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Linear algebra over Z,[[u]] and related rings

Xavier Caruso and David Lubicz

ABSTRACT

Let R be a complete discrete valuation ring, S = R[[u]] and d a positive integer. The aim of this
paper is to explain how to efficiently compute usual operations such as sum and intersection
of sub-S-modules of S¢. As S is not principal, it is not possible to have a uniform bound on
the number of generators of the modules resulting from these operations. We explain how to
mitigate this problem, following an idea of Iwasawa, by computing an approximation of the result
of these operations up to a quasi-isomorphism. In the course of the analysis of the p-adic and
u-adic precisions of the computations, we have to introduce more general coefficient rings that
may be interesting for their own sake. Being able to perform linear algebra operations modulo
quasi-isomorphism with S-modules has applications in Iwasawa theory and p-adic Hodge theory.
It is used in particular in Caruso and Lubicz (Preprint, 2013, arXiv:1309.4194) to compute the
semi-simplified modulo p of a semi-stable representation.
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1. Introduction

Let R be a complete discrete valuation ring (see §2.1 for a reminder of the definition) whose
valuation is denoted by wve. Let K denote its fraction field with valuation vk and 7 be a
uniformizer of |. We set S = R[[u]]; it is the ring of formal series over . Our aim is to
provide efficient algorithms to deal with finitely generated modules over S. Since we can
always represent a torsion module as the quotient of two torsion-free modules, we shall focus
on torsion-free modules.

Any finitely generated torsion-free S-module .# can be considered as a submodule of S¢
for d big enough. As a consequence, we can represent .# by a matrix whose columns are the
coefficients of generators of .# in the canonical basis of S¢. Thus we can reformulate our
problem as follows: given M; and M, two matrices representing respectively the S-modules
My and A5 embedded in S¢, give algorithms to compute a matrix representing .4, N .45
or M1 + 5. We would like also to be able to check membership, equality of sub-S-modules,
inclusions, etc. As S is not a principal ideal domain, in order to control the number of
generators of the sub-S-modules of S, we propose, following an idea of Iwasawa, to compute
approximations of the submodules resulting from aforementioned operations in the following
sense: we say that a morphism .#; — #5 is a quasi-isomorphism if its kernel and co-kernel
both have finite length, and we want to make computations modulo quasi-isomorphisms. We
propose two different approaches, each of them having its own advantages and disadvantages.
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First approach: we notice that classes of modules modulo quasi-isomorphism can be described
by modules over the rings S, and S, defined respectively as the localization of S with respect
to m and the completion of the localization of S with respect to u. Precisely, for A = S, Sy,
let FreedA be the set of free sub-A-modules of A%, and denote by Mod‘é /qis the set of quasi-

isomorphism classes of sub-S-modules of S 4, We shall prove that there is an injective morphism
o Mod‘é/qis — Freegﬂ X Freedsu, M — (M Rg Sy M R5Sy) (where A is any representative

in the class .#) whose image can be precisely characterized (see Theorem 1.1 below). Using
this correspondence, operations with modules with coefficients in S reduce to the computation
with modules over S, and S,. As these two last rings are Euclidean, there exist classical
canonical representations and algorithms to manipulate modules over these rings.

Second approach: this consists in finding a canonical representative in a class of modules
modulo quasi-isomorphism which is amenable to computations. Such a representative is
provided by the maximal module of an S-module .#Z. It can be defined as the unique free
module in the class of quasi-isomorphisms of .#Z. We present an algorithm to compute the
maximal module associated to a sub-S-module of S¢ which is inspired by a construction
of Cohen, presented in [11, p. 131], to obtain a classification up to quasi-isomorphism of
finitely generated S-modules. We can then compose this algorithm with algorithms to compute
basic operations on free modules in order to compute with representatives up to quasi-
isomorphisms.

In order to obtain real algorithms (that is something computable by a Turing machine) we
have to consider the fact that elements of S, S, S, are not finite. In this paper we consider
an approach in two steps in order to solve this problem. First, we give the ability to Turing
machines to manipulate, by the way of oracles, elements of S, S, S,. More precisely, we
suppose given oracles able to store elements of the base ring, compute valuation, multiplication,
addition, inversion, and Euclidean division. We express the complexity of an algorithm with
oracle by the number of calls to the oracles to compute ring operations. Once we have well-
defined algorithms with oracles to compute with modules, we study as a second step the
problem of turning them into real algorithms.

Much in the same way as for floating point arithmetic, the actual computations with modules
with coeflicients in S are done with approximations up to certain 7-adic and u-adic precisions.
It is important to ensure that the (truncated) outputs of our algorithms are correct which
means that they do not depend on the 7 or u powers of the input that we have forgotten. In
order to deal with this precision analysis, it is convenient to consider a generalization of the
family of ring coefficients S. Namely, given «, 8 relatively prime integers, we write v = 8/«
and set S, = {> a;u’ € K[[u]]|lvk(a;) +vi >0, Vi € N}. We have Sy = S. In this paper, we
develop a theory of S,-modules which encompass modules over S and use it in order to obtain
algorithms with complexity bounds and proof of correctness.

More precisely, we generalize the definition of a maximal module for finitely generated
torsion-free S,-modules. Denote by Maxcslu the set of maximal sub-S,-modules of S¢. We
prove the following theorem (see Theorem 3.12), which generalizes the above mentioned
decomposition.

THEOREM 1.1. The natural map

. d d d
¥ Maxg — Freeg, =X Freeg |

M s (M, My).

is injective and its image consists of pairs (A, B) such that A and B generate the same &-vector
space in &¢. If a pair (A, B) satisfies this condition, its unique preimage under ¥ is given by
ANB.
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In the theorem, & is a field containing S, and its localization S, , and S, , which is
precisely defined in §2.2. We give an algorithm with oracles to compute the maximal module
associated to a finitely generated torsion-free S,-module. In general, it is not true that the
maximal module of a torsion-free S,-module is free, although this property holds when v = 0.
Nonetheless, by using the theory of continued fraction, it is possible to obtain a tight upper
bound on the number of generators of a maximal module embedded in S¢. If v is rational, it
admits a unique finite development as a continued fraction that we denote by [ag; a1, ..., a]
(here, we suppose that a,, # 1). We can prove the following (see Theorem 3.32) theorem.

THEOREM 1.2. Let v = [ag;a1,...,a,]. Let .# be a sub-S,-module of SI. Then Max(.#)
is generated by at most d - (2 + 27[2{21 ag;) elements.

We then move to precision problems. We provide some simple examples to show that a
lot of basic operations that we need in order to compute with modules over S,, such as
the computation of the Gauss valuation, are not stable. This means that, in general, the
computation with approximations of the input data does not yield approximation of the result.
This is where it becomes interesting to use the possibility to change the slope v of the base
ring .S,. In the context of our computation, a bigger slope plays the role of a loss of precision
in the computation of an approximation of a module over S,. In this direction, we can prove
the following theorem (see Theorem 4.6 for a precise statement).

THEOREM 1.3. Let .#, and .#> = S, -t fort € S? be two finitely generated sub-S,,-modules
of S such that .#s C 1/m¢.#, for a positive integer c. Let My and My be the matrices with
coefficients in S, of generators of .4, and .#5 in the canonical basis of S%. Suppose we are
given approximations M{ and M} of M, and My respectively. Then, for a well chosen v/ > v,
there exists a polynomial time algorithm in the length of the representation of M| and Mj
to compute a matrix M3 which is an approximation of the maximal module associated to

(M1 ®s, Su) + (Mo ®s, Sur).

The organization of the paper is as follows: in § 2, we introduce the rings S,,, and their basic
arithmetic and analytic properties. In §3, we generalize some classical results of Iwasawa
to the case of finitely generated S,-modules and then give an algorithm with oracle to
compute the maximal module associated to a torsion-free S,-module and obtain an upper
bound on the number of generators of a maximal module. Note that in §§2 and 3, we only
describe algorithms with oracles. In §4, we study the problem of p-adic and u-adic precisions
and turn the algorithms with oracles obtained in the previous sections into real algorithms.

2. Arithmetic of the rings S,

In order to compute with modules over S, we first have to study the basic arithmetic properties
of their base ring. In this section, we show that its localization with respect to u® /7% and =
becomes Euclidean. We provide algorithms with oracles to compute the Euclidean division in
these rings which will be very useful for our purpose along with their complexity expressed
in terms of the number of ring operations. They will be turned into real algorithms (that
is working on a real Turing machine) in §4 where we study the problem of precision of
computation in the rings S,.

2.1. Notation

Figure 1 gives a graphical representation of v, (72 - u*) with nu = 1/3. We fix the notation for

the rest of the paper. Let R be a ring equipped with a discrete valuation vy, that is a map
vgy : R — Ny U {400} satistying the following conditions:
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W=

FIGURE 1. The Gauss valuation of n* - u* with v = 1/3 is 10/3.

for all x € R, v, (x) = +oo if and only if z = 0;
for all z € R, v(z) = 0 if and only if z is invertible;
for all z,y € R, vm(xy) = v, (x) + v (v);
for all x,y € R, v (z + y) = min(vk (), vk (y)).
Let a be a fixed real number in (0,1). One can define a distance d on R by the formula
d(z,y) = a*»@=Y) (2,5 € N) where we use the convention that a*> = 0. For the rest of the
paper, we assume that R is complete with respect to d. We recall that R is a local ring whose
maximal ideal is M = {x € R|vn(z) > 0}. By renormalizing vk, we can suppose it to be
surjective. We denote by 7 a uniformizer of R, that is an element of SR whose valuation is one.
Every element x in R can then be written x = 7"u where r = v () and u € R is invertible.
Here are several classical examples of such rings fR:

e the ring Z,, of p-adic integers equipped with the usual p-adic valuation;

e more generally, the ring of integers of any finite extension of Qp;

o for any field k, the ring k[[u]] of formal power series with coefficients in k.
We now go back to a general fR. It follows easily from the definition that the field of fractions
of R is just R[1/7]. Let’s denote it by K and set S = R][u]], the ring of formal series over fR.
The valuation v,z can be extended uniquely to a valuation vx on K.

2.2. Definition and first properties of S,

Denote by K[[u]] the power series ring with coeflicients in K. It is classical to define the Gauss
valuation of an element Y a;u’ € K[[u]] as the smallest v (a;) if it exists. The ring of elements
of K[[u]] with non-negative Gauss valuation is nothing but 93[[u]]. In this section, we are going
to consider more generally a family of valuations parametrized by a slope v € Q so as to define
the subring of K[[u]] of elements with positive valuation.

DEFINITION 2.1. Let v € Q. We define the Gauss valuation v, : K[[u]] - QU {400, —oc0}
by v,(z) = 40 if z = 0, v,(3] aiu’) = min{vk(a;) + vi,i € N} if 3 au? # 0 and this
minimum exists and v, (z) = —oo otherwise. The Weierstrass degree of z = Y a;u’ denoted
degyy () is given by degy, (0) = —oo, degyy (2) = min{i | vk (a;) + vi = v, (2)} if v, (z) # —o0
and degyy () = +00 otherwise. When no confusion is possible, we will use the notation degy,
instead of degy .
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The following lemma gives some basic properties of v, and degy,. In particular, it shows
that v, has the usual properties of a valuation.

LEMMA 2.2. For z,y € K[[u]] we have:
(i) vy (z) = 400 if and only if x = 0;
(ii) vy (2 - y) = U,,(x) + ’U,,(y);
(iil) vy (z +y) = min(vy (z), v, (y))-
Moreover for all x,y € K|[u]] with finite Gauss valuation, degy, (z - y) = degy (z) + degy (v).

Proof. From the definition (i) is clear. To prove (ii), we first suppose that z = > a;u’ and
y = > b;u’ have finite valuation. Let z =z -y = > c;u’. We have vi (¢;) + vi = ’UK(Z;:O a; -
bi—;)+vi>min{vk(a;) +v-j+vk(bi—;)+v-(i—j)} > v.(x)+ v, (y). Moreover, by taking
i = degy (7) + degy, (y) in the previous computation, we obtain that v (Caeg,, (2)+degy (v))

= v, (x) + v, (y). If v,(x) = —oco and y # 0, we can apply the previous result to the series
obtained by truncating x up to a certain power to show that v, (z-y) = —oo. The proof of the
rest of the lemma is left to the reader. O

We let S, = {z € K[[u]]|v,(x) > 0}. By definition, an element x € S, can be written as a

series
T = E a;u’,
where a; € K and vg(a;) > —vi.

REMARK 2.3. Tt is clear that S, is complete for the valuation v, with v = 8/a. Nonetheless,
the ring S, is not a valuation ring. In fact, although v, (u®/m?) = 0 for v # 0 (respectively
v, (u) = 0 for v = 0), u®/7? (respectively u) is not invertible in S,.

We let
Sy =8,[1/7] = {Z a;u’,a; € K such that vk (a;) + vi bounded below}.
ieN

In the same way, it is clear that one can extend the valuation v, of S, to S, [7°/u®] and we

=

let S, = S,[7P/u®] where the hat stands for the completion of S, [7” /u®] with respect to
the topology defined by v, .
Put in another way,

Syu = {Z au’ a; € K,vg(a;) +vi >0, and lim vg(a;) +vi= —i—oo}.
ez 1—>—0Q

‘We moreover define

& = { g a;u',a; € K v (a;) + vi bounded below and  lim wg (a;) + vi = —l—oo}.
11— — 00
i€Z

We have the following commutative diagram of inclusions.

SV/ M\g
\S /
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As S,  is a subring of K[[u]], it is equipped with the valuation v, and the Weierstrass degree
associated to v,. Moreover, one can extend, in an obvious manner, the definition of v, and the
Weierstrass degree for S, , and &.

We can interpret the ring S, in terms of the analytic functions on the m-adic disc. In order
to explain this, for v = f/a € Q, we consider the open disk D, = {z € Q|vg(z) > v}
where 2 is the completion of an algebraic closure of K. Denote by &, the ring of convergent
series 0, = {}_,cy aiu’ | a; € K, liminf; o (vk(a;)/i) = —v} in the disk D,. It is clear that
Sy is exactly the set {f € K|[u]] | vk (f(z))bounded below on D, } and S, can be described
as {f € K[[u]] | vk (f(x)) bounded below by 0 on D, }. Thus, there are obvious inclusions S, C
Sy.» C O, but one should beware of the fact that the last inclusion is strict. Indeed for instance,
for R = Z,, v = 0 the series >°,_ (u’/i) which defines the function log(1 — ) is convergent in
the unity disk but is obviously not in Sp » since vk (1/¢) has no lower bound. Assuming that
v is rational (which we do), the next proposition gives another characterization of elements
of 0, that lie in S, . In the course of the proof, we use the notion of Newton polygon of an
element of S,,.

DEFINITION 2.4. For z = Y, au’ € K[[u]] € S,, we define the Newton polygon of 2 that
we denote by NP, (x) by the convex hull of the set of points {(i,vk (a;)),i € N} together with
the point (0, +00) and the limit point lim,_, 4 (az, —Bx).

PROPOSITION 2.5. An element x € 0,, is in S, , if and only if x has only a finite number of
zeros in the disk D,,.

Proof. Let © € 0,. The number of zeros of x € D, is equal to the length of the interval
above which NP, (z) has a slope < —v. If this length is finite, it is clear that v,(a;) is bounded
below by a line of the form —vi + ¢ with ¢ a constant and as a consequence is an element of
Sy x-

Conversely, suppose that © € S, . This means that v,(a;) + vi is bounded below and
is contained in Z + vZ which is a discrete subgroup of R (as v is rational). Thus, the set
{vp(a;) + vi,i € N} reaches a minimum for a certain index ¢y. This means that for all ¢ > i,
the slope of NP, (z) is greater than —v and z has a finite number of zeros in D,. O

We end up this section, by remarking that up to an extension of the base ring R each S,
is isomorphic to an Sp. Indeed, write v = 3/« with «, 8 relatively prime numbers and let w,
in an algebraic closure of K, be such that w® = 7. Let /&' = MR[w]|, K’ be the fraction field
of R’ (and a finite extension of K). The valuation on R extends uniquely on SR’ by setting
v (w) = 1/a. For p=0,v, let S, = S, ®x R'. The valuation vk defines a Gauss valuation
on S}, that we denote also by v,.

LEMMA 2.6. Keeping the notation from above, the unique continuous morphism of rings p :
Sl — S sending u to u/w? is an isomorphism. Moreover, if z € S}y we have vo(z) = v, (p(z))
and degly, (z) = degly (p(x)).

Proof. By definition, S/, = {3 a;u’ | vk (a;) +vi > 0} = {3 a;(u/@?)" | vk (a;) = 0} from
which it is clear that p is an isomorphism. The rest of the lemma is an easy verification. [

2.3. Division in S,

The Weierstrass degree allows us to describe a Euclidean division in S,,. Although the existence

of such a division is classical (see for instance [11]) at least over Sy = R[[u]], we give here a

proof for all v which provides an algorithm with oracles to compute the Euclidean division.
In order to study divisibility in S,, we have a first result as follows.
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LEMMA 2.7. Let x,z € S,. We suppose that degy, (z) = 0, then there exists y € S, such
that x -y = z if and only if v, (x) < v,(z).

Proof. We suppose that degy, (z) = 0. If there exists y € S, such that -y = z then
clearly v, (z) < v,(2). Reciprocally, we suppose that v,(z) < v,(z). Write & = Y,y a;u’
and z = ) .y ciu'. We remark that as degy, (z) = 0, we have v, (z) = vk (ag). Since ag is
invertible in K there exists y € K[[u]] such that x - y = z. We have to prove that v, (y) > 0.
For this, write y = Y, . biu’. We have vk (bg) = v (o) — vk (ag) > 0 by hypothesis. Then, for
J = 1, we prove by induction that v (b;) +vj > 0. We have b; = ag? ccj— ag? > iai b
But vr(ag"' - ¢;) +vj = v,(2) — v,(x) = 0 because degyy, (z) = 0. Moreover, for i = 1,...,7,
vic(agt-a;-bj_i)+vj = vi(a;)+vi—v,(z)+vr (bj—;)+v(j—i). But by definition vx (a;)+vi—
v,(x) > 0 and by the induction hypothesis v (b;—;) +v(j —%) > 0. Therefore, vg (b;)+vj > 0
and we are done. O

Applying Lemma 2.7 to z = 1, we get the following corollary.

COROLLARY 2.8. Letx =Y, az" € Sy, then x is invertible in S,, if and only if degy, (z) =
0 and v, (x) = 0.

We note that the corollary implies that S, is a local ring. Next, we introduce the following
notation: for x = >, a;u’ € S, and d a positive integer, we let Hi(z,d) = Zi>d a;ut and
Lo(z,d) = Z?:_ol a;u’. It is clear that = Lo(z, d) + Hi(z, d).

PROPOSITION 2.9. Let z,y € S,. Suppose that v,(y) > v,(x). Then there exists a unique
couple (¢,7) € S, x (K[u] N S,) such that deg(r) < degy (v) andy =q-x +r.

Proof. First, we prove the existence of (¢,7). Let d = degy, (z), we consider the sequences
(¢;) and (r;) defined by go = 0 and 79 = y and

Qi+1ZQi+IM7 T¢+1=T¢—M-x. (2)

We are going to prove by induction that ¢; and r; are convergent sequences (for the v,
valuation) of elements of S,. Let ¢ = v, (Lo(z, d)) — v, (Hi(z,d)) > 0. Our induction hypothesis
is that ¢; and r; are elements of S,,, that v, (Hi(r;,d)) > e-i+v,(Hi(y,d)) and that y = ¢;-x+7;.
It is clearly true for i = 0.

By the induction hypothesis, we have v,(Hi(r;,d)) > wv,(Hi(y,d)) and by hypothesis
v, (Hi(y,d)) = v, (y) = v.(z) = v, (Hi(x,d)) so that v, (Hi(r;,d)) > v, (Hi(z,d)). Applying
Lemma 2.7, we obtain Hi(r;,d)/Hi(z,d) € S, and then ¢;y1,741 € S,. Next writing
x = Hi(x,d) + Lo(z, d), we get

Hi(’/‘i, d)

Hi(z, d) - Lo(z, d). (3)

riy1 = Lo(ri, d) —

Applying Lemma 2.2, we obtain that v, (Hi(r;11,d)) > v, (Hi(r;,d)) + v, (Lo(z,d)) —
v, (Hi(x,d)). Using the induction hypothesis, we get that v, (Hi(r;y1,d)) > e - (i + 1)
+ v, (Hi(y, d)). Finally, using the hypothesis that y = ¢; - © + r;, we immediately check using
(2) that y = git1 -+ 7iq1.

From the induction, we deduce that g; and r; are convergent sequences of S, for the v,
valuation. In fact, we have ¢;+1 — ¢; = Hi(r;, d)/Hi(x, d) so that v, (¢;+1 — ¢;) = v, (Hi(r;,d)) —
vy (Hi(z,d)) > e-i+v,(Hi(y,d)) — v, (Hi(z,d)) > e-i. The same argument works for ;. Denote
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by ¢ and r the limits. As for all i € N, y = ¢; - © + r;, we have y = ¢ - x + r. Moreover, since
Hi(r;,d) > e -4, we have Hi(r,d) = 0, so that r € K[u] and deg(r) < degy, ().

We prove the uniqueness of (¢,7). Let (¢',7") € S, x (K[u]NS,) such that y = ¢’ -z + 7.
Then (¢ —¢') -« =" —r. We have degy, ((¢ — ¢') - ) = degy, (' — 1) < degyy (z) which is only
possible if g = ¢’ and r = 7', O

From the proof of Proposition 2.9, we deduce Algorithm 1 with oracle to compute from the
knowledge of x,y, the elements ¢’,r’ € S, such that v,(q — ¢’) > prec and v, (r — ') > prec.
Furthermore, by the proof of the proposition, the number of iterations of the while loop
is bounded by [prec/e]. We deduce that Algorithm 1 needs one inversion and 3 - [prec/e]
multiplications in S,,. Algorithm 1 with oracle can be turned into a real algorithm and in §4,
we will present an even faster algorithm to compute the Euclidean division.

Algorithm 1: EuclideanDivision

input : z,y € S, with v,(y) > v,(x), prec € N
output: ¢,r € S, such that y = ¢ - + r and v, (Hi(r, degy,(z))) > prec

1.q+ 0

2 Ty

3 d + degy (z);

4 while v, (Hi(r,d)) < prec do

5 q + q + Hi(r,d)/Hi(z,d);

6 L r « r — Hi(r,d)/Hi(z,d) - ;

7 return q,r;

We state the following convenient definition from [11].
DEFINITION 2.10. Let x € S,,, we say that x is distinguished if v, (x) = 0.
With this definition, we can state the classical Weierstrass preparation theorem.

COROLLARY 2.11 (Weierstrass preparation). Let x € S, be a distinguished element and let
d = degy (z). Then we can write x = q - h, where ¢ € S, is an invertible element and
h € K[u]N S, is of the form h = u? /7% + thol byu® with v (b;) + vi > 0.

Proof. We notice that dv is a non-negative integer. Indeed, it is clearly non-negative, and
writing x = Y aqu?, we have vg(aq) + dv = 0 (since x is assumed to be distinguished) and,
consequently, dv = —vg(aq) € Z.

By Proposition 2.9, there exist ¢ € S, and r € K[u] N S, such that degr < d and

u?

g =q-x+r.

Using Lemma 2.2, we obtain v, (q) = 0 and degy, (¢) = 0. Then, Corollary 2.8 implies that ¢ is
invertible. To finish the proof it suffices to remark that degy, (u?/7%? —r) = d and the result
follows from the definition of degy; . O

REMARK 2.12. The previous proposition is closely related to Proposition 2.5 since it says

that an element of &), is in S, , if and only if it can be written as the product of a polynomial
times a function which does not have any zero in D,,.
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The following proposition states that the rings S, » and S, ,, are Euclidean rings and provides
algorithms with oracles to compute the division.

ProPOSITION 2.13. The ring S, » is Euclidean, the ring S, ,, is a discrete valuation ring for
the valuation v, (and as a consequence is also Euclidean). Moreover, & is a field.

Proof. Let z,y € S, . There exist s,t € N such that 75z, 7'y € S, and v, (7" -y) = v, (7°-z).
Applying Proposition 2.9 yields ¢ € S, and r € K[[u]] NS, such that deg(r) < degy, (x) and
y=7°"t.q-z+ 7t r and we are done.

In order to prove that S, , is a discrete valuation ring, we have to show that the set of
invertible elements of S, ,, is the set of elements x € S, such that v, (x) = 0. Write v = §/«,
with «, 8 relatively prime numbers. Let m be the ideal defined by {z € S, ,, v, (z) > 0}. It is
clear that S, ,,/m is isomorphic to the field k((u®)). As S, ,, is complete for the v, valuation,
the Hensel lift algorithm gives an algorithm with oracles to compute the inverse of an element
whose valuation is zero. Algorithm 2 uses a fast Newton iteration to perform this computation
modulo m™ at the expense of O(log(n)) multiplications in S, ,,.

Let x be a non-zero element of &, by dividing it by a power of m we can suppose that
v, () = 0 and by using the algorithm with oracle Algorithm 2, we can invert it. O

Algorithm 2: Inverse
input :z € S,, such that v,(z) =0,n €N
output: y € S, ,, such that = -y =1 mod m"
if n =1 then
|y < 1/T mod m;
else

y < Inverse(z, [n/2]);
y < y+y(l —zy) mod m™;

[S B I N

REMARK 2.14. One can use the usual Euclidean algorithm to compute the Bézout coefficients
of z,y € S, . This algorithm outputs g, k,l,m,n € S, » such that g is the greatest common
divisor of x and y, k-2 +1l-y=9, m-x+n-y =0and k-n—1-m = 1. It proceeds by
using the fact that ged(z,y) = ged(y, ) where r is the rest of the division of x by y and uses
O(degw (y)) calls to the Euclidean division Algorithm 1. We note, as the rest of the division
of two elements of S, is an element of K[u], that starting from the second iteration of this
algorithm all the divisions to be computed are the usual division between elements of K[u].
Unfortunately, we will see in §4 that the Euclidean algorithm in general is not stable, so that
we might need extra information, about x and y in order to compute an approximation of
their ged from the knowledge of an approximation of z and an approximation of y.

3. Modules over S,

Let d be a positive integer and fix v € Q. We want to compute with finitely generated torsion-
free S,-modules. Any such module .# can be embedded in S¢ for d € N and can be represented
by a matrix with coefficients in S, whose column vectors are the coordinates of generators of
A in the canonical basis of S?. Indeed, we can always embed .# in .# ®gz, Frac(S,) and
select a basis (ey,...,eq) of # ®g, Frac(S,) together with an element D € S, such that the
image of 4 in .# ®g, Frac(S,) is contained in the free S,-module generated by the elements
(1/D) - e;.
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A first problem arises here: it is not possible to bound the number of generators of the
submodules of S¢ that we have to compute with. For instance, for d = 1 and v = 0,
choose a positive integer k and consider the sub-Sp-module .Z}, of Sy generated by the family
(Wk_juj)j:(),___7k. Then .} can not be generated by less than k& + 1 elements. Indeed, let
(egy...,en) € S§ be a family of generators of .#};, and for j > 0 define a filtration on .
by letting FJV.#), = .#). Nu/Sy. We are going to prove by induction on ¢ € {0,...,k} that
there exists a matrix M; € M, x,(So) such that, if we set (ef,...,el,) = (eg,...,en) - My
then (ep,...,e),) is a family of generators of .#, for j < t, ¢} = w/z*~7mod F/+'. 4,
and (e})j% is a family of generators of F®.#. This is obviously true for ¢ = 0. Suppose
that it is true for ¢y € {0,...,k}. Let (ef,...,el,) = (eq,...,en) - My,. As the morphism
(Zf:to Soe;-)/Ft(’H///k — mETtR, defined by u'o 3 a;u’ — ag is an isomorphism, we can
suppose if necessary by renumbering the family (e}) that e}, = uor*~% mod F' ! #. Then,
by considering linear combinations of the form e} — et 11 for A € Sp for j > tg, one can obtain
a matrix My, satisfying the induction hypothesis for ¢y + 1. Finally, we get n > k.

A second problem comes from the fact that there is no unique way to represent a module
by a set of generators. For computational purposes, in order to check equality between
modules for instance, it is important to have a canonical representation, that is a bijective
correspondence between mathematical objects and data structures. An example of such a
canonical representation exists for finitely generated modules with coefficients in a Euclidean
ring [5]: it is the so-called Hermite Normal Form (HNF). It is given by a triangular matrix
(with some extra conditions) that can be computed from an initial matrix M by doing
operations on column vectors of M. Even if S, is not Euclidean, we could have hoped that
such representations still exist for free modules. Unfortunately, it turns out that it is not the
case. Indeed, in general, there does not even exist a triangular matrix form for matrices over
S,,. For instance, for v = 0, take

M = (Z Z) € Msx2(So)
and assume that M can be written as a product LP where L is lower-triangular and P is
invertible. Let o and 8 be the diagonal entries of L. Then, a and S belong to the maximal
ideal of Sy (since the coefficients of M all belong to this ideal) and the product a3 is equal to
a unit times u? — 72. Hence, by multiplying 3 by an invertible element in Sy if necessary, we
can assume that § = u £ 7 since Sy is a unique factorization domain. On the other hand, by
hypothesis, there exist a,b € Sy such that ua + 7b = 0 and wa + ub = 5. This equality implies
that 7 divides a and therefore that f = ma + ub € uSy + 725. This is a contradiction.

In this section, we explain how to get around these problems. First, we recall the notion of
quasi-isomorphism and study the localization of the modules with respect to m or u®/7” in
order to obtain canonical representations well suited for the computation in the category of
modules up to quasi-isomorphism. Then, we describe a generalization of an algorithm of Cohen
to compute the maximal module associated to a given torsion-free S,-module and obtain a
bound on the number of generators of a maximal S,-module. We explain how to combine
the different approaches in order to obtain a comprehensive algorithmic toolbox for modules
over S,.

3.1. Quasi-isomorphism and maximal modules
In order to be able to control the number of generators of a S,-module, we are going to compute
up to finite modules which will be considered as ‘negligible’.

DEFINITION 3.1. A finitely generated S,-module is said to be finite if it has finite length. Let
M and .#' be two finitely generated S,-modules, let f:.# — .#' be a S,-linear morphism.
We say that f is a quasi-isomorphism if its kernel and its co-kernel are finite modules.
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FIGURE 2. The module .# is quasi-isomorphic to m - Sy.

REMARK 3.2. Since ker f and coker f are finitely generated (because S, is a noetherian
ring), it is easy to check that they have finite length if and only if they are canceled, at the
same time, by a distinguished element of S, and a power of . We refer the reader to [12] for
the definition and the basic properties of the length of a module. A quasi-isomorphism between
torsion-free modules is always injective. Indeed, its kernel, being a submodule annihilated by
a power of u®/7? and 7 of a torsion free module, is zero.

EXAMPLE 3.3. Let .# be the submodule of Sy generated by (72, 7u?). The inclusion .# C
7S yields an injective morphism whose cokernel is annihilated by 7 and u3. As a consequence
M is quasi-isomorphic to the free module 7 - Sy (see Figure 2).

We have a canonical representative in a class of quasi-isomorphisms which is given by the
following definition.

DEFINITION 3.4. Let .# be a torsion-free finitely generated S,-module. We say that .#’
together with a quasi-isomorphism f : .# — .#' is maximal for .# if for every .4, torsion-
free S,-module, and quasi-isomorphism f’ : .# — 4, there exists a morphism g : A4 — .#’
which makes the following diagram commutative.

N

N

The morphism ¢ in the definition is unique and is in fact a quasi-isomorphism. Indeed, by
the commutativity of the diagram, the image of g contains the image of f. Thus, the cokernel
of ¢ is finite. Moreover, since f is injective, g is injective on Imf’, which is cofinite in 4", Tt
follows that ker g is finite and ¢ is a quasi-isomorphism. Moreover, for every x € .4, there
exists a positive integer n such that 7"« is in the image of f’. The image of 7"z by ¢ is then
uniquely defined by the commutativity of the diagram (4). The uniqueness of g follows.

A maximal module for ., if it exists, is unique up to isomorphism. Indeed, if .#" and .#"
are two maximal modules for .# then there exist two quasi-isomorphisms ¢; : .#' — .#" and
g2 + M" — A’ and the uniqueness of g in the diagram (4) implies that g; o go = Id g~
and go 0 g1 = Id 4. If it exists, we denote the maximal module of .# by Max(.#). We can
rephrase the above by saying that if .#" is the maximal module for .# then there is a quasi-
isomorphism from .# into .#’ and any quasi-isomorphism .#’ — .#" is an isomorphism. In
fact, this condition characterizes maximal modules.
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LEMMA 3.5. Let .# be a finitely generated torsion-free S,,-module. Let .#" be an S,,-module
such that there is a quasi-isomorphism f : .#4 — .#'. The following assertions are equivalent:

(i) A" is maximal;

(ii) any quasi-isomorphism .#' — .#" is an isomorphism.

Proof. We only have to prove that the second property implies that .#"’ verifies the universal
property of maximal modules. For this let .4 be a finite type S,-module such that there is a
quasi-isomorphism [’ : A — N . Let A= f@f . M — ' SN be the diagonal embedding
and let Ay = (A & N)/A(A). 1t is clear that 4 is a finitely generated torsion-free S,-
module.

There are canonical injections i gy : M — My and iy : N — My. We claim that i_y-
and i_y are quasi-isomorphisms. To see that, it suffices to show that the induced injection
tw = (lg,iy)oA: M — M has a finite cokernel. But

coker f @ coker f’
A(A) N (coker f @& coker f7)
which has finite length being a quotient of coker f @ coker f.

Next, by hypothesis i 4/ is in fact an isomorphism so that we have a quasi-isomorphism
g= i;/(l/ o4_y which sits in the following diagram.

cokeri_y =

'

M

It is clear that the lower left triangle of the diagram is commutative and we are done. O

A theorem of Iwasawa [9] asserts that if .# is a finitely generated module over Sy, then
Max(.#) exists and is free of finite rank over Sp. The main object of §3.3 is to extend this
result to modules over S, and to study Max(.#): we shall provide a constructive proof of the
existence of Max(.#) for any finitely generated torsion-free module .# over S,. We will see
however that this Max(.#) is not free in general; nevertheless we shall provide an upper bound
on the number of generators of Max(.#).

LEMMA 3.6. Let f : .# — .#' be a quasi-isomorphism between torsion-free finitely
generated S,-modules. Suppose that .#’ is free. Then .#' is maximal.

Proof. We use the criterion of Lemma 3.5. Let .4 be a finitely generated S,-module such that
there is a quasi-isomorphism [’ : .#’ — .4 and we want to show that f’ is an isomorphism.
As /' is torsion-free, we know that f’ is injective. Now, suppose that there exists a non-zero
element in the cokernel of f’. It means that there exists a non-zero x € .4 which is not in
the image of f’. As f’ is a quasi-isomorphism there exists n € N and A € S, a distinguished
element (recall Definition 2.10) with 7" -z € Imf’ and A -z € Imf’. If we set z, = f/~ ' (7" - z)
and 2o = f'~'(\- ), we have the relation

Az — 7"z = 0, (6)
in .#'. Let (e;)icr be a basis of .#" and write z; = 3 ple; for i = 1,2. Putting this in (6),
we obtain that A\y] = 7" p and thus 7" |p] for j € I since X is a distinguished element of S,,.

But then f/(3 pd /n"e;) = 1/7" - f(21) = « contradicting the fact that z is not in the image
of f. 0
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REMARK 3.7. One can rephrase Iwasawa’s result in a more abstract way using the category
language. Let Modg be the category of finitely generated S,-modules, that are torsion-free and

let Modtsfy (respectively Freeg ) denote its full subcategory gathering all torsion-free modules
(respectively all free modules). We also introduce the category Mod%lf, which is by definition

the category of finitely generated S,-modules up to quasi-isomorphism, that is M%if is
obtained from Modg Dy inverting formally quasi-isomorphisms. We have a natural functor
Modg — Mgif, whose restriction to Modgfy defines a pylonet in the sense of [1, §1]. It
follows from the results of [1, §1] (see Corollary 1.2.2) that the Max construction is a
functor: to a morphism f : .# — .4’ in Mgu, one can attach a morphism Max(f) :
Max(.#) — Max(.#"). We recall briefly the construction of Max(f). Let .#"" be the pushout
M' B 4y Max(A ), that is the direct sum .#’ & Max (.4 ) divided by .# (embedded diagonally).
We have a natural morphism .#’ — .#" which turns out to be a quasi-isomorphism. Hence,
there exists a map .#"” — Max(.#") and we finally define Max(.#) to be the compositum
Max(#) — #" — Max(.#") where the first map comes from the natural embedding
Max(A) — A" & Max(A).

If .# is a submodule of S¢ (for some positive integer d), the following proposition gives a
very explicit description of Max(.#).

PROPOSITION 3.8. Write v = f/a, with «, § relatively prime integers. Let d be a positive
integer and .# be a submodule of S¢. Then Max(.#) exists and

Max(.#) = {z € S?|3n € N,7"x € A and (u*/7°)" -2z € M}.

Furthermore the morphism i_y : .# — Max(.#) is the natural embedding.

Proof. Let .#max be the set of z € S¢ such that there exists some n such that 7"z and
(u®/7?)™ - 2 belong to .#. We want to show that Max(.#) exists and is equal t0 pax.
It is clear that .# C Mmax and that the quotient .#i.x/.# is canceled by a power of 7
and a power of u®/7? which is a distinguished element. Hence it has finite length, and the
inclusion A4 — M.y is a quasi-isomorphism. Next, suppose that we are given an S,-module
My together with a quasi-isomorphism ¢ : Aax — #p. Then there is a quasi-isomorphism
iy M — My that sits in the following diagram.

M — v//[max I Sf

Y‘ ‘ (7)

Mo

Note that ¢ is injective as it is a quasi-isomorphism. Moreover, we know that the cokernel of
L.y is annihilated by a power of u®/m? and a power of 7, which implies that g is surjective.
Thus, ¢ is an isomorphism and by Lemma 3.5, Max(.#) exists and Max(#) = Mmax as
claimed. The second part of the proposition is clear from the above diagram. O

It follows directly from Proposition 3.8 that the intersection of two maximal modules is
maximal. The same is however not true for the sum: in general the S,-module .# +.#" is not
maximal even if ./ and .#' are (take for example .# = uSy and .#’ = 1Sp). This leads us to
define the new operation 4max (which is much more pleasant than the usual sum of modules)
on the set of maximal submodules of S? as follows

M +ax M = Max(M + M)
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We also deduce from Proposition 3.8 that an Sp-module .# is free if and only if A4 = A ax-
This gives a nice criterion to check if an Sp-module is free. It is not true in general for a sub-
S,-module .# of S¢ that Max(.#) is free (this will become apparent when we give the general
shape of a maximal S,-module in § 3.3). However, by Lemma 2.6, every S, becomes isomorphic
to Sp over a finite extension R’ = R[w] (where w depends on v). Set S/, = S, g R'. For all
submodule .Z of S, we obtain that Max(.# ® S, is a free submodule of (S.)¢. Denote by
Maxféu the set of maximal sub-S,-modules of S¢ and by Freeflg{/ the set of free sub-S/-modules

of (7).

PRrROPOSITION 3.9. The natural map

O Maxfév — Freed,

M — Max(M @3, S')

is injective. A left inverse of ® is given by .#' — .#'NS%. Moreover, the image of ® contains the
subset of FreeZ, of free modules which admit a basis (¢});c; where e} € (8)% and ¢} = w®ie;

with e; € (S,)¢ and o; € N.

REMARK 3.10. Actually, we will prove later (see Lemma 3.18) that the image of ® is exactly
the subset of Freeg, verifying the condition of Proposition 3.9.

Proof. In order to prove that ® is injective, it is enough to prove that ® has a left inverse. For
this, let 4 € MaXCSlV and let #' = Max(# ®g, S)) € Free%;. Then it suffices to prove that
My = A" NS¢ is a maximal sub-S,-module of SZ. Indeed, as it is clear that .#, contains .#
and that the injection .# — .45 is a quasi-isomorphism (since the injection .# ®g, S, — .4’ is
a quasi-isomorphism), we remark that by the maximality of .# it would imply that .#Z = #>.

For this let * € S% and suppose that there exists n € N such that 7" - & € .#» and
(u® /7P - & € My. As M’ is maximal and Ay C /', by Proposition 3.8, it means that
z € #'. Hence x € .#5. Using Proposition 3.8 again, we deduce that .45 is maximal.

Let us now prove the last claim of the proposition. Let .#’ € Freegl,/ which admits a basis
(€})ier where €, € (S/)? and €, = we; with e; € (S,)? and a; € N. We have to find a
sub-S,-module .# of S¢ such that .# ®g, S/, is quasi-isomorphic to .#". As 4" = @ e.S!, it
is enough to treat the case d = 1. Let 0 < oy be an integer and let .#” be the sub-S;-module
of S!, generated by w®!. Let A be a positive integer such that a;/a+ A(3/a) = € Z. Such a
A exists because « and 3 are relatively prime. Let .# be the sub-S,-module of S, generated
by 7 and u*/77. Let u = = (u*/n7), it is clear that v, (u) = 0 so that u is a distinguished
element of S/. Thus, we have w®' -y € A g, S, and w™ - w*™** € A Qg, S, therefore
M ®g, S, is quasi-isomorphic to .Z’. O

3.2.  An approach based on localization

We have seen that in a class of quasi-isomorphisms of a finite type torsion-free S,-module
M there exists a distinguished element Max(.#). In this section, we use this fact in order to
represent the quasi-isomorphism class of .# by localizing with respect to u®/7” and m. We
thus obtain a representation of finite type torsion-free .S,,-modules amenable to computations.

3.2.1. A useful bijection. We keep our fixed positive integer d. We recall that

& = {Z aut, a; € K, vk (a;) + vi bounded below and lim v (a;) + vi = +oo}

i——00
1EZL
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is a field containing S, » and S, ,. If A4 is a sub-S,-module of &%, we shall denote by A,
(respectively .#,) the sub-S, r-module (respectively the sub-S, ,-module) of &¢ generated
by 4. For example, if .# is free over S, with basis (e1,...,e), then .#, (respectively .#,,)
is also free over S, (respectively S, ,) with the same basis. As .# is torsion-free, and as
Sy and S, . are principal ideal domains, .#; and .#,, are free. We denote by Max”éu the set
of maximal sub-S,-modules of S¢ and for A = S,, Syx or Sy, let Freei denote the set of
sub-A-modules of A9, which are free over A. Recall that Maux‘é0 = Freeflgo since we have seen
in §3.1 that a maximal module over Sy is free. Thus, the following lemma provides a useful
description of maximal Sp-modules.

LEMMA 3.11. Let S = Sy. The natural map

U':  Freel — Freel x Freel
M (M, M)

is injective. If a pair (A, B) is in the image of V', its unique preimage under ¥’ is given by
ANB.

Proof. From the descriptions of elements of S, Sy, S, and & in terms of series, it follows that
S=5N8,. If # ¢ Free%, it is isomorphic to S” for h < d and, by applying the preceding
remark component by component, we get .# = .#, N .#,. This implies the injectivity of ¥’
and the given formula for its left inverse. O

Using Lemma 3.11, we can prove the following theorem.

THEOREM 3.12. The natural map

U Maxdsy — Free‘éwr X Free‘ém

M= (M, M)

is injective and its image consists of pairs (A, B) such that A and B generate the same &-vector
space in &%, If a pair (A, B) satisfies this condition, its unique preimage under ¥ is given by
ANB.

Furthermore, we have the following equalities:

V(M) = My O My, My M)
V(M A max M) = (M + My, My + M)
for all M, H' € Maxgy.
Proof. Let w in an algebraic closure of K, be such that w® = 7. Let ' = R[w]| and

S, =5, ®@x R'. We know by Lemma 2.6 that S, is isomorphic to 9/[[u]]. Then, the map ¥
sits in the following commutative diagram.

v
d d d
_
Ma’XSV Freesyy X Frees u

x(. ! . S/
‘Ma (-®s, S,) [ ®s, Sy (8)

\Il/ d d
Freeqs ——  Free X Free?
sy Sy m Shu
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By Proposition 3.9, the map .# +— Max(.# ®g, S.,) is injective and ¥’ is injective by
Lemma 3.11 and the fact that S/, is isomorphic to Sy by Lemma 2.6. Thus, we deduce that ¥
is injective by the commutativity of (8).

We want to prove now that if the pair (A4, B) belongs to Frees X Frees and satisfies
the condition of the theorem, then .# = AN B is maximal over S, and U ) (A,B). We
claim that there exists a basis (e1,...,e,) of A (over S, ) such that .# is included inside the
S,-module generated by the e;. Indeed, let us first consider (eq, ..., ep) a basis of A and denote
by .#' the S,-module generated by the e;. Now, note that, by our assumption on the pair
(A, B), every element x € B can be written as an &-linear combination of the e;. Taking for
n the smallest valuation of the coefficients appearing in this expression, we get x € 7~ ".Z..
Moreover, since B is finitely generated over S, ,,, we can choose a uniform n. Replacing e; by

"¢} for all i, we then get A = #, and B C A),. Thus #4 = ANB C ML N M), = A"

Since S, is a noetherian ring (recall that v is rational), we find that .# is finitely generated
over S,. Furthermore, one can compute Max(.#) using Proposition 3.8: if z is an element of
Sd for which there exists n such that 7"z and (u®/7?)"x belong to .#, then z € A (since
7 is invertible in S, ) and € B (since u®/7? is invertible in S,,). Thus # € .# and
Max(# ) = 4, that is .# is maximal.

Let us prove now that ¥(.#) = (A, B). By the same argument as before, we find that there
exists a positive integer n such that #".#' C .# C .#', from which it follows that .#, =
A = A. The method to prove that .#, = B is analogous: we first show that there exists a
basis (e1,...,ep) of B over S, , and some elements s, ..., sy € S, such that:

e all the s; are invertible in S, ,,; and

e we have Y s;;S, C .4 C > e;S,
From these conditions, it follows that ., is generated by the e; over S, and, consequently,
that .4, = B.

It remains to prove the claimed formulas concerning intersections and sums. For the
intersection, we note that if # N.A' = (Mx N M) N (MLNM)) = (Mx N ML) N (MO MY).
Hence, we just need to justify that .#; N .4, and #, N A, are free over S, . and S, ,
respectively, and that they generate the same &-vector space. The fact that they are free follows
from the classification theorem of finitely generated modules over principal rings, whereas the
second property is a consequence of the flatness of & over S, r and S, ,,.

For the sum, we have to justify that (A& +max A )x = Mnx + M) and (M +max ')y =
My + M. 1t s clear that (M + M)y = My + A and (M + M), = My + A, Hence, it is
enough to prove that, given a finitely generated S,-module N € S¢, we have Max(N), = N,
and Max(N),, = N,. It is obvious by Proposition 3.8. O

Reinterpretation in the language of categories. We introduce the ‘fiber product’ category
Freeg, = ®pree, Freeg — whose objects are triples (A, B, f) where A € Freeg , B € Freeg |
and f & ®s, . A— & ®s,,., B is an &-linear isomorphism. We have natural functors in both

directions between Maxg and Freeg ~®prec, Freeg  :toanobject .# of Maxs , We associate
the triple (S,.» ®g A, S, ®s A, f) Where fis the canonical isomorphism, and conversely,
to a triple (M, Ay, ), we associate the fiber product of the following diagram (which turns
out to be free of finite rank over S,).

Mo

My ——— E Qsy n M ——— E s, ,, Mu
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Theorem 3.12 then says that these two functors are equivalences of categories inverse one to
the other. Actually, this result can be generalized to non-free modules as follows.

PROPOSITION 3.13. The functor Modg, — Modg, =®wmod, Modg, , A + (Syx®s M, Syu
®g ) factors through Mod‘gyS and the resulting functor

Mod{® — Modg, = ®mod, Modg,

is an equivalence of categories.

Proof. Left to the reader. O

3.2.2. Normal forms for modules over S, and S,,. As S, . and S,, are Euclidean
rings there exists a good notion of rank as well as Hermite Normal Forms for matrices over
these rings. In this section, we state propositions giving the shape of Hermite Normal Form
together with algorithms with oracles to compute them. We recall that an algorithm with
oracle is a Turing machine which has access to oracles to store elements of the base ring
and perform all usual ring operations: test equality, computation of the valuation, addition,
opposite, multiplication and Euclidean division. We will measure the time complexity of the
algorithms by counting the number of calls to the oracles. Classically, we then derive some
consequences which will be used in this paper. For the complexity analysis, we denote by 6 a
real number such that the product of two d x d matrices with coefficients in S, can be done in
O(d?) ring operations. With a naive algorithm, we can take § = 3 and with the current best
known algorithm of Coppersmith and Winograd [6], § = 2.376.

PROPOSITION 3.14. Let M = (m;;) € Maxq(Sv.x), let r be the rank of M. Then, there
exists an invertible matrix P such that M - P =T with

131 00
*
* ok 00
where:
o fori=1,...,r, t; = u¥ + 3% bjul with vk (b;) + v(j — d;) > 0;
o fori = 1,...,7, Ty, = t; and | is a strictly increasing function from {1,...,r} to

{1,...,d} such that I(1) = 1.
The matrix T is said to be an echelon form of M. Let dy,.x be the maximal Weierstrass degree
of the entries of M; an echelon form of M can be computed in O(d - d’ - dyay + max(d? - d’,
d'? - d)log(2d’/d)) ring operations.

If the echelon form moreover satisfies:
e all entries on the I(i)th-row are elements of K[u] of degree < d;

then T is unique with these properties and is called the Hermite Normal Form. The Hermite
Normal Form of M can be computed from an echelon form of M at the expense of an additional
O(r?) ring operations.

https://doi.org/10.1112/5146115701300034X Published online by Cambridge University Press


https://doi.org/10.1112/S146115701300034X

LINEAR ALGEBRA OVER Z,[[u]] AND RELATED RINGS 319

PROPOSITION 3.15. Let M € Myxq (Suu), let v be the rank of M. Then there exists an
invertible matrix P such that M - P =T and

7rd1 0 0
o
T = T , (11)
*
* * 00
where
o fori=1,....7, Ty, = ndi where [ is a strictly increasing function from {1,...,r} to

{1,...,d} such that (1) = 1.
The matrix T is said to be an echelon form of M. An echelon form of M can be computed in
O(d - d') +max(d? - d',d" - d)log(2d'/d) ring operations.
If the echelon form moreover satisfies
e the entries on the [(i)th-row are representatives modulo m%

then T is unique with these properties and is called the Hermite Normal Form of M. The
Hermite Normal Form of M can be computed at the expense of an additional O(r?) ring
operations.

Proof. The proof of the previous propositions as well as algorithms to compute the echelon
form of M with the given complexity is an immediate consequence of [8, Theoreme 3.1]
together with the fact that S, . and S, , are Euclidean rings. Moreover for all z,y € S, »
one can compute the ged(z,y) in O(degy, (y)) ring operations. From its triangle form, one
can then compute the Hermite Form of M with coefficients in S,  at the expense of O(d-7-dpax)
ring operations. O

REMARK 3.16. We deduce from this proposition that if M € Myxq (S, ) is a full rank
matrix, there exists P such that M - P is a matrix of the form (10) with all coefficients in
K[u]. In the same way, if M € Mgyxa(Sy,,) is a full rank matrix then there exists an invertible

matrix P such that M - P has the form (11) where all entries are representatives modulo
ﬂ.max{dl,...,dr}.

Let Sy 10c be Sy, or Sy ». We derive some consequences of the existence of triangle forms
and Hermite Normal Form for the representation and computation with finitely generated sub-
Sy 1oc-modules of Sg)loc. We can represent a finitely generated sub-S, jo.-module .# of Sl‘f’loc
by a d x d matrix M giving d generators of .#Z in the canonical basis of Siloc

submodule of Siloc has dimension at most d. Keeping the same notation, one can compute

the module of syzygies of .#. For this it is enough to compute R, a matrix of maximal rank
such that M - R = 0 which can easily be done by computing an echelon form of M. Given a
vector ¥ € Sl‘f’loc provided by its coordinates vector V in the canonical basis, one can check
efficiently if ¥ € .# by finding a vector X such that M - X =V which can also be done with
the echelon form of M.

Let M and M’ represent the modules .# and .#’. One can compute a matrix representing
the module .# + .#' by computing the echelon form of the matrix (M M') and taking the d
first columns. One can compute the intersection of .# and .#’ in the same way by finding R

and R’ such that (MM’)(%) = 0.

since every

3.2.3. Consequences for algorithms. In view of the results of §§3.2.1 and 3.2.2, we shall
represent a maximal S,-module .# living in some S¢ as a pair (A, B) where A (respectively B)
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is the matrix with coefficients in S, . (respectively in S,,) in Hermite Normal Form
representing S, » ®g, A (respectively S, , ®g, A ).

The second part of Theorem 3.12 tells us that it is very easy to compute intersections and
‘maximal-sums’ of S, -modules with this representation. Indeed, we just have to perform the
same operations on each component, and we have already explained in §3.2.2 how to do it
efficiently. As the Hermite Normal Form is unique, it is also very easy to check the equality of
two maximal sub-S,-modules of S¢. Using only the echelon form of the matrices A and B it
is also possible to test membership.

Even better, this representation is also very convenient for many other operations we would
like to perform on S,-modules. Below we detail three of them. First, let .2 C SZ be a maximal
S,-module. By definition, the saturation of . in S¢ is the module

My = {x €84 IneN,n"z € M}.

It follows from Proposition 3.8 that .4, is maximal over S,,, and we would like to compute it.
For that, working with our representation, we need to compute (Asat)r and (Msat)w. But, we
have (Mot ) = M and

('//sat)u = {33 S Slc,l,u ‘ dneNn"z € %u}

The computation of (Mgat)r is then for free, whereas the computation of (i), can be
achieved using Smith forms, which is here quite efficient due to the fact that S, ,, is a discrete
valuation ring. An important special case is when .# has rank d over S,. Then (Mgat)., is
always equal to Siu. Thus, in this case, if .# is represented by the pair of matrices (A, B),
then ., is just represented by the pair (A, I) where I is the identity matrix.

More generally, one can consider the following situation. Let .#Z € MaXdSV and A4’ € Max‘éy i
We want to compute .# N .#’, which is a maximal module over S,. As before, we need to
determine (# N.#"); and (# N .#"), and one can check that:

(MM = My O ML
(ANM)y = M, N M,

Note that, here, .#, is a vector space over &. As before, the intersection .4, N .4, can be
computed using Smith forms and, if .#’ has rank d over S, ., we just have .#, = &% and so
(ANM) = M.

The third example we would like to present is obtained from the previous one by inverting
the roles of S, » and S, ,: we take .Z € Free’éy and 4’ € Free’éy . and we want to compute
M N AM'. We then have (M N M')x = My O M. and (M N AM')y = My0 A" Here a
new difficulty occurs: ., is an &-vector space and so, in previous formulas, it appears an
intersection between a free module over S, » and an &-vector space. Again, one can compute
this Smith form. However, it is not so efficient as before since S, . is just a Euclidean ring,
and not a discrete valuation ring. Anyway, it remains true that, in the case where .#’ has full
rank, then .. = &?. So, in this case, (.# N.#"), is just equal to .#, and the computation
of (# NA")r becomes very easy.

3.2.4. Further localizations. We note that the matrix appearing in Proposition 3.15
has coefficients in S, ,, which is a discrete valuation ring while the matrix of Proposition 3.14 has
coefficients in S, » which is only Euclidean. For certain applications, it can be more convenient
to compute with elements in a discrete valuation ring; for instance, the computation of the
Smith Normal Form can be made faster in a discrete valuation ring.

It is actually possible to work only over discrete valuation rings by localizing further.

More precisely, for any element a € K (where K is an algebraic closure K of K) with
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valuation > v, we have a canonical injective morphism S, . — K|[[u — a]] which maps a
series to its Taylor expansion at a. Hence, if .4, is a sub-S,, r-module of Sg ., one can consider
Mya = My ®s, . K[[u—a]] C K[[u— a]]? for all elements a as before. Moreover, if .#), has
maximal rank, all the .#, , are trivial (that is equal to K[[u — a]]) except a finite number of
them (which are those for which a is a root of one of the ¢; of Proposition 3.14). In addition,

the map
E: Mod§,  — [ e Modg

My = (Mpa)a

[u—al]]

is injective and commutes with sums and intersections. Hence, one can substitute to .#,, the
(finite) family consisting of all non-trivial .#, .. This way, we just have to work with modules
defined over discrete valuation rings.

Note finally that there exist algorithms to compute one representation from the other. Indeed,
note first that computing the image of .4, by Z is trivial if .#, is represented by a matrix of
generators: it is enough to map all coefficients of this matrix to all K[[u — a]]. Going in the
other direction is more subtle but is explained in [2, §2.3].

3.3. A generalization of Iwasawa’s theorem and applications

The aim of this subsection is to present an algorithm with oracle to compute the maximal
module associated to an S,-module. Moreover, as a byproduct of our study, we will derive an
upper bound on the number of generators of a maximal sub-S,-module of S}’

The idea of our construction (inspired by an algorithm of Cohen) is to consider the matrix of
relations of a module and to perform elementary operations preserving quasi-isomorphisms to
put this matrix in a certain form. In order to do so, we first need a way to compute the matrix
of relations of a module or at least a certain approximation of it. Let .# be a torsion-free
finitely generated S,-module and let (ej,...,ex) € .#* be a family of generators of .#. We
denote by % the module of relations of (ey,...,e;) that is the set of (Ay,...,\;) € S¥ such

that Zle Aie; = 0. Let r be the rank of .# ®g, S, ». From the exact sequence
0= Z®s, Sur — Sh o= MSs, Syr — 0, (12)

deduced from the flatness of S, . over S,, we obtain that Z ®g, S,  is a free module over S, .
of rank £ =k — . Let (f1,..., fr) be a basis of Z ®g, S, and set Z' = ®f_,(S,.» - f: N SF).
Apparently, Z’ is a sub-S,-module of % which is free of rank ¢. Indeed, if n; denotes the
smallest integer such that 77 - f; € S¥_ then the family (7™ - f;) is a basis of %#’. Moreover,
we have the inclusion Z’ D> mN % for a certain N since Z’' ®g, Spx =% R®s, Syx. Now, from
the knowledge of the matrix M € Myxx(S,) whose column vectors are the coordinates of
e; in the canonical basis of S¢, we can compute a matrix R’ € My (S,) of generators of %’
using the algorithms of §3.2.2. We have by definition M - R* = 0. Of course in the above
construction, we can replace, mutatis mutandis the localization with respect to m by the
localization with respect to u®/7”.

3.3.1. An algorithm to compute the maximal module. We start with a couple of matrices
M = (m;;) € Mygxi(S,) and R = (r;;) € Mpgxe(S,) representing the generators of .#
embedded in S¢ and a submodule of % containing 7V% for a certain N. We are going to
prove by induction that we can put R in triangular form by using elementary operations on
the rows of R and the columns of M which preserve .# up to quasi-isomorphism. We suppose
that for a positive integer i there is a strictly increasing function ¢ : [1,49] — N* such that:

e foralli=1,...,40—1, for j >4, and t(i) <m < t(i + 1), 7jm = 0;
o foralli=1,...,4, for all j > ¢(¢), r; ; =0.
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The matrix R has the following shape:

T1,¢(1)

where the blanks represent 0 entries.

We set t(ip + 1) to be the first integer ¢ such that ¢(ig) < t < £ and there exists a j > ip + 1
with 7;; # 0. If no such integer exists then we have finished. In order to describe operations
on rows (respectively columns) of a matrix 7' of dimension k x £ it is convenient to denote the
row vectors of T' (respectively the column vectors of T') by L;(T) for i = 1,..., k (respectively
Ci(T) for i = 1,...,£). We say that the condition Cond(i) on R is satisfied if there exist two
different indices jo,j1 € {1,...,k} such that rj ;) - 75, +) # 0, vu(T50.¢¢3)) < v (7, 4¢)) and
degyy (75o,¢(i)) < degyy (75, ;). We apply the algorithm ColumnReduction (see Algorithm 3)
on R, M,io+ 1,t(ig + 1).

Algorithm 3: ColumnReduction (preliminary version)

input

o M € Maxi(Sy)

o R € Myyxe(Sy) in the form (13)

e i, t(i)eN

output: R, M such that M - R =0 and R does not satisfy condition Cond(¢(¢))

while Cond(¢(7)) is satisfied do

=

2 Pick up jo,j1 € {1,...,k} such that v, ;) - 75, 1) 7 05 Vo (7jo,t06)) < Vu(T)y t(io+1))
and degyy (750.¢(i)) < degy (75, 1(i));

3 (¢,7) < BuclideanDivision(r;, 1(:), 75, (i) )

4 Cj (M)%Cjo(M)_Fqul(M);

5 le (R) <~ le (R) - quO (R)a

6 return M, R;

It is clear that the matrix M returned by Algorithm 3 represents the same module .Z since
it modifies M by performing elementary operations on the columns. Moreover, the algorithm
preserves the relation M - R = 0. The effect of the operation of step 5 of Algorithm 3 on the
entry r;, ;) of R is either:

e replacing it by 0; or
e decreasing strictly its Weierstrass degree and its Gauss valuation.

Hence, it is easily seen that after a finite number of loops the conditions Cond(t(ig + 1))
will no longer be satisfied on R. It may happen that there is only one non-zero entry on the
t(ip + 1)th column of R and in this case, we are basically done: by permuting the rows of R
we can suppose that the non-zero entry is r;,41,4(io+1)- Next, we note that the vector v of .#Z
whose coordinates in the canonical basis of S? is given by the (ip + 1)th column of M verifies
Tio+1,t(ig+1) - ¥ = 0 which means that v = 0 and we can set r4,1,; = 0 for j > t(io + 1).

If there are several non-zero entries on the t(ip + 1)th column of R and the
condition Cond(t(ip + 1)) is not satisfied on R, we let jo be such that v,(rj, (io+1)) =
ming <j<x{vu (75,¢(i0+1)) }- Notethat we have v, (7, ¢(io+1)) < Vu(Tje(i0+1)) for j # jo because
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on the contrary, the condition Cond(t(ig + 1)) would be satisfied on R. By multiplying
the #(igp + 1)th column of R by an element of S, . with valuation —wv, (7, +(iy+1)), We can
moreover suppose that v, (1), +(i+1)) = 0. Let § = minj;, (v, (7},¢(i041)))-

The case v = 0. First, we suppose that v = 0 from which we deduce that § is a positive
integer. Denote by eq,...,e; the generators of .# represented by the column vectors of the
matrix M. Denote by .# the module generated by (€});=1..x with €} = e; for j # jo and
ei, = (1/m)ej,. The identity of S¢ induces an inclusion f : .# — #;. It is clear that the
cokernel of f is annihilated by w. Moreover, we have

Tj,t(0+1)
Piotlio+1)€jo = Y ot 77: €j- (14)
Jj#jo

As the right-hand side of (14) is in .# since r;4¢;,4+1)/7 € Sy, the cokernel of f is also
annihilated by 7, s(,+1) Which is a distinguished element of S,. We conclude that f is a
quasi-isomorphism.

We denote by O;(j) the operation on the couple of matrices (M, R) which consists in
multiplying by 1/7 the (j)th column of M and multiplying by 7 the (j)th row of R. Keeping the
hypothesis and notation of the preceding paragraph, it is clear that if (M, R) represents
the module .# and its relations, then the matrices resulting from the operation of O;(jo)
represents the module .#; which is quasi-isomorphic to .Z. By repeating operations of the
form O (j) a finite number of times, we can suppose that § = 0. But it means that the condition
Cond(t(ig + 1)) is not satisfied on R and we can call Algorithm 3 again.

We thus obtain the algorithm ColumnReduction (final version), Algorithm 4, which takes a
relation matrix of the form (13) for iy and returns a relation matrix of the same form for i+ 1.
The algorithm MatrixReduction, Algorithm 5, uses ColumnReduction in order to compute a
new set of generators of a module quasi-isomorphic to .# the relation matrix of which has
a triangular form.

Algorithm 4: ColumnReduction (final version) for v =0

input
o M e Mayxr(Sy)
o R € My(Sy,) in the form (13)
e i,t(i) € N the position of the last non-zero ‘diagonal’ entry of R
output: R, M such that M - R =0 and R is triangular up to the ¢ + 1 row
1 while 3 jo, j1 such that jo # j1 and rj, ¢;) - 74, (i) 7 0 do
2 while Cond(¢(¢)) is satisfied do
3 Pick up jo,j1 € {1,...,k} such that r;, ;) - 75, +) 7 0, Vo (7j0.66)) < Vo (75, (i)
and degyy (75,.+()) < degy (75, ¢());
(q,7) < EuclideanDivision(r;, +(:), 7j, (i)
Cjo (M) = Cjy (M) + qC;, (M);
le (R) A le (R) - quo (R)7
Let jo be such that degy, (7, +x)) = maxi<j<r{degy (7).3:)) };
6 = mingzj, (v (75,0(1))) = Vo (Tjoe(i) )
Cjo (M) = 1/m°Cj, (M);
10 Ljo (R) — ”TéLjo (R)’

11 return M, R;
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Algorithm 5: MatrixReduction for the case v =0

input
e Re kag(S,,)
o M € Myxr(S,) such that M - R =0
output: R € Mjx,(S)), M € Mgxr(S),) such that M - R =0 and R is a triangular
matrix
1o < 0;
t(io) < 1;
while i < k do
t(io) < min{t |t > t(ip) and 3 j > 0, withr; ; # 0};
1o < 19 + 1;
M, R + ColumnReduction(M, R, g, t(ig));
for j < t(ip) + 1 to £ do
L Tig,j < 0

0 N O A W N

The general case. We reduce the general case to the case v = 0, by using Lemma 2.6.
Let @ in an algebraic closure of K be such that @® = 7. Let R’ = R[], S, = 5, dx R
and A' = # ®g, S.,. The valuation on R (respectively the Gauss valuation on S,) extends
uniquely to R’ (respectively to S!,). We have v, (w) = 1/a. The algorithm for the general case
is exactly the same as for the case ¥ = 0 up to the point when Cond(t(ip + 1)) is not satisfied.
By multiplying the ¢(ip + 1)th column of R by U (Mo tio+1) '@ we can moreover suppose
that v, (7}, 1(ig+1)) = 0. Let 0 = minjjo (v, (7 1(ig+1)))-

With this setting, we can define a quasi-isomorphism in the same manner as before. Namely,
let eq,. .., e, be the generators of .#’ as a submodule of S’l’,d represented by the column vectors
of the matrix M. Denote by . the module generated by (e’);=1..x where e’ = e; for j # jo
and e} = (1/ w@?)e;,. Then the natural injection .#’ — .#{ is a quasi-isomorphism. We denote
by O2(3, d) the operation on the couple of matrices (M, R) with coefficients in S/, which consists
in multiplying by 1/=® the (j)th column of M and multiplying by @’ the (j)th row of R.
With the hypothesis and notation of this paragraph (that is M has the form (13)), if (M, R)
represents the module .#’ and its relations, then the matrices (M’, R') resulting from the
operation of Oz (jo, d) represent the module .#] which has been shown to be quasi-isomorphic
to A’ (as an S)-module). Moreover, R’ verifies the condition Cond(#(ig + 1)).

The matrix M’ (respectively R’), resulting from the operation O3(j,d) is made of column
(respectively row) vectors with coefficients in S, multiplied by w® for a certain § € (1/a)Z.
An important claim is that this structure is kept intact in the course of the computations
involving all the elementary operations introduced up to now. In fact, these operations on the
rows of R are:

e multiplication of a row by a w®, for « an integer;

e permutation of the rows;

e for jo,j1 € {1,...,k}, replacing L;, (R) by L;, (R) — ¢'L;,(R) where ¢’ is the quotient of

w -y by w® - x for z,y € S, and ag, a1 € N.

It is clear that the two first operations do not change the structure of R and the same thing
is true for the last operation. Indeed, let ¢ € S, » and r € S, » N K[u] with deg(r) < degy (),
be such that y = ¢ - + r, then for ap, a; € N, we have w® .y = w* g . wx + w*r so
that we have ¢’ = w®~%1¢q with ¢ € S,,.

In order to formally prove this claim and take advantage of it to carry out all the
computations in the smaller S, coefficient ring, we represent the couple of matrices (M’, R')
with coefficients in S/, by a triple (M, R, L) where M, R are matrices with coefficients in
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S, and L = [aq,...,a] is a list of integers such that for i = 1,...,k, C;(M') = wlC;(M)
and L;(R') = w “L;(R). We say that the condition Cond’(i) on R is satisfied if there
exist two different jo,j1 € {1,...,k} such that 7 ) - 75, 1) 7 0, vu(7jo.00)) + (o /) <
Uy (14, 1)) + (e, /o) and degy (1), 1)) < degyy (75, +(;)). With this notation, we can write the
final version of the MatrixReduction algorithm (see Algorithm 6) which encodes the matrices
M’, R with coefficients in S/, with a couple M, R of matrices with coefficients in S, and a list
of integers.

EXAMPLE 3.17. We illustrate the operation of the algorithm on the module of Example 3.3.
Recall that . is the submodule of Sy generated by (72, 7u?). It is represented in the canonical

Algorithm 6: MatrixReduction
input :
e Re kag(S,,)
o M € Myx(S,) such that M - R =0
output: R € Mjx(S)), M € Maxr(S),), L such that M - R =0 and R is a triangular

matrix

1 19 < 0;

2 t(io) +— 1

3 L« [0,...,0];

4 while i < k do

5 ig < 1o + 1;

6 t(io) < min{t |t > t(ip) and j > 0, withr;, # 0};

7 while 3 jo, j1 such that jo # j1 and 7, 4(io) * Tjy (i) 7 0 dO

8 while Cond’(t(ig)) is satisfied do

9 Pick up jo,j1 € {1,...,k} such that r;, ;o) - 7}, ¢0) 7 0
Uy (7o, t(i0)) + (Lljol/ @) < wu () 16i0)) + (L[j1]/a) and
degyy (7o tio)) < degy (T, 1(i0) )3

10 if v, (70.460)) > V0 (T)y t(5)) then

11 b0 <= [ou(Tjo,ti0)) = Vu(Tjy,ti0)) |

12 le (R) A 7r(SOle (R)7

13 Cj, (M) 4= 7% C;, (M);

14 L[j1] <= L[j1] + o - bo;

15 (g,7) < EuclideanDivision(rj, +(is), 75y t(i0))3

16 CjO(M) A Cjo(M) +qu1(M>;

17 L Lj, (R) Ly, (R) - qL;, (R),

18 Let jo be such that degyy (7, (i) = maxigj<ridegy (75,¢i0)) 15

19 0 <= minzjo (0y (T4(i0))) = U (Tjo.10i0) )i

20 Cjo (M) = (1/11)Cy, (M);

21 Lj,(R) « w8 L; (R);

22 | Lljo] « Lljo] + 9 — [0];

23 for j < t(ip) +1 to £ do

24 L Tigj < 0

25 Let jo € {1,...,k} be such that rj, ;;,) # 0;

26 | (Cjo(M), Ciy (M)  (Ciy (M), Cpo(M)):

27 | (Ljo (R)7 Lin (R)) — (Llo (R)7 Ljo (R) )
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basis of Sy by the matrices M of generators and R of relation

3

M= (z* mud), R<ZT>.

It is clear that Cond(1) is not verified on R since there is no division possible between its
entries. As a consequence, we apply operation O1(1) on the couple (M, R) to obtain

M=(r m®), R= (i“;) :

Now, we have mu® = —u?® - m and by applying on M (respectively R) an elementary operation

on the columns (respectively rows), we finally get

0
M=(x 0), R= <_W).
And we deduce that the maximal module associate to .# is - Sy.

3.3.2. Computation of Max(.#). Let Mi, Ry, L; =MatrixReduction(M, R, L=]0,...,0]).
Let Ly = [B1,. .., Bk]. We denote by .#/ the sub-S/-module of (5)¢ generated by the vectors
given in the canonical basis of (S/)? by the column vectors w? - C;(M;) for i € {1,...,k}
such that L;(R;) is the zero vector.

LEMMA 3.18. We have .#{ = Max(# ®s, S)).

Proof. Let #' = # ®g, S!, and let .#, be the sub-S’-module of (S!)% generated by all the
column vectors - C;(M;). It is clear that .#, = .#/ since for i € {1,...,k} such that L;(R;)
is not the zero vector; we have C;(M;) = 0 (because .#) is torsion-free). As .#, is obtained
from .#' by a sequence of quasi-isomorphisms, it means that there exists a quasi-isomorphism
q : M — M. If we prove that #] is a free S} -module, we are done by Lemma 3.6.

Consider the exact sequence 0 — % — Sk — .# — 0 associated to the family (e, ..., ex) of
generators of .. As S), is flat over S,, and as Z' ®g, S, [1/w] = Z ®s, S, [1/w] by definition
of %', we have an exact sequence

0= % @, S.[1/@] = (S.5)1/w] = 4'[1)w] — 0 (15)

defined by the generators (eq,...,ex) of .#Z'[1/w]|. It is clear that at each step, the algorithm
ReduceMatrix describes an exact sequence of the form (15) for a different map (S.,")[1/@] —
AM'[1/w] since it preserves the relation MR = 0. From this and the definition of Mj, we
deduce that if %; is the module of relations of .#{ then %1[1/w] = 0 from which we deduce
that #; = 0 and we are done. O

REMARK 3.19. As a byproduct of the preceding proof, we see that the vectors given in the
canonical basis of (S/,)¢ by the column vectors @ - C; (M) for i € {1,..., k} such that L;(R;)
is the zero vector form a basis of ..

COROLLARY 3.20. Let #> = .#{ N S%. Then, Mo = Max (.4 ).

Proof. The corollary is an immediate consequence of Proposition 3.9 and Lemma 3.18. O
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3.3.3. Computation with S,-modules. Proposition 3.9 and Lemma 3.18 establish a one-
to-one correspondence ® : Maxdsy — Freel, , defined by .# — Max(.#4 ®g, S'). Moreover,

the image of ® is exactly the set of free sub-S/-modules of S,’jd which admit a basis (e;);ers
where e; € (S7)% and e; = w* e, with e, € (5,)¢ and 0 < a; < a. We have seen that an
M € @(Max‘éu) can be represented by a couple (M, L) where M € Myx(S,) and L is a list
of positive integers < a.

From the data of a matrix representing an element of .#Z & Max‘éy the algorithm
MatrixReduction computes the couple (M, L) representing ®(.#). Moreover, if .4’ €
@(Maxgu), Algorithm 7 allows us to recover ®~1(.#"). We see that we can easily go back
and forth between the different representations. For most of the applications however, it is
convenient to represent an element of ./Z € Maxg{u by a couple (M, L). Indeed, we have the
following lemma.

LEMMA 3.21. Let A\, #5 € Maxdsy, then

(A O o) = (ML) N O( M),
B( M+ M) = DM + e (M)

Proof. For the first claim, we have ®~1(® (.41 )N®(Mo)) = ®( M) NP (M2)NSE = (P(A1)N
SH N (D( o) NS =ty N M.
Next, we prove the second claim. We have the following diagram of quasi-isomorphisms.

(M1 + M) ®s,, S,

/ \ (16)

Max( 41 + M2) ®s,, S., Max(#1 ®s,, S,,) + Max(#> Qs, S;)

v

Thus, we have Max(Max(.#, + .#2) ®g, S.) = Max(( A1 + A>) s, S,,) = Max(Max(#; g,
S!) + Max(.#> ®g, S.,)) which is exactly the desired result. O

Let A1, M5 € @(Maxgu) be represented respectively by the couples (My, L1) and (Ma, Lo).
Then, by Lemma 3.21 one can represent the sum .#) 4y« .#2 by applying the algorithm
MatrixReduction on the couple ((M;Ms), L1 + Lo) (where Ly + Lo is the concatenation of
the lists L; and Ls). The representation as a couple (M, L) is however not well suited to the
computation of the intersection of modules, since it implies the computation of the kernel of
a matrix with coefficient in S, which is not Euclidean.

3.3.4. The generators of a maximal module. In order to have a complete algorithm (with
oracles) to compute Max(.#), it remains to explain how to recover .#, = .#{ N S from
the knowledge of .#] (see §3.3.2 for the definition of .Z{). We would also like to obtain a
bound on the number of generators of .#5. By the construction of .#], there exists a basis
(e1,...,ex) € S and &; € N for i = 1,...,k, such that .#] = @le S! - w%e;. Then, we have
My = @511(51', -w% N S,) - e;. Hence, it is enough to explain how to compute .#{ NS¢ when
] has dimension 1. In this case, .#/ is generated by an element of the form (1/w’) -y where
y € S, and by definition, we want to find generators for the S,-module {z € S, |v,(z) >

v, ((1/@?) - y)}. We are reduced to the problem of finding generators of the S,-module
N ={ze S, v (z)>—-b0/a}.

LEMMA 3.22. Let § € {0,...,a—1}. We define inductively a sequence of a couple of integers

(i, Bi) by setting ag = 0, 8o = 0. Then for i > 0, while 8;_1 + a;_1v > —d6/«, we let («;, 5;)
be the unique couple of integers such that:
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o fBi+aiv>—0/a;
o for all (z,y) # (a;,Bi) € Z? such that 0 < * < «o; and y + av > —3§/a, we have
Bi + aiv <y +zv;
e «; is the smallest integer strictly greater than «y;_1 such that there exists an integer [3;
with (a;, B;) satisfying the two conditions above.
The family (7P - u®) has cardinality bounded by « and is a system of generators of the
Sy-module A ={zx € S, |v,(x) = =d/a}.

Proof. First, it is clear by definition that all the 7% - u®: are elements of .#". Moreover, it
is clear that «; is bounded by —§/8 mod «a.

Denote by .4 the sub-S,-module of .4 generated by the family (7% - u%). Let x € #'.
We prove inductively on degy, (z) that z is in Ay, If degy, (z) = 0 then v, (z) > 0 so that
x = x-1 with z € S,. Suppose that d = degy, (z) > 0. As v,(z) > —d/«, by applying
Corollary 2.11, we can write = ¢ - h, with ¢ € S, invertible and h € K[u] is a degree d
polynomial such that v,(h) > —d/a and degy (h) = d. We have to show that h is in Ag.
Let ig be the greatest index such that a;, < d. Then by construction of the family («;, 5;),
we have v, (7% - u®o) < v,(h). Indeed, if ¢ is the term of h of degree d then t € .4 and
if we write t = 7* - uX, we have by construction 3;, + a;,v < p + xv. Thus we can write
h = q - ™% - u®o 4+ 1 where q; € S, degy (1) < i, and v, (r) = —3§/a. We can then apply
the induction hypothesis on r to conclude. O

From the above lemma, one can easily deduce an algorithm to compute the generators of
N ={x € Sy|v,(x) = —d0/a} as well as an upper bound on the number of generators. In
order to find the a; we just run over all the values between 1 and —4/8 mod « and check
for each of them if it satisfies the conditions of Lemma 3.22. Nevertheless this algorithm is
inefficient and the obtained bound is far from tight. In the following, we explain how to obtain
a tight bound as well as an efficient algorithm to compute a family of generators of .4” by using
the theory of continued fractions. In order to set up the notation, we briefly recall the results
from this theory that we need (see [10]). For aq, ..., a, integers, the notation [ag; a1, ..., a,]
refers to the value of the continued fraction

ap +
+
@ 1
S

Qp

1

We take the convention that a, # 1 in [ag; a1, ..., a,] so that every rational number can be
written uniquely as a finite continued fraction. Let r = [ag; a1, . .., a,]. We let pg = ag, o = 1,
p1 = apar + 1, ¢1 = a1 and define inductively pr = agpr—1 + Pr—2, @k = axqr—1 + qx—2. The
fractions py /gy are called the kth convergent of the continued fraction [ag; a1, . . ., a,]. We have
the properties:

e the integers py and gy are relatively prime (see [10, Theorem 2]);

* pi/qr = [ao;ax, ..., ar].

DEFINITION 3.23. Let 7 be a real number, and let v be a positive integer. We say that a
fraction a/b (b > ) is a best approximation (respectively a positive best approximation) of r
relatively to « if for all integers ¢, d such that v < d < b and ¢/d # a/b (respectively such that
v <d< b dr—c>0andc/d+# a/b), we have |dr—c| > |br—al (respectively dr—c > br—a > 0).
We say simply that a/b is a best approximation (respectively a positive best approximation)
of r if a/b is a best approximation (respectively a positive best approximation) relatively
to 1.
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REMARK 3.24. Our definition of best approximation corresponds to what is often called in
the literature best approximation of second kind (see [10]).

Everything we need about continued fractions is contained in the following theorem (see [10,
Theorems 15 and 16]).

THEOREM 3.25. Let x = [ag; a1, ..., an].

(i) Every convergent py/qx Is a best approximation of x.

(ii) Reciprocally, every best approximation of x is a convergent, the only exceptions being
the cases x = ag + K, with k € [1/2,1], po/qo = ao/1.

Moreover, for i =0,...,n— 1, x — (p;/q;) > 0 for i even and x — (p;/q;) < 0 for i odd.

Let 7 be a real number and b an integer. In the following, it is convenient to denote by
min(r, b) (respectively min™ (r,b)) the integer a such that |b-7 —a| = min{|b-r — k|, k € Z}
(respectively such that b-r —a = min{b-r — k,k € Zwithb-r — k > 0}). Then, for r a real
number and b a positive integer, we let {b}, = b-r — min(r,b) and {b};% = b-r — min™ (7, b).

EXAMPLE 3.26. Let 7 = 0.9 and b = 2. Then we have min(r,b) = 2, min™(r,b) = 1,
{b}, = —0.2 and {b};} =0.8.

We need the following lemma.

LEMMA 3.27. We have:
o forallj €{0,...,n}, {g;}s >0if j is even, {g;}, < 0 if j is odd;
o for j € {1,...,n — 2} for all  integer such that 0 < ¢ < a;12, ¢ - {gj+1}s + {¢;}« has
the same sign as {q; }.
Moreover for all j € {1,...,n — 2} and all { integer such that 0 < ¢ < aj42,

¢ g1+ aite = C- {11}z + {5 )2

Proof. The fact that {g;}, > 0if j is even, {¢;}, < 0if j is odd is an immediate consequence
of Theorem 3.25.

If ¢ = 0, there is nothing to prove. We suppose for instance that {g;}, > 0 and {gj+1}. <0
(the other case can be treated in a similar manner). Suppose that for 0 < ¢ < a;42, we have

{gj}e + ¢ {gj+1}e <0 (17)

Let ¢ be the smallest verifying (17), then ¢ > 2 since we have by definition of a best
approximation [{g;}z| > |{¢j+1}z|. Then, as {g;}. + (( — 1) - {gj+1}= > 0, we have
Haits + ¢ {gj+1}ts] < {gj+1}2| which is a contradiction with the fact that there is no best
approximation of x the denominator of which is between ¢;+1 and gjr2 = any2q;+1 + g5 >
¢ gj+1+gj.

With our hypothesis, for all integers ¢ such that 0 < ¢ < aj;2, we have {g;}. > {¢;}» +
¢ -{¢j+1}s- Thus we have {g;}» > ((¢j41 - ¢ — min(z,¢j41)) + ¢; - © — min(z, ¢;) > 0, so that
1/2 > (Cgj+1+¢;) -z — ¢ min(z, gj+1) —min(z, g;) > 0 (remember that as j > 1, {g;}. < 1/2).
As a consequence, ¢ min(z, gj+1) + min(x,q;) = min(x,{gj+1 + ¢;) thus {¢-gj+1+¢j}ts =
¢ {Qj+1}z + {Qj}r~

For = = [ag;a1,...,a,] € Q and v a positive integer, we would like to be able to obtain
the list of positive best approximations of x relatively to «. The lemma tells us that not only
are the convergents po;/qo; for i € {0,...,|n/2|} positive best approximations of x but also
the min™ (2, go; + pqaiv1)/(q2i + pgaiv1) for i € {0,...,|(n —2)/2]} and p integer such that
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0 d— qait3 Yy  d—qif1 — 2q2i42 d—qiy1 (
| l l l l l

F1GURE 3. Graphical representation of Proposition 3.28.

1 < p < agi12. The following proposition (see Figure 3 for a graphical representation) states
that these are all the positive best approximations of z and gives a generalization for the case
of a positive 7.

PROPOSITION 3.28. Let © = a/b where a,b are relatively prime integers. Write x =
[ag; a1, . ..,ayn] and denote by py/qi the sequence of convergents associated to the continued
fraction [ag; a1, ..., a,]. Let v < b be a positive integer. Let v < d < b be an integer such that
min™ (x,d)/d is a positive best approximation of x relatively to ~. Let i be the biggest index
such that d — q2;41 = v and let \ be the biggest integer such that d — q2;4+1 — A - q2i+2 = 7.
Then:

(i) min®(z,d — g2is1 — A - @2it2)/d — q2is1 — A - qaite is a positive best approximation of T

relatively to ~;

(ii) if e is such that d — ga;+1 — X\ - g2i12 < e < d then min

approximation of x relatively to .

Moreover, we have

{d—qoiv1 — A @i} —{d}E =X {@is2}s — {@2is1}s > 0. (18)

*(x,¢e)/e is not a positive best

Proof. Let i and A be defined as in the statement. We remark that we have A < ag;43.
Indeed, by hypothesis d —qo;+1 — A q2i+2 = v, but we have g2;43 = a2;+3 - ¢2i42 + ¢2i4+1 and we
know that d — go;43 < 7. For 0 < ¢ < ag;+3 an integer, let () = gai+1+C-q2it2, h = d—p(N).

First, we prove that

{d}y7 —{(O)}e = {d — u(O)}F, (19)
if 0 < ¢ < ag;y3. Using Lemma 3.27, we obtain
0 < min(z, u(¢)) — pu(¢) -z < 1. (20)

As0 < d-z—mint(2,d) < 1, we have 0 < (d — u(¢)) - 2 — min™ (x,d) + min(z, u(¢)) < 2. We
have to prove that (d — u(¢)) - © — min™ (x,d) + min(z, u(¢)) < 1. Suppose, on the contrary,
that (d — p(¢)) - z — min™ (2, d) + min(x, 4(¢)) > 1, then because of (20), we have

0< (d—p(0) x—min™(z,d) + min(z, u(¢)) — 1 < d - — min™ (z, d). (21)

If ¢ < A this is a contradiction with the hypothesis that min™(z,d)/d is a positive best
approximation of x relatively to 7. If ¢ > A then (d — p(¢)) - z — min™ (2, d) + min(x, u(¢)) <
(d— p(N\) -2 —min™ (z,d) + min(z, u(A)) because {u(¢)}; > {u(\)}F by Lemma 3.27. Next,
we note that (d — p(A)) - — min™ (2, d) + min(z, u(\)) < 1 by what we have just proved, so
that we have (d — u(¢)) - * — min™ (2, d) + min(z, 4(¢)) < 1. In any case, we are done.

Now, suppose that there exists 7 < e < d such that

{dyy <{e}s <{n}l. (22)

For 0 < ¢ < ag;+3 a non-negative integer, let e({) = d — u(¢). Choose ¢ so that |[{e}} —
{e(¢)};| is minimal. By (19), we know that {e(¢)}; = {d}} — {u(¢)}». As moreover {d}} —
{u(azivs)}e < {d}S (following Lemma 3.27) and {e(A\)}S = {h}}, we deduce that A < ¢ <

as;i+3. Suppose that {e}} — {e({)}F # 0. As for all ¢ € {\,...,a2i43 — 1}, [{e(C+ 1)} —

{e(O}F = Hm@}F —{n(C+ )} = {azi+2}e, we deduce that [{e — e({)}a] < {g2i42} and
the fact that |e — e(¢)| < ¢a2i+3 contradicts the second statement of Theorem 3.25.
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Thus, we have that {e}} = {e(¢)}}. Then, from (22), we can write {e}} = {d}} —{u({)}» <
{h}: = {d}T — {u(N)}z so that {u(Q)}e = {u(A)}o- Suppose that {1(¢)}e > {n(A)}o then, as
A < ¢ < agiy3, it means that ¢ > A. But then, e = e(¢) = d—p(¢) < v which is a contradiction
with the hypothesis v < e. As a consequence, we have A = ( and e = h.

To finish the proof, we note that (18) is an immediate consequence of (19) and
Lemma 3.27. O

Let x be a rational and « a positive integer. From Proposition 3.28, we immediately obtain
an algorithm (see Algorithm 7) to compute the reserve ordered list of the integers ¢ such that
min™ (z,q)/q is a positive best approximation of x relatively to 7.

Algorithm 7: Reverse order list of positive best approximations

input
e r=a/b=lap;ai,...,a,] arational number
e the lists of integers p[k], q[k] for k =0, ..., n, such that p[k]/q[k] are the convergents
associated to [ag;ai,...,a,]

e v < b a positive integer
output: L a reverse ordered list of the integers ¢ such that min™ (z, q) /q is a positive
best approximation of x relatively to ~y

1 L+ [b];

2 last < b;

3t ng

4 if (t +1) mod 2 =0 then

5 ‘ nextqgk <t — 2;

6 else

7 L nextqk <t —1;

8 while nextqgk > 0 do

9 if last — g[nextqk] > 7 then

10 A+ floor(last — g[nextgk] — v/g[nextqk+1]);
11 L last < last — A - g[nextqk + 1];

12 while last — g[nextqk] > v do
13 last + last — g[nextqgk];
14 L« lastU L;

15 nextgk < nextqgk — 2;

16 if L[1] > then
17 | LUl

18 return L;

From Algorithm 7, it is possible to obtain a bound on the number of positive best
approximations of a rational number x. In order to state the following corollary, we introduce
a notation: for (i, p,x) € R? x N, we denote by L(u, p, x) the finite arithmetic sequence with
first term p, common difference p and length x (if x is zero then the sequence is considered as

empty).
COROLLARY 3.29. Let © = [ag;a1,...,ay] be a rational number, denote by py/qy for k =
0,...,n the associated sequence of convergents. Let v be a positive integer. The list of positive

best approximations of x relatively to  has cardinality bounded by 2 + ZZLZ{QJ ;.
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Denote by L the finite sequence of increasing integers q such that min™ (z,q)/q is a positive
best approximation relatively to . Let I = {0,...,|(n —1)/2]}. There exist two sequences
(:)ier and (x;)ier with coefficients respectively in Q and N such that L = U;er L(ps, g2i+1, X4 )-
Moreover, for i € I, the sequence ({q}}) y Is also an arithmetic sequence with

common difference {q2;+1}. < 0.

qEL(piq2i+1,Xi

Proof. To prove the first part of the statement, it suffices to show that the number of
elements of the list generated by the loop beginning in line 12 of Algorithm 7 for a given value
of nextqk is less than a pextq+1. Indeed, it is clear from the initialization of Algorithm 7 that

nextqk is running through the odd indices in {0,...,n — 1}. Now the relation g[nextqk+1] =
nextqr+1-¢[nextqk|+¢g[nextgk—1] implies that the loop on line 12 is executed at most anexeqr+1
times. Taking into account the first and last element in the list L, we obtain that its cardinality
is bounded by 2 + Y"1 ay,.

The second part of the statement is clear, since the while loop on line 12 builds a (reverse
ordered) arithmetic sequence of common difference g[nextqk] and the last point is an immediate
consequence of (18). O

REMARK 3.30. Denote by L the output of Algorithm 7. By the corollary, L is a union of
arithmetic sequences each of which can be encoded by a triple of integers giving the first term
of the sequence, its common difference and the number of terms of the sequence. Recall that
x = [ag;ai,...,a,]. Using this encoding, the list L can be represented (as a data structure)
by O(n) bits of information. Moreover, it is easy to modify Algorithm 7 so that it returns
the list L encoded in that way and have running time O(n). For this, we just have to replace
lines 12-14 by:

last — v
length <~ floor{ —— |;
q[nextqk]
first < last — length - g[nextqk];
L < (first, g[nextqgk], length) U L;
last < first

We have everything in hand in order to compute efficiently the generators of A4 = {z €
Sy v, (z) = —d/a}. Indeed, consider the line £ given by the equation y +z - /o = —6 /. Let
v = (§/8) mod a, where (§/5) mod « is considered as a positive integer in {0,...,a — 1}.
Then —v is the abscissa of the first point of the line £ with integer coordinates to the left
of the origin point. Denote by (g;)scr the list of integers ¢; such that min™(8/a, ¢;)/q; is a
positive best approximation of 3/« relatively to v. Then if we set «; = ¢; — 7, it is easily seen
that the «; are precisely the same as the ones defined in Lemma 3.22.

COROLLARY 3.31. Let v = f/a = [ag;a1,...,a,]. Let & be an integer. Set A = {x €
S, |v,(z) = —8/a}. Then A is generated by elements of the form (7% - u®);c; where

the cardinality of J is bounded by 2 + Z}Z{% ag;. Let I = {1,...,|n/2]}. There exist two
sequences (p;)ier and (x;)ier with coefficients respectively in Q and N such that (c);cj =
UserL(pti, gaiv1, Xi). Moreover, the sequence v, (7% - U)o, €Lps,q2i41,x:) 1S @lso an arithmetic
sequence.

By gathering all the results of this section, we obtain the following theorem.

THEOREM 3.32. Let v = [ag;ai,...,ay]. Let .# be a sub-S,-module of S¢. Then a bound
on the number of generators of Max(.#) is d - (2 + ZI:{QW ag;). These generators can be
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represented by d vectors of S¢ and d - |n/2] arithmetic sequences of the form L(u,q,x) where
q is the denominator of a convergent of odd index associated to [ag; a1, ..., ay].

3.3.5. Application: scalar extension of S,-modules. Let v/,v € Q such that v/ > v; there
is a natural inclusion 6, .+ : S, = S,s. Given a module .# over S, we would like to compute
the module Max(.# ®g, S,/) € Max% . If M = (m;;) € Myxr(S,) is a matrix representing
A, it can be done by calling the algorithm MatrixReduction on the matrix (O, ().

Nevertheless, if .# is maximal, there is another better way to carry out this computation.
Assume that .# is represented by a couple (M’, L') with M’ € My« (Sy), and L’ = [a1, ..., ag]
is a list of integers. Let (f1,..., fx) with f; = w® -¢; fori = 1,...,k and e; € S¢ be the basis
of ®(.A) given by the column vectors associated to the couple (M’,L’) (see Remark 3.19).
Then by definition .# is generated by the sub-S,-modules F; = f; - S’, N S¢. Moreover, using
Algorithm 7, one can recover a family of generators of F; which are of the form s; - e; with
s; € S, and following Remark 3.30 it is possible to encode the generators of F; by a list of
arithmetic sequences. As this representation is very compact, we would like to take advantage
of it in order to compute the scalar extension. By working component by component, we
only have to consider the case of a sub-S,-module of S,, A4 = {z € S, |v,(z) > —J/a} for
0 € N. Then it has been seen in Corollary 3.31 that .4 is generated by elements of the form
(7% - u);e ;. More precisely, write v = [ag;a1,...,a,] and let T = {1,...,[n/2]}. Then,
there exist three sequences (u;)icr, (Gi)ier and (x;)ier with coefficients respectively in Q, N
and N such that (a;)jes = UierL(ti, G, xi). Let A7 = A &g, S,r. Of course, the sequence
(7P %) e has coefficients in S,/ and is a family of generators of .#”. Hence, Max(.4")
corresponds to the couple (M’, L) where the unique element of L’ is given the minimum of
all quantities 5; + 1 - a; when j runs over J. Now, we remark that the sequence §; + v/ - o is
arithmetic when j runs over one subset L(u;,(;, x;). On this subset, the minimum is reached
for the first index or the last one. Thus, to compute L, it is enough to take the minimum
over these particular indices. It yields an algorithm whose complexity is O(n) (or O(nd) for
the d-dimensional case) where we recall that n is the length of the continued fraction of v (in
particular n = O(1 4+ min(log |al,log |8])) if v = a/B).

3.4. Comparing the two approaches

We have introduced two different ways to represent S,-modules and compute with them. It
is important to compare the two approaches since they are well suited for different kinds
of applications. We call the representation of §3.2.1 the (M, M, )-representation and the
representation of § 3.3 the (M, L)-representation.

First, we explain how to go back and forth between the two representations. Let .#Z € Maxgu
given with the (M, L)-representation by the couple (M, L) with M € My« (S,) and L a list
of integers. We can recover a matrix M; with coefficients in S, whose column vectors give
generators of ./ in the canonical basis of S¢. Then to obtain the couple (M, M,) representing
A we just have to compute the Hermite Normal Forms of M; ®g, Sy » and M ®g, Sy .

We explain how to compute the (M, L)-representation associated to a (M, M,)-
representation in the case that the associated module .# € Maxgu has full rank. Suppose
we are given the couple (M, M,) representing .# where M, = (my; ;) € Maxi(S,,») and
M, = (my,j) € Maxi(Sy..). Up to multiplying M, by a certain power of 7 (which is invertible
in S, ), we can suppose that all the m, ; ; € S,.. As the coefficients of M,, are defined modulo a
certain power of 7 (namely the determinant of M,,), we can also suppose, up to multiplying M,
by a certain power of u®/7? (which is invertible in Sy.w), that all the coefficients of M, belong
to S,. Let D, = det(M,) € S,. On the other side, let D, = det(M,)/w® v (M) ¢ g7
By definition, we have v, (D,) = 0. Denote by .#J (respectively .#{') the sub-S]-module of
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(S8!)? generated by the column vectors of D, M, (respectively D, M,,), considered as matrices
with coefficients in S/,. We can prove the following lemma.

LEMMA 3.33. Keeping the above notation, we have:
Max (( Ay N M) @5, S)) = Max( A + M').

Proof. Using the formula adj(M) = det(M) - M, it is clear that the column vectors of
the matrix D, M, (respectively D,M,) belong to the S,’J’u—module generated by the column
vectors of M, (respectively the S,  -module generated by the column vectors of My). As
a consequence, we have 4 C (M, N Mr) ®g, S, and A5 C (M, N Mr) Rs, S,,. We
deduce that AJ + A C (My N My) ®s, S.,. Thus, we have Max((A, N M) ®g, SI) D
Max((AG +43) @5, S,).

Next, suppose that @ € Max((#, N #;) ®s, S,,). By Proposition 3.8, it means that there
exists n € N such that 7" -z € (M, N My) ®s, S, and (u/w?)" -2 € (MyN M) 25, S!,. Note
that D, is a power of 7, as a consequence there exists ng > n such that

Tz € My CM§+ My (23)

We would like to prove that there exists ny; € N such that (u/w®)™a € #F + #§. For
this, it suffices to prove that (u/w?)™a mod AJ € M /(MF O MY C S| M. As Dy
is invertible in S, , (remember that v, (D) = 0) there exist ¢ € S;, and ny € N such that
t- Dy = (u/@?)" mod 7S’ . Denote by fi,...,fx the vectors whose coordinates in the
canonical basis of (S/)? are given by the column vectors of .Z. Now, as (u/@w®)" -z € M,
there exist \; € S/, ., for i =1,...,k, such that

v,au?

k
(w/@?)" -2 =" \ifi
i=1

But we have (u/w®)" - @ € My so that (u/w?)" -z € (S!)¢ and using the triangular form of
the matrix M, (see Proposition 3.15) we have that \; € S/, for i = 1,..., k. By multiplying
the preceding equation by ¢ - D, we obtain

k
(/@) o A/ ) 7w = D (- A (D ),
i=1

for A € S!. Recall that we have seen that 7 -z € ., thus (u/w®)"*"2 . & mod 4] €
MY (AMF O M), As a consequence by taking ny = n + ng, we have

(u/@®)™ o€ MT + M (24)

By (23) and (24), there exists an m € N such that 7™ - @ € 4J + .43 and (u/w®)™ - x €
M + A By applying Proposition 3.8, we deduce that x € Max((A4] + #}') ®sg, S.,) and
we are done. O

REMARK 3.34. In the preceding construction, we need the extension S, of S, just to ensure
that v, (Dy) = 0. Thus, if v, (det(M,)) € Z, this extension is not necessary.

Now, let .Z € Maxgy be represented by a couple (M, M,). As M, and M, are given in
Hermite Normal Form, we can easily compute D, and D,,. Let M} = D, M, and M} = D M,,.
Lemma 3.33 tells us that we can then obtain the (M, L)-representation of .# by calling the
MatrixReduction algorithm on the matrix (M/M),).
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The main advantage of the (M., M, )-representation is that it provides unique representation
of maximal modules over S, because of the same property for Hermite Normal Forms. Thus,
it allows us to test equality between modules. We have seen also that the echelon form is well
suited to testing whether x € S? is an element of .# € Max‘éu as well as to computing the
intersection of two modules. On the other side the (M, L)-representation provides an actual
basis of module in Maxgu. Moreover, the base change operation ®g,S,, only makes sense in
the (M, L)-representation (and we will see in §4 an important application of this operation).
Indeed, if v/ > v, although there is a natural inclusion morphism S, C S,/, the two sub-rings
of &, S, , and S,/ , are not comparable by the inclusion relation.

4. Representation and precision

In the previous sections, we have presented algorithms to compute with S,,-modules by using,
as a black-box, the ring operations of S,. As elements of S, can not be coded with a finite data
structure, these procedures are not algorithms stricto sensus since they can not be implemented
on a Turing machine for instance. In order to turn them into algorithms, we have to explain
how to represent mathematical objects by finite data structures. Much in the same way as we
compute with approximations of real numbers, we can represent power series with coefficients
R by truncating them up to a certain precision. Then we have to ensure the stability of the
computations, that is that the result is independent of the part of the input that we ignore.
In the following, we proceed in an incremental manner. First, we explain how to represent the
elements of the coefficient ring R of S, by a finite structure, then we deal with elements of S,
and finally with more complex structures with coefficients in S, such as S, -modules.

4.1.  Generality with precision

We recall from the introduction that R is a complete discrete valuation ring, and that for
algorithmic applications we are mostly interested in:
e 7, or more generally the ring of integers of a finite extension of Qy;
e the ring k[[X]] of formal power series with coefficients in a (finite) field k.

In any case, if m denotes the uniformizer element of R and p, is a positive integer, we shall
represent an element of R by its image in the quotient 5i/7P=9R. We suppose that there exist
algorithms to compute the arithmetic operations of the ring R /7P=9R. We say that an element
T € R/7P~R is the data of element of € R up to w-adic precision p, if x mod 7P~ = 7.

For the complexity analysis, we shall assume that we have efficient algorithms to perform
all standard operations in quotients J8/7P~R for all integers p,. We discuss briefly the validity
of this assumption for the aforementioned classical examples of rings R. In the case that
R = k[[X]], we suppose that the operations in the field k cost one unit of time and can be
represented by one unit of memory. With that in mind, if 9% = k[[X]] there exists a trivial
algorithm to perform additions. It is optimal in the sense that its complexity is equal to the
size of the inputs. The same thing is true if 9 is the ring of integers of any finite extension
of Q,. Things are more complicated for the multiplication of two elements of R/7P~9R, whose
time will be denoted by To(pr) in the rest of this paper. In the case R = Z,, using the
Strassen algorithm [7], we have T(pr) = O(py) where the soft-O notation means that we
neglect logarithmic factors. If R is the ring of integers of a degree d finite extension of Q,,
we can represent elements of & with a degree d — 1 polynomial with coefficients in Z, and

using the Strassen algorithm for polynomials again, we have Ty(pr) = QN(d-pw). If R = k[[X]],
again using the Strassen algorithm for polynomials, we have T'(p) = O(p,) (we suppose here
that an operation in k costs one unit of time). We can summarize these results by saying that

with the best known algorithms, the time To(p,) is quasi-linear log(|R/7P~R]).
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An obvious way to obtain a finite approximation of an element of 3" a;u’/x[*1 € S, is to
consider a representative modulo a certain power p, of u. We thus obtain a degree p, — 1
polynomial Y 2"~ Ya;ut /7] with a; € R that we can represent by a vector of dimension
Py, with coefficients in R up to precision p, as before. We call this representation the flat
approximation of an element of S, with u-adic precision p, and m-adic precision p, or the
(pu, pr)-flat approximation. The data of a representative with m-adic precision p, and u-adic
precision p, of an element x = Y a;u’/7/™1 € S, is given by a polynomial "0 @;u’ /7]
such that @; = a; mod 7P~. It should be noted however that the flat approximation is not the
only possible procedure to truncate an element of S, in order to obtain a finite structure. For

instance, one can represent an element of .S, up to a certain u-adic precision p,, by a polynomial
pu—1

v a;u’ with coefficients in R of degree p,, — 1. Such a polynomial may itself be represented
by the data of a; mod #P~ for ¢ = 0,...,p, — 1, as before but it is also possible to represent
Pu—1

i a;u’ by coefficients with different 7-adic precisions @; mod 7P=:. Put in another way,
we want to obtain a representative of Zf;gl a;u* modulo the R-module Zf;gl Pyt 1R,
We call this representation the jagged approximation. We can generalize even further the flat
and jagged approximations. For instance, we note that for f = 3" a;u’ € S, the flat and jagged
approximations consist in the data of f(*)(0)/4! for i =0,...,p, — 1 but we could also provide
the data of f()(x)/i! for any = € K in the disc of convergence of f.

Taking into account the previous examples, we say that a data of precision is given by
any sub-R-module & of S,. Most of the time, but not always, we want S, /22 to be an R-
module of finite length. Indeed, it may happen that we compute with objects of S, that can
be represented exactly with a finite structure. This is the case for instance, if the characteristic
of R is 0, of any element Z C fR. In this special case, it makes sense to consider a data of
precision & such that S, /& is not of finite length in order to take into account the fact that
we know certain elements of S, with ‘infinite precision’. In general, in order to represent an
element of S¢ by a finite data structure, one can consider a sub-R-module & of S¢ such that
most of the time S/ has finite length.

Then, in order to compute a function f : S¢ — S? we would like to replace it by its
approximation. A good way to construct this approximation is to write the first order Taylor
development of f at the point x, where we are evaluating f by

f(z+h) = f(z) + dfo(h) + O(R?).

If we neglect O(h?), we see that when x + h varies in x + &, its image under f varies in
f(z)+df,(22). Most of the time (but not always), df;(%?) will be the correct data of precision
(see [4] for a full discussion about this). Proceeding this way, the computation of the function
f decomposes in two distinct parts: (1) the computation of the function on the representative,
that is the computation of f(z); and (2) the computation of the precision of the result, that
is the computation of df,(2?).

A more general precision data is intuitively less convenient for computations since it involves
more complex data structures. For instance, each coefficient of a polynomial representing an
element of S, with the jagged approximation may have very unbalanced length so that it may
be difficult to adapt asymptotically fast arithmetic for such objects. On the other side, we are
going to see shortly that even for a very common operation in .S, such as the computation of
the Euclidean division, one may take advantage of the flexibility of the jagged approximation.
Hence, the choice of a representation to compute with elements of S, is a non-trivial trade
off between space/time complexity on the one hand and the quantity of precision we accept
losing on the other hand.

It is convenient to represent a jagged precision by a series. For this, let P, =
S, aut/mliv)l € S, In the following, we denote by Z2(P;) the sub-R-module of S, given
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by ooy au’ /7l M. Moreover, if &2 is a sub-9-module of S, we denote by repr(2) :
Sy, — S,/ the canonical projection of M-modules. It is clear that Z?(P;) only depends on
the valuation of the coeflicients a; of P, = Zfio a;u’ /7TUVJ € S,. It is often convenient to
consider a jagged precision which is defined by a sub-fR3-module & of S, which is also an
S,-module. For this it is enough for & to be stable by multiplication by u and u® /7. This
can be checked easily if & is given by P, € S,,.

If p, is an integer, we will use the notation &2;(p,, p.) for

Pu—1 S
9( S el frlv) 43w /Ww)
=0 Pu

which corresponds to the (py, pr)-flat approximation. If ' and & are two sub-9R-modules of
S, such that &' C & then there is a canonical projection S,/ %" — S, /Z; by a slight abuse
of notation, we will denote it also repr(£?). If A € S,,, and & is a sub-R-module of S, we
denote by A+ & = {\-z,z € &} the sub-R-module of S,. If X is distinguished and S, /&
has finite length then S, /(A - &?) has finite length as well. If &7, &’ are sub-R-modules of S,
we denote by &2 - &’ the submodule generated by all products xy for (x,y) € (£ x Z'). It is
clear that if S,/ and S, /2’ have finite length then S, /(& - &') also has finite length.

LEMMA 4.1. For all &, %" sub-R-modules of S, such that S,/ and S, /%' have finite
length, for all z,y € S,, we have:

(i) if &' > & then repr(P')(repr(L)(x)) = repr(F’)(z);

(i) repr(L 4+ 2')(repr(P)(x)) + repr(L + P')(repr(P’)(y)) = repr(Z + ') (x + y);

(iii) let Py =y- P+ - P + & - P, then

repr(Zy) (repr(2)(x)) - repr(Po) (repr(2')(y)) = repr(Po)(z - y);
(iv) if 22’ D P, then repr(P’)(repr(Z)(x)) - repr(P’')(y) = repr(P’)(z - y).

Proof. The fist claim is trivial. Then we have (z + £)+ (y+ &) =z +y + (£ + &)
and (z+ 2) - (y+ P)=z-y+az- P +y- P+ P The fourth claim is an immediate
consequence of 1 and 3. O

We discuss briefly the complexity of the elementary arithmetic operations in S, with the
(pu, pr)-flat approximation. First, we note that the size of an element of S, with the (p,, pr)-
flat approximation is in the order of p, - p,. As before, the time of an addition in S, is
linear in the size of a representative of S, since it reduces to the addition of two polynomials
of degree p, — 1 with coefficients in R/7P~R. We denote by T(p.,pr) the time cost of the
multiplication of two elements of .S, with the (p,,p,)-flat approximation. Again, by using a
tweaked Strassen’s algorithm, we have T'(py, px) = O(pu-T(pr)) = O(pu-px). In the following,
we study the precision of some important functions using the flat and jagged approximation.

4.2. Finite precision computation with elements of S,

Most of the time, even for very elementary functions dealing with elements of S, it is not
possible to ensure the stability of the result without some extra assumptions. We illustrate
this fact with some important examples.

4.2.1. Gauss valuation. First, consider the Gauss valuation function v, : K[[u]] = Q. A
natural way to define v, on a representative modulo &/ (py, pr), with p,, p~ positive integers,
is to compute the valuation of the truncated representative in S,. For instance let © = 7+ !0,
then wvo(repr(Z5(9,2))(z)) = vo(w) = 1. We also denote this function by v,. But then we
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have vo(repr(227(9,2))(x)) = 1 and vo(repr(#f(10,2))(z)) = 0. From the previous example,
one can see that the Gauss valuation of an element x € S, » can not be computed in general
from the knowledge of its approximation. Still, it is possible to obtain the Gauss valuation
of an element € S, . from the knowledge of its approximation if we are given some extra
information about z. For instance, if v, (repr(Z¢(pu, p=))(x)) = 0 and if we know furthermore
that « € S, then we are sure that v,(z) = 0. More generally, it may happen that we have a
guarantee that x € 1/7* - S, for a A € Z. Then, if v is big enough, it is possible to compute
the valuation of & from the knowledge of repr( 2 (py, pr))(z).

LEMMA 4.2. Let x =Y a;u’ € 1/7* - S, for an non-negative integer \. Let p, be a positive

integer and T € K [u] be the unique representative of x mod uP» of degree < p,.
Let v/ € Q be such that

V/ -V 2 N (25)
then v,/ (z) = v, (T) provided that v, (z) < 0.

Proof. Let x = > a;u® € 1/7* - S,. It is enough to prove that v,/(z —T) > 0 or equivalently

that
vi(a) +v -i>0 (26)
for all ¢ > p,. Using our assumptions, we can write for ¢ > p,
A
vi(a) +v i =vg(a)+v-i+ W —v)-i=>-A+i-— >0. (27)
Pu
The lemma is proved. O

This lemma, while totally elementary, shows the following very important fact: by increasing
the v parameter of the S,-module, one can obtain guarantees on the valuation of a certain
x = Y au* € S, from the knowledge of its representative x = 29;1—1 a;u’ (under some

additional assumptions).

4.2.2. Inversion. We have the following lemma.

LEMMA 4.3. Let © € S, and suppose that degy, () = 0 and that v,(z) = 0 so that by
Corollary 2.8, = is invertible. Let p,,p, be positive integers. Then repr(Z(p.,pr))(z) €
S,/ Pt (pu,px) is also invertible and we have repr( ¢ (py, px))(x) ! = repr( 2 (pu, px)) (@ ™1).

Proof. Write x = > a;ut/wl) o7 = S bui /7] and ¢ = 1 = 3 cu /7] with ¢; =
>l o a;-bj_;. We have v (ag) = 0 so that we can compute ag~*

using the formula

mod p, = by mod p,. Then,

bj - 1 i aibj,i
o]~ oay > L] g lG=Dv]”

=0

together with the remark that 7U%) /(711 7lG=9v]) is equal to 1 or 7, we obtain by induction
forj=1,...,p,—1, b; mod pr. O

4.2.3. Euclidean division. Let xz,y € S, and let ¢,r € S, » be the quotient and remainder
of the Euclidean division of y by x. We will see that even if we are given flat approximations of
and y, the precision of ¢ and 7 are not well described by a flat approximation so that we have to
use a finer model of precision such as the jagged approximation in order to study the Euclidean
division. We note also that the Euclidean division is not stable unless we have a guarantee on
d = degyy, () since the degree of the remainder depends on d. Let P, = > ;2 a;u’/7l"] € S,
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FIGURE 4. The Newton Polygon of n” + n'u + m2u® + mu'® + n%u?® € Sy where p = 1/11.

defining a jagged precision. Let z = >0 bul/mwl] € S, and let 7 = Y byu’/7l™) be a
representative of repr(Z(Py))(z). In general, we can not deduce degy, (x) from the knowledge
of degy, (%) and P,. Suppose that for i € {0,...,d}, vk (a;) > v (b;). This condition, which
can be checked by an algorithm that takes as input finite data structures representing Z and P,
ensures that for i € {0,...,d}, vk (b;) = vk (b;). If moreover we are given a guarantee, provided
by the mathematical context of the computations, that for all i > d, v (b;) +vi > v (bg) +vd
then we know that degy, (z) = degy () and NP, (z) = NP, (Z). With these hypotheses, that
we keep until the end of this section, it makes sense to ask up to what precision it is possible
to compute ¢ and r from the knowledge of the approximations Z and g of x and y.

The following lemma is a useful tool in that direction.

LEMMA 4.4. Let z € S, and let n > degy, (x) = d. Let (gn,1n) € Sux X (K[u] NS, =) be
such that u" = ¢, - x + ry, and deg(r,) < degy,(x). Denote by .7, the set of slopes of NP, (x)
and let p = —max{s € %, | s + v < 0} (see Figure 4 for an example).

We have

NPV(Tn) C t(O,y(nfd)Jer(ud)ffuy(z))(NPV(m))a (28)
NP, (gn) C {(z,9) € R? |y = v, (u?) = v,(z) + p(n — d - 2)}, (29)

where t, for v € R? is the translation by the vector v.

Proof. We note that we can suppose in the statement of the lemma that z is a degree d
polynomial such that degy, () = d. Indeed, using the Weierstrass preparation Theorem 2.11,
we can write © = ha’ with h € S, invertible and o’ € K[u]. Let .#,s be the set of slopes
of NP, (z'). As h is invertible, we get that NP, (z) = NP, (z’) (recall that the slopes of the
Newton polygon are the opposites of the valuations of the roots of the corresponding series).
As u™ = xq, + 7y, we have u™ = 2/(hq,) + . Again, as h is invertible, NP, (q,) = NP, (hq,).
As, moreover, 2’ is a degree d polynomial with deg(x) = d, we have proved our claim.

From now on, we suppose that x is a degree d polynomial. We prove the lemma by induction
on n. If n = d then we have ¢4 € R with vk (qq) = v, (ud) — v, (x) (recall that deg(x) = d) and
rq = u? — gqx. It is clear that (28) and (29) are verified.

For n € N, we write u" = ¢, - * + 1y, with ¢, and 7, verifying the hypothesis of the lemma.
Let A = v,(u?) — v,(z). We have u"*! = ug, - © + ur,. If deg(ur,) < d then g,11 = ug,
and 7,41 = ur, so that, by the induction hypothesis, NP, (rn11) C t(1 x4pum—ay) (NP, (x)) N
{(z,y) € R?|2 < d — 1} C toapu(nri-ay (NP, (2)) and NP, (gni1) C t1,0)({(z,y) € R* |y >
A pn—d—1x)}) ={(z,y) e R*|y > A+ pu(n+1—d—xz)}. If deg(ur,) = d, there exists
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e an invertible element of R such that ur, = ex® & + rpyq with N > v, (ur,) — v,(z) and
deg(r,+1) < d. Then we have q,11 = u(gn +er™ ) and r,,1 = ur, — e x and it is clear again
that (28) and (29) are verified. O

Let x,y € S, and let (¢,7) € Sy » x (K[u] NS, x) be such that y = ¢ - x4 r and deg(r) <
degy (z). We suppose that = and y are known up to a certain precision and we would like
to know up to what precision can we compute ¢ and r. Let P, = Eioio ai’mui/wu”J and
P, = >, a;ut/wl) define two (a priori different) jagged precisions. Let z1, 22 be two
representatives of repr(#(Pr ;))(z) and let y1, y2 be two representatives of repr( (P ,))(y).
Fori=1,2,let (g;,7;) € Su.»x (K[u]NS, =) be such that deg(r;) < degy, («) and y; = g;-x;+7;.
Write x =29 — 21, y =yY2 — 41, q = g2 — ¢1 and r = ro —r;. We would like to write q and r as
a function of x, y. From y; = qix1 471 and y; + y = (@1 +a)(x1+%x) + 71 +dr, we deduce that

T2q+1 =Yy - qiX, (30)

with deg(r) < degy (z1). The space where y — ¢ix may vary is repr(Z(Pr,))(y) +
qirepr(Z(Pr ,))(z) and we can approximate it from above by

y—qr+ @(Z aiui/ﬂ'u’jg

=0

where a; is an element having Gauss valuation max(vg(a; .y, vr(aiy + v, (x) — v, (y)). (Note
that the Gauss valuation of ¢; is known to be at least v, (x) — v,(y).) Therefore, we have
found a formula for the precision of y — ¢i1x. Now, note that equation (30) defines q and 1 as
respectively the quotient and remainder of the Euclidean division of Yy — q1x by xo. Hence, we
can apply Lemma 4.4 in order to deduce the precisions of q and r respectively as a union of
areas of the form (28) and (29). '

As a conclusion, a possible method to perform the Euclidean division of z by y (which are
elements of S, known up to some precision denoted by Z(P;,) and £ (P;,) respectively)
goes as follows:

(i) as explained above, we first compute the spaces where q and r may vary, which are the

precisions attached to the quotient and the remainder respectively;

(ii) we then forget about precision: we choose any representative Z (respectively ) of z
(respectively y) in repr(Z?(Pr ,))(x) (respectively repr(Z?(Pr ,))(y)), typically we pick
polynomials  and g, and we compute the Euclidean division of & by y;

(iii) we put together the precision obtained in the first step and the values obtained in the
second step, thus obtaining the answer.

This is then a perfect concrete example where the computation of the precision on the one
hand and the computation of the actual answer on the other hand are entirely separated.

This approach has another very interesting feature, which we describe now. The starting
remark is that, if we choose & and y to be polynomials, we are reduced to computing Euclidean
divisions between elements of S,, that turn out to be polynomials. The point we want to discuss
is that it is possible to design specific algorithms, essentially based on Newton iteration, to
take advantage of this extra assumption and compute Euclidean divisions the complexity of
which is not linear but logarithmic in the precision.

In order to describe this algorithm, we first notice that we can reduce the computation of
the Euclidean division of £ by ¢ to the computation of the Weierstrass preparation form of g
and an Euclidean division between elements of K[u] N S,. Indeed, write § = hg’ where h is
an invertible element of S, and §’ € K[u] NS, with deg(y’) = degy (§). If ¢ and 7 denotes
the quotient and the remainder of the Euclidean division of Z by g’, we have the identity
y = ¢'z' + ' from which we deduce y = ¢’h~'x + r'. Therefore, ¢ = ¢'h~! and 7’ = r are
the quotient and the remainder of the Euclidean division of Z by §. Moreover, h~! can be
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computed from the knowledge of A with Algorithm 2 and ¢’ and r’ can be computed using the
usual Euclidean division algorithm for actual polynomials.

It remains to explain how one can compute efficiently the Weierstrass decomposition (in
S,) of a polynomial §. We first notice that, by our initial assumptions, we know that the
Newton polygons of y and y agree. Hence, using this, we can decompose T as a product
hy' corresponding respectively to the part of slope > v and the part of slope < v. The key
observation is that the writing § = hy’ is precisely the Weierstrass decomposition of §; indeed,
h is apparently a polynomial of degree degw (Z) and ¢’ is invertible in S, since all the slopes of
its Newton polygon are < v. Finally, note that the writing § = A’ can be computed efficiently
by Algorithm 8, which is a slight variation of usual Newton iteration, presented below.

Algorithm 8: Weierstrass preparation

input : P € K[u]NS, (known up to some precision), d = degy, (P)
output: A € K[u] NS, such that P = AB for a certain B € S, is a Weierstrass
decomposition of P

A« P mod u?t?;
B+ 1,V<+ 1, X« P mod 4;
while true do
A’ + VX mod A;
if A’ =0 (according to the precision) then break;
A+ A+ A
B, X + quorem(P, A);
B+ B mod A;
V =[V(2—-BV)] mod 4;

return A;

© 00 N O ok W N

fun
(=]

4.3. Finite precision computation with modules with coefficients in S,

Let .#1 and .#5 be two maximal sub-S,-modules of S{f. In this section, we are interested in
the computation of the maximal sum #; +yax Ao of A, and 5. We would like to carry out
computations with finite precision and have a guarantee on the precision of the results.

4.3.1. A quick word about greatest common divisor. The case of one-dimensional modules
reduces to the computations of greatest common divisors (ged). In the first small subsection,
we illustrate with very basic examples that, even in this case, the situation is far from being
simple. Suppose that R = Zs, v = 0 so that S, = Zs[[u]]. Let Pi = repr(Z(00,2))(u — 1)
and P, = repr(Z;(00,2))(u — 2). Then it is clear that for all P;, P, € S, such that P, = P,
mod P;(0,2) and P, = P, mod %(00,2) then ged(P;, P2) = 1. This can be seen by using
the Euclidean algorithm to compute the extended ged of Py and P in S,/ Zf(cc,2) which
obviously returns 1. In this case, it is safe to claim that ged(Pp, P2) = 1.

Next, consider Py = repr(Z;(c0,2))(u — 1) and P, = repr(Z;(c0,2))(u — 1). In this case,
it is very easy to find different representatives of P3 and P, having different gcd. For instance,
we can take P; = Py = u—1, in this case ged(Ps, Py) = u— 1, on the one hand and Ps = u—1
and P, = u — 6, then ged(P3, P;) = 1, on the other hand. If we compute the ged of P3 and
Py using the Euclidean algorithm, we obtain u — 1 and we do not have enough precision on
the next remainder to decide whether it vanishes or not. This example shows that, in the case
that the ged of the representatives is not surely 1 it is not even clear how to define it since the
result may change depending on the representatives in S, that we use in order to compute it.
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FIGURE 5. The computation of v’ from p, and v.

4.3.2. Taking guarantees. As illustrated before (with the one-dimensional case), it is
utopic to obtain a stable algorithm computing the ‘free sum’. Actually, as before (see for
instance §4.2.1), we need some extra information, that we can get from the mathematical
context of our computation, in order to guarantee the precision of the output. A very natural
extra piece of information that can arise in practice is the following: let .#; and .#5 be two sub-
Sy,-modules of S,ﬁlm and we know that there exists a positive integer ¢ such that .# C 1/7¢.4;.
We recognize a generalization of the hypothesis of Lemma 4.2 where we have shown in the case
that d = 1 that we can obtain a guarantee on the valuation v, of approximations of elements
of K[[u]] for well chosen v. This situation is also crucial in the paper [3] in the particular case
where .#5 = S,t where t is a generator of .#5. We are going to see that, although we don’t
know how to compute an approximation of .#] +yax #2, we can describe an algorithm which
outputs an approximation of (.#) ®s, Su/) +max (A2 ®s, S,) for a well chosen v/ > v.

Let t € 5 be a generator and let (e1,...,en) be a family of generators of .#;. By our
hypothesis, we know that there exists \; € 1/7¢ - S, such that t = > \;e;. We remark that if
all the \; are in S, then t € .#; so that .#1 + S, -t = .#) and there is nothing to do. Write
Ai = 50 @hu! with vg(a?) +v-j > —c. Let p, be a positive integer; we are going to choose

v/, as it is explained in Figure 5, such that Zj?pu a;ui € S,,. For this it is enough to take

V' Zv+e/py. Let t =Y, Ne; with X, = ?ial afuw’ and t" = 37, Ne; with X = > alul.
Using the same remark as above, we have

(%1 ®S,, Su’) +max (t : Su’) = (%1 ®SV Sy/) “+max (t/ . S[_/l) “+max (t” . Sl,/)
= («%1 ®SU Sv/) +max (t/ : Su’)a

since ¢’ - S, € 1. Now, as A, is a polynomial in u, we can obtain its valuation, greatest
common divisor and all the operations that we need in order to compute (#) ®s, Si/) +max
(t : SV’)~

We recall that we write v = /o with «a, 8 relatively prime numbers and let w in an
algebraic closure of K, be such that @w® = 7. Let R’ = R[w] and S|, = S, ®x K. The
algorithm AddVector is an adaptation of the algorithm MatrixReduction.

In the preceding algorithm, Cond(A, L) returns true if there exists jo,j1 € {1,...,h} such
that A[jo] - A[j1] # 0, vi(Aljo]) — Ljo] /e < vu(A[j1]) — Lj1]/er and degyy (Aljo]) < degyy (Alj1])-

We want to give a consequence of this algorithm. We first need a definition.

DEFINITION 4.5. Let .# be a sub-S,-module of S’l’f. Let &2 be a sub-9R-module of S,,. We
say that a matrix M" = (m];) € Maxa (S,/ ) is an &-approximation of . is there exists a
matrix M = (m;;) € Maxa (S,) whose columns are the coordinates of generators of .# in the
canonical basis of S¢ and such that my; = repr(Z)(mi;).

THEOREM 4.6. Let .#, and .#> = S, -t fort € S be two finitely generated sub-S,-modules

of S such that .#y C 1/m¢M, for a positive integer c. Let My = (mg;) and My = (mfj) be
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Algorithm 9: AddVector
input
o M e Mixn(S,), a matrix whose column vectors C(i) for i=1,...,h give generators
of .# in the canonical basis of S¢
o alist A[1],...,A[h] such that >~ \;Ciy(M) =t, A[i] € 1/7°- S, N Ku] and deg A[i] <
py—1lfori=1,... )k
output: M € M;x,(S,) and a list L a matrix such that the column vectors

ol . C;(M) give generators of .#1 +max t in the canonical basis of S’

1 L+ [0,...,0];
2 while 35 € {1,...,h} such that v,(A[j]) — L[j]/a < 0 do
3 while Cond(, L) is satisfied do
4 Pick up jo,j1 € {1,...,h} such that A[jo] - A[j1] # 0,

vy (Aljo]) — Lljol/er < vi(Alj1]) — L[]/ and degy, (A[jo]) < degyy (A[j1]);
5 if v, (A[jo]) > vu(A[71]) then
6 do < [vu(Aljo]) — vu (A[1]) 5
7 Aljo] = 7% Aljo;
8 L[jo] <= L[jo] — - do;
9 (¢,7) + EuclideanDivision(A[jo], A[71]);
10 Alj1] < Aljr] — g [jol;
11 L le(M)%CJO( )+qCJ1(M)7
12 Let jo such that v, (A[jo]) — L{jo]/ov = minj=1_. n(Alj]) — L[j]/ ey
13 Let j; such that v, (A[j1]) — L[j1]/a = mlnﬂgm( [7]) — L[j]/«;
14 | Lljo] < Lljo] + avy(Aljo]) — Lljo] — vy (Alj1]) + L[j1];

15 return M, L;

the matrices with coefficients in S, of generators of .#1 and .#5 in the canonical basis of Sl‘f.
Let p,,pr be positive integers and suppose that we are given M| = (repr(f@o(pu,pﬁ))(m}j))
and Mj = (repr(Z (pu,p,,))(mgj)). Let v' = v+ ¢/py. Then there exists a polynomial time
algorithm in the length of the representation of M{ and MJ to compute a matrix M35 = (ij)

with coefficients in S, | Py(pu, pr) which is a Py (pu, pr)-approximation of
(%1 ®S,, SV’) +max (%2 ®SV Sv/)-

REMARK 4.7. We insist on the fact that in Theorem 4.6 the module .45 is supposed to be
generated by one unique element (hence, the matrix Ms is a column matrix). Of course, if .Z5
is generated by a family (¢1,...,ts ), one can apply the algorithm AddVector successively with
the vectors t4,...,t, . However, we emphasize that proceeding this way we do not get

e%1 ®SV SV' +max =%2 ®SV Su’

for a big slope v’ but something which can be a little bit bigger since the change of slopes
occurs at each iteration and not only once at the end. Nevertheless for many applications (see
for instance [3]), the algorithm AddVector would be enough.
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