L)

Check for
updates

Proceedings of the Royal Society of Edinburgh, page 1 of 37
DOI:10.1017/prm.2024.9

Decay at infinity for solutions to some fractional
parabolic equations

Agnid Banerjee
Department of Mathematics, TIFR CAM, Bangalore 560065, India
(agnidban@gmail.com)

Abhishek Ghosh

Department of Functional Analysis, Institute of Mathematics, Polish
Academy of Sciences, Ul. Sniadeckich 8, Warsaw 00-656, Poland
(abhil70791@gmail.com;agosh@impan.pl)

(Received 10 August 2023; accepted 23 January 2024)

For s € [%, 1), let u solve (8y — A)*u = Vu in R™ x [T, 0] for some T > 0 where
[IVllc2@®n x[—1,0)) < 00. We show that if for some 0 < R <T and € >0

_‘$‘2+e

][ u?(z,t)dt < Ce Vo € R™,
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then v =0 in R™ x [T, 0].
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1. Introduction

Landis and Oleinik in [28] asked the following question:
Question A: Let u be a bounded solution to the following parabolic differential
inequality

[Au — us] < C(|u] + |Vul) (1.1)

in R™ x [=T, 0] such that for some € >0
lu(z,0)] < Ce " vz e R (1.2)

Then is w =0 in R™ x [T, 0]?

In other words, if a solution u to (1.1) decays more than the Gaussian as |z| — oo,
then is w = 07 This is a very natural question in the study of parabolic partial
differential equations. This question was answered in affirmative in the work [17]
where among other things, the authors showed that the following decay estimate
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at infinity holds for bounded solutions to (1.1) provided

|u(-,0)|[z2(B,) > 0.

® | |U «70 x 267N|x\210g|x‘7 x >N7
(-, 0|2 (5, () ] (1.3)

where N is some large universal constant.

Now using estimate (1.3), the answer to the Landis—Oleinik conjecture is seen as
follows:

Assume that the decay as in (1.2) holds. Since

efNRQ log R 5, 67R2+€7
as R — oo, thus from (1.3) it follows that u(-, 0) =0 in By. Now by applying the
space like strong unique continuation result in [14, 15] we deduce that u(-, 0) =0
in R™. Subsequently by applying the backward uniqueness result in [13, 19, 34] we
find that w =0 in R™ x (=T, 0].

We also refer to [18, Theorem 4] for a related result. See also [16] for a further
sharpening of the result in [18]. The proof of inequality (1.3) in [17] is based on a
fairly non-trivial application of a Carleman estimate derived in the pioneering work
of Escauriaza—Fernandez—Vessella in [14, 15] on space like strong unique continua-
tion for local parabolic equations combined with an appropriate rescaling argument
inspired by ideas in [12]. It is to be noted that such results are also of interest in
control theory, see for instance [32]. They have also turned out to be useful in the
regularity theory for Navier Stokes equations, see [42].

Finally, in order to put things in the right historical perspective, we comment
on some related decay results in the stationary case. In 1960s, Landis (see [26])
conjectured that if v is a bounded solution to

Av =Wwv in R, (1.4)

with ||W||p~ < 1 and |v(z)] < Ce=C1*I"" then v = 0. This conjecture was dis-
proved by Meshkov in [31] who constructed a complex valued W and a non-trivial
v satisfying |v(x)| < Ce=Clal*? Bourgain and Kenig in [12] showed that if v is a
bounded solution to (1.4) with ||[W]|re < 1, then one has

/ v (x)da > Cle~lwol*/ loglaol (1.5)
Bi(zo)

Estimate (1.5) constitutes a sharp quantitative decay result for (1.4) in view of
Meshkov’s result and moreover, it was used by the authors in [12] in their res-
olution of Anderson localization for the Bernoulli problem. It remains an open
problem whether Landis’s conjecture is true for real valued W and v. In [25]
Kenig-Silvestre-Wang proved Landis’s conjecture in R? for W > 0. This was accom-
plished by reducing the original equation to an inhomogeneous d— bar (J) problem
and then by applying a Carleman estimate for 9. Subsequently, the sign assump-

tion on W has been removed in [30] which thus resolves the Landis conjecture in
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the planar case. We also refer to [39] for a Landis-type decay result for fractional
Laplacian-type equations of the form

(—A)u =Vu.

1.1. Statement of the main results

In this work, motivated by the historical developments in the local case outlined
above, we derive the following non-local analogue of the estimate in (1.3). We refer
to § 2 for the relevant notions and notations. The following is our main result.

THEOREM 1.1. For s € [§, 1), let u € Dom(H*) be a solution to
(O — A)’u = Vu, (1.6)
in R™ x [T, 0] where ||V||c2@nx 7,0 < C. Assume that for some 0 < & <T

u =>60>0. 1.7
I |\L2(Bﬁ/zx(_%0]) (1.7)
Then there exists universal M > 1, large enough depending on 0, s, n, & and C,
such that Yaxg € R™ with |xg| > M we have

/ w2dzdt > e~ Mlwol* log fol (1.8)
B (z0)x(—8,0]

As a consequence of theorem 1.1, the following ‘average in time’ version of the
Landis—Oleinik type result follows in our non-local setting.

COROLLARY 1.2. For s € [$, 1), let u € Dom(H?®) be a solution to (1.6) in R™ X
[T, 0]. If for some e >0 and 0 < R < T, we have that

][ u?(z, t)dt < Ce I v e R, (1.9)
[7R70]

then u =0 in R™ x [T, 0].
The following remarks are in order.

REMARK 1.3. The condition that s >1/2 in theorem 1.1 and corollary 1.2 is
presently a technical obstruction. We need it very crucially in our analysis in the
proof of the key Carleman estimate in theorem 3.5. We also need an average in
time decay assumption in corollary 1.2 instead of the pointwise decay assumption
in question A. We refer to the subsection 1.2 below for discussion on both these
aspects as to why such restrictions are necessary in our present work.

REMARK 1.4. We also mention that for the fractional heat-type operators and the
associated extension problem, so far all the strong unique continuation results in the
literature which have used Carleman estimates or the frequency function approach
asin [2, 3, 5, 8, 21] have required differentiability of the zero-order perturbation of
the weighted Dirichlet to Neumann map. It remains to be seen whether Carleman
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estimates can be established for the extension problem in (2.9) which only has
bounded zero-order perturbation of the associated Dirichlet to Neumann map (i.e.
when lim, . o+ 25, 10s,,,U = Vu with V € L*). If one can achieve the above,
then it is possible to upgrade our results for solutions to fractional differential
inequality of the type

(0r = A)*ul < Clul.

1.2. Key ideas in the proof of theorem 1.1:

The following are the key steps in the proof of our main result theorem 1.1.

Step 1: Via a compactness argument as in lemma 3.1 with a monotonicity in
time result in [3, Lemma 3.1], we first show that a non-degeneracy condition at
the boundary for the non-local problem as in (1.7) implies a similar non-vanishing
condition for the corresponding extension problem (2.11). See lemma 3.3 below.

Step 2: Then by means of a quantitative monotonicity in time result as in lemma
3.4 and a quantitative Carleman-type estimate as in theorem 3.5, we show by
adapting the rescaling arguments in [17] that the solution U to the corresponding
extension problem satisfies a similar decay estimate at infinity as in (1.8) above.
See theorem 4.3 below. We would like to mention that both lemma 3.4 and the
Carleman estimate in theorem 3.5 are subtle variants of the estimates recently
established by two of us in [8]. The main new feature of both the results is a
certain quantitative dependence of the estimates on the rescaling parameter R
(see (3.15) below) as R — oo. This is precisely where we require s > 1/2.

Step 3: The decay estimate at infinity for the extension problem is then trans-
ferred to the non-local problem by using a propagation of smallness estimate derived
in [2]. Such a propagation of smallness estimate constitutes the parabolic analogue
of the one due to Ruland and Salo in [38]. It is to be noted that via the propagation
of smallness estimate in (4.30) below, the transfer of the decay information from the
bulk in the extension problem (2.11) to the boundary in the non-local problem (1.6)
occurs only in ‘space-time’ regions and not at a given time level. This is precisely
why we require an ‘average in time’ decay assumption in corollary 1.2 instead of a
pointwise decay assumption at ¢ = 0 for the non-local Landis—Oleinik type result
to hold.

For various results on unique continuation for non-local fractional Laplacian-type
equations and its time-dependent counterpart, we refer to [2-6, 8-11, 20, 21, 27,
35-40, 44, 45], each of which are either based on Carleman estimates as in [1] or
on the frequency function approach as in [23] followed by a blowup argument.

The paper is organized as follows. In § 2, we introduce some basic notations and
notions and gather some known results that are relevant for our work. In § 3, we
prove our key estimates in lemma 3.4 and theorem 3.5. In § 4, we finally prove our
main results theorem 1.1 and corollary 1.2.

2. Preliminaries

In this section, we introduce the relevant notation and gather some auxiliary results
that will be useful in the rest of the paper. Generic points in R™ x R will be denoted
by (xo, to), (z, t), etc. For an open set Q@ C R? x R; we indicate with C§°(Q2) the
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set of compactly supported smooth functions in 2. We also indicate by H* () the
non-isotropic parabolic Holder space with exponent « defined in [29, p. 46]. The
symbol .7 (R"1) will denote the Schwartz space of rapidly decreasing functions in
R™*L. For f € . (R""1) we denote its Fourier transform by

f(6,0) = / 2mUED D £ )dadt = Foe(Fro f).
R™» xR

The heat operator in R"*! = R” x R, will be denoted by H = d; — A,. Given a
number s € (0, 1) the notation H® will indicate the fractional power of H that in
[41, formula (2.1)] was defined on a function f € .%(R"*1) by the formula

Hof(¢,0) = (4n2|€? + 2mio)® f(€,0), (2.1)

where we have chosen the principal branch of the complex function z — 2z%.
Consequently, we have that the natural domain of definition of H* is as follows:

A% = Dom(H") = {f € '(R™) | f,H*f € 2(R™)}

A (2.2)

={f e L*R"™") | (& 0) — (4n’|]* + 2mio)*f(€, 0) € L*(R"T)},
where the second equality is justified by (2.1) and Plancherel theorem. Such a
definition via the Fourier transform is equivalent to the one based on Balakrishnan
formula (see [41, (9.63) on p. 285])

H 1wt =~ [ s (P @)~ Sy @3
where
PHfat) = [ Gl -yt -m)dy =G0 x St -D)@)  (24)

R

the evolutive semigroup, see [41, (9.58) on p. 284]. We refer to § 3 in [5] for relevant
details.

Henceforth, given a point (z, t) € R™"! we will consider the thick half-space
R™ 1 x Rf . At times it will be convenient to combine the additional vari-
able z,4+1 >0 with x € R" and denote the generic point in the thick space
R X R;‘n L= Riﬂ with the letter X = (z, £p41). For zp € R™ and r >0
we let Bp(zo) ={z € R" | |z —xo| <7}, B.(X)={Z = (2, 2n+1) ER" X R | |z —
212 4+ |Tpy1 — 2ns1|? < r?}. We also let B (X) =B,.(X)N{(2, 2nt1: 2ny1 > 0}
When the centre xg of B, (xg) is not explicitly indicated, then we are taking z¢ = 0.
Similar agreement for the thick half-balls B ((xo, 0)). We will also use the Q, for
the set B,. x [to, to + %) and @, for the set B, x [to, to + 72). Likewise we denote
Qf =Q, N{(x, Tnt1) : Tpr1 > 0}. For notational ease VU and div U will respec-
tively refer to the quantities VxU and divx U. The partial derivative in ¢ will be
denoted by 0;U and also at times by U;. The partial derivative 0,,U will be denoted

by U;. At times, the partial derivative 9, ., U will be denoted by U, 1.

n+1
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We next introduce the extension problem associated with H?®. Given a number
€(-1,1) and a u: R} x Ry — R we seek a function U : R} xRy x Rf  — R
that satisfies the boundary-value problem

LU € 0,22, \U) — div(z2 ,VU) =0, (25)
U((x,t),0) = u(z,t), (x,t)eR" '
The most basic property of the Dirichlet problem (2.5) is that if
1—
s=— 2 e(0,1) (2.6)
and u € Dom(H?®), then we have the following convergence in L?(R"*1)
71111(177&) a s
F(%) e U(,1),0) = —H u(z, 1), (2.7)
where Jg  denotes the weighted normal derivative
“ def . a
8xn+1 ((I7t)50) § hm0+ xn+18xn+1U((xat)7xn+l)' (28)
Tp41—

When a =0 (s = 1/2), problem (2.5) was first introduced in [24] by Frank Jones,
who in such case also constructed the relevant Poisson kernel and proved (2.7).
More recently Nystrom and Sande in [33] and Stinga and Torrea in [43] have
independently extended the results in [24] to all a € (-1, 1).

With this being said, we now suppose that u be a solution to (1.6) and consider
the weak solution U of the following version of (2.5) (for the precise notion of weak
solution of (2.9) we refer to [5, Section 4])

Z,U =0 in R"*! x RE
U((z,t),0) = u(z,t) for (z,t) € R+, (2.9)
¢ U((2,1),0) fzarﬂaiwz tyu(z,t) for (x,t) € R™ x (~T,0].

To simplify notation, we will let 20 (ot 2a) V(z, t) as our new V(z, t). Note that the

third equation in (2.9) is justified by (1 6) and (2.7). From now on, a generic point
((x, t), y) will be denoted as (X, t) with X = (z, y). Further, as in [5, Lemma 5.3]
( see also [2, Lemma 2.2]), the following regularity result for such weak solutions
was proved. Such result will be relevant to our analysis. For simplicity, we assume
that T' > 4. We refer to [29, Chapter 4] for the relevant notion parabolic Holder
spaces.

LEMMA 2.1. Let U be a weak solution of (2.9) where V € C?*(R"™ x (=T, 0]). Then
there exists &' > 0 such that one has up to the thin set {x,4+1 = 0}

’
a (6%
Ui? Ut’ xn+1Um71+1 € H :

Moreover, the relevant Holder morms over a compact set K are bounded by
J U222, dXdt over a larger set K’ which contains K. We also have that V2U €
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Cﬁ;c up to the thin set {x, 11 = 0}. Furthermore, we have that the following estimate
holds fori, j =1, .., n and xog € R™

/ (U2 +UR)zl 1 + / VU228,
B ((20,0)) % (—1,0] BY ((20,0)) x (—4,0]

+/ W%ﬂﬁHSC@HWMﬂ/ U,
B ((20,0)) x (—4,0] BF ((z0,0)) x (—4,0]
(2.10)

where C is some universal constant.

We also record the following result as in [5, Corollary 5.3] that will be needed in
our work.

LEMMA 2.2. Let U be as in (2.9). Then we have that ||UHLOO(R1+1) < C for some
universal C depending on ||ul| 25 mn+1y and |[V||c2.

For notational purposes it will be convenient to work with the following backward
version of problem (2.9).

28, 10,U + div(z% ,VU) =0 in R} x[0,7),

U(z,0,t) = u(x,t) (2.11)
9, U(x,0,t) =Vu in R™ x [0,7).

We note that the former can be transformed into the latter by changing t — —t.
The corresponding extended backward parabolic operator will be denoted as

Hy = a8 10y +div (20,1 V) . (2.12)

We now collect some auxiliary results that will be needed in the proof of our
main Carleman estimate in theorem 3.5.

LEMMA 2.3 [Lemma 2.3 in (8], [14]]. Let s € (0, 1). Define

0,(t) = t° (log 1) ) (2.13)

Then the solution to the ordinary differential equation

d s 05 (At /
s (1) = 28 a0 =0, o0 =1,

to!, t

where X\ > 0, has the following properties when 0 < A\t < 1:
(1) te ™™ < o,(t) < t,

(2) e N <!

S

(t) <1,

(3) |0k[oslog Z5]| + |04]os log Z7]| < BN,
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(4) [os0u(F0ullog 775])| < 3BNeN 0L,
where N is some universal constant.

LEMMA 2.4 Trace inequality. Let f € C§° (R:”_"'l). There exists a constant
Co = Co(n, a) > 0 such that for every A > 1 one has

F(@,0)2dz < Co (A““ /R X)X A /R VF(X) %;de)
+

n+1
R i

LEMMA 2.5. Assume that N > 1, h € C°(RT™) and the inequality

1
2b/ x‘;+1|Vh|Qe"X|2/4bdX+w/ 2o h2e X/ 4qx
]Rj;“ 2 Rj_’“

< N/ xfl_Hth*lX‘z/‘lbdX
n+1
i
holds for b < . Then

/B+ h?zl 1 dX < eV /B+ h?x? ., dX (2.14)

2r (s

when 0 <r < 1/2.
We also need the following Hardy-type inequality in the Gaussian space which

can be found in lemma 2.2 in [3]. This can be regarded as the weighted analogue
of lemma 3 in [15].

LEMMA 2.6 (Hardy-type inequality). For allh € C§e(R':T!) and b > 0 the following
inequality holds

2
/ foJrth%e_'X‘z/‘lbdX < 2b/ 2% |Vh|Ze” X hq x
]Rn+1 R1+1

n+1+a _
T /R wh h2e” X/ X,
+

Finally, we also need the following interpolation-type inequality as in
[2, Lemma 2.4].

LEMMA 2.7. Let s € (0, 1) and f € C3(R™ x Ry). Then there exists a universal
constant C' such that for any 0 < n < 1 the following holds

Ve Sz xion < Cn* (232 VVafllia@ncry) + 25 Vol g, )

+ Cn I f 1l 2@ x g0} - (2.15)
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In particular when n =1, we get

el 2 fop) < Cn (15100, fill 2y + 2P fielli2 e,
(2.16)

+ ‘|xi{|—21ft||L2(R><R+)) + O M fll 2@ xgoy)-

It should be noted that in (2.16), f is a function of t and ,41.

3. The key lemmas

For the simplicity of exposition, we will assume that £ =1 in theorem 1.1 and
corollary 1.2. We will also assume that

||V||C(% ®rx(~T,0) < L. (3.1)

x,t)

We first show that via a compactness argument, the non-vanishing condition at
the boundary for the non-local problem (1.6) as in (1.7) implies a similar non-
vanishing for the extension problem (2.11). Since the proof is via compactness, we
show this result for a larger ‘compact’ family of solutions to (2.11).

LEMMA 3.1 (Bulk non-degeneracy). Let W be a solution to

x 3.2
oy W(xz,0,t) =VW in Bs x [0,25), (32)

Tn+1

{xglﬂatw +div(z?, VW) =0 inR?" x[0,25),

where V  satisfies (3.1). Furthermore, assume that ||W||L°°(Q;') <C and
le/2 W2(z, 0, t)dzdt > 0 > 0. Then there exists a constant k := k(0, a, n) >0
such that

/+ 2l WX dt > k. (3.3)

1/2

Proof. On the contrary if there does not exist any s, then for each j € N there
exists W; such that me W2(x, 0, t)dzdt >0,

1
a 24X dt < = A
| atawiaxae <, (3.4)

1/2
and
Wil = @) < C- (3.5)

Moreover, W; solves the problem

{mgﬂatwj +div(z?, VW) =0 in Q7 56)

¢ Wj(l‘,Oﬂf) = V}W] in Q5,

Tn+1

with V;’s satisfying the bound in (3.1).
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Now from the regularity estimates in lemma 2.1 and (3.5), we note that the Holder
norms of Wj’ s are uniformly bounded. So using Arzeld—Ascoli, possibly passing

through a subsequence, W; — Wy in H*(Q5) up to {x,+1 = 0} for some o > 0.
Consequently, using (3.4) and uniform convergence, we have

/ z%  WidX dt = 0. (3.7)
Q)2

Again |, Q1o W;(z, 0, t)’dedt > @ implies by uniform convergence that
Wo(z, 0, t)2dzdt > 6 > 0. This contradicts (3.7) and thus the conclusion

fQ1/2 ’

follows. O

We now record the following important consequence of lemma 3.1.

LEMMA 3.2. Let U be asin (2.11) and le/z u?(x, t)dzdt > 0 > 0. Then there exists
v > 0 and some to € [0, + —~) such that

/+ 2 U (X, t0) dX > k. (3.8)
B1/2
Proof. We choose ty as
tozinf{te (0,1/4) :/ folUQ(X,t)dX}/f}. (3.9)
Bl

Thanks to (3.3) (which also applies to U), the corresponding set is non-empty and
to exists. The existence of v follows from the fact that from (3.3), lemma 2.1 and
the definition of ¢y as in (3.9), we have

to 1/4 1 -
"€</ $%+1U2:/ / CUZHUZ‘*‘/ / U2 < Kito + (—t0>0
Qf 0 ]B;r/z to BTN 4

1/2
(3.10)

where C' = C? Jz+ 28, ,dX, with C as in lemma 3.1, i.e. HUHLOO(Q;) < C. From
1/2
(3.10) we find using ¢y < 1/4 that the following inequality holds

K 1 ~
gf - —t ’
K 4+<4 0>C

1 3k
— — 1 > —. 3.11
(4 ) a (3.11)

which implies the desired conclusion. O

which in turn implies that

3

Therefore, « can be taken as el

Lemma 3.2 combined with the monotonicity in time result in [3, Lemma 3.1]
implies the following non-degeneracy estimate for U in space-time.
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LEMMA 3.3. With the assumptions as in lemma 3.2 above, we have that there exist
0<d <7 (v as in lemma 3.2 above) and & € (0, 1) such that for t € [tg, to + 0),

we have
/m 28 U (X, 0)dX > . (3.12)
1
Proof. First, we note that from lemma 3.2, there exist v > 0 and ¢y € [0, i —)
such that
/+ 2% U (X, t0)dX > k. (3.13)
1/2

Then by applying the monotonicity result in [3, Lemma 3.1], we have that for
o, ¢1 € (0, 1) depending on n, s, £ and C' in lemma 2.2, the following inequality
holds for all ¢ € [tg, to + <o)

/ 2% U (X, 1)dX > ¢k (3.14)
BY

We now let § = min(co, ), & = ¢1x and thus the conclusion follows. O

3.1. Rescaled situation

Fix some xg € R™ with |zg| > M where M is large enough and will be adjusted
later. Let Rp = 2|xq| where p will be chosen as in theorem 4.1 corresponding to & in
lemma 3.3. Then given £ € [to, Lo + &) with § as in lemma 3.3, the rescaled function

Ur(X,t) := U(RX + (x0,0), R* +1) (3.15)

satisfies the following estimate as a consequence of lemma 3.3

R<"+“+1>/ UA(X,0)z8,, dX = / UX(X,D)z? , dX
IB+ Q‘T |((IO 0))

>/ 2% U (X, 1)dX > F. (3.16)
B

Here onwards we shall look into the rescaled scenario and derive results for the
rescaled function Ug and eventually we will scale back to U. We have that
corresponding to U in (2.11), Ug satisfies the following equation:

28 10,Up + div(z8,;VUR) =0 in B x[0, ),

Ur(z,0,t) = ur(x,t) (3.17)
9% Ur(z,0,t) = R*VRUg in Bs x [0, 5z),
where
Vr(z,t) ==V (Rz + (20,0), R?*t +1). (3.18)

We now derive our first monotonicity result which is the non-local counterpart of
[17, Lemma 1]. It is to be mentioned that although similar results have appeared
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in the previous works [3, 8] which deals with the local asymptotic of solutions to
(2.11), the new feature of the result in lemma 3.4 below is the validity of a similar
monotonicity result in time for ¢ € [0, 1/R?] under a certain asymptotic behaviour
(in R) of the weighted Dirichlet to Neumann map as R — oo. More precisely, we
are interested in deriving an inequality as in (3.20) below when the zero-order
perturbation V := R25Vj of the weighted Neumann derivative 05..,Ur satisfies

|V||p~ < R?*. Note that such a bound on V holds in view of (3.1).

LEMMA 3.4 (Monotonicity). Let Ug be as in (3.15) and

Rnta+D) /B L UR(X.0)af,, dX > &, (3.19)
P

for some R, p € (0,1) and R > 10. Then there exists a large universal constant
M = M(n, a, k) such that

M UR(X,t)z8  dX > R+t D) fuhich follows from (3.16)), (3.20)

B3,
Jor all 0 <t < 57, where c is sufficiently small.
Proof. For simplicity, we show it for p = 1. Let f = ¢ Ur, where ¢ € C§°(B2) is a

spherically symmetric cutoff such that 0 < ¢ <1 and ¢ =1 on By/,. Considering
the symmetry of ¢ in x,.1 variable and the fact that Ug solves (3.17), we obtain

28y fir +div(z? V) =222 (VU, V) +div(z2, ,Vé)U in B x0, 77)5
f(2,0,t) = u(z,t)¢(z,0)

8gn+lf(:c,0,t) = R*Vif in B; x [0, %)
(3.21)
Define

H(t) = / 2% FXDPG(Y, X, 1)dX,
Rn+1

+

where G(Y, X, t) = p(y, x, )pa(Tnr1, Ynr1;t), and p(y, x, t) is the heat-kernel
associated to (0; — A;) and p, is the fundamental solution of the Bessel operator
02 4+ -9, 41+ It is well-known that p, is given by the formula

Tn41 Tp41

2 2 1—a
_lta _TamitVa1 /Tp 1 Ypy1\ 2 Tn+1Yn+1
Pa(Tnt1,Yni1;t) = (28) 772 e D (7n+2tn+ ) Toa <7n+2tn+ )»

(3.22)
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where T,,(z) the modified Bessel function of the first kind defined by the series

oo Z/2)u+2k
T T+ LR+ 1+ v)]

|z| < o0, |argz| < . (3.23)

Also, for t > 0, G = G(Y, ) solves div(zy | VG) = x7., 10,G. We refer the reader to
[22] for the relevant details. Differentiating with respect to ¢, we find

w0 =2 51,056+ [a.20 (3.24)
:2/mz+1fftg+/f2div (xZHVQ)
:2/$Z+1fftg—/$Z+1<V(f2),vg>
=2 [ 2%  ffiG+ [ div(z®, ,V(f?)G + 2R* VafiG

[atarng+ [dvas v /{ v

Y PR

+2/x3+1g\w|2 +2R25/ Vrf*G
{#Zn+1=0}
=Ji+ o+ Js. (3.25)
e For every Y € Bf and 0 <t < 73 we have (keeping in mind equation (3.13)
in [3])
Ji > —Ce ¥ NR*. (3.26)
This can be seen as follows. Following the proof of inequality (3.13) in [3],
we find
|| < Cemm [ 2l (IVUR? + U3). (3.27)
BY

Since Ug solves (3.17), by invoking the L> bounds on Ug, x4, 10z, ,,Ur, V.Ur
using lemma 2.1, we find that (3.26) follows. We then observe that since ¢ <
1/R?, for a different N, it follows from (3.26) that the following holds

Ji = Ce ™. (3.28)

e We now recall the inequality in [3, (3.21)]. Keeping in mind that only L>
norm of R?*Vg appears in the expression, we find that for every Y € ]E%Ir and
0 <t < 1/R? one has

n+a+1

il < Clnapres (e [ fgasax+

At [ fa, ax

wat [197PGas ax)
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< O(n,a)R* (t_lga/fzgxszdX‘H_lga/ﬁgfffLHdX

i-a 1
+t2/|Vf|QQa:;’H_1dX) (putting A ~ %) (3.29)

Combining (3.28) and (3.29) we obtain
H'(t) > —Ce /Nt ¢ Q/xZHQ\VﬂQ

1—

— CR¥t~ 5" H(t) — CR*t =" / |V fI*Gzl,,dX. (3.30)

For 0 <t < 4z using (2.6) we have R?*t* < 1, provided c is sufficiently small. This
in turn ensures that the second term absorbs the last one in (3.30). Thus, we find

H'(t) > —Ce YNt _ CR¥t= 3" H(¢). (3.31)

As a conclusion we get

25,159 ! 25,159
(eCR e H(t)) > —Celt 7 TN, (3.32)
Keeping in mind that 0 < ¢ < #z, integrating (3.32) from 0 to ¢ we get using
lim H(t) = Ur(Y,0)? (see [3, (3.6)]), (3.33)

t—0+

that the following inequality holds

1-a t . l-a
ORI (1) — Up(Y,0)2 > —ON [ 17 ¢=1/Nngy

0
2s 1-a
= MH(t) > Up(Y,0)> — CNtelt " 7 71/,

Again integrating with respect to Y in B} and exchanging the order of integra-
tion, using [ G(Y, X, t)ys,,dY = 1 and by renaming the variable Y as X we obtain
using (3.19)

1—a
M | Ugr(X,t)*z%,,dX > / Ugr(X,0)%2%, ,dX — CNteR"t 2 ¢~ 1/Nt
B} B}

> RR-(He) L ON RN S UNE > pe(ntat))

l—a
where we have used that for 0 <t < 7, B2 g uniformly bounded and the

quantity e~ Nt can be made suitably small. The conclusion thus follows. g

We now state and prove our main Carleman estimate in the rescaled setting (3.17)
which is needed to obtain the desired lower bounds at infinity for solutions to the
extension problem (2.11). As remarked earlier, the main new feature of theorem 3.5
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is the validity of the Carleman estimate in (3.35) below in presence of the prescribed
limiting behaviour (in R) of the weighted Dirichlet to Neumann map as R — oo.

THEOREM 3.5 (Main Carleman estimate). Let s € [, 1) and H, be the backward

in time extension operator in (2.12). Let w € C§°(Bf x [0, 2)) where A = & for
some ¢ € (0, 1) sufficiently small. Furthermore, assume that 8gn+1w = R**Vgw on
{zp+1 = 0} (with Vi as in (3.18)) and

a> MR?, (3.34)

where M is a large universal constant. Then the following estimate holds

a2/ zl 0.2t w? G+ a/ zl ot () [Vul* G (3.35)
Ri+lx[c,oo) R1+1X[c,oo)
<M o1 ()t [Howl? G

Ri_H x [c,00)

+0,%%(c) {1\64/ zh oy [Vw(X,o)]? G(X,c) dX
t=c

+ Ma/ 2%y (X, o2 G(X, <) dX}.
t=c

. . [x|2
Here o is as in lemma 2.3, G(X, t) = 2o=e~ # and 0 < c < %
T

Proof. We partly follow the arguments as in the proof of theorem 3.1 in [8]. How-
ever, the reader will notice that the proof of estimate (3.35) involves some very
delicate adaptations due to the presence of an ‘amplified’ boundary condition as
in (3.17) for R — oco. Before proceeding further, we mention that throughout the
proof, the solid integrals below will be taken in R™ X [¢, o0) where 0 < ¢ < % and
we refrain from mentioning explicit limits in the rest of our discussion. Note that

$;§1ﬁs = x§+1 <at +div(V) + e an+1> .

Tn+41
Define
1x|?
w(X, 1) = o2 (H)e S u(X, 1)
Therefore,
2 X
div(Vuw) = div (ag(t)e ] (W N 4#)))
_ X2 | . (X, Vo) X2 n+1
=o(t)es [le(VU) + 57 + (161&2 4 m vl .
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Now we define the vector field
Z:=2to; + X - V. (3.36)

Note that Z is the infinitesimal generator of the parabolic dilations {4,} defined
by 6,(X, t) = (rX, r?t). Then

_a 2 ~ a 1 1 ,
z, 105 (t)e” S Haw = Ty {div (Vo) + EZU + (TH‘M‘FG + a:j) v
|X]? a
_ _ o, .
16t2 v Tn41 +1V
Next we consider the expression
2 t / *% N
/U;QQ(t)t_uxﬁileJ)ﬂ ( US) |Hwl]?
US
1
tog) * 1 n+l+a ao,
= [ ot i Lz, (ntlta, a0
/mn+1t ( Os ) |:le (Vo) + 2t v ( At + o ) v
2
X ? a
TR I 3.37
62" T, Oy (3.37)
where
-1
- nfﬂ (3.38)

Then we estimate integral (3.37) from below with an application of the algebraic

inequality
/P2+2/PQ</(P+Q)2,

where P and (Q are chosen as

a +2 1
2 7% to! 1
p="mt ( S) 2w,
2 O

1

o ftol\ AT n+l+a aol |X|? a
Q=nt (0) {dw(v”)+ <4t+ a:)”16t2v+%+13"+w'

We compute the terms coming from the cross product, i.e. from [ PQ. We write

4
/PQ =%

where

1
to’\ 2 1 n+l+a oo
T, = a 4K S il ¢ T rTe s
! /HC"+1 (o’s) 2t v( ST o )
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1
to!\F 2
IQ/foHtH( “S) Y div (Vo)

o 2t

/ N ALY P <
x — | = v
et oy 2t \ 1612 )

to'\ "% Zu aOpy1v

T4 = a gt 2 — )

* /anrl ( Os ) 2t Tn+1
The terms Z;’s for i = 1, 2, 3, 4 are handled as in [8]. We nevertheless provide

the details for the sake completeness.
Estimate for 7 :

1
to'\ "2 1 n+1+a ao’,
L= [aig (=) —Zv(—Fp— 2
1 /xn+1 (03> 2 U( 4¢ + gs>v
We estimate the first term. By integrating by parts in X and ¢ we have
n+1l+a a  g—p—2 to E v?
B A Y
1
1 tol\"? X
o Ee [ e (D) 7 (19,02) + (2,9 (0?) (3.39)
8 Os 2
n+1l+a AN
ST [ty (1) T
_3 /
(n+1l+a) [ o a1 tog) 2 (tog) -
+ 16 Tyl . 0—78 o Y
, _1
8 oic) ) Ju=ey " ’

1
1 1 tol\ 2
— <n+8+a>/n+2+a$z+ltu2 (;‘S) U2, (340)

where in the last line we used that div(Xxf, ) = (n+ 1+ a)zy . If we now let

&
I

1
p= HTM (3.41)

in (3.40), then the first and fourth terms on the right-hand side cancel each other.
Moreover, for this choice of i, we find using integration by parts

1
3 2
o 0 o [toL\? v
S e, 2 (s 2
2/ ntl <05 2
a/d. (20, - 25 7) to, 5 2 a/ o 4ou-1 tol, % to'\'
=—— [ div(z vi—— [ —= v
4 n+l o 4 ntl o o
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R (@@>—% [ sttt ax (3.42)

+3+a

Here we used that div(z§ ¢~
for some universal N > 1

_3
7, = (n+1+a)/ o pnt tol\ 2 ta; ’Uz
16 os

1

() (EG) e

Z) = 0. Therefore, for large enough o we obtain

WV

1
Os(\t ! T2
& /x‘fH_lt*”*l ( )v2 —ac 1 7603(6) / foHvQ(X, c) dX.
N t {t=c}
(3.43)

0. ()\t)

Notice that the fact — ( o ) is comparable to the quantity which follows from

lemma 2.3 is being used in the last inequality.

Estimate for Z; : Now we consider the term Z, which finally provides the posi-
tive gradient terms in our Carleman estimate. This is obtained via a Rellich-type
argument. We have

X.
Opv + ;v> div (Vo) =: Toy + Zos. (3.44)

|
8
39
+
=
7
=
7N
~
Q
o~
N~
|
[N
N

S
We estimate them individually. Using divergence theorem, we have

1

1
tol\ 2 toy,\ ?
I = —/UCZJAt_“ ( US) ;04 (v;) —a/ gwit : ( GS> Vn 4100
S S

t / 1/2
_ RQSA }t_u < Js) VR(‘T,t)’UatU (using agn_HU — RzSVR'[})
Tp41=0

Os
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_1
fa/l'a [tH to ’ @an—i_lv
nt o 2t XTpaa

t /
— R /{ }fﬂ (;) Vi(z,t) vOyv. (3.45)
Tp41=0 s

We also have

Tyy = _% /t‘”‘l (t">_ (V (22,1 (X, Vo)) . V()

Os

1
1 tol\ 2
- st/{ }til‘fl < US) Vi(z, t)v(z, V)
In+1:0

2 Os
1
tol\ 2
= fg/xflﬂt*”*l (US) (X, V)0 41v
oy
1 —p—1 tUg 7% a
_ 5 t o xn+1(Xivip + Up)'Up
1 to!\ " *
- fRQS/ trt ( S) Vr(z,t) v(z, Vo)
2 {#n4+1=0} Is
1
tol\ 2
= —g/xiﬁt_“_l (%) (X, Vv)dp41v
o

1
1 tol\ 2
- 5/757“71 (0_5> z o [Vol?
S

1 R & 7o -3
L - INC )
I\ "2
_ ERQS/ trl (tgs> Vr(z,t)v{x, Vo).
2 {#n41=0} Ts
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Now by integrating by parts the following term

V[, [t F
1 e () T eevawer)

S

in the above expression we obtain

os
M —p—1 [ tog E a
+§/t " (05) x|Vl
1 to! =3
L /{WO} P (O_:) Vale,O)v(z, Vov).  (3.46)

3
1 to'\ "2 [tol\’
To+Ty=—~ [ 2% 7 H (=2 = 2
2+ 214 4/$n+1 (Us) <03>|V7j|
1 AN
w5 [ et (22) Tvexor
{t=c} Os

1
I\ "3
fles t—rt toy Vr(z,t) v (x, V)
2 {#Zn+1=0} Ts

Recall that

Vv =0, %t)e” = <Vw - Xw) . (3.48)

to
o

<)-

jw

Let us now consider the term —% [z¢ ¢4 (

(194 |Vo[2. Using (3.48) we
obtain
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_3
= 7%/zz+1t7“ (i:f) ) <t;f)/crs2o‘(t) ((Vw,Vw) - |1)ét|2w2) 67\);\2
L[ (tol AW a 2 X2
~ 16 tH <Us) <05> div (20, X)w?e” %
L[, (te\TE (el . IXPY g
3 (5 (v e )

3
1 to'\ "2 [tol\’ 1|2
S [t (2] 7 () e
S S

The boundary integral in (3.47) above, i.e. the term

1 _, (cole % u
5€ " < ( )> /{t_ }an(VU,Vv)(X,C)

2 os(c)

can be computed in a similar fashion to obtain the following
1

1 (coi(d)) 2 o

3¢ iz <0’S(C)> /{t_c} zp 1 (Vu, Vo) (X, c) dX

1 (e) 2 1
= —c "o %%(c) co(c) / zp 1 ((Vw, Vw) — X w2+ it e
2 {t=c}

os(c) 16¢2 4c

_1x)2
e 4ec

Estimate for Z3: Let us now compute Z3. We have

1
1 to'\ "2 Zv
Ty = —— a ¢ThTZ s =X |2 3.50
s 16/xn+1 (J) o 1 X P (3.50)

S

1 tol\
g [ () Tixp ae?)
1
1 0 g [tol\ 2
~ a1 e (1) TR ve)

S

1
n+3+a 0 a—pg [tol\ 7 _ n—1+a
T @ /xnﬂt ’ 3<0's> IXJ? v (using o = ——)

3
1 tol\ "2 [(tol\’
g [ () () e
1
1 col(c)\ 2
= —p—2 s a X2 2
N <os<c> /{t_c} mrsal X[

1
1 s (tol\ 2 "
+6—4 tr3 (%) X PP(n+1+a)z? v?

N
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1 a 4—p—3 tog ~ 2 2
+ 372 xn+1t p |X|
PN
() () i ¥

1 / _% 2
4 L uz (€0:(0) / 2% X 2o 2 (tw2e (3.51)
32 {t=c}

os(c)

Now we use the fact that —(—= to, 2) ~ 6e (At) since the term U; is positively bounded
from both sides in view of lemma 2. 3 and combining the above estimates ((3.43),
(3.47) and (3.51)) we get for a new universal N that the following estimate holds

Li+1y+13+1,

N/ n+1 8_20{ S(t N/ 77,+1 U;_Qa(t) G |Vw|2
— Nao;%*(c) / 2% w?(X, ) G(X,c)
{t=c}

+ ]f[asm(c)/{ }xg+1|vw|2c: dx
t=c

to! 2

1 3
_ 2R2$/{ y p—h—1 ((TS) Vr(x,t) v {x, V)
Tp41= s

N\ —1/2 2
- R2S/ tm (wS) Vi(z, )0 (“ ) . (3.52)
{@n41=0} Os 2

Let us estimate the boundary terms in (3.52). Using the divergence theorem we
obtain the following alternate representation of such boundary terms.

1

1 tol\ 2
L= ZRQS/ t—rt ( 05) (Vr(x,t)n + (x,V,Vr(z,t)))v?
{#nq1=0}

Os

to! -1/2 2
Ky = —R2S/ tm ( US) Vi(z, )0, (”) .
{#n41=0} Os 2

It is to be noted that using (3.1) and (3.18) we have

IV.Vr| < R, |8,Vr| < R (3.53)

Using the trace inequality lemma 2.4 and (3.53) we find

=12
|K1| S R2s+1/t*l1«710_;2a/ ef%wQ (354)

2
/S R25+1/t—p—10_;2a (A(t)1+a /Rn+l x;zl+1€—|X\ /4tw2
+
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X
+ A(t)afl/ xﬁb+1|Vw—w4t|QeX|2/4t>

X T _Ix2
S R25+1/t “w 10S 2 <A(t)1+a /Rn+1 $$L+16 | X| /4tw2
+

FAW [ Ve X
R

+A(t)“*1/ e 1w2ﬁe*\x\2/“ (3.55)
7! nt 16¢2

for A(t) > 1. The choice of A(t) will be crucial to complete our proof. Also, it follows
from the Hardy inequality in lemma 2.6 that the following estimate holds

2

o | XI5 ixp2yae o ntlda x4 9

¢ wit——e < ¢, ——e w
/Riﬂ 642 = R+ ntl 4t

- /R+ x? e X/ g2, (3.56)

+

Plugging estimate (3.56) in (3.55) and by using (3.41) yields

|K1|<R25+1 (/A 1+a s—2a gH_le +2/A a 1 frlz—i-lo- 2a|vw| G

/A amlg el gHGw) (3.57)

In the last inequality in (3.57) above, we used that o(t) ~ t. Now we choose A(t) >
1 in such a way that the above terms can be absorbed in the positive terms on the
right-hand side in (3.52) above, i.e. in the terms a/N [ xn+1a_2a(t) b M w?G and

l/fonHw ol=2%(1)|Vw|*G. Therefore, given the value of p as in (3.41), w
require

a pP2s a 0s(At
A(t)I+eR2s+1 < - (At)

f
A(t)e TR+ < 10N9 (\t), (3.58)
At

AB! p2st1 0, (A\t)
It SION s

)

It is easy to see that the third inequality automatically holds if the second one
is satisfied since « is to be chosen large. Therefore, it is sufficient to choose A(t)
satisfying the first two inequalities. Recall that a = 1 — 2 s, and if we set

10N R+ /28
Alt) = [
0-("ooe )

then the second inequality in (3.58) is valid. Note that A(t) > 1 as 05(t) — 0 as
t — 0. Moreover, the above choice of A will also satisfy the first inequality in (3.58)
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if
2(1-5)

10N R2+! ot ¢ @ Bs(N)
0,(\)

10N t
which is same as the following

LONR>H1\*  6,(\) et o0 0.00)
0, (\t) 10N R2s+1 T

Further simplification will allow us to rewrite the above inequality as
LONR* M < at0,(\t). (3.59)

Finally, observe that 65(At) = (At)*(log +;)'** = (At)® since log 5 > 1 on [0, ],
so inequality (3.59) is ensured if we choose « large enough such that

a’t75(\t)* > 10N R*T,

Consequently, since A = a2, by choosing some arbitrary & € (0, 1), we conclude
that the choice of A(t) above satisfies the set of inequalities in (3.58) provided

0[28 2 (1 4 N)R28+1'

The above is ensured for o > M R? with M large and R > 1 provided s € [ 1).
For Ks, applying integration by parts we observe

1 to!\ M2
wl=|reg [ ()
{#n41=0} Ts
o2 () ()

. R
{Zn41=0} 2 Os O
bl \ T1/2
o () o
Tpp1= s

1 / —1/2
n R252/{ y }c_“ (CUS(C)) Vr(z, c)v*(z,c)|.
Tp41= (&

+ RQS

N =

+ RQS

N[ =

os(c)

Using (3.53), the fact that ( S) ~ 1 and also that 0 <t < 35, we observe that the
first and third terms on the rlght hand side of the above expression can be bounded

by
CRQS/ t—;t—las—2ae—|m|2/4tw2
{#n4+1=0}

. . _ tg';
The second term is dominated by R?® f{mn+1:0}t “’ — (52 v?
bounded by

, which in turn is

CRQS/ t—u—las—2ae—|m|2/4tw2
{@n4+1=0}
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a

considering the fact that —(Z—;)’ is comparable to M and 05(A\t) — 0 as ¢t — 0.

Combining the above arguments we have

|| §R2s/ t7u710;2a67\z|2/4tw2
{#n41=0}
1 , —1/2
+ ‘R%Q /{ ., e H (st((cc)) > Vi(z, 0)v?(z, c)|. (3.60)
Tpi1= s

The first term in (3.60) can be handled similarly as K1, see (3.54)—(3.59). For the
last term in (3.60), using trace inequality and performing similar calculations as in
(3.57), we obtain that

1 ’ —1/2
’RQSQ/ cH (&‘S(c)) VR(-’L‘,C)U2($,c)
{xn+1:0;t=6} Ug(c)

S CRQS/{ } c P2 () e 1w, c)
Zn+1i0

1 (oo 2@ [ a6 (X,
+ 2cA o 72 (c) /xfl+1|Vw(X, o)*G(X,c)

1
+ A cw / 072 ()2t (X, &) w?(X, c)> (3.61)
C

holds for any A > 1. If we now choose A sufficiently large, say
A% ~ 100N R*, (3.62)

then the term
2R AT 529 (¢) / 2% [Vw(X, OPG(X, )

in (3.61) can easily be absorbed by the term + o, 2%(c) [,_ 2%, |[Vw]*?G dX in
(3.52). Corresponding to this choice of A as in (3.62), we find by also using that
¢ <1~ 25, the remaining terms in the last expression in (3.61) above can be
estimated as

R (coSQO‘(C)AH“/ 28 G(X, o)w*(X,c)

1
+ Aot C%/O‘S—mx(c)szrlG(X, c)w?(X, c))

< Naas_Qa(c)/{ }xfl+1w2(X, ¢)G(X,c).
t=c

Therefore, from the above discussion, the contributions from K7 and K5 can be
absorbed appropriately by the first four terms in (3.52) so that for large « satisfying
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a > MR? for a large M the following holds

1
tog\ 2 5
/ oy 2 )ty e X (U) [Hwl® (3.63)

s

>h+1y+15+ 1y

At 1 Os(At _
> 2 [anor 0™ Gur v L [an, 200120 6 vup

- Nao; (o) |

2% w(X,c) G(X,e) + < o, 2*(c) / 2% 4 |Vw|*G dX.
{t=c} N {t=c}

Also, we have ( >)\— 5z, hence
1x2 [to’ I
N/US*Qa(t)t*“x;“rle* T < S) |st|2
Os
>a? [ag 020 w6 +a [at 0l @ VulG

— Nao;%%(c) /
{t=c}

28w (X, ) G(X,c) + %0;20‘(0)/ 2% 4 |Vul’G dX
{t=c}
(3.64)

possibly for a new universal constant N. Finally, the conclusion follows from (3.64)
since

1
x12 (to’\ 2, -~
/ Ot ge ()
]Ri+1><[c,oo) o

o, o0 P G
1 x[e,00

4. Proof of the main results

Given the Carleman estimate in theorem 3.5, we now argue as in the proof of [17,

Lemma 5] to obtain the following L? lower bounds for the rescaled function Ug in
(3.15) which solves (3.17).

THEOREM 4.1. Given &k € (0, 1], there exist large universal constant M = M
(n, s, &) and p € (0, 1) such that the following holds true:
If Ug is as in (3.15) with R("+a+1)f UA(X, 0)z%,,dX >k ( note that this

inequality in turn is assured by (3.16)). Then

(1) For sufficiently small € > 0 and R > M we have

2 p2
/ 2% Up(X,0)2 e~ 255 qx > MR los (2), (4.1)
IB+

2
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(2) For all 0 <r < %, we have
/m U3(X,0)2,,dX > ¢~ MR s (2), (4.2)

Proof. Let us highlight the key steps in the proof. The key ingredients are the
quantitative Carleman estimate in theorem 3.5 and the improved monotonicity in
time result in lemma 3.4.

Step 1: Let f = n(t)p(X)Ugr, where ¢ € C5°(B3) is a spherically symmetric cut-
off such that 0 < ¢ <1 and ¢ =1 on By. Moreover, let 1 be a cutoff in time such
that 7 =1 on [0, g] and supported in [0, ;%). Since Ug solves (2.11), we see that
the function f solves the problem

Tyq fr +div(zg V) = éxf Urne

i in B %0, %),
+225 . (VUR, Vo) + ndiv(z], 1 VO)Ur

4.3
f((xvovt) = UR(.%', 07t)¢($»0)77(t) ( )
d¢ . f(x,0,t) = R*Vrf in Bs x [0, 7)

Since ¢ is symmetric in the z,; variable, we have ¢, 1 =0 on {z,,11 = 0}. Since
¢ is smooth, the following estimates are true, see [3, (3.31)].

{supp(V@ N{Zns1 >0} C B \BS

4.4
|div(25,1 V)| < Cafyy 1ggpy- 4

Step 2: The Carleman estimate (3.35) applied to f (more precisely, a shifted in time
version of (3.35)) yields the following inequality for sufficiently large « satisfying
a}MRQand0<c<$

o | 101 (0t + €))7 f2 G(X,t+0)
R x[0,00)
—|—oz/ x‘fb+1(as(t+c))172”‘ V> G(X,t+c)
R % [0,00)

SM 0;—204“ + C)xw_zil |¢$Z+1UR7H
RiJrl % [0,00)

+ 228 n(VUR, V) + ndiv(z?, Vo) Ur* G(X,t +c)

+ 0;206(0) {_]\64 /t—o m(711+1 VX, 0)‘2 G(X,c) dX

var [ st f0R 60X ax |
t=0
sx0ax)

< MA?/ (0u(t +€) 20 G(X, t 4 ¢) 2% [UR [T,
R1+1><[0,00)

+ M zp o 10s 2t + O){|VURI® + [Ur[ M p,\8,n° G(X, t + ¢)

R} x[0,00)
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+0,%%(c) {_c /t—o i VX, 0)[* G(X,¢) dX

M
- aM/ Ox;H |f(X,0)]* G(X,¢) dX}. (4.5)
t=
Step 3: Now we plug the following estimate ( see [8, (4.24)])
ol (4 ) G(X, t+ ) S MAT N2t
(X,t) € B x[0,1/4)) \ By x[0,1/8)) (4.6)

in (4.5) yielding

o | 281 (0t + €))7 f2 (Xt +0)
R" T %x[0,00)

+oz/ x‘,fb_i_l(os(tJrc))l*za |Vf|2 G(X,t+¢)
R %[0,00)

§M2a+”+g+1a2a+%/ / 2% {|VUR|* + |Ur[?}
0,4) /By
—2a c a
+ o, ? (C) {_M Tnt1 |Vf(X, O)|2 G(X’ C) dx
t=0

vadt [ st A0 60X ax |
t=0

ntatl ntat1
5 a2a+f R4

S M2a+

(using lemma 2.1 for U which implies the derivative bounds for Ug)

vore@ {5 [ st IVIXOP Gxo ax
t=0

+ aM /t:O 28,1 [f(X,0)]* G(X,c) dX}. (4.7)

Step 4: Since ¢ = 1 on By and n=1on [0, 8)\) for small enough p < =, which will

be chosen later and 0 < ¢ < 2 £ we obtain

a2/ 28 0.2 (t+e) 2 G(X, t+c)
R %[0,00)

a2/ / “t+c) 22, Uf G(X,t+c)
0.55) /Bf

X2

> ot / / o7 (t+ ) (t+¢) T e Tl UR
[0.5%) /B,

_  ntat1l __p%
ot [ v o e [ v
[0,45) B3,

AN 2p

https://doi.org/10.1017/prm.2024.9 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.9

Decay at infinity etc. 29
n+a+1 e
>a2/ t2 / zt,  UR(X,0)
cc+‘4)>\

n+a 2
/ 20 o= g (ntatD) (using (3.20))
p2

L
) 2
o8\ (P> R—(n+at+1)

)\
_ 2(¥+ n+a+1
> a2 L p2 ( :
- 4 4\

52420+ g y 204 mbet 4
- 8M

(64/62p2)72ap27(n+a+1)R7(n+a+1).

Step 5: The above computation and (4.7) implies that

52420+ ntatl )\2a+7"+;+1 +1

8M

(64/62p2)—2ap2—(n+a+1)R—(n+a+1) (4.8)

< M2a+ "+;+1a2a+7n+;+1 R4
o7 (o) {—C [t I9FXOP GX.0) ax
M /i
+ aM/ 2% |F(X,0)2 G(X,e) dX}. (4.9)
t=0

To absorb the first term in the right-hand side into the left, we need

5242a+7"+g+1 )\2a+7”'+g+1 +1

8M
2 nta+1l 2 n+a+1
> 8MPt T2 ottt e

(5" g2y 205

R*RmFat! (4.10)
In view of the fact that a ~ R?, (4.10) will be guaranteed if we choose p such that

2 2a+m QQ+M+1
0°4 2\ 2 4/52 2\—2q —ntail
(e ) T

M p
> 8A20H T \200 T R prtat (gince A > a). (4.11)
Since p < 1, we have that p~ RS Therefore, (4.11) is further implied by

the validity of the following inequality

2420 EE (A M p?) 2 > aM R L RARM YL, (4.12)

This in turn follows provided

n+ +1

nt+a+1
2

(64/62Mp ) —2a > M
> 64R*R™ ! considering o ~ R?). (4.13)

+1 (as 5242a+
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Finally, (4.13), and therefore (4.12), are seen to hold when

Y2 < L 4.14
e ST (4.14)
Therefore, for a > M R?, (4.9) and the fact that o4(c) > ce™™ implies that
a?ve2Nagle < aM/ 2%, |f(X,0)]? G(X,c) dX. (4.15)
t=0

2¢2
Now letting v > MR? with M >> €2V, we now put ¢ = 15 where € < %z\if and
consequently obtain from above

2p2
/ g1 Ur(X,0)? e AX > e ME tog (£)
BT

2

This finishes the proof of (1).
We now proceed with the proof of (2).
For the above mentioned choice of p as in (4.14) and by taking large «, (4.9)

implies for ¢ < g ~ 7z that the following inequality holds

i [ IVAGOP G0 ax < M [t 17X 0F GOX.0) dX

(4.16)
2 1 5
— 2 / 2 VS0P 5 4 T / 2% |F(X,0)2e 5 dx
2
PR [ an |rxo)Pe Eax. (@.17)
t=0

At this point (4.17) combined with lemma 2.5 allow us to infer for a new M that
the following doubling inequality holds

/ UZ(X,0)2%, ,dX < MF / UZ(X,0)2%,  dX (4.18)
B, B
for all 0 <r < 1. Now given r < 1/2, choose k € N such that 27 <r <2771,
Iterating the above doubling inequality when r =277 with j=0,...,k—1 we
obtain
/ UZ(X,0)z%,,dX < e2ME log1/r) / U%(X,0)z8 dX. (4.19)
B B

The conclusion follows from (4.19) with a new M by noting that

/w UR(X,0)28,,dX > /IB§+ UA(X,0)z8, dX > R-(nFita)g,
1

P

O

From theorem 4.1, we obtain the following decay estimates at infinity for the
solution U to (2.11).
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THEOREM 4.2. Let U be a solution of the original problem (2.11).

(1) There exists a universal large constant M such that for all xo € R™ with
|xo| = M we have

U(X, )z?, 1 dX > e Mol (4.20)
Br;m/g((w()vo))

fort € [to, to + 5) where to is as in lemma 3.2 and  is as in lemma 3.3.

(2) Also we have

/+ U2(X, D)z®, dX > e Mol los(zol) - f e 1 1o +5).  (4.21)
B ((0,0))

Proof. Under the hypothesis of theorem 1.1 ( with & = 1), we have from lemma 3.3
that there exist & € (0, 1) and ¢ such that for # € [tg, to + &) we have

/ 2% U (X, D)dX > . (4.22)
IB+

1

Now let p be the number associated to % as in theorem 4.1. For each ¢ and zg such
that |zg| > M, let R := 2|zo|/p and Ugr be as in (3.15), i.e. Ur(X, t) := U(RX +
(w0, 0), R?t +t). From (3.16) we have

R(n+at1) / UZ(X,0)z%,, dX = / U(X,8)z%,, dX
B} B o1 ((20.,0)

> /IB+ z% U X, 1)dX > F. (4.23)

1

Thus, Ug satisfies the hypothesis in theorem 4.1. Hence, for small € > 0 we have

2 p2
/ 2 Ur(X,00% e r dX > e MF tog (), (4.24)
]B+

2

This in turn is equivalent to the following inequality

/ a2t U(X, )% e
B, ((20,0))

Further, (4.25) implies that

(/ ..+/ ) > R"+a+1e*MRz‘°g(%)7 (4.26)
B\J;o\/Q((ZO’O)) IBq\%o\/o(gco)\Blerol/2(930)

which in turn implies the following inequality

|X — (20,02
<

dx 2 Rn+a+le—]\/[R2 log (%) . (425)

. x?L—i—l U(X, 5)2 dx + CRn+a+167R2p2/166 2 Rn+a+1efMR2 log (%)’
B, | /2((20,0))
lzol/2
(4.27)
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where we have used the fact that ||U||p~ < C to bound the integral

o X0
zt ., U(X, 1) e €

+ +

Bilagl/0(%0)\Byyy ) 2(%0)

dX

in (4.27) above. Now if € >0 is chosen sufficiently small, then the term
CRratle—R0*/16¢ can be absorbed in the right-hand side of (4.27). Consequently,
we can conclude that for a new M (depending also on €) the following estimate holds

2% U(X,0)2dX > e M
Bl1/2((20,0)

This completes the proof of (4.20).
To prove (4.21), we apply (4.2) to the function Ug at the scale r = &, which
yields

/ UR(X,0)xp, dX > o~ MR?log(2R))
BT

1/R

- U? (X,1) zp 1 dX > Rntatlo—MR?log(2R)
B ((20,0))

s U(X,8) a8 dX > e M los2R) (4.28)
B{ ((20.0))

since R > 1. The conclusion thus follows with a larger M by noting that |z¢| ~ R
once p gets fixed as in theorem 4.1. O

As a direct consequence of estimate (4.21) in theorem 4.2, the following
asymptotic decay estimates holds for the extension problem (2.11) in space-time
regions.

THEOREM 4.3. Under the assumption of theorem 4.2, there exist universal constants
M and 6 € (0, 1) such that for |xo| = M we have

/ UQ(Xv t)x?L+1dX dt > eiM‘EO‘Q 10g(|x0|)' (429)
B ((20,0)) X [to+8/2,t0+35/4)

where tog is as in lemma 3.2.

4.1. Propagation of smallness and the proof of theorem 1.1

We now transfer the decay estimate at the bulk as in theorem 4.3 to the boundary
via an appropriate propagation of smallness estimate derived in [2, Corollary 4.4]
using which theorem 1.1 follows.

Proof of theorem 1.1. We first note that from the hypothesis of theorem 1.1 ( recall
that we are assuming R = 1), we infer that estimate (4.29) in theorem 4.3 holds. We
now use the following variant of the propagation of smallness estimate as derived
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in [2, Corollary 4.4].

|\%+1U||L2(B+((x0,o))x[to+5/z to+35/4))
1—19
< CHU||L2(Rn+1) (|‘VU||L2(33/2($0)X[t0+g/4)t0+5g/6))
+ |Jul it/ )
W2‘2(Bg/2(a:0)><[t0+5/4,t0+55/6))

+C (||V“||L2<BS/2<zo>x[to+5/4,to+55/6)) + ||“||W2»2<Bg/2<zo>x[to+5/4,to+58/6>>) )
(4.30)
where ¢ € (0, 1) is universal and

def
lullw22 = Jlullze + [[Voullz2 + |[VZullze + |lul] 2.

Note that (4.30) follows from [2, Corollary 4.4] by a translation in space and a
standard covering argument. Note that in view of (3.1), the right-hand side of
(4.30) is upper bounded by

- . 9
c (”u‘|W212(B3/2(;p0)><[t0+5/4,t0+5§/6)) + |‘u||W2v2(B3/2(gc0)><[to+5/4,t0+55/6))) :

Now since we are interested in a lower bound, so without loss of generality we may
assume that

ullw2.2(B, o (o) xto+d/4,t0+55/6) S 1+

Using this along with (4.29), we obtain that the following inequality holds for some
large universal M and |zo| > M

—M|zo]?1
ullw2.2(8, 2 (o) x [to+d/4,t0+55/6)) = € |zo|? log(|zol) (4.31)

In order to get an L? decay as claimed in theorem 1.1, we now make use of the
interpolation-type inequalities in lemma 2.7. Let ¢ be a smooth function supported
in B, /4((0, 0)) x (to + /8, to +115/12) such that ¢ =1 in By s((x0, 0)) x [to +
6/4, tg + 50/6)). Define f = ¢ U. Then by applying (2.15) to f we get also by using
the regularity estimates in lemma 2.1 that the following holds for any n; € (0, 1)

Ve u||L2(Bg/2(x0)><[to+§/4 to+535/6)) <|IVe f||L2(R"+1)
th\|%+1U||L2(B7/4((z0,0))x(t0+8/8,t0+115/12))
+Cny ||u|‘L2(37/4(9co)><(t0+5/8,t0+115/12))' (4.32)

Similarly, by applying (2.15) to V., f and by using the second derivative estimates
in lemma 2.1 we get for any n € (0, 1)

HV u||L2(Bs/2(wo)X[to+6/4 to+56/6)) X <Oy ||xn+1U||L2 (B3 ((0,0)) X (to+6/16,t0+5))
+ Cn 7 IVa £l 2 @) (4.33)
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Then using (4.32) in (4.33), we thus obtain

2 s /2
||Vmu||L2(B3/2(m0)><[t0+5/4,t0+55/6)) <Cn ||x2+1U‘|L2(B;((zo,o))x(to+5/16,t0+5))

+ CnflﬁfoZﬁU\ |Lz(B;r/4((z0,o))x(t0+5/8,t0+115/12))
+ C(nn1)71||u||L2(B7/4(zo)><(to+<§/8,t0+115/12))' (4.34)
We now take 7; = n®. This ensures that
Tt =n* T <ntas s > 1/2and n < 1. (4.35)

Substituting this value of n; in (4.34), using (4.35) and also by using lemma 2.2
we find

‘|Viu||L2(33/2(z0)x[t0+8/4,t0+58/6)) <O + Cn_4|‘u||L2(Bz(m0)><[to+to+5))' (4.36)

Similarly by applying (2.16) to f and by using the estimates in lemmas 2.1 and 2.2
we find

; —4
utll L2 By o (wo) xto+d/4,t0455/6)) < O+ CN Ml 2By (mg) e to+t048)) - (4:37)

Thus, from (4.32), (4.36) and (4.37) it follows that

||u‘|W2’2(Bs/2(950)><[t0+5/4,t0+55/6)) < On” + Cn74||u|‘L2(32(10)X[t0’t0+5))' (4.38)

Now using (4.31), we deduce from (4.38) that the following inequality holds for
|wo| = M,

e~ Mlzo|* log(|zo) < Onp® + 077_4||UHL2 (4.39)

(B2(x0) x[to,to+8))"
Now by letting

o~ Mlzo|? log(|zo))

L ER— 4.4
n 50 , (4.40)

we find that the first term on the right-hand side in (4.39) can be absorbed in the
left-hand side and we consequently obtain for a new M

4o—Mlxo|* log(lzol)

n
2C S Ml (B o) x 0.0 +5))- (4.41)

Now by noting that in view of (4.40), we have that

774 ~ e—%|10|2105(\$0|)_

Using this in (4.41), we find that the conclusion follows with a new M by also using
that

ullz2(Ba(wo)x[0,1)) = ‘|u||L2(B2(w0)><[t07t0+5))'
This finishes the proof of theorem 1.1 by noting that we have assumed £ =1 in
theorem 1.1 (for the sake of simpler exposition of the ideas) and also by observing
that we are working with the backward version of the problem as in (2.11). |
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We now use the estimate in theorem 1.1 to finish the proof of the Landis—Oleinik
type result in corollary 1.2.

Proof of corollary 1.2. We show that

llullL2(B, 5% (~1/4,0) = 0 (4.42)

On the contrary we assume

l[ullL2(B, jox(~1/4,0) = 0 > 0. (4.43)

Then by applying theorem 1.1 corresponding to this 6, there exists some M = M (0)
such that

/ W2 (z,t) da dt > e~ Mzl los ool 1olds for all x| > M. (4.44)
Ba(0)%(—1,0)
Now on the other hand, hypothesis (1.9) (assuming & = 1) implies that

0
/ u?(z,t)dt < Ce """ for all z € R™. (4.45)

-1

Therefore, by integrating (4.45) over the region Bs(xg) for |zo| > M with M as
in theorem 1.1 ( corresponding to the 0 in (4.43)) we find for a new C' that the
following holds

lzg|2te

/ u?(z,t) dedt < Ce™ 227, (4.46)
Ba(x)x(—1,0)

where we have used that for x € Ba(xg), || > @ which can be ensured for M > 4.
This clearly contradicts (4.44) for large |z¢| as

‘EO‘Q N
—M xo 2 log xo -
e |zol |zo] > e 22Fe

as |zg| = R — oo. Thus (4.42) holds. So in particular, we have that « vanishes to
infinite order in space-time at (0, 0). Now we can apply the backward uniqueness
result in [5, Theorem 1.2] to conclude that v =0 in R x [T, 0]. O

REMARK 4.4. In the case when the non-local equation (1.6) holds for ¢ > 0, then
we can also conclude that u(-, t) = 0 for ¢ > 0 by invoking the forward uniqueness
result in [7].
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