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Abstract. Given a two-sided shift space on a finite alphabet and a continuous potential
function, we give conditions under which an equilibrium measure can be described using
a construction analogous to Hausdorff measure that goes back to the work of Bowen. This
construction was previously applied to smooth uniformly and partially hyperbolic systems
by the first author, Pesin, and Zelerowicz. Our results here apply to all subshifts of finite
type and Holder continuous potentials, but extend beyond this setting, and we also apply
them to shift spaces with synchronizing words.
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1. Introduction and main results

1.1. Background. 1In the study of hyperbolic dynamical systems, thermodynamic for-
malism allows us to identify certain equilibrium measures whose ergodic and statistical
properties provide insight into the underlying dynamics. Given a compact metric space
X, a continuous map f: X — X, and a continuous potential function ¢: X — R, an
f-invariant Borel probability measure on X is an equilibrium measure if it maximizes
hy(f) + f ¢ d ., where h, (f) is the measure-theoretic entropy.

If X is a locally maximal hyperbolic set for a diffeomorphism f, then given any two
nearby points x, y € X, their local stable and unstable manifolds intersect in a unique
point z € Wi (x) N Wl (y). Aset R C X is a rectangle if for all x, y € R, this point z is
defined and lies in R, as in Figure 1 (in general, R may have empty interior). This provides a
product structure on R. This paper is concerned with the behavior of equilibrium measures
with respect to this product structure.

With (X, f) as in the previous paragraph, and ¢: X — R Holder continuous, it is
known that every transitive component of X has a unique equilibrium measure p, and that
there are leaf measures m$., m} such that on every rectangle, u is equivalent to m$ x m}
[Mar70, Hay94, Lep00].
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FIGURE 1. A rectangle.

It is possible to describe these leaf measures as analogues of Hausdorff measure,
where the ‘refining’ in the definition of Hausdorff measure is done dynamically rather
than geometrically. The idea of treating topological entropy and pressure as analogues
of Hausdorff dimension goes back to Bowen [Bow73] and to Pesin and Pitskel’ [PP84].
The idea of constructing leaf measures of the measure of maximal entropy via a Hausdorff
measure construction first appeared in [Ham89, Has89]; the general theory was developed
by the first author, Pesin, and Zelerowicz [CPZ19, CPZ20, Cli24].

In this paper, we take some steps toward the setting of non-uniform hyperbolicity,
or hyperbolicity with singularities, by considering two-sided shift spaces that are not
necessarily subshifts of finite type. We give general conditions under which this dimension
theoretic construction of leaf measures can still be used to construct an equilibrium
measure with local product structure. Using these conditions, we obtain the following
application (see §§1.2—1.4 for precise definitions).

THEOREM A. Let X be a two-sided shift space on a finite alphabet with the specification
property, and let ¢ : X — R be a continuous potential function with the Walters property.
Then the unique equilibrium measure [ for (X, @) has local product structure in the sense
of §1.3 below.

Theorem A follows from Theorem 2.2 in §2.2 (see Remark 2.3), which applies to the
broader class of shift spaces with synchronizing words satisfying a certain summability
condition in equation (2.2). In a forthcoming paper [CD24], we will explore applications
of our general results to the measure of maximal entropy for dispersing billiards that was
recently studied by Baladi and Demers [BD20].

Remark 1.1. The conclusion of Theorem A can be deduced from results in the literature
when X is a mixing subshift of finite type and ¢ is Holder continuous [Bow08, Hay94,
Lep00] or at least has the (weaker) Walters property [Wal78], and also when X has
specification and ¢ is Holder continuous [Clil8]. The novelty here is the ability to
simultaneously weaken subshift of finite type (SFT) to specification, and Holder to
Walters, as well as to provide a framework for going beyond specification (see §2.2).
Uniqueness was already known in the setting of Theorem A [Bow75], but not local product
structure.

It is also worth mentioning [BO23], which establishes a certain local product structure
property for equilibrium measures of non-uniformly hyperbolic diffeomorphisms with
potentials satisfying a ‘Grassmann—Holder’ continuity condition.
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Equilibrium measures for shift spaces 3

The main general results of this paper are the following.

§1.5, equations (1.13) and (1.16): construction of the leaf measures m? and m?.

§1.6, Theorem 1.5: conditions for leaf measures to be positive and finite.

§1.7, Theorem 1.6: scaling properties of leaf measures under o *!.

§1.8, Theorem 1.15: scaling properties of leaf measures under holonomies (sliding

between stable leaves along unstable leaves and vice versa). (These require certain

conditions on a family of rectangles, which are satisfied if all rectangles in the family
are open and the potential has the Walters property (Proposition 1.9), or for an arbitrary

family of rectangles if the potential is constant (Proposition 1.10).)

e §1.9, Theorems 1.17, 1.18, and 1.19: construction of a product measure A, an invariant
measure @ with local product structure, and conditions for w to give an equilibrium
measure.

e §1.10, Theorem 1.20: Gibbs-type estimates for m$., mY, A, (.

1.2. Description of setting. Let A be a finite set (the alphabet), and equip the set A%
of all bi-infinite sequences over A with the metric d(x, y) = 2~ Minllzlx#nl The shift
map o : AZ 5 AZ is defined by (6x)n = xn41. A (two-sided) shift space is a closed
o-invariant set X C AZ. Given such a shift space X, we will study the thermodynamic
formalism of the homeomorphism o: X — X equipped with a continuous potential
Sfunction ¢: X — R. To describe this, we first need some more terminology and notation.

A word over A is a finite string of symbols w € A" for some n; we write |w| = n for the
length of w. (The case n = 0 gives the empty word.) Given x € AZ and i, j € 7Z, we write
x[;,j) for the word x;x;41 - - - xj_1, and similarly for (i, j], (i, j), and [i, j]. Given a shift
space X and a word w € A", the (forward) cylinder of w is

[wl:={xeX: X[on) = w},

and the language of X is
o0
L= U L, where £, :={w e A" : [w]" # ).
n=0

Given a potential function ¢: X — R, we assign a weight to each word w € L by

n—1
P(w) = sup S,p(x) where S,0(x) =Y @(c*x). (1.1)
xe[w]* k=0
The nth partition sum associated to (X, o, ¢) is
Api= ) W (1.2)

wel,

Given m, n € N, one quickly sees that

Apn= Y D W< Y™ 3" LW <A, (13)

uel,, veLl, uel,, veL,
UvELyyin UveLyyin
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and so Fekete’s lemma guarantees that the following limit exists:

1
P := lim —log A,. (1.4)

n—oo n

The number P = P(X, o, ¢) is the topological pressure. Writing M, (X) for the space
of o-invariant Borel probability measures on X, and h: My (X) — [0, c0) for the
measure-theoretic entropy function, the variational principle [Wal82, Theorem 9.10] states
that

P = sup (h(u)+/<pdu)~
HEMy (X)

A measure achieving this supremum is an equilibrium measure. There is always at least
one equilibrium measure because the entropy function is upper semi-continuous.

1.3. Local product structure. ~We will be concerned with the structure and properties of
equilibrium measures, and in particular with their product structure in terms of stable and
unstable sets.

Given a shift space X, we say that R C X has product structure (or is a rectangle) if for
every x, y € R, the bracket [x, y] given by

Xy, n=<0,
[x, yln := (1.5)
Yn, n =0,
is defined (which requires xo = yp) and lies in R. In this case, we fix ¢ € R and consider
the sets
Wr(q) :={x € R:x, =gy foralln <0}, (L6)
Wx(g) :={x € R : x, = gy forall n > 0}, ’
and then consider the bijection
tg: Whig) x W — R,
g Wr(@) r(q) (L)

(x,y) = [y, x].

We say that a measure m on R is a product measure if m = (Lq)*(mg X m,S]) for some
measures m; on Wx(g) and m; on Wi(q).

Definition 1.2. A probability measure p on X has local product structure if there exist a
sequence of product measures m, on rectangles R,, such that we have:
o |g, K my, foreveryn € N;and

o wlUpeny R) = 1.

1.4. Classes of shift spaces and potentials. To go beyond mere existence and deduce
uniqueness, local product structure, or other stronger properties for equilibrium measures,
one needs to know more about the shift space X and the potential ¢. We gather some basic
definitions and facts here.

e The nth variation of ¢ is V,,(¢) := sup{lo(x) — ¢(V)| : X(—n.n) = Y(=nm)}-

e Every continuous ¢ : X — R is uniformly continuous: V,,(¢) — 0 asn — oo.
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e ¢ is Holder continuous if V,(¢) decays exponentially fast: there are C, « > 0 such
that V,(¢) < Ce " foralln € N.
¢ is Dini continuous (or has summable variations) if ), V,(¢) < oo.
¢ has the Bowen property if there is C > 0 such that for every n € N and every x, y €
X with x(0.2) = Y[o,n), We have |S,0(x) — Spe(y)| < C.

e ¢ has the Walters property if for every € > 0, there is k € N such that for all n € N
and x, y € X with x{— ntk) = Y[—kn+k)» We have [S,p(x) — Spp(y)| < €.

These properties have the following relationships:
Holder = Dini = Walters = Bowen.
The Bowen property has the following immediate consequence:
W)+ P(w)—C <d(vw) < PW) + P(w) forallv,w € L withvw € L. (1.8)

A shift space X C AZ is an SFT if there is a finite set of forbidden words F C A* :=
Un—y A" such that

X ={xe Al x;; ¢ Fforalli, j € Z}. (1.9)

Every topologically mixing SFT has the following specification property: there is t € N
such that for all v, w € L, thereisu € L, such that vuw € L. As mentioned in Remark 1.1,
the following facts were already known.

e If X has specification and ¢ has the Bowen property, then there is a unique equilibrium
measure [Bow75] and it has the K property [Led77, Cal22].

e If X is a mixing SFT and ¢ has the Walters property, then the unique equilibrium
measure has local product structure and the Bernoulli property; see [Bow(08, Hay94,
Lep00] for Holder continuous ¢ and [Wal78] for the extension to the Walters property.

e If X has specification and ¢ is Holder continuous, then the unique equilibrium measure
has local product structure and the Bernoulli property [Cli18].

Theorem A extends the ‘local product structure’ result in the last item to the case when ¢

has the Walters property. We do not address the question of whether the unique equilibrium

measure is Bernoulli in this setting.

In the classical results above, an important role is played by the fact that the partition
sums in equation (1.2) admit uniform counting bounds P < A, < Qe”P , where Q < o0
is independent of n, as well as by the existence of ‘large’ sets with product structure.
An important feature of our approach is that our general results rely only on these rather
flexible assumptions, rather than more restrictive assumptions on the structure of X.

1.5. Construction of the leaf measures. The definition of topological pressure in
equation (1.4) gave it as an exponential growth rate, analogous to box (capacity) dimension.
In dimension theory, one can also study Hausdorff dimension, which is a critical value
rather than a growth rate; more precisely, one defines a one-parameter family of Hausdorff
measures, whose total weight jumps from oo to O at a particular value of the parameter.
This value is the Hausdorff dimension; Pesin and Pitskel’ [PP84] gave an analogous
definition of topological pressure, building on an earlier work of Bowen [Bow73] for
topological entropy.
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In the symbolic setting, this definition goes as follows. Given N e N, let
L>y ={w € L : |[w| > N} denote the set of words of length at least N, and given Z C X,
consider the following set of covers of Z by cylinders corresponding to such words:

E*(Z, N) := {5 cL=y:zc | [w]+}. (1.10)

wef

Then to each @ € R, associate an outer measure m, on X defined by

me(Z) = lim inf { Wl o gz, N)}. 111

(2) = Jim_ ng ( (L11)

The topological pressure P € R is the unique real number with the property that

my(X) = oo for all @ < P, and my(X) =0 for all « > P. Now one may naturally ask

whether m p has anything to do with the equilibrium measure(s) of (X, o, ¢). There are

two problems that arise immediately:

(1) a priori, we could have mp(X) = 0or mp(X) = o0;

(2) the outer measure m p does not restrict to a Borel measure unless m p = 0. Indeed, if
we consider for each x € X the local unstable set (or leaf)

Wioe () = {y € X : yx = x for all k < 0},

then ET (W2 .(x), N) = ET([xo]*, N) for all N if X is a subshift of finite type,

and m p(Wl‘(‘) (X)) =m p([x0]™), from which one can quickly deduce that m p is not

additive on the Borel o -algebra.

The first problem is addressed in § 1.6. For now, we address the second problem, by defining
a measure not on all of X, but on a local unstable set. We modify the definition in equation
(1.11) slightly: instead of using weights ®(w), we fix x € X and consider for each w € £
the quantity

@ (w) = sup{Sjup(y) 1 y € Wjge(x) N [w]T}. (1.12)

If W (x) N [w]™ =@, then & (w) = —oco and ¢® @) — () Then define the unstable
leaf measure as

my(2) = lim inf{ > STl o c pt(7, N)}. (1.13)
we&

Givenw € L>y, the set W)} (x) N [w]™ has diameter < 27V, which goes to 0 as N — oo,
and thus [Cli24, Lemma 2.14] implies that i} defines a Borel measure on Wl‘(l)C (x).

By reversing the direction of everything, we can analogously define a Borel measure
m$,. on the local stable set (or leaf)

Wie () ={y € X : yx = x forall k > 0}.

For the definition of m$, we work with the backwards cylinders corresponding to words
we A™

[w]™ ={x € X : x(_n0) = w}.
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Equilibrium measures for shift spaces 7
Given Z C W, (x) and N € N, we consider the collection of covers

E~(Z,N) = {ECEZ/\/:ZC U[w]_}. (1.14)

we€
Using the weight function

lw|—1

O (w) = sup{ Y w7y iy e Wi N [w]}, (115)
k=0
we define the leaf measure m$ by
m$(Z) = lim inf{ Z ePx WP e c B (Z, N)}. (1.16)
N=eo wef

Once again, [Cli24, Lemma 2.14] guarantees that m?, is a Borel measure on Wlivc (x). Now
we must provide some way of guaranteeing that the leaf measures mY and mS$. are positive
and finite; we will do this in the next section. We conclude this section by observing that
the set W) (x) and the measure m} only depend on x(_0y; similarly, Wi (x) and m3
depend only on x[o,~). This is immediate from the definitions but deserves to be recorded.

PROPOSITION 1.3. If X(—000] = Y(~00,0], then Wy

(x) = W .(y) and m, = m

(x) =W .(y) and m} = m‘yl If

X[0,00) = Y[0,00)> then W3

s
loc v

Remark 1.4. We will occasionally abuse notation slightly by using the notation
Wi (x), my when x = - - x_px_1x0 is a backward-infinite sequence, and Wy} (x), m},
when x = xpx1x2 - - - is forward-infinite. By Proposition 1.3, the meaning of this notation
is well defined by extending such an x to any bi-infinite sequence in X.

1.6. Conditions for finiteness. As the arguments in [CPZ19] reveal, the key property
needed to guarantee positivity and finiteness of the leaf measures is uniform control
of various versions of the partition sums A, from equation (1.2). Start by observing
that equation (1.4) means that A, ~ ¢"F for large n, but leaves open the possibility
that A,e™"" can approach 0 or co subexponentially. In fact, by Fekete’s lemma, the
submultiplicativity property A+, < A, A, guarantees that

A, >"P foralln; (1.17)
however, there is no universal upper bound. We define

Q:= lim Aye P e[l, 00]. (L.18)
n—oo

To obtain good bounds on m}, we will need a < 00. This is known to be true for transitive
SFTs with Holder continuous potentials, and in many other settings as well; see for example
§2 and [CT13, Proposition 5.3]. We will also need good control of partition sums restricted
to W (x): let

loc

AfGo) =Y W), (1.19)

weLl,
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recalling that words with W)} (x) N [w]T = ¥ make no contribution to the sum, and then
define

0y = lim Afe™, QF = lim Af()e™". (1.20)
n—oo n— 00

Clearly, we have Q;F < a;r < @ but we have no a priori lower bound on Q;” Replacing

+ with — in equations (1.19) and (1.20) yields analogous quantities 2; < 6; < 0. The
following result is proved in §3.

THEOREM 1.5. Let X be a two-sided shift space on a finite alphabet with language L, and
¢: X — R a continuous potential. For each x € X, define a Borel measure m on W) (x)
by equation (1.13) and a Borel measure m$, on Wy (x) by equation (1.16). Then we have

0!/0 < mi(Wa.() < 07, (121)

0, /0 <mi(Wi.(x) < 0. (1.22)

Theorem 1.5 guarantees that the measures m" and m$ are finite as soon as Q < 0o, but
leaves open the possibility that they may vanish for some x. For a shift with specification
and a potential with the Bowen property, there is ¢ > 0 such that Qf >cforall x € X
[Bow75], so that, in particular, all leaf measures are non-zero. See §2 for a more general
statement.

1.7. Scaling under dynamics. A crucial property of a-dimensional Hausdorff measure
is the way it transforms under geometric scaling: if two sets are related by a transformation
that scales distances by a factor of r, then their Hausdorff measures are related by a factor of
r*. The corresponding property for the measures m} and m$ concerns how they transform
under the dynamics of o; they scale by a factor of e” =%, as described in the following
result, which is proved in §4.

THEOREM 1.6. Let X be a two-sided shift space on a finite alphabet with language L,
and ¢: X — R a continuous potential. Let m} and m’, be the families of leaf measures
defined by equations (1.13) and (1.16). Then if Z C W (x) is a Borel set such that
0(Z) C Wy (ox), we have

md (0Z) = /Z e YO am® (y). (1.23)

Similarly, given a Borel set Z C W, (x), we have
m;,lx(a—IZ)zfze—‘f’(yHP dms (y). (1.24)
Remark 1.7. Tt is occasionally useful to write the scaling property in equation (1.23)

in one of the following equivalent forms, valid whenever oy € Wl‘éc(ax) (that is,
V(=00,1] = X(=00,1]):

https://doi.org/10.1017/etds.2024.46 Published online by Cambridge University Press
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dm® dm“ _
v mg'xu ((Ty) — e—(p(y)+P or *Lxu(y) — efp(o |y)—P_ (1.25)
(a*mx) d(O’ mox)

If y(—oon] = X(—oc0,n]> then iterating the second of these gives

dm" " ek
Tx _(y) = eXi=1 00T DnP, (1.26)

d((0")*myn,)
Analogous formulas hold for .. In particular,

S
o "x

d((o")sm3,)

In §1.10, we will use these scaling properties to obtain Gibbs-type estimates.

dm ) =e" Yo oo y)4nP (1.27)

1.8. Scaling under holonomies. Recalling §1.3, we say R C X has product structure
and refer to R as a rectangle if for every x, y € R, the bracket [x, y] from equation (1.5) is
defined and lies in R. Note that every rectangle must be contained in a 1-cylinder: if R is a
rectangle, then there is a € A such that R C [a]T = [a]~.

Given a rectangle R and a point x € R, we will write (see equation (1.6))

Wr(x) =W . (x)NR and Wg(x):=W; . (x)NR.

Given z, y € R, the (stable) holonomy map 7} : Wg(z) — Wg(y) is defined by

2,y
72y () = [y, x], (1.28)

so that {nzs,y ()} = W, .(x) N W (y); the map nzs’y ‘slides’ a point x along its stable leaf
until it reaches W, (y). We will be interested in rectangles on which the unstable leaf

measures mY transform nicely under holonomies.

Definition 1.8. Given a collection R of rectangles, the family of unstable leaf measures
has uniformly continuous holonomies on R if for every € > 0, there exists § > 0 such that
given any R € R and y, z € R such that d(y, z) < 8, we have m‘y‘(Y) = eﬂm‘;(n;’z(Y))
for all measurable ¥ C Wg(y). (We use the notation A = e*CB to mean that
e CB<A< eCB.)

We prove the following in §5.

PROPOSITION 1.9. If ¢ has the Walters property, then the leaf measures m} have
uniformly continuous holonomies on the family of open rectangles.

PROPOSITION 1.10. If ¢ =0, then the leaf measures m§ have uniformly continuous
holonomies on the family of all rectangles.

Remark 1.11. A shift space has open rectangles if and only if it has a synchronizing
word. For such shift spaces, Proposition 1.9 allows us to study equilibrium measures for
a broad class of potential functions. However, there are many shift spaces, such as the
natural coding space for Sinai billiards [BD20, CD24], in which we should not expect
to find any open rectangles, and thus Proposition 1.9 cannot be used, but Proposition
1.10 can still provide information about the measure of maximal entropy. We expect that
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the definition of the leaf measures could be modified to guarantee uniformly continuous
holonomies on the family of all rectangles for a broader class of potentials, but we do
not pursue this here.

In the next section, it will be important to have a formula for the Radon—Nikodym
derivative of the holonomy map. To give this, we start with the following direct conse-
quence of equation (1.5):

if Xj0.0] = Yio) then [0"x, 0"yl = o"[x, y]. (1.29)

With equation (1.29) in mind, the following is immediate.

LEMMA 1.12. Given any rectangle R, any n €N, and any w € L,11, the sets
c"(RN[w]T) =c"(R)N[w]™ and c7"(RN[w]") =0 "(R) N [w]T are rectangles
as well. (They may be empty.)

Definition 1.13. A family R of rectangles is L-invariant if given any R € R, n € N, and
w € L,11, the rectangles 6" (R N [w]™) and o ™" (R N [w]™) are contained in R.

The families of rectangles in Propositions 1.9 and 1.10 are both L-invariant.

Definition 1.14. The family of leaf measures m} is positive on a family R of rectangles if
for every R € R, there exists x € R such that m}(Wg(x)) > 0.

THEOREM 1.15. Let R be an L-invariant family of rectangles and suppose that the family
of leaf measures m} is positive on R. Then the following are equivalent.

(1)  The leaf measures m§ have uniformly continuous holonomies on R.
(2) The sum

AS(x, x) = Z @(o"x") — p(c"x) (1.30)
n=0

converges uniformly on {(x,x’) € R>: R e R,x' € W3 (x)}, is uniformly bounded
on this set, and for every R € R and y, 7 € R, we have
d (nzs’y)*mg

S () = ()T, (1.31)
m
y

The proof for this result is in §5. An analogous result is true if we reverse the roles of
stable and unstable, and change the sign of each instance of n.

Remark 1.16. Tt is worth observing that equation (1.31) gives

s s y—1
mi(Wi(2) = mi (@ )~ (Wr(y)) = /wu( ) AT gt (),
RV

Thus, if the conditions of Theorem 1.15 are satisfied, we actually have a stronger version
of positivity: m}(Wg(y)) > O forevery y € R € R.
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1.9. Product measure construction of an equilibrium measure. To go from the leaf
measures m} and m} to an equilibrium measure for (X, o, ¢), we start with a product
construction. Suppose that R is an L-invariant family of rectangles on which the families
of leaf measures m} and m$ both have uniformly continuous holonomies and are positive
in the sense of Definition 1.14.

Given R € R and g € R, consider the bijection ¢, : Wg(q) x Wx(g) — R from equa-
tion (1.7), defined by ¢, (x, y) = [y, x], and the product measure mp , := (t,,)*(mg X m‘;),
for which

mg4(Z) =/ / 17([y, z1) dmy (y) dmy(2). (1.32)
Wg(q) JWg(q)

Let Ag < mpg 4 be the measure on R defined by

dig
dmR,q

(z) = A zly) p AT (Ly:2y) (1.33)

The following is proved in §6 and justifies the suppression of ¢ in the notation Ag.

THEOREM 1.17. Let X be a two-sided shift space and ¢ : X — R be continuous. Suppose
that R is an L-invariant family of rectangles on which the families of leaf measures m; and
ms. both have uniformly continuous holonomies and are positive. Then for every R € R,
the measure Ag defined in equations (1.32) and (1.33) is independent of the choice of
q € R, and is non-zero.

Given disjoint Ry, . . ., Ry € R, define a measure Ag on the union R = Ule R; by
1
AR = Z AR;- (1.34)
i=1

The first return time function t: R — N U {oo} is given by
7(x) = min{n > 1: 0" (x) € R}.

If Ap(fx € R:1(x) =00}) =0, then the first return map 7: R — R given by
T(x) = 0™ (x) is defined by A g-almost everywhere. In §6, we prove the following.

THEOREM 1.18. Let X, ¢, R be as in Theorem 1.17, and R, t, T as above. If A\g({x € R :
T(x) = 00}) = 0, then Ag is T-invariant.

The procedure for passing from a T-invariant measure on R to a o-invariant measure on

X is standard: under the hypotheses of Theorem 1.18, write ¥, := {y € R : t(y) > n} and
consider the measure

o0
=Y oligly,. (1.35)
n=0

Clearly, u|g = Ag. In §6, we prove the following result.
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THEOREM 1.19. Let X, ¢, R, R, t, T be as in Theorems 1.17 and 1.18. Suppose that
AR s positive, that f T dAgp < 00, and that E < 00. Then the measure |1 defined in
equation (1.35) is positive, finite, and o -invariant; moreover, its normalization |1/ (X)
is an equilibrium measure with local product structure.

1.10. Gibbs-type estimates. We conclude our general results with a description of how
combining Theorem 1.5 with the scaling estimates in equation (1.26) provides Gibbs-type
estimates on the weight that the leaf measures give cylinders. These lead in turn to
Gibbs-type bounds for the measures A r from equations (1.32) and (1.33).

Given x € X and w € £, such that w; = xo, we adopt the notation

X.W ="+ X_2X_[WWW3 + * - Wy. (1.36)

That is, x.w is the left-infinite sequence obtained by taking the negative half of x and

appending w. (The result may or may not be legal in X: it is legal if and only if
Wi ()N [w]t # @.) The sequence x.w is indexed by (—oo, 0] N Z, so (x.w)y = wy,

(x.w)_1 = wy,—_1, and so on. Now observe that for a symbol a in the alphabet A,

o" (W) N [wlh) = [ Wi (r.wa),
acA

where, as in Remark 1.4, we abuse notation slightly by using the notation W_ . when x.wa
is only a one-sided infinite sequence; this is justified by Proposition 1.3. Some of the sets
Wie.(x.wa) may be empty.

Consider the quantity

V. (w) := sup{|S,0(y) = $,0(2)] 1 ¥, z € Wi (x) N [w]*). (1.37)
We see immediately that given any y € W (x) N [w]T, we have
DY (w) = V" (w) < Sup(y) < O (w). (1.38)

Given a single symbol a € A such that W\! (x.wa) # @, write m} , ,
leaf measure; then equations (1.26), (1.38), and Proposition 1.3 give

for the corresponding

oL W) —nP=VF () < dmy () <e ®F (w)—nP
d((c*)'m} ,,)
for each y € W (x) N [walt. Writing |[m% .| = My.wa (W (x.wa)) for the total

weight of the measure m" we obtain

x.wa’

+
—VH(w) u mY ([w]™)
e 2 Ik yall = 50— _Zn
a

and Theorem 1.5 lets us conclude the following Gibbs-type estimate.

THEOREM 1.20. Let X be a two-sided shift space on a finite alphabet A with language L,
and ¢ : X — R a continuous potential. Then given any x € X and w € L, we have

ZaeA a:fr.wa u([w]+)

e‘V;(w)a - <I>+(w) nP — —x wa’ (1.39)
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An analogous bound holds for m?,((w]™):

Z“Gi‘ Qaws _ mfi([wr) <> o . (1.40)

eVr W e®x (w)—nP i

Once again, we point out that if X has the specification property and ¢ has the Bowen
property, then the quantities in equations (1.39) and (1.40) are all bounded away from
0 and oo independently of x and w, yielding the usual Gibbs property.

Theorem 1.20 yields an upper Gibbs bound for the product measures used in §1.9; the
constant involved is given in terms of Q and so for this bound to be useful, we will need
to know that Q0 < oo.

COROLLARY 1.21. Let X be a two-sided shift space on a finite alphabet and ¢: X — R
be continuous. Suppose that R is an L-invariant family of rectangles on which the
families of leaf measures m% and m$. both have uniformly continuous holonomies. Let
C = max(||A%||, [|A“|}), which is finite by Theorem 1.15, and let K = (#A)Q*¢*C. Then
Jor every R € R, the measure Ar defined in equations (1.32) and (1.33) satisfies the
Jollowing bound for all w € L:

AR([w]h) < KM mIwIP, (1.41)

Proof. If [w]* N R =@, there is nothing to prove, so assume the intersection is
non-empty. By Theorem 1.17, we can define A using g € [w]* N R. We get

Ar((w]™) = / e ey Ayl dmy (y) dmy ()
Wg(q) JWg(q)

I,

loc

=e f / dmy (y) dmy ()
Wi (@N[wlt JWp (q)

loc

= Xl ([w] " ym (W (@).

(@) JWi (@

loc

< 62C
2C

By Theorems 1.5 and 1.20, we have
N
my (wIFyms (Wi (q)) < (GA)Q%e® ™,

which proves the corollary. O

2. Examples
2.1. Subshifts of finite type. Let X be a topologically mixing subshift of finite type
on a finite alphabet A, determined by a finite set F of forbidden words. Let ¢: X — R
have the Walters property. Then it is well known [Bow75, Wal78] that (X, ¢) has a
unique equilibrium measure, and that @ < o0 and inf, Q+ > 0, inf, 2_ > (, so the leaf
measures m'; and m$ are uniformly positive and finite by Theorem 1.5.

The product measure construction in §1.9 can be carried out as follows. Let
k = max{|u| : u € F}, and observe that for all w € £ with |w| > k, the cylinder [w]*
has product structure: indeed, given any x, y € [w]*, any subword of [x, y] with length
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< k must be a subword of either x or y, and thus cannot lie in F (since x, y € X), allowing
us to conclude that [x, y] € X and hence [x, y] € [w]™.

By Proposition 1.9, the leaf measures m% and m} have uniformly continuous
holonomies on the family R of open rectangles. By the previous paragraph, this family
contains [w]™ for every w € L. So we can write X as the finite union of open rectangles:

X = U [w]t.

weLly

On each [w]™, equations (1.32) and (1.33) produce a positive and finite measure A,,, and
taking R = X, we have return time t = 1, so the construction in equations (1.34) and
(1.35) reduces to

n= Z Aw-

weLk

The return time is integrable (since it is bounded and each A, is finite), so by Theorem
1.19, w/p(X) is the unique equilibrium measure.

2.2. Synchronizing words.  The result for subshifts of finite type can be extended to shift
spaces with a synchronizing word and the appropriate counting estimates.

Definition 2.1. A word v is said to be synchronizing if for every pair u, w € £ such that
uv, vw € L, we have that uvw € L as well.

Equivalently, v is synchronizing if the cylinder [v]™ has product structure; in particular,
X has a synchronizing word if and only if the family R of open rectangles (as in Proposition
1.9) is non-empty. In this section, we give a condition for our main results to apply to such
shift spaces. In a separate paper [CD24], we will study shift spaces that code dispersing
billiards and do not have any open rectangles.

We remark that a shift space is a subshift of finite type if and only if all sufficiently long
words are synchronizing. To go beyond SFTs, we impose a condition on sequences that
do not contain a given synchronizing word: given a synchronizing word v € £ for a shift
space X, we write

Y, = {x € X : x does not contain v}. 2.1

Observe that Y, is closed and shift-invariant.

THEOREM 2.2. Let X be a shift space with a synchronizing word v. Suppose that
¢: X — R has the Walters property, and that the subshift Y, defined in equation (2.1)
satisfies

Py, ) < P(X, 9). 2.2)

Then the following are true.

() (X, o, ¢) has a unique equilibrium measure.
(2)  The equilibrium measure has local product structure in the sense of §1.3.
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(3) Writing R = [v]* and letting T: R — N U {00} be the first return time, the measure
A = AR defined by equations (1.32) and (1.33) is non-zero, and f T dl < 0.

(4) The o-invariant measure [ defined in equation (1.35) is a scalar multiple of the
unique equilibrium measure.

(5) There exists K > 0 such that if w € L begins and ends with the synchronizing word
v, then

Ko~ WP (X.9)+d(w) < M([w]Jr) < K e WP (X.)+d(w) (2.3)

Remark 2.3. To deduce Theorem A from Theorem 2.2, it suffices to observe that if X is a
shift space with the specification property, then it has a synchronizing word [Ber88], and
equation (2.2) holds for every potential with the Bowen property. This last assertion can
be deduced using the fact that (X, ¢) has a unique equilibrium measure p, and that p is
fully supported [Bow75], so that, in particular, u([v]™) > 0 and therefore 1 (Y,) = 0. By
upper semi-continuity of entropy, (Y, ¢) has an equilibrium measure v # w, for which
P(Yy, ¢) = h(v) + [ ¢ dv < P(X, ¢).

The remainder of this section is devoted to the proof of Theorem 2.2, which will proceed
along the following lines.

Step 1. Use the synchronizing property together with equation (2.2) to prove that the set
G C L of words that start and end with v has the specification property.

Step 2. Use this specification property and equation (2.2) to apply results from [CT13,
PYY22], deducing uniqueness and uniform counting bounds on partition sums.

Step 3. Use these counting bounds together with Theorem 1.5 to obtain lower bounds on
m" and m$ whenever x € [v]T, and thus deduce that A([v]T) > 0.

Step 4. Use equation (2.2) and the Gibbs bounds from §1.10 to show that f T dA < 0o and
to deduce the Gibbs bounds in equation (2.3) for every w € G.

Step 5. Apply Theorem 1.19 to deduce that 1/ (X) is an equilibrium measure.

Before carrying these out, we set up some notation and recall a lemma. Recalling the
notation A, = le‘:n e®™) from (1.2), given D C L, we write

An(D) = Z e®™@ and  0,(D) = Ay(D)e "PED,

weD,

A collection D C L is called factorial if it is closed under passing to subwords. The
subshift associated to a factorial collection D is

Xp :={x € X : every subword of x is in D}.
LEMMA 2.4. If D is factorial and ¢ is continuous, then (1/n) log A, (D) - P(Xp, ¢).

Proof. For ¢ = 0, this is [CP19, Lemma 2.7]; the proof in §4.4 of that paper extends to
arbitrary continuous ¢ with routine modifications; see Appendix A. O
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We will apply Lemma 2.4 to the factorial collection
B :={w € L : w does not contain v},

for which we have Xg =Y, so that the condition P(Yy, ¢) < P(X, ¢) together with
Lemma 2.4 guarantees that

1
lim — log A,(B) < P(X, ¢). (2.4)
n—oo n

We will often use the following consequence of this:

Z 0n(B) = Z An(B)e P ED < o0, (2.5)
n=1

n=1

With these preliminaries set up, we turn our attention to Step 1 of the proof of Theorem 2.2.
We need the following lemma.

LEMMA 2.5. If equation (2.5) holds, then there exists u € L such that vuv € L.
Proof. LetD = BU ((BvB) N L) be the set of words in £ that do not contain two disjoint

copies of v. Then we have

n—|v|
An(D) < Ap(B) + PP " Ai(B)Ay—i— 1y (B). (2.6)
i=0

Recall also from § 1.6 that A, = A, (L) > ¢"*, so equation (2.6) gives

Au(D) "W
AL S An(D)e™™ < 0,(B) + 7P N 0i(B) Qo (B).  (27)
n i=0

Writing ¢; = Q; (B), observe that equation (2.5) gives

oo ¢ 00 2
Z Z CiCo—i = ( Z ck> < o0, (2.8)

£=0 i=0 k=0

SO Zf:o cicg—i — 0 as £ — oo. Thus, the right-hand side of equation (2.7) converges to
0 asn — oo. For sufficiently large n, this gives A, (D) < A, (L), so D # L, which proves
Lemma 2.5. O

PROPOSITION 2.6. Writing G = L NvL N Lv for the set of words in L that both start and

end with v, the following are true whenever equation (2.5) holds.

o BGB is a decomposition of the language L: for every w € L, there are u”, u® € B and
u8 € G such that w = uPuu’.

e G has the specification property: there is t € N such that for every w, w' € G, there is
u € L; such that wuw' € G.

Proof. For the first claim, if w does not contain v, then we take u” = w, and set u8 and u*
to be the empty word. If w does contain v, then we take u? to be the initial segment of w
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preceding the first appearance of v, we take u® to be the final segment of w following the
last appearance of v, and we take u¢ to be the subword of w lying between u” and u*.

For the second claim, let u € £ be provided by Lemma 2.5 and let t = |u|. Then
given any w, w’ € G, we claim that wuw’ € G. Indeed, by the definition of G, we have
w = gqv and w’ = vq’ forsome ¢, ¢’ € L, and thus wuw’ = guuvg’. By the synchronizing
property, since gv € £ and vuv € £, we deduce that guuv € £, and since vq’ € L, we
apply the property again to get wuw’ = qvuvg’ € L. This word starts and ends with v
since w and w’ do, so it lies in G. O

Now we are in a position to carry out Step 2, and obtain uniqueness and uniform
counting bounds. These are provided by the following result.

THEOREM 2.7. Suppose X is a shift space on a finite alphabet with language L, and that
¢: X — R is continuous. Suppose moreover that there are CP, G, C* C L such that the
Jollowing conditions hold.

(I)  Specification on G: there is t € N such that for all w', w
ul, . u" Ve £, such that w'u'w?u? - - u" 1w € L.
(II) Bowen property on G: there is C > 0 such that for every w € G and x, y € [w], we
have |Sjy|@(x) = Sjwje(»)| = C.
D) limy— o0 log(A,(CP UC%))/n < P(g).

Then X has a unique equilibrium measure, and Q < 0.

2 .., w" €G, there are

Proof. This is nearly the form of [CT13, Theorem C], except that there, the specification
property is also required to hold for the sets G(M) = {uPwu® € L : uP € C?, u® € C*,
w € G, [uP*| < M}. An analogous result for flows was proved in [CT16], and was later
improved by Pacifico, Yang, and Yang [PYY22], who showed that it suffices to have
specification for G itself. Their arguments can be readily adapted to the symbolic setting,
see [Cli22], but since the precise statement given in Theorem 2.7 cannot be directly read
off from existing results in the literature, we provide in Appendix B a proof of Theorem 2.7
as a logical consequence of [PYY22, Theorem A] by using suspension flows. O

In our setting, we have C? = C* = B, and then Proposition 2.6 provides condition (I),
the Walters property implies condition (II), and equation (2.2) provides condition (III), so
Theorem 2.7 applies and we can conclude that there is a unique equilibrium measure, and
that Q < o0.

We will also need uniform lower counting bounds on G; these follow from similar
arguments to those in [CT13], but cannot be deduced directly from what is written there,
so we provide a proof.

PROPOSITION 2.8. If equation (2.5) holds, then Q(G) = lim,_ o0 Qn(G) > 0.

Proof. Using the decomposition BGB provided by Proposition 2.6, we have

n Ja
0u(L) < Y QBB =) 0ni(@) Y 0iB)Qe—i(B). (29

i+j+k=n =0 i=0
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Let R;(B) := Zf:o Q;(B)Q¢—;i(B), and observe that just as in equation (2.8), we have

00 00 2
> RuB) = (Z Qi(B)> < oo. (2.10)
=0 i=0

Thus, S := maxy R;(B) < oo. Since a < 00, we have K :=max; Q;(G) < co. By
equation (2.10), there is N € N such that Zﬁzv R¢(B) < 1/(2K), so if n > N, using
equation (2.9) and recalling equation (1.17), we obtain

n N—-1 n
1<00(L) <Y Qut(@R(B) < Y Qut(@)S+ Y KRe(B)
=0 =0 (=N

< SNmax{Q;(G) :n—N < j <n}+K/2K).
The last term is equal to %; subtracting it from both sides and dividing by SN gives
max{Q;(G) :n — N < j <n}>1/(2SN).
Since n > N was arbitrary, this proves Proposition 2.8. [

‘We have now completed Step 2 of the proof, and proceed to Step 3, the task of obtaining
lower bounds on m" and m$ when x € [v]*. With Proposition 2.8 in hand, we can obtain
these using Theorem 1.5; to show that both of these measures are non-zero, it suffices to
show that Q" > Oforall x € [v]™.

Fix x € [v]T andletu € Lbeasin Lemma 2.5 (so vuv € £). Givenw € G, let y,, be the
periodic sequence - - - uwu.wuwu - - -, and let z,, = [x, yy] € Wll(‘)c(x) N [w]T. Thus,

DT (w) = Sjwj¢(zw) = P(w) - C, (2.11)

where C is the constant from the Bowen property. From the definitions of A" (x) and @;r
in equations (1.19) and (1.20), we now have
a2t T oF (w)—nP T ®w)—-C—nP _ ,—Cp
Qx_nlgroloZe > lim Ze =e 09 >0

n—00
wel, weg,

By Theorem 1.5, this implies that m} (W}  (x)) > e €0(6)/0 > 0.
The argument for m? is similar: fix x € [v]" and given w € G, let 7y = [yy, x] €
Wi .(x) N [wu] ™. In place of equation (2.11), we have

O (wiu) = Spyue(o " (z,))) > D (wu) - C,

and we get
A T O (wu)—C—(n+lul) P
Ocz fim ) e
weg,
> T D (w)+DU)—2C—nP—[u|P - ,>u)—2C—|u|P g
> Tim Zgje > e 2(9) > 0.
weYy

This completes Step 3 of the proof; we have now shown that A([v]") = 0.
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Proceeding to Step 4, we show integrability of the return time by using equation
(2 5) and the Gibbs bound in equation (1.41) from Corollary 1.21; note that the constant
= (#A)e%€ Q2 appearing there is finite because Q < oo. Writing ¥, = {x € [v]* :
t(x) > n}, we observe that

Y, C U [vu]™
uel,

(note that the cylinder is empty if vu ¢ £), and thus equation (1.41) gives
A(Yp) = Z AMoulh) < Z K e®@w)—lvulP

uelB, ueBB,
< Y KePOHSWDIPIP _ (20)11P o (),
uelB,

Thus, the integral of the return time is

/ Tdh = Z A(Y,) < WP Z 0,(B) < .

n=0 n=0

Moreover, given any word w € £ that begins and ends with v, we have
[w]™ C [v]t =R, so u(w]T) = A([w]"), and Corollary 1.21 implies the second
inequality in equation (2.3). The first inequality in equation (2.3) follows from equation
(1.39) in Theorem 1.20, the specification property for G and the Walters property for ¢,
and the counting bounds in Proposition 2.8. This completes Step 4.

For the completion of the proof, Step 5, it suffices to check the conditions of
Theorem 1.19. We showed in Step 3 that A is positive, in Step 4 that [ 7 dA < 0o, and
in Step 2 that Q < oo. Thus, Theorem 1.19 applies, showing that the measure y defined
in equation (1.35) is positive, finite, o-invariant, and its normalization is an equilibrium
measure with local product structure. Since we proved earlier that there is a unique
equilibrium measure, this completes the proof of Theorem 2.2.

3. Weights for leaf measures in Theorem 1.5
Observe that for any potential ¢, if ¢ = ¢ — P(¢), then P(¢) = 0. Moreover, under this
construction, ¢ and ¢ produce the same equilibrium measure as

O (w) — [w|P(p) = O (w) = sup{Sw@(y) : y € [wIt N WL ()}

To simplify the notation in the proofs, we will replace ¢ with ¢ and make the following
assumption for the remainder of the paper.

Standing Assumption : P = 0. 3.1)

For non-zero pressure, the work is similar where an additional term including the pressure
would be included. For example, wherever a <I>f (w) or p(x) appears, one would need to
include CD;C—L(w) — |w|P or ¢(x) — P, respectively.

Equations (1.21) and (1.22) are equivalent results. By proving one result, one can prove
the other by reversing the direction of the shift. In this section, we will prove the bounds
on the weights of the unstable leaf measure in equation (1.21).
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To obtain these bounds, we first need to establish a pair of inequalities, which should be
compared with equation (1.8). First, recall from equation (1.36) that forx € X and w € L,
with [w]t N Wl‘(‘)c(x) # (), we write x.w = - - - X_pX_jw w2 - - - Wy, and define

Dy () = sup{Spue(y) 1 y € Wi (ewuy) N [u]™).
LEMMA 3.1. For w, u, v € L such that wu € L anduv € L,

F (wu) < OF (w) + 7, W), (3.2)

OF () = F () + @7, () — V), (3.3)
where V. (u) = SUPy zeWd (x) N [u] 1+ S (y) — Suj9(2)).
Proof. Lety € W _(x) N [wu]™ and observe that

Sjwu@(¥) = Sjwje(y) + S\u|<.0(<7|w|y)-

Ify e W* (x) N[w]* and z € W (x.wu;) N [u]", then taking supremums yields

loc 1oc

@ (wu) = SUp Sjuu|(y) < sup Swie () + Sue(e!'z)
vz
<1>+(w) + @7

X.wu ( )
Similarly, if y € [uv]™ and y’ € W} _(x) N [u]T, we have
Siu@ () + Spue@’1y) = Sue(») — Sue ) + Sue ) + Spie(a“ly)
> — VW) + Sue(y) + Spealy).

If z € W2 (x.uvy) N [v]*, then taking supremums gives us

loc

o Fuv) = sup Sju9(y) + Spiealy) > sup — V" () + Sui9(y) + Spie (@)
vz

= <I>j(u) + @y (0) = Vi (),
since every z € W} _(x.uvy) N [v]T is equal to o/*!y for some y € W (x) N[uv]T. O
Now we prove the inequalities in Theorem 1.5 for unstable leaves.

Proof. We begin with the proof of the upper bound in equation (1.21). For all n € N, we
have Wi (x) C X = U, o, [ult, s0 £, € EX (W) (x), N) whenever n > N. Thus,

inf{ YW g e B (WL (), N)} < Y MW = Af ). (3.4)
uek uel,
Sending n — oo along an arbitrary subsequence and recalling equation (1.20), this gives
my (Wi () < OF,

which proves the upper bound in equation (1.21).
For the lower bound in equation (1.21), we begin by finding an inequality for expressing
a fixed cylinder as a disjoint union of longer cylinders of some uniform length. Writing
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S,(xu):={vel,:[v]TN Wi (x.u) # ¥}, then by the inequality in equation (3.2), we
have

+ + +
Z e@;’(uv) S Z eq)x (“)“"d)x,uy] (v) — e(bj'(u) Z eq)x.uv] (v)
veS, (x.u) veS, (x.u) veS, (x.10)
< O Z PV — g

vel,

This implies that

@071 Y B < BT, 3.5)

veS, (x.u)

Next, we will take a cover of W)} (x) and lengthen the words of the cylinders so they are
all the same length, then apply the bound in equation (3.5).

By compactness of W, (x), it suffices to consider only finite covers of W (x) in
estimating m} (W)} .(x)). Given such a finite cover £ and any n > max{|u| : u € £} (which
is finite since £ is), we produce a new cover {uv :u € £, v € S,_y(x.u)}. All words of

this new cover have length n. Now equation (3.5) gives

DBt Y (M) e S A (3.6)

uef uek VES, | (x.u)

We desire to find a bound for the Q,,_},| so that we can factor it out of the sum. For all
Q > Q, there exists an ng such that Q > Qy for all k > ng. If we restrict n to be greater
than ng + max,cg |u|, then equation (3.6) implies that

PN R S DA R WA (3.7)

uek ue€ veS,_y (x.u) wel,

The new index in the last step follows from the fact that for each u, the word uv has length
n, and the collection of [uv]T covers WI‘(I)C (x). Additionally, any word w € L, such that
Wi (x) N [w]T = @ does not contribute to the sum.

By taking an arbitrary subsequence n; — 00 in equation (3.7), we have

1=+
mi(Wige (1)) = 0710,
Since Q > Q was arbitrary, this proves the lower bound in equation (1.21). O

The proof for equation (1.22) is analogous.

4. Scaling of leaf measures in Theorem 1.6
We will prove the scaling property in Theorem 1.6 for unstable leaves by proving a
preliminary lemma. The approach for the stable setting is identical by reversing the
direction of the shift.

We will use the notation ¢ (x) = ¢ & € as a shorthand forc — € < ¢(x) <c + €.
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LEMMA 4.1. Let Z C W} (x) such that cZ C Wy, (ox). Assume further that there is a
constant ¢ € R and Ny € N such that for any w € L>n, with [w]™ N Z # 0, we have that
o(y)=cxeforally e [w]t N Wi (X). Then we have

my (0Z) = et2e /Z e P dmb(y).

Proof. If lw| > Ny, we have that ¢(x) = ¢ & € on [w]™, so

OF (w) = sup{Sjuje(y) : y € [wl™ N W (x)}
= sup{Sjw|—1¢(cy) +cte:ye [wlt N Wiee ()}
= c e+ sup{Sju-19(y) : ¥ € [ow]" N Wy (ox))
=cte+ df (ow). 4.1

X

Because o(Z) C W). (ox) for any z € Z, the symbol z; = x;. This implies that for
a sufficiently long word w such that [w]™ N Z, the map o is a bijection between
[w]t N WE.(x) and [ow]t N W (ox).

Moreover, o acts as a bijection between covers in ET(Z, N) and E¥ (¢ Z, N — 1). That
is, if w € & for some cover in E*(Z, N), then [cw]T N o Z # @. Likewise, if w € &’ for
some cover in E(o Z, N — 1), then [xow]™ N Z # @.

Using equation (4.1) in the definition of m%(Z) for N > Ny, we get

my(Z) = lim_inf { Y et g e B (Z, N)}

weé

= lim inf{ Y ectet®olon) ;£ e Bz, N)}
N—o00

we&

— € lim inf{ Z e(b;rx(“) = E+(O‘Z, N — 1)}
N—oo
uef’

= eCiemgx(UZ), 4.2)

where u = ow. Additionally, because ¢(y) = ¢ & € on Z, we have that
/Z e dm®(y) = /Z e~ EE dm (y) = e mY(Z). (4.3)
Combining the result from equation (4.2) and equation (4.3), we get
/Z e 0 dm®(y) = e FmY(Z) = e FeFml (02) = e mY (02),

which completes the proof of the lemma. O

To prove Theorem 1.6, we consider a set Z C W}/ (x) satisfying 0 Z C W)} (ox). For
€>0,let Z, =ZNp ' ([ne/2, (n + 1)e/2)) and note that the sets Z, are measurable,
mutually disjoint, and Z = UneZ Z,. Moreover, since ¢ is uniformly continuous, there
is N € N such that |[¢(y) — ¢(z)| < €/2 whenever y[_y v} = zZ[-n,N], and in particular,
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given any w € £ with |w| > N and [w]t N Z, # @, we can fix y € [w]t N Z, and
observe that any z € [w]* N W} _(x) has

lo(z) —ne/2[ < lo(@) =W+ lo(y) —ne/2l <€/2+€/2 =€,

Thus, each Z, satisfies the conditions of Lemma 4.1, so

e (0Z) = Z my (0Z,) = et Z/ e W dm" Yy = et / e W dmi(y).
z

nez nez

Letting € — 0 proves equation (1.23). The proof of equation (1.24) is analogous.

5. Uniformly continuous holonomies, proof of Theorem 1.15
In this section, we prove the results in §1.8 about uniformly continuous holonomies,
starting with Propositions 1.9 and 1.10, then proceeding to Theorem 1.15.

5.1. Examples with uniformly continuous holonomies. Propositions 1.9 and 1.10 both
rely on the following fact.

LEMMA 5.1. Given any rectangle R, any y,z € R, and any Y C Wg(y), we have
EY(Y,N) = E*(n;’Z(Y), N) forall N € N.

Proof. Given any N €N and £ € EF(Y,N), for every x € 71 2(Y), we have

= (n;’z)’](x) € Y and thus x’ € [w]T for some w € &, but since x’ € Wsoc(x), this
implies that x € [w]* as well, so £ e ET (n}s,’z(Y ), N). This proves one inclusion, and the
other follows by symmetry. O

With this lemma in hand, Proposition 1.10 (the case ¢ = 0) is easy to prove.

Proof of Proposition 1.10. By Lemma 5.1, we have E* (Y, N) = E*(x} (Y), N). For
every £ € ET (Y, N) and every w € &, we have & (w) = &F (w) = —|w|P since ¢ = 0,
and thus ) o P — =D wee ¢® ™) Taking an infimum over all such & gives
m;(Y) = mg(rry,z(Y)). O

Now we prove uniform continuity of holonomies for open rectangles when ¢ has the
Walters property.

Proof of Proposition 1.9. By the Walters property, given € > 0, there is k € N such that
for all n € N and y, z € R with y; = z; for all i > —k, we have |S,,¢p(y) — S,0(2)| < €
for all n € N. We claim that § = 2% satisfies the required conclusion in Definition 1.8;
that is, that for any open rectangle R and any y,z € R with d(y,z) <§, we have
m‘;,(Y) = eiem‘;(n;,z(Y)) for all measurable Y C Wx(y).

It suffices to show this conclusion in the case when R = [u]™ N [v]™T for some u, v € L.
Indeed, any open rectangle R can be written as a disjoint union R = | |2, R;, where
each R; is of the form [u#]” N[v]t N R = [u]” N [v]T, and then if we have the result
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for each R;, we can deduce that if d(y,z) <4, then there are y; € Wr(y) N R; and
zi € Wi(z) N R; such that d(y;, z;) < 6, so

my(Y) = Zm (YmR)_Zeifm @ (V)N R) = e™ml (] (V).

i=1 i=1

To prove the conclusion when R = [u]~ N [v]T, we observe that given any w € £ with
lw| > |v| and [w]Jr N R # @, we in fact have [u]~ N [w]™ C R. Given any x € W“(y) N
[w]t, we have x’ := =y (x) € Wr() N [w]™ and so x; = x/ for all i > —k. By the
Walters property, thlS 1mphes that

[Sh(x) — Spp(x")| < e foralln € N.

Taking a supremum over all x € Wy(y) N [w]" gives &7 (w) < dDj,(w) + €, and by the
symmetrical result with x, x” reversed, we get

dF(w) = o} (w) +e. (5.1

(Note that this step is where we use the openness of R in an essential way; the argument
would fail if we did not have [u]™ N [w]T C R, since then the holonomy map would only
be defined on W} _(x) N [w]™ N R, which might not be all of W, (x) N [w]*.)

Fix Y C Wi(y) and let N > |w|. Then any cover £ ET(Y, N) is also a cover of
n;,Z(Y ) C Wg(2) and vice versa, by the product structure, and equation (5.1) gives

Z e<1>+(w) Z e<1>+(w):|:€

we wef

Taking an infimum over covers in E*(Y N ) (and hence also over E* (n;’Z(Y), N)) and
then sending N — oo gives m“(Y) =T “(71 .(Y)). This proves the conclusion when

= [u]~ N[v]T, and by the dlscuss10n at the start of the proof, taking countable unions
of such rectangles gives the result for arbitrary open rectangles. O

5.2. Proof of Theorem 1.15. Now we prove Theorem 1.15 that uniform continuity of
holonomies is equivalent to uniform convergence and boundedness of A* together with
equation (1.31) for the Radon—Nikodym derivative of the holonomy map.

Before proving the equivalence, we observe an important consequence of the positivity
condition in Definition 1.14; given any R € R, any x € R, and any w € £ such that
[w]™ N Wi(x) # 0, we fix y € [w]™ N Wg(x) and get 0" (y) € o (R N [w]T), which is
itself a rectangle in R by L-invariance, and thus

Mgy (@" (RN [w]F)) >0
by positivity. Applying equation (1.26), we see that mu([w]+) =m ([w]+) > 0, and
conclude that mY is fully supported in the following sense.

LEMMA 5.2. If R is an L-invariant family of rectangles on which the family of leaf
measures my is positive, then for every R € R and x € R, the measure m¥ gives positive
weight to every (relatively) open set in Wg(x).
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Now we prove the equivalence of the two conditions in Theorem 1.15. Start by assuming
that A% converges uniformly and that equation (1.31) is the Radon—Nikodym derivative. (In
fact, uniform convergence of A*® implies boundedness, see Lemma 5.3.) We must prove
uniform continuity of holonomies.

Observe that each partial sum Zﬁlzo(go(a”x/ ) — ¢(0"x)) is uniformly continuous, and
thus by uniform convergence, A* is uniformly continuous as well. Since A*(x, x) = 0, this
implies that given § > 0, there exists N € N such that given any x, x’ € R € R satisfying
x; = x; foralli > —N, we have |A*(x', x)| < 8.

Now given any y, z € R withd(y, z) < 2-N we have yi = z; for all |i| < N, and thus
given any x € Wi(y) and x’ = my - (x), we have x; = x/ for all i > —N. Using equation
(1.31), it follows that for every ¥ C W}é (y), we have

m (S (Y)) = / e ) gl (x) = / e dm’i(x) = €= dmy(Y).
: Y

Y

Conversely, suppose that the leaf measures have uniformly continuous holonomies on
R.Lety € R and fix § > 0. There exists an Ny € N such that if ylf = y; forall i > —Nj,
then

u _ +6 _u K
my(Y) =e my,(ny’y,(Y)). 5.2)
Choose Y C Wg(y) such that oY) c Wi (oNy). For simplicity, consider z € Wi (),
and note that given any N > Ny, we have (oV2); = (VN y); for all i > —N and hence for
all i > —Ny. Thus, equation (5.2) gives
mgNy(aNY) =emly (1) (NY)). (5.3)
Using equation (1.23) twice and equation (5.3) once, we get
mb(7S (Y)) = / eSVOETN0 gt (1)
V2 N (g (V) oz
_ ot / S0 0M ) g (1)
o (¥) Y
— eiS / eSNqo(cr’N[UNz,aNx])fSN(p(x) dm" (x)
y
Y

_ ot / SRSV gyt (1),
Y

The last line follows because for any x € Wl‘éc(y) MY, we have that xjo n] = Y[o,N] =
zionvyas oM (Y) € W (0 Ny)and z € Wi (y). Thus, oV [0~ Vx, 07 Nz] =[x, z].

Since every ¥ C Wg(y) can be decomposed as a disjoint union of sets that lie in a
cylinder of length N, we conclude that with No = Ny(8) as above, if we write Ay (x/, x) :=
Svo(x") — Sye(x), then we have

ml(m (¥)) = e® / AN B0 g (x) (5.4)
Y
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for every y, z, x, every measurable Y C ng(y), and every N > Ny. Thus, for every
N, N’ > Ny, we have

Ay ([x,z],x) u _ £26 Ay ([x,2],x) u
/Ye N dmy(x)—e er N dmy(x). (5.5)

Since mj gives positive weight to every relatively open set in Wx(y) by Lemma 5.2,
a standard argument shows that Ay ([x, z], x) = An([x, 2], x) £ 26 for all x € Wy (y);
indeed, if this inequality fails at any point, then by continuity, there is a relatively open
set Y on which it fails uniformly, and since m;(Y ) > 0, this would violate the integral
estimates in equation (5.5).

We have proved that Ay is uniformly Cauchy: for every 6 > 0, there is Ny € N such
that for every R € R, every y, z € R, every x € WI‘; (), and every N, N’ > Ny, we have

|AN([x, 2], x) = Anr([x, 2], 2)| < 26.

In particular, given any x, x" € R with x" € W} (x), we can choose y = x and z = x’ to
deduce that

AN (X', x) — Anr(x', x)| < 26.

This proves that Ay converges uniformly to A® on {(x, x’) € R2:ReR,x € Wr ()},
and then equation (5.4) gives

s _ ks A’ ([x.z],
mg(n;’Z(Y)) =e /Y et (x2lx) dm;(x).

Since § > 0 is arbitrary, equation (1.31) follows.
Finally, we observe that uniform convergence of Ay implies uniform boundedness, by
the following lemma.

LEMMA 5.3. Ifthe sums in the definitions of A" converge uniformly, then there is C > 0
such that |A*(x, x")| < C forall (x,x') € RZ, Re R, x' € W3 (x), and similarly for A".

Proof. By uniform convergence, there exists N € N such that

o0
Y et x) —ptx)| <1
k=N
for all x, x” as in the statement. Thus,
N-1 00
1A%, = ) lee'n) —p@ X))+ | Y ee'x) —p"x)| < 2N g + 1.
k=0 k=N
The proof for A* is analogous. O

6. Equilibrium measures using product structure

In this section, we prove Theorems 1.17, 1.18, and 1.19 from §1.9. Throughout this section,
we will assume that R is an L-invariant family of rectangles on which the families of leaf
measures m} and m} both have uniformly continuous holonomies and are positive in the
sense of Definition 1.14.
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6.1. Proof of Theorem 1.17. By Remark 1.16, the assumption of positivity together with
the holonomy results from Theorem 1.15 guarantee that mE(R) > 0 and m; (R) > 0 for
every g € R. This is enough to imply that mg 4 from equation (1.32) is non-zero for every
q € R, and since A** are uniformly bounded by Theorem 1.15, this in turn implies that
AR is non-zero. It remains to show that A is independent of our choice of ¢ € R.

To this end, let ¢, ¢’ € R. Recalling that

A, x) =) plo™"x) — (o),
n=0

we see that A" has the following additivity property: givenany y € Wy(q) andz € Wg(q),
we have

A"([y, zl, y) = A"([y, q'T. ) + A" [y, 21, [y, ¢'D.

Using this and (the m®-version of) Theorem 1.15, we have
/ 22y 2713207 o (y, 7)) dm; )
Wr(@)

- / A LAl DA 1413 A 1212 7 (y, 2]) dmy (y)
Wi (@)

_ / AL DN BT, [y, 2]) d(Gr ) ) ().
Wg(q)
Given y € Wj(g),lety = (7'[5/ q)’1 (y); then the above equation gives

/ 212y A 13:2bD 7 o ([y, 7)) dm; )
Wi(@)

- / oA D AW, 1y, 2) dim (), (6.1)
W)
Using equation (6.1) and Fubini’s theorem, we get

@ = [ [ AN D, 1y, 2 diry ) dy o
R@ I Wi(g)
= / / A WA A WA, (1, 2)) dmy (2) dmsy ().
Wg(q") JWg(q)

The argument leading to equation (6.1) lets us replace ¢ with ¢’ in the integral over W%,
provided we also replaced y with y’ = (JT;, q)_l (v). A completely analogous argument for
the integral over W" lets us deduce that

(@ = [ [ AN N, 1y ) iy ) dony 3
Wr(g) JWr(g")
where 7’ and z are related by z = JTZ;, g (z'). We see that using ¢’ instead of ¢ in equations

(1.32) and (1.33) would lead to exactly this formula for Ag(Z), and thus we have proved
that A is independent of the choice of ¢ € R.
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6.2. Proof of Theorem 1.18. Now we assume that R is the disjoint union of finitely many
rectangles Ry, ..., Rg € R,and let A g = Zle AR; as in equation (1.34).

Let RV ={x € R:t(x) < oo} be the set on which T is defined; observe that
Ar(R\ RW) = 0 by hypothesis. Define R" as the set of points in R whose forward
trajectory stays in R\ for n — 1 steps, that is, by R = R N T~1(R™~D); again we
have Ag(R\ R™) =0 for all n. Let R® =2, R™, so we have T: R(® — R
and Ag(R \ R() = 0. We will show that A is T-invariant on R,

Givenn e Nandi, j € {1,..., ¢}, let

El ="' ((nh NRiNo™"(R)).
We will prove the following.

LEMMA 6.1. Givenanyi, j, n as above, any w € L,, and any measurable Z C El"j N[w]™,
we have Lg(T(Z)) = Ag(2).

Once the lemma is proved, observe that for any measurable Z C R, we have
Z=Uijpw ZNE}N [w]T and T(Z) = Ui juw T(ZNE]N [w]™), and thus
MR(T(Z) = > A(TEZNESN[wIN) = > Ar(ZNE]N W) =ar(2),

i,j.nw i,jnw

which proves Theorem 1.18. So it only remains to prove Lemma 6.1.

To this end, fix i, j,n, w as above, and let Z C El”J N [w]™ be measurable. Then
Z C RiN[w]™, and since t(x) = n forall x € Z, we have T(Z) = 0"*(Z) C R;.

Since we assumed that the family R of rectangles is L-invariant as in Definition 1.13, the
rectangles 6" (R; N [w]™) and o ™" (Rj N [w]™) both lie in R, and hence by Theorem 1.15,
we can use equation (1.31) for holonomies between unstable leaf measures, as well as its
analogue for the stable leaf measures.

Recalling equation (1.29), given any y, z € El"j N [w]™, we have oy, 6"z € R; and
[o"y,0"z] = 0"y, z].

Fix a reference point g € El"J N [w]T. As a consequence of equation (1.24), we have

_ n—1 —k(y .
/ f(y)e Yk L@ R () dm;nq(y)
Wlsgj (e"g)Nwgn]~

= f ") dm (), 62)
Wi, @

where f is integrable. Motivated by this expression, observe that if y € Wlsej (0"q) and
Z€ W}éj (0"q), then

n—1
Ay, 2l )+ Y pla™*y)
k=0
n—1
=Y 9y, 2D + A0 "Iy, 2 oY), 6.3)
k=0
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Similarly, equation (1.23) implies

W (@)

/ f(@) dmgn, () = f f(@"y)e 0 dmy (y). (6.4)
W,‘éj (c"q)

Moreover,

ALy, 0"z], 0"2) — Spe(2)
n—1

= A0y, 0", ) — ) ¢(o Iy, 0" 2. 6.5)
k=0

Using equation (6.5) followed by equation (6.2) on the integral
/ / | eA"([y’z]’yHAs([y’Z]’Z)lT(Zn(w))([y, ) dmqu () dm'%q (2),
,‘éj (Tq) ;J. (Tq)

the term in the exponent becomes

n—1

A7 "[0"y, 2], )+ Y @0 0"y, 2]) + A*([0"y, 2], 2).
k=0

Then applying equation (6.4) and then equation (6.5), the exponent becomes

n—1

A" (" y, a"2D), y) + ) ¢(a 0"y, 0"2])
k=0
n—1

+ A0 (0", 0"z, D) — ) w0 0"y, 0"2)).
k=0

Since o 7" ([6"y, 0"z]) = [y, z], this term simplifies to

A*([y, z], ¥) + A%([y, zl, 2)-

For convenience, let

p(y, 2) = M OAN+A (r22)

Altogether, we have shown that given Z C E l”] N [w]t, we have

rrR(TZ) =/ / p(y', DHrzly', 2] dmqu(y/) dmb%q(z/)
r. (Tq) JWy (Tq)
J J
=/ / p(y, D)1rzlo"y, 0"zl dmy (y) dmy(2)
we @ JWy, @)

=/ / p (v, D1zly, 21 dmy (y) dmy(z) = Ar(Z).
7@ S Wi (@)

This proves Lemma 6.1, and as explained in the paragraph following the lemma, we deduce
that A g is invariant with respect to the return map on R,
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6.3. Proof of Theorem 1.19. Now we assume that in addition to the conditions of the
previous sections, we have f T dig < 00 and Q < co. We must show that the measure
in equation (1.35) is positive, finite, and o-invariant, and that /@ (X) is an equilibrium
measure with local product structure.

Positivity of w is immediate from positivity of Ag. Finiteness of p follows from the
integrability assumption:

RO = 3" () = 3 kel € Ri 10 = n) = [ v die
n=0

n=0

Shift-invariance of u follows immediately from 7-invariance of A g by the usual argument.
Finally, local product structure in the sense of Definition 1.2 follows by considering the
rectangles R; together with the rectangles ak(Efj N[w]t) forw e L,and 1 <k < n. So
it only remains to show that u/u(X) is an equilibrium measure. For this, we need the
upper Gibbs bound in Corollary 1.21, which implies that for every w € Land 1 <i < ¢,
we have Ag, ([w]h) < Ke®®) (recall we are assuming P = 0), and thus

Ar([w]) < €Ke®™), (6.6)

To prove that u is an equilibrium measure, we will need one more preliminary result. Let
Vi(p) = sup{le(y) — ¢()| : yo,j) = z[0,j)}- Recall 7: R(®) _ N is the first return time
to R and let 7,,(x) denote the nth-return time of x to R, defined as

n—1

T, (x) = Z T(T/x). (6.7)

Jj=0

We will require the following lemma. Note that the dependence of x is in the upper index
of the sum and not in the terms of the summand itself as V;(¢) is defined globally.

LEMMA 6.2. If T is integrable with respect to AR, then

T (x)—1

Jim = ZO Vi(p) =0 (6.8)
j:

for Ag-almost every (a.e.) x € R.

Proof. For all € > 0, there exists an N; such that for all n > Ny, we get V,(p) < € by
uniform continuity.
By the Birkhoff ergodic theorem, for Ag-a.e. x,

. Ty (x)
lim

n—oo n

= Too(x) € L' (AR),

so there exists an N such that for n > N,, we have that 0 < 1,(x)/n < Too(x) + €.
Additionally, for Ag-a.e. x, we have that 7o (x) < 00, soif n > N = max{N, N3},
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Th(x)—1 1 N—1 T (x)—1 1 N—1 1 Th(x)—1
Y Vi@ == Vit~ 0 Vi) =~ Y Vi@t~ Y e
j=0 j=0 j=N j=0 j=N

N—-1 N-—1
1 T,(x) — N 1
==Y Vi) + e < = > Vi) + €(too(x) +€).
n i n n )

Letting n — oo, we get
Ty (x)—1
Jim =Y Vi) < €(too(x) + ).
j=0
Since € was arbitrary, we get that for Ag-a.e. x € R,
Th(x)—1
iy L w0 °
j=

To show that p as defined in equation (1.35) is an equilibrium measure, we will first
show that the measure theoretic pressure for Ag is O for the induced system when ¢
is normalized to have O topological pressure. This will imply that the measure theoretic
pressure for p is also 0. We now present the proof of Theorem 1.19.

Proof. Let ¢(x) = Syoex). If X, = U;:(l) 0/ Z,, then

u(X) wdu=/ Sngo(x)de:/ G .
X" n

n

Hence, u(X) [y ¢ diw = [p @ dhg.
Similarly, w(X)h, (o) = hy,(T) by applying Kac’s formula, so we have that

/L(X)<hu(0)+/xfpdu) =hAR(T)+fR¢d)»R-

Since we are assuming that the topological pressure P (@) = 0, it is sufficient to show that
hog(T) + [ @ drg = 0.
Now we use the Shannon—-McMillan—Breiman theorem [Gla03, p. 265] to deduce that

if we write
LR (x) := = log(Ar (Ix0 - - - Xg,0-11)),
then there exists an L' (Ag) function J such that
1
lim —I'% — J (6.9)
n—>00 n

for Ag-a.e. x, and
/ J drg = hy,(T).
R

By the Birkhoff ergodic theorem, there exists a function ¢, € L' (Ag) such that

1
lim —S,§ — Goo
n—-oo n
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/ ‘Z’ dig = / (Z)oo dR.
R R
Using equation (6.6), we get

IMR(x) > —log(LK) — D (x0 - - - X5 (x)—1)5 (6.10)

for Ag-a.e. x, and

and rearranging terms, we obtain
LR () + @ (xg - - - X, (0)—1) = — log(¢K),

so that in particular,

o1 1
lim — [ () + =~ @ - X 1) 2 0.

n—oo
Lastly, we must show that ® (xo, . . . X¢,(x)—1)/1 — @oc almost everywhere,
D (x0, . . . Xg,00-1) — Sg,)Px) = sup (S, e(¥) — Sr,e(x)
yelxo--xg_11+
7, (x)—1
< Y Vi.
j=0

By Lemma 6.2, for Ag-a.e. x € R, we have

. 1
lim —(P(xp - - - Xg,(x)=1) — S, (0@ (x)) =0,

n—oo N

which means that ®(xg - - - X7, (x)—1)/1n = @oo. We conclude that A, (T) + f @ dig =
J(x) + ¢oo > 0, s0 u is an equilibrium measure. O
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A. Appendix. Pressure of factorial collections
We prove Lemma 2.4 following the argument in [CP19, §4.4]. First observe that the
argument in equation (1.3) showing that A4, (L) < A, (L)A, (L) works equally well
when L is replaced by any factorial D, and thus

Anim(D) = Ap(D) A (D). (A1)
Given this submultiplicativity, Fekete’s lemma implies that the following limit exists:
1 1
P(D):= lim —log A, (D) = inf — log A, (D). (A.2)
n—>o00 n neN n

This limit is finite whenever D is non-empty; indeed, if A is the alphabet for the shift
space, then eIl < A, (D) < &"I¢l(#A)" for all n, which gives —||¢|| < P(D) < |l¢| +
log(#A).
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To prove Lemma 2.4, it suffices to prove that P(Xp, ¢) > P(D), since the other
inequality is immediate from the inclusion £(Xp) C D. To this end, fix € > 0 and use
equation (A.2) to get Ny such that for all n > Ny, we have

e}lP(D) < An(D) Se"(P(DHG). (A3)
Given j € N, define

DY) = {w € D : there exist u, v € D; such that uwv € D}. (A4)

Forevery N, j € N, wehave Dy C D,-D%)Dj; that is, every word w € Dy 7; has the
property that w; jyn] € D), The same argument that gave equation (A.1) gives

An42j(D) < Aj(D)* Ay (D). (A.5)
Moreover, since DY) is factorial for each j, we can iterate equation (A.1) to obtain
A (DY) < A, (DY
for every k, n, j € N. Using equations (A.3) and (A.5) with N = kn, j > N, this gives
eMF2DED®) < N2 (D) < A (DY Mgy (DY) < X PPITIN, DI (A6)
Dividing both sides by ¢2/7 ) gives
HfnP(D) < 2je p (DU,
at which point, we can take logs and divide by kn to get
P(D) < %e + % log A, (DW).
Fixing n € Nand j > Ny, we can send k — oo and obtain

1 ,
P(D) < — log Ap(DW). (A7)
n

Observe that the sets D) decrease monotonically to £(Xp): in particular, forevery n € N,
we have
Dy =D 5D 5DP 5> Ly(Xp) and Ly(Xp)=()Dy .
jeN
Since D, is finite, there is j = j(n) > Ny such that D,(,j) = L,(Xp), so equation (A.7)
gives

1 . 1
P(D) < — log A (DY) = —log Ay (Xp)

for all n. Sending n — oo proves Lemma 2.4,

B. Appendix. Uniqueness with non-uniform specification

B.1. Non-uniform specification for flows. ~We will deduce Theorem 2.7 from [PYY22,
Theorem A]. First, we need the following definitions from [CT16, PYY22]. Throughout,
(fs)ser Will denote a continuous flow on a compact metric space (M, d).
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Definition B.1. For € > 0 and x € M, the two-sided infinite Bowen ball at x is
Te(x) = {y € M : d(f;(x), fs()) < e forall s € R}.

A flow f is expansive at scale € if there exists an so > 0, such that I'c (x) C f{—s;,501(X)
for every x € X.

We identify a pair (x, T) € M x [0, co) with the parameterized curve of the orbit
segment starting at x flowing for time 7 under f;. Thus, M x [0, co) represents the space
of finite-length orbit segments.

Definition B.2. A decomposition (P,G,S) for M x [0, o0) consists of three collec-
tions P, G, S C M x [0, co) and three functions P, G, S: M x [0, 00) — [0, o0) such
that for every (x, T) € M x [0, 00), the values P(x,T), G(x,T), and S(x, T) satisty
T=Px, T)+G(x,T)+ S(x,T), and

(.X, P()C, T)) € P’ (fP(X,T)(-x)7 G(-xa T)) € g’ (fP(x,T)+G(x,T)(x)’ S(-x’ T)) eS.

As in Theorem 2.7, we will require G to have specification and the Bowen property, and
P, S to be small from the point of view of pressure. In this flow setting, these definitions
take the following form.

Definition B.3. A collection of orbit segments G C M x [0, 0o) has specification at scale
é if there exists ¢+ > 0 such that for every finite sequence {(x;, T,-)}f?:1 C G, there exists a

point y such that writing s; = ZIJ:—I] (T; + 1), we have
dr;(fs;(y),xj) <4 foreveryl < j <k.

Given (x, T) € M x [0, 00) and € > 0, the (closed) Bowen ball of order T around x
with radius € is By (x,€) = {y € M : d(fs(x), fs(v)) <eforalls € [0, T]}. The remain-
ing definitions involve a continuous potential ¢: M — R. Define

T
O, T) = sup /O G(f;(v) ds.

YEBT (x,€)
For € = 0, we have ®o(x, T) = [, @(fs(x)) ds.

Definition B.4. ¢ has the Bowen property at scale € >0 on G C M x [0, 0o) if there
exists K > 0 such that

sup(|®o(x, T) = Po(y, )| : (. T) € G, y € Br(x, e)} < K.
The prefix and suffix collections P, S are required to be small in the sense of pressure.

Definition B.5. ForC C M x [0, 00),letCr = {x € M : (x, T) € C}, and define

A, ¢,8,¢€,T) = sup { Z @™ F - Cris (T, 8)—separated}.

xeE
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The pressure of C at scales §, € is
. — 1 R
P, ¢,8,e)= lim — log(A(C, ¢,68,¢€,T)).
T—oo T

Since T takes continuous values, care must be exercised in applying Definition B.5 in
a situation where removing short pieces from the beginning and end of an orbit segment
in C could produce an orbit segment not in C; one could have many orbit segments in C
with similar but not identical values of T, and Definition B.5 would never see all of them
at once. Thus, we make one final definition: let

[Cl={(x,n) e M x N: (f_4(x),n+a+b) €C for some a, b € [0, 1)]}

be the collection of integer-length orbit segments that are obtained by removing pieces of
length < 1 from the ends of elements of C.

Now we can state a general result for flows, which is an immediate consequence of
[PYY22, Theorem A, equation (3.2), and Lemma 6.6]. (The result in [PYY22] uses a
non-uniform expansivity assumption which is more complicated to define. The uniform
expansivity assumption is satisfied in our application and implies the condition there. Addi-
tionally, [PYY22] requires ‘tail (W)-specification’, which follows from Definition B.3.)

THEOREM B.6. Let (fy)ser be a continuous flow on a compact metric space M, and
@: M — R a continuous potential function. Suppose there exist €,8 > 0 with € > 20008
such that the flow is expansive at scale €, and it admits a decomposition (P, G, S) of orbit
segments with the following properties:

(1) G has specification at scale §;

(2) @ has the Bowen property at scale € on G;

(3) P(PIUISL ¢,8,¢€) < P(9).

Then there exists a unique equilibrium measure for the potential ¢, and for every y €
(88, 20081, we have im7_, 00 A(M x [0, 00), @, 2y, 2y, T)e  TP@ < oo

B.2. A suspension flow. The strategy we use to obtain Theorem 2.7 from Theorem B.6
is to compare the shift space X to a suspension flow over X. Let X=Xx R/~, where
we quotient by the equivalence relation (x, a + n) ~ (6"x,a) forall x € X, a € R, and
n € 7. Observe that we also have X = X x [0, 1]/~. We will routinely write (x, a) as a
shorthand for its equivalence class.

Let fi: X — X be the suspension flow over X with a constant roof function of 1; that
is, the quotient of the vertical flow on X x R. Fix 8 = 1/2000, ¢ € (92, 0),and § = €6, so
the relation between € and 6 in Theorem B.6 is satisfied. Equip the shift space X with the
metric

d(x,y):=6" where n = min{|m| : x» # ym},

and define a metric d on X following the procedure in [BW72, §4], so that for all x, y € X
and a € [0, 1], we have
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d((x,a). (y,@)) < ad(ox,oy) + (1 —a)d(x, y), (B.1)

d((x, 1), (v, @) = min(d(x, y), d(ox, 5Y)). (B.2)
LEMMA B.7. Ifc?((x, %), (v, a)) <€, then xo = yo and x1 = y1.

Proof. Ifa?((x, %), (y,a)) < € < 0, then equation (B.2) implies that either d(x, y) < 6 or
d(ox,o0y) < 0. In the first case, we have x_1x9x; = y—_1yoy1; in the second case, we have
X0X1X2 = Yoy1Y2- O

A direct consequence of Lemma B.7 is that the suspension flow is expansive at scale €.
Indeed, if (y, b) € T ((x, a)), then without loss of generality, we can assume that (y, b) is
the element if its equivalence class with |b — a| < %, and applying f L1 to both (y, b)

n j—a

and (x, a) for every n € Z, Lemma B.7 gives x = y.

LEMMA B.8. Ifx,y € X and n € N are such that x; = yi for all =2 < k <n + 2, then
(y,0) € B,((x,0), §) for each &€ > 6.

Proof. Ifd((x, a), (y,a)) > & > 63, then either d(x, y) > 63 or d(ox, oy) > 63, which
in turn implies that x; # yx for some k € {—2, —1, 0, 1, 2, 3}. Applying this to (ajx, a)
and (ajy, a)forall0 < j <nanda € [0, 1] gives the result. O

Given a continuous ¢: X — R, we define ¢: X—>R by
P(x,a) = ap(ox) + (1 — a)p(x).
This choice of ¢ leads to the following property.
LEMMA B.9. Givenany x € X andn € N, we have

|Po((x, 0), n) — Spe ()] < llell.

Proof. Observe that fol ¢(x,a)da = p(x) + %(go(ax) — p(x)), so

n—1

n 1
/0 P00 ds =) 90 x) + S (9@ x) — ("))
k=0
1
= Snp(x) + §(§0(0"X) — o)), (B.3)
which proves the lemma. O

There is a natural bijection between shift-invariant probability measures © on X and
flow-invariant probability measures & on X, obtained by taking the product of p with
Lebesgue measure on [0, 1]. This bijection preserves entropy and has the property that
[ @du = [ ¢ djr. From the variational principle, we conclude that P (X, ¢) = P(X, ),
and that u is an equilibrium measure for (X, o, ¢) if and only if £ is an equilibrium
measure for ()A( , (fs), @). In particular, the uniqueness conclusion in Theorem B.6 implies
the uniqueness conclusion of Theorem 2.7. The fact that the upper bound in Theorem B.6
implies Q < oo in Theorem 2.7 is a consequence of the following lemma.
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(I7a+T)O A
| > (:Z:7n)
. u® eC® g :
l 'S e (3]
: K S
: €eG T ¢
wE Ly ' g
| -—‘F
| P € [P]
L uP e Cp 77L
‘ *'(z,0) x
(2,0)

FIGURE 2. Decomposing ((x, a), T). Tick marks along the vertical line above (x, 0) indicate integers.

LEMMA B.10. Given y € [83, 2008], we have
An(X) < 9T A (M x [0, 00), ¢, 2y, 2y, n — 1).

Proof. For each we /L, choose x,c[w]", and consider the set
E = {(xy,0) : w € L,}. Observe that if x, y € X are such that (y, 0) € B,—1((x, 0), 2y),
then we have c?((akx, %), (aky, %)) <2y <eforall0 <k <n—1, and by Lemma B.7,
this gives x[o ) = Y[0,,)- Thus, Eis (n — 1, 2y )-separated for the flow. Moreover, for every
w e L, and y € [w]T, we have (y, 2) € B,_5((x, 2), §) by Lemma B.8, so

a0 (y) < 5llgll + Su-s50(a”y) < 6llgll + Ps((x,2),n = 5)
= 10fl¢ll + P2, ((x,0),n — 1),

where the second inequality uses Lemma B.9. Taking a supremum over y € [w]™ gives
®(w) < 10]l¢|l + P2y ((x, 0), n — 1). Summing over w proves the lemma. O]

To deduce Theorem 2.7 from Theorem B.6, it remains to show that if X and ¢ satisfy
the conditions of Theorem 2.7, then X and ¢ satisfy the conditions of Theorem B.6. Note
that expansivity of the suspension flow was proved above via Lemma B.7. We address the
remaining conditions in the next section.

B.3. Non-uniform specification for the suspension flow

B.3.1. A decomposition. The hypothesis of Theorem 2.7 provides a decomposition
CP, G, C° of the language L of the shift space X; Figure 2 illustrates a corresponding
decomposition of orbit segments for the suspension flow.

Recall that ((x, a), T) represents the orbit segment of length T starting at (x, a) € X.
The collections of orbit segments illustrated in Figure 2 are
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P = {((x,a),k+r):keN, ael0,1), xo---xx_1 €CP, andr € [0, 2]},
G ={((x,0),n): n € Nand x_2X_1X0 - - - XpXn41%n42 € G},
S=1{((x,0),k+r):keN, xj---x_1 €C* forsome j € {0, 1,2}, and r € [0, 1)}.

To decompose ((x, a), T) € X x [0, c0) witha € [0, 1),letn = |a + T | and consider the

word w = xgx1 - - - x,—1 € L. Let w = uPvu®, where u? € CP,v € G, and u®* € C5.
Informally, the decomposition of ((x, a), T) is given by removing two symbols from

either end of v € G and calling the resulting orbit segment the Q—part of ((x, a), T), then

observing that the parts of ((x, a), T) that lie before and after this piece are in P and S R

respectively. More precisely, there are two cases to consider.

o If|v| >4,thenlet P = |u?|+2—a,G=|v|]—4,and S = |u’|+2+a+ T —n.

e If|v| <4,thenletk = ||v]|/2] and put P = |uP| + k — a; similarly, put £ = [|v|/2]

and S = |u’|+€+a+ T — n. Inthis case, G = 0.
In both cases, one obtains ((x, a), P) € P, (fp(x,a), G) € G, and (fpic(x,a),S) € S.

B.3.2. Specification. We prove that G has specification at scale §. By condition (I) of
Theorem 2.7, there is ¢ € N such that for any collection of words wl, ..., wk e G, there
are words u!, ..., uf"1 e L, such that wlulw? - - - whk=Tyk=Tywk ¢ .

Given any collection of orbit segments ((x;,0),n;) € G for 1 <i<k, let
w' = (X;)[—2.;+2)> SO that w' € G. Let u', ..., uf"" € £, be the words provided by
condition (I), so that wlulw? . wk1uk—Tywk e £: then fix y € [wlulw2 cee uk’lwk]
and observe that (o2y, 0) has the desired shadowing property by Lemma B.8, with gap
size t + 4.

B.3.3. Bowen property. Fix ((x,0),n) € _C’; and (v, a) € Bn((x, 0),€), where x, y € X
and |a| < 1. For each k =0,1,2,...,n— 1, we have d((o¥x, 1), (c¥y,a+ 1)) <e,
and so Lemma B.7 gives xox1 - - - X, = Yoy1 - - - Yn-

Observe that [P ((y, a), n) — Po((y, 0), n)| < 2all¢l < |l¢|. By Lemma B.9,

|Po((x, 0), n) — Po((y, 0), )| < [Snep(x) = Su (V)] + 2l ]l.

We conclude that
[Do((y, a), n) — Do((x, 0), n)| < [Spp(x) — Sup ()| + 3llell. (B.4)
Since ((x, 0), n) € Q we have x_>x_1 - - - Xy Xp+1Xp+2 € G. Using equation (B.4), we get

|Do((y, @), n) — Po((x, 0), n)| < |Sp+a9(02x) — Syyap(c 2y)| + 1 lg]|

and now condition (IT) (the Bowen property on G) gives
|Po((y, @), n) — Po((x,0), n)| = C + 11]le],

which proves that ¢ has the Bowen property on G at scale e.

B.3.4. Pressure gap. We prove the pressure gap condition by way of the following
lemma.
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LEMMA B.11. P([S], ¢, 8, €) < P(C*, ¢) and P([P], §, 8, €) < P(CP, ¢).

Given Lemma B.11, we have P([P]U[S], ¢, 8€) < P(CP UCS, ¢) < P(p) = P(Q),
where the second inequality is condition (III) of Theorem 2.7. The rest of this section is
devoted to the proof of Lemma B.11 for [5’ ]; the proof for [75] is similar.

Given ((x,a),n) € [3] with a € [0, 1], we have u :=x;---x;_1 € C° for some
je{0,1,2}and k € {n,n 4+ 1}. If (y, b) € B,((x,a),€) and |b —a| < %, then (oy, b —
a) € B,_1((0x,0), €), and arguing as in §B.3.3 gives y[1,) = X[1,,). Moreover, b €
[—%, %], so using Lemma B.9, we get

So((y, b), n) < 3lloll + ©o((y, 0), n) < 4llell + Spp(y). (B.5)
Since S,@(y) + Sk—n@(0"y) = S;(y) + Sk—j@(c’y), we have
1S00(Y) = Sk—je(a? M| < (j + (k —m)llell < 3lel,

and with V,, = V,,(¢) as in §1.4, we can write Ay := ZINZ_OI Vi = o(N) and obtain

k—j—1
|Sk—jp(0!y) — Sk—jp(a’/x)| < Z Vinin(14i k—j—i) < 2Ak—j.
i=0

Combining these gives
S0 () < Sk jp(07x) + 3llpll + 2A5—; < @) + 3llgll + 24,41,
and together with equation (B.5), we obtain
Pe((x, a), n) < Tllgll + W) +2A+41. (B.6)

This will let us bound the partition sum associated to an (n, §)-separated set E C X once
we control the multiplicity of the map ((x, a), n) — u.

LEMMA B.12. There exists D > 0 such that given any n € N and any (n, §)-separated
set E C X, we have #{(x,a) € E : a € [0, 1], x[j x) = u} < D for each j € {0, 1, 2} and
ke{n,n+1}.

Proof. Fix & € 03, 8). If (x,a), (¥, b) € E are distinct and have x[_2 3] = Y[—2.143]
then Lemma B.8 gives (y, 0) € B,+1((x, 0), &), and thus (y, b) € B,((x, a), & + |b — al);
this implies & + |b —a| > §, so |b —a| = 6 — &. It follows that E can contain at most
1/(8 — &) points for each choice of the symbols in positions —2, —1, ..., n + 3. Given
J» k. if x[j x) = u = yj r), then the only symbols where we could possibly have x; # y;
occur when i € {—2,—1,0,1,n+ 1,n+ 2, n + 3}. There are at most (#A)7 ways of
filling these symbols, which proves the lemma with D = (#A4)" /(8 — &). O

Using Lemma B.12 and equation (B.6) gives

2 n+l

A(S), §,8,€,m) < " DelleIF2Anipp5(C,
j=0 k=n

and since A, = o(n), this proves Lemma B.11.
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