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PROPERTIES OF EQUIVALENT CAPACITIES

BY
R. A. ADAMS()

0. Introduction. Various definitions of capacity of a subset of a domain in
Euclidean space have been used in recent times to shed light on the solvability and
spectral theory of elliptic partial differential equations and to establish properties of
the Sobolev spaces in which these equations are studied. In this paper we consider two
definitions of the capacity of a closed set E in a domain G. One of these capacities
measures, roughly speaking, the amount by which the set of function in C*(G)
which vanish near F fails to be dense in the Sobolev space W™ ?(G). It is generaliza-
tion of the classical capacity of Weiner and has been used (see e.g. Maz’ja [5]) in
the study of Dirichlet problems. The second capacity measures the degree to which
functions in C*(G) which vanish near E are forced to have small L? norms when
their derivatives do. The nonvanishing of this capacity is a Poincaré condition and
the capacity has been used to determine the solvability of certain Dirichlet problems
[4] and to formulate [1], [2] a condition on an unbounded domain G which is neces-
sary and sufficient for the compactness of certain Sobolev space imbeddings on G.

In §1 we shall define the capacities and establish some relationships between
them. In particular we show that they vanish simultaneously. In §2 we consider
some consequences for the Sobolev spaces W™ ?(G) and W ?(G) of the vanishing
or nonvanishing of the capacities, and illustrate these with applications to strongly
elliptic differential operators on G. In §3 we establish a geometric condition on G
guaranteeing the nonvanishing of the capacities.

1. Definitions and basic properties of capacity. Let G be an open, bounded set
in Euclidean n-space, E,, n> 1. For certain of our results we shall require also that
G be diffeomorphic to a compact, convex set. The Sobolev space W™ ?(G) [resp.
W& ?(G)] denotes the completion of C*(G) [resp. CZ(G)] with respect to the
norm (p>1,m=1,2,...)

1/p
hosno = {3 1DWl5.0.0} -
O<jal=sm
where |ullo, », ¢ is the norm of u in L?(G). Here, as usual, a=(ey,..., a,) is an

n-tuple of nonnegative integers; |«|=> o;; D*=D%. .. D% where D;=20/0x;.
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For a closed subset E of G we consider two definitions of “(m, p)-capacity” of E
in G, specifically

)] Kg™(E) = inf  |$|% 56
deC®(G)
#(x)=1near E
> 1D9l8, 5.0
(2) C{?'"(E) - inf 1<|al<m . .
W I
¢(x)=0near E

Certain properties of these capacities follow trivially from the definitions, namely

® Kg(E) < KE*»/(E);  Cg(E) < CB*H#(E)
@ K®»E) < KB?»(F); Cp»E) < C2?(F) for ECF< G
O] K& ?(E) < NG)

where A is Lebesgue measure in E,. In fact equality can hold in (5) with p> 1 only
if E=G for otherwise let fe C(G—E) satisfy 0<f(x)<1,f(x)#0. Then if
P(x)=1—¢f(x) we have

Kg-?(E) < inf |[h 5,6
0<e<1

< inf {3@—o[[ foodx-o= 5 D150}

O<sg<1
< XG).

If p=1 it is easily checked that KZ'?(E)=MG) whenever G—E<G, diam.
(G-E)<1.

Strictly speaking (2) does not define C2?(E) for E=G. However if G—ECG
and diam. (G— E) < ¢ then by Poincaré’s inequality every ¢ € C*(G) vanishing near
E satisfies ||¢]o,p, ¢ <¢|lgrad ¢o,»,¢ so that CPP(E)>Cy?(E)ze"?. Thus (4)
forces C2?(G)=c0. Since clearly C%:?(E)=00 only if E=G we have for p>1

K2?(E) = XG) < C?(E) =00 = E = G.

ExXAMPLE. Let G=B,(0) the ball of radius r and centre the origin in E,. Let
E={0}. It can be shown for n>=p>1 that
Ky ™(E) = C&™(E) = 0,
while for p>n>1
C¢?(E) = Cr?,

where C is a positive constant depending on » and p. By Lemma 1 below we have
as well in this case

K ?(G) = NG)Cr?{1+r-1C1?} -7,

The remainder of this section is devoted to the proof of the following theorem.
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THEOREM 1. If G is diffeomorphic to a compact, convex set then

Q) Ce"(E) = 0« Kg*™(E) = 0.
For the proof we require the following lemmas.
LemMA 1. CE-"(E) < K& "(E)(MG )Y — (K& *(E))?] 2.

Proof. It is sufficient to consider the case E#G. Let K= K% ?(E) < A(G) and let
e>0 be small enough that K+e<A(G). There exists ¢ € C*(G), ¢(x)=1 near E
such that |2 , ¢ < K+e. Let (x)=1—¢(x) =0 near E. Since

AGNY? = |10, p,c < B0, 5. ¢+ [#]l0, 5,6

we have
2 1DlEe
Cmr(E) < ==2=1
&E) [4T% 7o
K+e¢

= PG =K+ ey P
and the lemma follows since « is arbitrary.

LemMA 2. Let G be a convex, bounded, open set in E, and let n>0. There exist
constants c,(n) and c, (depending on n, p, G) such that for any real-valued u € CY(G)

™) AMAD|ul8, 5,6 < A+NG) ], 5, 4+ c2(n)grad u[8, 5,
® A(B) < cy(n)|grad ul8, », ok MG)— (1 +7)|u[8, 5,6} ~*
® ARYAS} " < cofjgrad ulff, 5,

where A is any measurable subset of G,
B = {xeG:|ux)| = k, k’NG) > (1+n)|u|?, 5 ¢
R={xeG:ux)>3,S={xeCG:ux) < -3

Proof. For x, y € G we have

(10) u(x) = u(y)—!—f v-grad u ds

where v=(x—y)|x—y| ! and s denotes distance along the line from y to x. Using
well-known inequalities we obtain

lx -yl
aan [u(x)? < (1+n)lu(y)[“’+cs(n,p)lx—yl”“lfo lgrad ul® ds.

Let (r, o) denote spherical coordinates in E, with pole at y so that the boundary of

G is given by r=f(¢) <diam. G, o € X the unit sphere. Integrating (11) with respect

to x over G we obtain

¢ (diam. G)"*?~1  |grad u|? dx
n+p—1 alx—yl*~t

[ul8, 2. < (1+DMG)|u(NI®+
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Integration with respect to y over 4 now yields (7) since
dy 1/ 1
——; = const. [A(4)]*" < const. [A((G)]*/
alx=y|

Now take x € B in (11) and integrate with respect to y over G to obtain

¢g (diam G)**#-1  |grad u|® d

¥4 p
kPAG) < (1+n)|ul8, 5,6+ ntp—1 e

Integration over B now yields (8) since k?A(G) > (1 +7)|u||3, », ¢
Finally, take x € R, y € S in (10) so that, via Holder’s inequality

lx-y|
1 < |u@)—u()|? < |x—y|P“1J |grad u|® ds.
0

Integrating x over R we obtain

(diam G)**?-* [ |grad ul?

B <=1 JoTe—yr

dx

and integrating y over S then produces (9).
LemMA 3. If G is bounded, open and convex then
C»?(E)=0= K¥?E)=0.

Proof. Let 0<e<% and suppose CZ?(E)=0. Then for any §>0 there exists
¢ € C*(G) such that ¢(x)=0 near E, [¢]2,,c=MG) and Ji<iqsnl D'6|5, 5,0
< 3X(G). Without loss of generality we may assume ¢ is real-valued. Let

A={xeG:|¢x)| < 1-¢g},
B={xeG:|¢(x)] = 1+¢},
R={xeG:1—¢e< ¢(x) < 1+¢},
S={xeG:—1—e< ¢x) < —1+¢}.

Let >0 be small enough that (1+7)(1—¢)?<1 and (1+¢)*>1+7. We have, by
Lemma 2,

AR)+XS) = MR U S) = NG)—NA U B) > NG)—c,d
ARSI < 58,

Since n> 1 there exists 8, with 0 < 8, < e such that if § < §, then A(T) > A(G)—¢ and
MG-T)<e where T is either R or S. Since |¢]|8, ,, s =NG)

”‘?S“g,p,cv‘—r = ’\(G)_Hqs"g.p.r
< NG)—(1—e)P(NG) —e).

If T=Rlet y=1—¢; if T=S let y=1+¢. In either case ¢(x)=1 near E, |(x)| <e
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on T, |[§(x)| <1+|¢(x)| on G—T, and 3;<ia<m | DB, 5, < SMG) <eX(G). Thus
[(x)|P=c5(1+ |#(x)|?) on G—T and so
KENE) S S [DUsc

<|aj

< eMG)+ [§]18, 5, 2+ sMG—=T) +¢5] 88, 5, 6-7
< eNG)+e?N(T) +cse+ ¢s[MG) — (1 — )P(MG) —¢)]

which tends to zero with ¢ whence the lemma.

Proof of Theorem 1. Let Q be an open, bounded, convex set in E, and g a
diffeomorphism of Q onto G. Let F=g~Y(E). Since Q is compact |det g’| and
|det (g=2)’| are bounded on Q and G respectively. Since C2+?(E)=0 for any e>0
there exists ¢ € C°(G) with ¢(y) =0near E, |¢|lo,p,c=1and 31 <ia1<m | D*$||5. 5, c <.
Then Y=¢oge C(Q) satisfies %(x)=0 near F, |¢[o,, o>const. >0 and
Disiai<m || D||3, », o <const. e whence C%?(F)=0. Since Q is convex KZ'?(F)=0
and by an argument similar to that given above KZ'?(E)=0. This completes the

proof.
ReMARKks. (1) Theorem 1 ought to be true for a larger class of domains than that

for which we have proved it.
(2) We have in fact shown that for sets of small capacity both capacities are

equivalent.

2. Equality of Sobolev spaces and applications to differential equations. Let G be
an open, bounded set in E, and E a closed subset of G. We denote by W™?(G, E)
the completion of C*(G) N {u: u(x)=0 near E} with respect to the norm ||+ ||, ». ¢
so that WI»?(G)= W™ (G, 0G).

THEOREM 2. (a) W™ ?(G)=W™?(G, E) < K ?(E)=0.
(b) Wr*(G)=Wg§*(G—E) < K& *(F)=0 for every closed FEE N G.

Proof. We prove only (b); (a) is similar. Clearly W ?(G—E)< W ?(G). Sup-
pose KF»?(F)=0 for every closed FEEN G. Let y € CP(G) and let £>0. Let
F=E N supp . Then there exists w € C*(G) with w(x)=1 near Fand |||, ,, ¢ <e.
Let ¢=4(1 —w) € CP(G—E). Then for some constant ¢ depending on m, n, and p
we have

4= #ln.s.c = [bln.s.0 < sup sup DY)

Since e is arbitrary, y € Wi»?(G—E) so Wi?(G)= W5 *(G—E).

Conversely, suppose Wi?(G)c Wi ?(G—E). Let ¢e>0 and let FEEN G be
closed. Let ¢ € C(G) satisfy y(x)=1 near F. There exists w € C&(G—E) such
that |¢—ow|n, ¢<e Since y—w=1 near F it follows that K2 ?(F)<e whence
K2?(F)=0.
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REMARKS. (1) The condition C&?(E)#0 (or K¢ "(E)#0 if G is diffeomorphic
to a compact, convex set) is a Poincaré inequality for functions ¢ € C °(G) which
vanish near E; specifically, for such ¢

[#llo,p, ¢ < [C&PE)"M7 |grad Jo, 5,6
< const. > [D%]o,p, ¢

lal=m

It follows that the Dirichlet form /(u, v) of the polyharmonic operator (—A)™ is
positive definite on W™ (G, E) whenever Cg*(E)#0 and so the linear operator L
in W™ (G, E) defined by

lu, v) = (Lu, v)ymrg, u,ve W™%G, E)

is a homeomorphism of W™ 2(G, E) onto itself. This leads at once to the existence
of weak solutions of mixed boundary-value problems for

(=A™ = fin G, feL%G)

with Dirichlet boundary values on E<dG. The same is true for the operators
(=A)" I+t (=A)™ and DF. n-j4+1 (—A)F provided C#2(E)0.

(2) If K®2(E)=0 the L? realizations corresponding to null Dirichlet boundary
data of uniformly strongly elliptic operators of order 2m (such as (—A)™) over G
and G— E have the same domains, i.e.

WeAG) N {ue LAG): A™u e LA(G)}
= WAG—E) N {ueL¥G—E): A"ue [¥G—-E)}.

Consequently the spectrum of such a realization is unchanged by the removal of
E from G, as are weak solutions of corresponding boundary-value problems. Even
for very regular G, however, the regularity theorem ue W*G) N C™~Y(G)
= | D%|=0 on 9G, |«| <m—1 cannot be extended to G—E.

3. Extensions and a geometric condition for nonvanishing capacity. It is often
convenient to refer the capacity of a subset E of G to a larger set H> G with simple
geometric properties (e.g. a cube). We shall say that G has the (im, p)-extension
property if there exists a continuous linear operator P from W™ ?(G) to W™?(E,)
with Pu(x)=u(x) for x € G. This will be the case if, for example, G has the uniform
cone property (Calderon [3], p. 45). If in addition G and H> G are diffeomorphic
to compact convex sets then

Cr?(E) = 0 < KI?(E) = 0 < KI"?(E) = 0 <> C?(E) = 0.

For such sets we are able to give a simple geometric condition on E which guaran-
tees the nonvanishing of the capacity of E.

THEOREM 3. Let G have the (m, p)-extension property and be diffeomorphic to a
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convex, open, bounded set in E,. Suppose there exists an integer k, 1 <k<n with
mp >k and an (n— k)-dimensional plane Q in E, such that the projection of E onto Q
has positive (n— k)-measure (Lebesgue). Then C%?(E)>0 and KZ*(E)>0.

Proof. Let H be a cube containing G with one (n— k)-face parallel to Q. The pro-
jection of E onto this face has positive (n — k)-measure. It is known (see [1], Theorem
2) that in this circumstance C%'?(E)>0 whence the result.
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