvalue X of T we have |\| > min {u™, pu~}.

Moreover, if X corresponds to an eigenvector ¢ of T with [¢, @], = 0, then the
following, in general stronger, estimate holds |\?> > —pu*u~.

In order to give another result of the lower bound on T, we assume that ¢q_(x) =
max{0, —¢(x)} and for some C, Cy, Cy, Cy >0, z€(-1,1)

1

1—a [7 x+1
q— (t)dt g COa N arans q— (t)dt < Cl7
Vp(z) -1 Vp(x) Ja
W(z) = / wwa, Y <o o e, (2.5)
-1 p()
It is easy to verify that if ¢ € L?(—1, 1), p(z) = 1 — 22, w(x) = x, then (2.5) holds.

Let

vy e min{/t0+t wo(a)|da : £ € (=1, 1), to € (—1,1>} ,

to

1
Apin=|w|i+C (\/K+ \/ATL) . A= 2/ q_(t)dt + 8a?,

—1

1

Co+C

An:Q/ g (t)dt + 8a® + 2| |[|w|1, az%. (2.6)
-1
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With this notation, we give the following result.

THEOREM 2.3. Assume that A and p, are the non-real eigenvalue of (1.1) and the
nth eigenvalue of right-definite problem (2.4), respectively. Let pn—1 <0 < pp for
some positive integer h > 2, then the eigenvalue X\ satisfies

2 h—1 A2 -1
|)\|2 > Hhtbh 175 (Z w,l,n) .

16(pn — pn—1) \*= .

3. The proofs of theorems 2.2 and 2.3

In order to prove theorems 2.2 and 2.3, we prepare some lemmas. The follow-
ing lemma is the estimates of |\/p¢'|2, where ¢ is an eigenfunction of (1.1)
corresponding to a non-real eigenvalue A. That is B¢ = 0 and

= (p9) + a9 = Iw¢. (3.1)

Since problem (1.1) is a linear system and ¢ is continuous, we can choose ¢ satisfies
max{|¢(x)| : x € [-1, 1]} =1 in the following discussion.

LEMMA 3.1. Let A and ¢ be defined as above. Then

1 1
/ w|g|* =0, / plo'” <A, (3.2)
1 1

where A is given by (2.6).
Proof. Tt follows from B¢ =0 and lemma 2.1 that ¢ is bounded and satisfies

(p¢'¢)(x) — 0 as x — —1 or 1. Multiplying both sides of (3.1) by ¢ and integrating
over the interval [a, b], then

1 1 1
|2 2= 2 3.3
| vt [ aek=x [ wiel 33)

From Im A # 0 and (3.3) one sees that fil w|¢|? = 0, and hence

1 1
/112 2: . 4
/_1p|¢| +/_1q|¢| 0 (3.4)

Q= [ awar- "5 [ o

Then one can verify that

Set

1
Q(-1)=0=Q((1), Q'(z) = / q—(t)dt a.e. x € (—1,1) and

Q(l‘)léllggj/jq( ‘ ngL1/1(1 ’ ()(CO+01)_aF.

2
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As a result, this together with (3.4) and Cauchy—Schwarz inequality yields that

[aor=[ (g [ o)
<[ 4 -2me (/11Q¢’¢)

1 1
1
</ qdr*/ plo'[? + 4. (3.5)
1 2),

It follows from (3.4), (3.5) and ¢ = g4 — ¢—, g+ = max{0, +q} that

1 1 1 1 1 1
[ovor== [ aor< [ alor< [ avg [ oP et
1 —1 —1 —1 —1

So the inequalities in (3.2) holds immediately. O

Similarly with the argument of lemma 3.1, we give the estimates of [|\/pvy |2,
where 1, is the eigenfunction that satisfies max{|i,(z)|: z € [-1, 1]} =1 corre-
sponding to the nth eigenvalue p,, of (2.4).

LEMMA 3.2. Suppose that p,, and v, are defined as above. Then f_11p|z/141|2 <A,
where A, is given by (2.6).

Proof. Let u, and 1, be defined as above, then

— (p¥n) + q¥n = pn|wltbn, B, = 0. (3.6)

From B, =0 and lemma 2.1 that v, is bounded and satisfies (py,,¢,,)(z) — 0,
x — —1 or 1. Multiplying both sides of (3.6) by 1,, and integrating over the interval

(=1, 1), we have
1 1 1
/ Pl ? + / Al = / ol (3.7)
-1 1 -1

With the similar argument in (3.5), one can prove that

1 1 1 1
/ q_|wn|2</ q_+,/ Pl 2 + da?,
-1 —1 2/

This together with (3.7) and ¢ = ¢+ — ¢— yields that

1 1 1
/pwgﬁs/ q_|¢n|2+un/ ol
—1 —1 —1

1 1
1
</ q-+f/ Pl + 4a? + [l llw]):-
-1 -1

2
And hence
1 1
[P <2 [ oot 2l ful
-1 -1
This completes the proof of lemma 3.2. (]
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For any € > 0, let

§ = sup {min{g, 1} : /1 < i,for any I C [—1/2,1/2] with length 5} (3.8)

<1 1 1 <
Op, = sup {min{d, 2} : /15 < m,for any I C [—1/2,1/2] with length (5}

(3.9)

From the definition of § in (3.8), one sees that § € (0, 1/2] and f[% < i for any
interval I C [—1/2, 1/2] with length 6. The conclusion holds for d,,.

LEMMA 3.3. Let A and ¢ be defined as above. Then there exists an interval IcC
(=1, 1) with 0 in length, such that |p(-)| = 1/2 on I.

Proof. For any interval I C[-1/2,1/2] with length §, it follows from
Cauchy—-Schwarz inequality and lemma 3.1 that

() < 5 < o

Since max{|¢(z)|: x € [-1, 1]} =1, there exists x¢ € [-1/2,1/2] such that
|o(x0)| < 1. Hence, for z € (—1, 1) and |z — xg] < 9,

[16()] = 1] < |l6(@)] = é(a0) | < 6(2) = é(z0)| =

* 1
[ swa <]

o 2
by (3.10), and hence

on f:[_5+x0,x0] or [,z + ]

lp(x)] =

From & € (0, 1/2] one sees that (—1, 1) contains at least one such interval I. O
Similar with lemma 3.3 we have

LEMMA 3.4. Assume that pu,, is an eigenvalue of (2.4) and 1, is the corresponding
eigenfunction. Then there exists an interval I, C (=1, 1) with 0, in length, such
that |, (+)] = 1/2 on I,,.

Applying the above lemmas we now prove the main results of theorems 2.2
and 2.3.

The proof of theorem 2.2. Let p, be the nth eigenvalue of right-definite problem
(2.4) and v, the corresponding eigenfunction. From v, € D(S) is linearly inde-
pendent, one sees that {t, : n > 1} forms an orthonormal system. Let ¢ be an

eigenfunction of 1" associated with eigenvalue A such that fil |w||$|> = 1. Since S
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is a self-adjoint operator and S~! is compact, we can expand ¢ via the orthonormal
(o)

system ¢y, i.e. ¢ = > (9, ¥n)jw|¥n. Then from f_ll lw||¢]? = 1, we have
n=1

Z (b wn |w\| L, Z |(¢7 wn)\wHQﬂ'i = |)‘|2 (311)
n=1 n=1

It follows from g = min o(S) N (O 00) and p~ =min {|A|: A € o(S) N (—o0, 0)}
that |p,| > min {u*, p~} for n > 1. This together with (3.11) yields that

Al = min {u*, u}.

If A corresponds to an eigenvector ¢ of T' with [¢, ¢],, = 0, then it follows from
(3.11) that

o 2
2 1 _ 1
Z |(¢7 wn)|w\| (,un - §(M++N )) |)\|2 ( ++M )2. (3.12)
n=1
From |p,,| > min {u™, p~}, one sees that

Lo+ RE VAR + -
(pn— (5" -+ >> S = (i i) 20, (313

From (3.11), (3.12) and (3.13), we have that

1 S| _
= (1 = 0 +0) ) = st
Lov o Pl +_ 2 +,,- +,,-
=\t =W uT) ) = W) =T =
which completes the proof of theorem 2.2. O
The proof of theorem 2.3. Let u, be the nth elgenvalue of (2.4) and v, the corre-
sponding eigenfunction such that max{|¢, (z)|: z € [-1, 1]} =1, n > 1. It follows
from lemmas 3.3, 3.4 and the definition of y; in (2.6) that
1
w s
ol = [ tulio > [lulior > [ 14152, (3.14)
-1 I I

1
lw| _ s,
fonll = [ Tl [ Tl > [ Wy % s (@)
1 I, I, 4 4

From the definition of W (z) = [* w(t)dt, one sees that

.nla = [ 11 wit, = [ 11 W6t = o(1)7(1) [ 11 w- [ 11 W (T + 67T,
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This together with (2.5) and lemmas 3.1 and 3.2 that

o0l < | 1 ul+ \/ W (6% + 607)

|w||1+]/ fﬁwn/ oV

< llwlh + Co (/ I\/be%IJr/_l WM)
<lwlh + (VA+ VAL = Ay

Furthermore, for n > 1 we get

)‘[¢7 wn}w = [T¢7 wn]w = (S¢7wn)\w| = (¢7S’L/}n)\w| = ,un((bu wn)lw\ (316)

If we set

((ba wn)lw\

An = (@ ¥n)wl = g
(@ ¥l = ol o Tl o

then (3.14)—(3.16) give that

4\/\|‘[¢,¢n]w’ _ ANAun
il /575, linl/A575,

From i:él |(¢a ¢n)|w|‘2ﬂn = >‘[¢7 ¢]w and [¢7 (rb]w = f_ll w|¢|2 =0 in lemma 3.1, we

(3.17)

nl <

have
[eS) ) oo h—1 &S]
= )\[(ZS,(Zﬁ]w = Z |(¢7 ¢n)\w\| Hn = Z |An|2,un = Z ‘An|2ﬂn + Z |An|2,uny
n=1 n=1 n=1 n=h

h
and hence — > A, 2pn = Z |Ay|?pin. Thus, by (3.11) and pp,—1 <0 < pp, h > 2,

n=1 n=~h

h—1 h—1 00
Z ‘An|2(ﬂh — ) = Z ‘An‘Qﬂh + Z |An|zﬂn
h
ZAluh+ Z Anlhn > ZIA\thr Z [Anl?pn

n=h+1 n=h+1

Al = pn- (3.18)

FIﬂS ||

n=1

//\ I

By pn >0, g < pn—1 <0,1<n<h—1, we have
1 1 —1 —1 —lh—
P = =
Hp  Hhpr B Bpo1 Be ,uh 1 T
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This together with the assumption that pu; < - < pp_1 <0 < pup, h > 2 yields
that
fh —Hn _ po 1 i Ph—1 _ Hh — fh—1

0 B W h N}2,_1 Ni_1 Ni_1

. 1<n<h—1. (3.19)

Hence, by (3.17)—(3.19) we have

h-1 h-1 272 h—1
16|)‘| Au) Ln(:u’h_p”ﬂ) 16|\ 2 Mh — Hn
=3 AP —pn) < 1, _ 161 A2

— —~ |tn 7575, Voo =t pal?s, "
h—1 h—1
- 16|A]* = pn — pn—1 A2 L6A[* (pn — pn—1) 3 Al i
X - .
Rt R G 131 — s,
Therefore,
s (A, N\
|/\‘2 > h—1 Z w,l,n
16(pn — pn—1) \ 2= s,
This completes the proof of theorem 2.3. (]
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