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Abstract

In 2008, T6th and Vet defined the self-repelling random walk with directed edges as a
non-Markovian random walk on Z: in this model, the probability that the walk moves
from a point of Z to a given neighbor depends on the number of previous crossings of the
directed edge from the initial point to the target, called the local time of the edge. Té6th
and Vetd found that this model exhibited very peculiar behavior, as the process formed
by the local times of all the edges, evaluated at a stopping time of a certain type and suit-
ably renormalized, converges to a deterministic process, instead of a random one as in
similar models. In this work, we study the fluctuations of the local times process around
its deterministic limit, about which nothing was previously known. We prove that these
fluctuations converge in the Skorokhod M topology, as well as in the uniform topology
away from the discontinuities of the limit, but not in the most classical Skorokhod topol-
ogy. We also prove the convergence of the fluctuations of the aforementioned stopping
times.
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1. Introduction and results

1.1. Self-interacting random walks

The study of self-interacting random walks began in 1983 in an article of Amit ef al. [1].
Before [1], the expression ‘self-avoiding random walk’ referred to paths on graphs that do not
intersect themselves. However, these are not easy to construct step by step; hence one would
consider the set of all possible paths of a given length. Since one does not follow a single path
as it grows with time, this is not really a random walk model. In order to work with an actual
random walk model with self-avoiding behavior, the authors of [1] introduced the ‘true’ self-
avoiding random walk. This is a random walk on Z¢ for which, at each step, the position of the
process at the next step is chosen randomly from among the neighbors of the current position,
depending on the number of previous visits to said neighbors, with lower probabilities for those
that have been visited the most. This process is a random walk in the sense that it is constructed
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step by step, but unlike most random walks in the literature, it is non-Markovian: at each step,
the law of the next step depends on the whole past of the process.

It turns out that the ‘true’ self-avoiding random walk is hard to study. This led to the intro-
duction by Té6th [13, 14, 15] of non-Markovian random walks with bond repulsion, for which
the probability of going from one site to another, instead of depending of the number of pre-
vious visits to the target, depends on the number of previous crossings of the undirected edge
between the two sites, which is called the local time of the edge, with lower probabilities for the
edges that have been crossed the most in the past. These walks are much easier to study, at least
on 7Z, because one can apply the Ray—Knight approach to them. This approach was introduced
by Ray and Knight in [11, 2], and was used for the first time for non-Markovian random walks
by Téth in [13, 14, 15]. Since then, it has been applied to many other non-Markovian random
walks, such as a continuous-time version of the ‘true’ self-avoiding random walk in [18], edge-
reinforced random walks (see the corresponding part of the review [9] and references therein),
and excited random walks (see [4] and references therein). The Ray—Knight approach works
as follows: though the random walk itself is not Markovian, if we stop it when the local time
at a given edge has reached a certain threshold, then the local times on the edges will form a
Markov chain, which enables their analysis. Thanks to this approach, T6th was able to prove
scaling limits for the local times process for many different random walks with bond repulsion
in his works [13, 14, 15]. The law of the limit depends on the random walk model, but it is
always a random process (the model studied by Téth in [16] has a deterministic limit, but it
is not a random walk with bond repulsion, as it is self-attracting: the more an edge has been
crossed in the past, the more likely it is to be crossed in the future).

1.2. The self-repelling random walk with directed edges

In 2008, Téth and Vetd [17] introduced a process seemingly very similar to the aforemen-
tioned random walks with bond repulsion, in which the probability of going from one site to
another depends on the number of crossings of the directed edge between them, instead of the
crossings of the undirected edge. This process, called self-repelling random walk with directed
edges, is a nearest-neighbor random walk on Z defined as follows. For any set A, we denote by
|A| the cardinality of A. Let w : Z + (0, 400) be a non-decreasing and non-constant function.
We will denote the walk by (X,),en. We set Xo =0, and for any n € N, i € Z, we denote by
P, iy={0<m<n—1|Xp, Xmg1)= (i, i = 1)}| the number of crossings of the directed
edge (i, i = 1) before time n, that is, the local time of the directed edge at time n. Then

w(E (L~ (n, X)) — £F(n, X))
w(lt(n, Xp) — £ (n, Xn)) +w(l™(n, Xp) — €+ (n, X))

HJ)(Xn-i-l =X, )=

Using the local time of directed edges instead of that of undirected edges may seem like a
very small change in the definition of the process, but the behavior of the self-repelling random
walk with directed edges is actually very different from that of classical random walks with
bond repulsion. Indeed, Téth and Vet [17] were able to prove that the local times process
has a deterministic scaling limit, which is in sharp contrast with the random limit processes
obtained for the random walks with bond repulsion on undirected edges [13—15] and even for
the simple random walk [2].

The result of [17] is as follows. For any a € R, we let a; = max (a, 0). If for any n € N,
i € Z, we denote by Trfi the stopping time defined by T,fl- =min{m € N | £*(m, i) = n}, then
T,fl- is almost surely finite by Proposition 1 of [17], and we have the following.
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Theorem 1. ([17, Theorem 1].) For any 6 > 0, x € R, we have that
1 x| — Iyl
+ (£
]T/e (TLNOJ,LN)CJ’ I.NyJ) - < ) +9 N

converges in probability to 0 when N tends to +o0.

sup
yeR

Thus the local times process of the self-repelling random walk with directed edges admits
the deterministic scaling limit y — (L;Iyl + 0) , which has the shape of a triangle. This also
+

implies the following result on convergence to a deterministic limit for the szﬁve Ik

Proposition 1. ([17, Corollary 1].) For any 6 > 0, x € R, we have that #Tf_;ve |.LNx converges
in probability to (|x| + 260)? when N tends to +oc.

The deterministic character of these limits makes the behavior of the self-repelling random
walk with directed edges very unusual, hence worthy of study. In particular, it is natural to
consider the possible fluctuations of the local times process and of the Tf,tve 1. [Nx ] around their
deterministic limits. However, before the present paper, nothing was known about these fluctu-
ations. In this work, we prove convergence in distribution of the fluctuations of the local times
process and of the sztve Do - It happens that the limit of the fluctuations of the local times
process is discontinuous; therefore, before stating the results, we have to be careful about the
topology in which it may converge.

1.3. Topologies for the convergence of the local times process

For any interval I C R, let DI be the space of cadlag functions on I, that is, the set of
functions / — R that are right-continuous and have left limits everywhere in /. For any function
Z:1+— R, we denote by [|Z]|cc = supye; 1Z(y) the uniform norm of Z on /. The uniform norm
on [ gives a topology on DI, but it is often too strong to deal with discontinuous functions.

For discontinuous cadlag functions, the most widely used topology is the Skorokhod Jy
topology, introduced by Skorokhod in [12] (see [10, Chapter VI] for a course), which is often
called ‘the’ Skorokhod topology. Intuitively, two functions are close in this topology if they
are close for the uniform norm after allowing some small perturbation of time. Rigorously, for
a < bin R, the Skorokhod J; topology on D[a, b] is defined as follows. We denote by A, ; the
set of functions A : [a, b] — [a, b] that are bijective, strictly increasing, and continuous (they
correspond to the possible perturbations of time), and we denote by 1d, p : [a, b] — [a, b] the
identity map, defined by Id, ;,(y) =y for all y € [a, b]. The Skorokhod J; topology on Dla, b]
is defined through the following metric: for any Z;, Z, € D|a, b], we set

dpap(Z1, Z2) = AEir{{f max (1 Zy o2 — Zalloo, A — Ida,plloc)-
a,b

It can be proven rather easily that this is indeed a metric. We can then define the Skorokhod J;
topology on D(—o00, 0o) with the following metric: if for any sets A; C A and A3 and any func-
tion Z : Ay — A3z, we denote by Z|4, the restriction of Z to Ay, then for Zy, Z € D(—00, 00),
we set

+00
d(Z1,2r) = / e (d),—aa(Zil—a.a1» Z2l{=a,a) A 1)da.
0

The Skorokhod J; topology is widely used to study the convergence of cadlag functions.
However, when the limit function has a jump, which will be the case here, convergence in the
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Skorokhod J; topology requires the converging functions to have a single big jump approxi-
mating the jump of the limit process. To account for other cases, like having the jump of the
limit functions approximated by several smaller jumps in quick succession or by a very steep
continuous slope, one has to use a less restrictive topology, such as the Skorokhod M1 topology.
The Skorokhod M; topology was also introduced by Skorokhod in [12] (see [19,
Section 3.3] for an overview). For any a < b in R, the Skorokhod M| distance on D[a, b] is
defined as follows: the distance between two functions will be roughly ‘the distance between
the completed graphs of the functions’. More rigorously, if Z € Dl[a, b], we set Z(a™) = Z(a),
and for any y € (a, b], we set Z(y™) =limy_,, ., Z(y'). Then the completed graph of Z is

Iz, ={(,2)|yela bl, Ie[0, 1] such that z=eZ(y") + (1 — £)Z(Y)}.

To express the ‘distance between two such completed graphs’, we need to define the parametric
representations of I'z (by abuse of notation, we will often write ‘the parametric representa-
tions of Z”). We define an order on I'z as follows: for (v1, z1), (2, 22) € 'z, we have (y1, z1) <
(2, z2) when y; <y or when y; =y, and |Z(y1_) —z11 < IZ(yl_) — 22|. A parametric repre-
sentation of I'z is a continuous, surjective function (u, r) : [0, 1] — I'z that is non-decreasing
with respect to this order; thus intuitively, when ¢ goes from O to 1, (u(f),r(f)) ‘travels through
the completed graph of Z from its beginning to its end’. A parametric representation of
Z always exists (see [19, Remark 12.3.3]). For Zi, Z, € D|a, b], the Skorokhod M; dis-
tance between Z; and Z,, denoted by dy, a,5(Z1, Z2), is inf { max (Jlu1 — u2lloo, 11 — r2llo0) }
where the infimum is on the parametric representations (u1, r1) of Z1 and (u2, r) of Z>. It can
be proven that this indeed gives a metric (see [19, Theorem 12.3.1]), and this metric defines the
Skorokhod M/ topology on D[a, b]. For any a > 0, we will denote dps, —q,4 by dum, 4 for short.
We can now define the Skorokhod M topology in D(—o0, 0o) through the following metric:
for Z1, Zp € D(—o0, 00), we set

+o0o
du,(Zv, Zo) =/ e”(du,.a(Z1li=aa) Zoli—a,a1) A 1)da.
0

It can be seen that the Skorokhod M topology is weaker than the Skorokhod J; topology (see
[19, Theorem 12.3.2]), and thus less restrictive. Indeed, since the distance between two func-
tions is roughly ‘the distance between the completed graphs of the functions’, the Skorokhod
M topology will allow a function with a jump to be the limit of functions with steep slopes or
with several smaller jumps. For this reason, the Skorokhod M topology is often more suitable
when one is considering convergence to a discontinuous function.

1.4. Results

We are now ready to state our results on the convergence of the fluctuations of the local
times process. For any 6 > 0, x e R, ¢ € {4+, —}, for any N € N*, we define functions Yy, Y[\’,'
as follows: for any y € R, we set

1 —
Yi(y) = N (gi(TtNGJ,LNxJ’ LNyJ) -N (LZM +9> ) .
JF

The functions Y ,:,—L actually depend on ¢, but to make the notation lighter, we do not write
this dependency explicitly. Moreover, (B;‘,)y g Will denote a two-sided Brownian motion with
By =0 and variance Var(p_), where p_ is the distribution on Z defined later in (3). We prove
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the following convergence for the fluctuations of the local times process of the self-repelling
random walk with directed edges.

Theorem 2. For any 0 >0, xeR, 1 € {4+, —}, the process Yﬁ converges in distribution to
(B/;Il{yelf\x\720,|x|+29)}) R in the Skorokhod M topology on D(—o0, +00) when N tends to

ye
+00.

Therefore, the fluctuations of the local times process have a diffusive limit behavior.
However, it is necessary to use the Skorokhod M topology here, as the following result states
that convergence does not occur in the stronger Skorokhod J; topology.

Proposition 2. For any 6 >0, xeR, (€ {4+, —}, the process Y ;,—L does not converge in
distribution in the Skorokhod J| topology on D(—o0, +00) when N tends to +oc.

We stress the fact that the use of the Skorokhod M) topology is required only to deal with
the discontinuities of the limit process at —|x| — 26 and |x| 4+ 26. Indeed, if we consider the
process on an interval that does not include —|x| — 26 or |x| 4 20, it converges in the much
stronger topology given by the uniform norm, as stated in the following result.

Proposition 3. For any 60 >0, xeR, 1€ {+, —}, for any closed interval I € R that does
not contain —|x| — 26 or |x|+ 260, the process (Y;(y))vel converges in distribution to

(B;f]l{ye[,‘x|,29,|x|+2g)})ye[ in the topology on DI given by the uniform norm when N tends
to +00.

Finally, we also prove the convergence of the fluctuations of sztve |. [Ny - For any o2 >0, we

denote by N/ (0, 02) the Gaussian distribution with mean 0 and variance o2, and we recall that
p— will be defined in (3). We then have the following.

Proposition 4. For any 6 > 0, x e R, ¢« € {4, —}, we have that

1 L ) .
N3/2 (TUWJ,LNxJ — N*(]x| +20) )

converges in distribution to N0, 32Var(p_)((|x| + 6)? + 63)) when N tends to +oc.

Remark 1. Instead of studying the fluctuations of £+ (T[LNQ 1. INx) .), it may seem more natural

to consider those of £*(N?, .). However, the Ray—Knight arguments that allow one to study
oE (TLLNH 1. [Nx) ) completely break down for Ki(Nz, .), and it is not even clear whether these
two processes should have the same behavior.

Remark 2. Apart from the article of Téth and Vet6 [17] that introduced the self-repelling
random walk with directed edges, there have been a few other works on this model. These
works were motivated by another important question, that of the existence of a scaling limit
for (X;)nenN, Which means the convergence in distribution of the process (%X [Nt ) 1~ for some
«. Obtaining such a scaling limit for the trajectory of the random walk is harder than obtaining
scaling limits for the local times. Indeed, for the random walks with bond repulsion with undi-
rected edges introduced by Téth in [13—15], the scaling limits for the local times have been
known since the introduction of the models, but the scaling limits for the trajectories are not
known. Some results were proven by Kosygina, Mountford, and Peterson in [3], but they do
not cover all models. For the self-repelling random walk with directed edges, the behavior of
the scaling limit of the trajectory turns out to be surprising. Indeed, Mountford, Pimentel, and
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Valle proved in [7] that \/LNXN converges in distribution, but Mountford and the author showed

in [6] that (\/LNX ) 1= does not converge in distribution, and that the trajectories of the walk

satisfy a more complex limit theorem, of a new kind.

1.5. Proof ideas

We begin by explaining why the limit of the local times process Yﬁ is the process
(B;f]l{ye[,\x|,29,|x|+29)})yeR, and we describe the ideas behind the proofs of Theorem 2 and
Proposition 3. To show the convergence of the local times process, we use a Ray—Knight argu-

ment; that is, we notice that (E_(TLLNQ 1. INx) l)) is a Markov chain. Moreover, as long as
’ i

0~ (T‘LNB AL i) is not too low, the quantities

e (TLLNGJ,LNxJ’ i+ 1) -t <TtLN9J,Lij’ i)

will roughly be independent and identically distributed (i.i.d.) random variables, in the
sense that they can be coupled with i.i.d. random variables with a high probability of
being equal to them. This coupling was already used in [17] to prove the convergence of

%,E*‘ (TTIEVH 1L [Nx) |_Nyj> to its deterministic limit (for a given y, the coupling makes this conver-
gence a law of large numbers). However, when £~ (TLLNG I LNyJ) is too low, the coupling

fails and the £~ (TfNGJ,LNXJ, [Ny] + l) -0 (TLLNGJ, Nx) LNyJ) are no longer i.i.d. We have to
prove that this occurs only around |x| + 26 and —|x| — 26, and most of our work is dealing with
what happens there. To show that it occurs only around |x| 4+ 26 and —|x| — 26, we control the
amplitude of the fluctuations to prove that the local times are close to their deterministic limit.
This limit is large inside (—|x| — 26, |x| + 26), so we can use the coupling inside this inter-
val; thus the £~ (TtLNQJ,Lij’ [Ny + 1) — E’(T‘LNQMNXJ, LNyJ) are roughly i.i.d. there, and
hence the fluctuations will converge to a Brownian motion by Donsker’s invariance principle.
When we are close to |x| + 20 (the same reasoning works for —|x| — 26), the deterministic
limit will be small, and hence the local times will also be small; tools from [17] then allow
us to prove that they reach 0 quickly. Once they reach 0, we notice that for y > |x| 4 20, if

E_(TLLNH 1. [Nx)? LNyJ) =0, then the walk X did not go from [Ny] to |[Ny| + 1 before time

TLLNBJ,LNxJ , so it did not go to [ Ny] + 1 before time TLLNGJ,LNxJ; hence £~ (TLLNGJ,LNxJ ,j) =0 for
any j > | Ny|. Therefore, once the local times process reaches 0, it stays there. Consequently,
we expect E_<TLLNGJ,LNxJ’ LNyJ) to be 0 when y > |x| 4+ 26, and thus to have no fluctua-
tions when y > |x| 4 26; similar statements hold when y < —|x| — 26. This is why our limit

R
Since Proposition 3 only describes convergence away from —|x| — 26 and |x| + 260, the

previous arguments are enough to prove it. To prove the convergence in the Skorokhod M
topology on D(—o0, +00) stated in Theorem 2, we need to handle what happens around —|x| —
26 and |x| + 26 with more precision. We first have to bound the difference between the local
times and the i.i.d. random variables of the coupling even where the coupling fails. Afterwards
comes the most important part of the paper: defining parametric representations of Y, ﬁ and
of the sum of the i.i.d. random variables of the coupling, properly renormalized and set to 0
outside of [—|x| — 26, |x| + 20), and then proving that they are close to each other. That allows

is (ijﬂ{ye[f\x\720,|x|+ze)}) :
ye
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us to prove that Yﬁ is close in the Skorokhod M distance to a process that will converge
in distribution to (B;‘,]l{yg[_m_za,|x|+29)}) in the Skorokhod M) topology, which lets us
complete the proof of Theorem 2.

To prove Proposition 2, that is, that Y]?,E does not converge in the J; topology, we first
notice that since the J; topology is stronger than the M; topology, if Y ﬁ did converge in the
J1 topology its limit would be (B;‘,]l{ye[_m_z@,|x|+29)})y€R. However, this is not possible, as

yeR

(B§]l{y€[—\X|—29»|X|+29)})yeR has a jump at |x| + 26, while the jumps of Yﬁ have typical size
1
\/_ﬁ’
a sequence of small jumps or a continuous slope, which prevents the convergence in the

Skorokhod J; topology.

Finally, to prove Proposition 4 on the fluctuations of T‘LNG |.[nx)» We use the fact that we have

Tive s ive = D <e+ (TfNeJ,LNxJ’ i) +e (TfNeJ,LNxJ’ l)) :
i€Z

of order so the jump in (B;]l{ye[_m_zg’|x|+29)})y cg is approximated in Y,:,—L by either

It can be checked that ‘Z* (TLLNGJ,LNxJ’ i) — 0 (T[LNOJ,LNxJ’ i+ 1)) equals O or 1; hence it is

enough to control the £~ (T‘LNQ I[N i). By using the coupling for the

E_(TLLNQJ,LNXJ’ i+ 1) -t (TfNej,LNva i)

when €~ (TfNe 1 INx)? i) is high enough, and using our estimates on the size of the window in

which £~ (TfNQJ,LNxJ, i) is neither high enough nor 0, we can prove that TLLNGJ,LNxJ is close

to the integral of the sum of the i.i.d. random variables of the coupling, which will yield the
convergence.

1.6. Organization of the paper

In Section 2, we define the coupling between the increments of the local time and i.i.d. ran-
dom variables and prove some of its properties. In Section 3, we control where the local times
hit 0, as well as where the local times are too low for the coupling of Section 2 to be useful. In
Section 4, we prove a bound on the Skorokhod M distance between Y; g}: and the renormalized
sum of the i.i.d. random variables of the coupling set to 0 outside of [—|x| — 20, |x| + 26), by
writing explicit parametric representations of the two functions. In Section 5, we complete the
proof of the convergence of Y i stated in Theorem 2 and Proposition 3. In Section 6 we prove
that, as claimed in Proposition 2, Yi,[ does not converge in the J; topology. Finally, in Section 7
we prove the convergence of the fluctuations of T@EVQ |.[nx) Stated in Proposition 4.

In what follows, we set 6 > 0, ¢ € {+, —}, and x > O (the cases x < 0 and x = 0 can be dealt
with in the same way). To simplify the notation, we set Ty = T‘LNQ |.INx- Moreover, for any
a,beR, wesetaVv b=max (a, b) and a A b=min (a, b).

2. Coupling of the local times increments with i.i.d. random variables

Our goal in this section will be to couple the £=(Ty, i + 1) — £%(Ty, i) with i.i.d. random
variables and to prove some properties of this coupling. This part of the work is not very
different from what was done in [17], but we still recall the concepts and definitions from that
paper. If we fix i € Z and observe the evolution of (£~ (n, i) — £*(n, i)),en, and if we ignore
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the steps at which £~ (n, i) — £ (n, i) does not move (i.e. those at which the random walk is
not at i), then we obtain a Markov chain &; whose distribution £ has the following transition
probabilities: for all n € N,

w(F &(n))
w(&(n)) + w(—§(n))’

and &;(0) =0. Now, we set 7, +(0) =0, and for any n € N, we define 7; +(n 4 1) = inf{m >
7 +(n) | &(m) = &i(m — 1) £ 1}, so that 7; 1 (n) is the time of the nth upward step of & and
7;, —(n) is the time of the nth downward step of &;. Then, since the distribution of £ is symmet-
ric, the processes (7,1 (1)nen = (—&i(Ti,+(m))ney and (0, — (M)nen = (§i(Ti,— (1)))nens have the
same distribution, called 1, and it can be checked that 1 is a Markov chain.

We are going to give an expression for £*(Ty, i 4+ 1) — £X(Ty, i) depending on the n; _,
ni+. We assume N large enough (so that [Nx] — 1 > 0). By definition of Tx we have Xr, =
[Nx]el. If i <O we thus have X7, > i, which means the last step of the walk at i before Ty was
going to the right, so the last step of & was a downward step, and by definition of £1(Ty, i) we
have that £ made £7(Ty, i) downward steps; hence

PEm+D=Em=x1)=

C(Ty, i) — L (T, i) = &(ti (€T (T, i) = i (€T (T, 1)),

which yields €~ (T, i) — €T (Ty, i) = n;, — (€T (Ty, i)). In addition, £~ (Ty, i) =€ (Ty, i —1);
hence
Ty, i—= D)=L (T, i)+ 1 - (T, D).

If 0<i< |[Nx] (for t=—) or 0 <i < |[Nx] (for t =+), the last step of the walk at i was
also going to the right, so we also have £~ (Ty, i) — £ (Ty, i) = n;, (€T (T, i)). However,
T (Tn, D)=L Ty, i—1)— 1,80 LT (Ty,i— 1) =Lt (Ty, i)+ ni,—(LT(Ty, D)) + 1. Finally, if
i > |Nx] (for t = —) or i > |[Nx] (for « = +), then the last step of the walk at i was going to the
left, so the last step of &; was an upward step, and & made £~ (Ty, i) upward steps; therefore

(T, i) — €5 (T, i) = & (€ (Tn, ) = —ni4 (€ (T, 1)),
which yields €~ (Ty, i) — €Y (T, i) = —n;,+ (¢ (Tw, i)). Moreover, £+ (Ty, i) = £~ (Ty, i + 1),
and hence £~ (Ty, i+ 1) =€~ (Ty, i) + ni,+ (£ (Tw, i)).

We are going to use these results to deduce an expression for the £%(Ty, i) which will
be very useful throughout this work. Defining y (V) = [Nx] if t = — and x(N) = |[Nx] + 1 if
L=+, fori > x(N) we have

i—1
(T, )=~ (Tn, XN+ D 0jr (€ (Ty. ),

J=x®)
and for i < x(N) we have
X(N)—1
Ty, =Ty, x N =D+ Y (- (Tn, ) + Lj=0).
j=it+1
Now, we remember that the definition of Ty implies £'(Ty, [Nx]) = [N6@], so if 1 =— we

have ¢~ (Ty, x(N)) = [N8] and ¢+ (Ty, x(N) — 1) = £~ (Ty, x(N)) = [N |, while if ¢ =+
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we have £ (Ty, x(N) — 1)= [N6] and ¢~ (Ty, x(N)) = £ (Ty, x(N)— 1) — 1= |N6O| — 1.
Consequently, we have the following:
i—1
Ifi>x(N), € (T, )=INO] = Tpmpy+ Y 01 (€ (Tw, )

J=x®)
x(N)—1 M
Ifi<x(N), € (Ty,d)=INoJ+ > (nj— € (Ty, )+ 1yj~0).
j=itl
We will also need to remember the following:
IfizxMN), € (T, i) =€ Ty, )= —ni+ (€ (Tn. i)). o

Ifi<x(N), € (Tn, )= Ty, i) =n;i - (Ty, i)

To couple the £%(Ty, i 4+ 1) — £¥(Ty, i) with i.i.d. random variables, we need to understand
the 1,1 (¢~ (Ty, i) and the n; —(€*(Ty, i)). The paper [17] proved that the following measure
p— is the unique invariant probability distribution of the Markov chain 7:

LI2i+1]/2] w(—)) LI2i+1]/2] w(—j)
i€ p-()=1 E o W ZZ H o0 3)

We also denote by pg the measure on % + Z defined by po(-) = ,o_( . —%)

We are now in position to construct the coupling of the ¢*(Ty, i + 1) — £*(Ty, i) with
i.i.d. random variables (¢;);ez. The idea is that n can be expected to converge to its invari-
ant distribution p_; hence when 0E(Ty, 0) is large, ni,jF(Zi(TN, i)) will be close to a random
variable of law p_. More rigorously, we begin by defining an i.i.d. sequence (;);cz of random
variables of distribution p_ so that if i > x(N), then P(rl- #* n,-,+(|_N 1/ 6J)) is minimal, and
if i < x(N), then P(r; #n; —(|N'/®|)) is minimal. We can then define i.i.d. Markov chains
(i +(),.- | i | For 2 x(N) and (@i, ~(m), . i | for i < x(N) so that ni=(INV])=ri,

ni,+ is a Markov chain of distribution equal to that of 7, and if ﬁi,i(LNl/GJ) = Ui,i(LNl/GJ),
then 7j; +(n) = n; +(n) for any n> |N'/®]. Since p_ is invariant for n, if n> | N'/®|, then
the 1; +(n) for i > x(N) and n; —(n) for i < x(N) have distribution p_. We define the random
variables (¢;)icz as follows: for i > x(N) we set ¢; = ﬁi,+(£_(TN, Y% |_N1/6J) + %, and for
i < x(N) we set ¢ = ijj,— (¢ (Tw, i) v [NY/6]) + L. For i > x(N), (1) implies that £~ (Ty, i)
depends only on the n; +, x (V) <j <i— 1, and hence is independent from #; 4, which implies
that ¢; has distribution pg and is independent from the ¢;, x(N) <j <i — 1. This together with
a similar argument for i < x (N) implies that the (¢;);cz are i.i.d. with distribution pg.

We will prove several properties of (&;);cz that we will use in the remainder of the proof. In
order to do that, we need the following lemma from [17].

Lemma 1. ([17, Lemma 1].) There exist two constants ¢ = ¢(w) > 0 and C = C(w) < +00 such
that for any n € N,

Pr(m) = iln©) =0) < Ce M and ) [P(n(n) = iln(0) =0) — p_(i)| =< Ce~".
i€Z
Firstly, we want to prove that our coupling is actually useful: that the ¢; are close to
the ¢X(Ty, i+ 1) — £=(Ty, i). More precisely, we will show that except on an event of
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probability tending to 0, if £F(Ty, i) is large then ¢; = n,‘,jF(Ei(TN, i)) + 1/2, which (1) relates
to £(Ty, i+ 1) — £ (Ty, i). We define
By ={3ie{-T2(1x| +20)N1, ..., x(N) — 1}, € (Ty, i) > [N'/®]
and ¢; # n; (L (T, i) +1/2},
Bl ={3ie{x(N), ..., [2(1x| + 20)N1}, £~ (T, i) > [N'/®]
and ¢ # ni4 (€ (T i) +1/2}.

“)

Lemma 1 will allow us to prove the following.
Lemma 2. IP’(B;) and IP’(BT) tend to 0 when N — +00.
Proof. By definition, for any i € {—[2(]x| +20)NT, ..., x(N) — 1} we have

L= (€ (T, )V [NVO]) + %

which is 7 —(¢*(Ty, i) + § when €+ (T, i) > [N'/®]. Now, j; — =n; — if 7j; — (|[NV/6]) =
ni,— (| N'/€|); that s, r; = n;, — (| N'/®]). We deduce that

P(By) <P(3ie {—[2(x| +20)N1, ..., x(N) = 1}, ri # ni— (| N0 ])).

Now, for any i< x(N), we have ]P’(r,' # Ni— (LN 1/ 6J)) minimal, and thus smaller than
C‘e_ELNI/GJ by Lemma 1. Consequently, when N is large enough, we have ]P’(Bl_) <3(|x| +
20)NCe ™€ [ve] , which tends to 0 when N — +o0. The proof for P(B;") is the same. O

Unfortunately, the previous lemma does not allow us to control the local times when
Ei(TN, i) is small. In order to do that, we show several additional properties. We have to control
the probability of

By ={3ie{=[2(x|+20)N7, ..., [2(1x| + 20)NT}, || = N'/10}
U{3ie{—T2(x| +20)N1, ... x(N) — 1}, [ni— (€T (T, D)) + 1/2| = N'/16}
U{3ie(x), ..., 120x +20)NT}, i+ (€ (Tw, i) + 1/2] = N'/16}.

Lemma 3. P(3,) tends to 0 when N tends to +oc.

Proof. Tt is enough to find some constants ¢ >0 and C <400 such that for any i€
{—T2(]x| +20)NT, ..., [2(|x] +26)N1} we have

P(lg;| = N'/19) < Cem N,
for any i € {—[2(|x| +20)NT, ..., x(N) — 1} we have
P(jni—(€* (T, )+ 1/2] = N'/10) < cemN'"™,
and forallie {x(N), ..., [2(]x] +20)N]} we have

P(1nit (€ (Tw, i) + 1/2] = N'/10) < Ce™ NI/S
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For all i € Z, ¢; has distribution pg, which has exponential tails; hence there exist constants
¢ =c(w)>0and C' = C'(w) < +o00 such that for i € {—[2(|x| +20)NT, ..., [2(|x| +20)N]}
we have P(|¢;] = N'/16) < C'e=N""* We now consider i € {—[2(]x| + 20)NT, ..., x(N) — 1}
and P(|n;,— (€T (Ty, D)) + 1/2| = N'/16) (the P(|ni,+ (€™ (Tw. i)) + 1/2| = N'/1®) can be dealt
with in the same way). Equation (1) implies that £ (Ty, i) depends only on the nj,— for j >1i,
and hence is independent of n; . This implies that

P(Imi, (€7 (Tn, D) +1/21 = NV1) = 3 " P(Ini - (k) + 1/2] = NV 1O)B(* (T, i) = k).
keN

Therefore the first part of Lemma 1 implies that

2Cef/? eiz.Nl/m

P(Imi, (¢ (T, ) +1/21 = N'10) < 3~ ——
1—e ¢
keN
_ 2Ce/2 e_E,N]/lb

T l—et

P(et(Ty, i) =k)

which is enough. O

We will also need the following, which is a fairly standard result on large deviations.

Lemma 4. For any o >0, ¢ >0, P(maxoiilﬁzfma] Z?:” {i‘ > N"‘/Hg) tends to 0 when

N — +o0.

=iy

Proof. Let 0 <ij <ip <[N%], and let us study IE”( ‘Ziz g,-‘ > N“/”g). We know the ¢;,
i € Z, are i.i.d. with distribution pg, and it can be checked that pg is symmetric with respect to
0, so from that and the Markov inequality we get

in 153
P> ¢ =N | <op |y g = N/

=i i=i

13 N RS
=2P exXp WZ;, ZeXp(Ns) <2e N E exp WZ;, (5)

=iy =iy

iz
<27V l_[ E (exp <#{l>> .

i=iq

Now, if ¢ has distribution pg, we can write
AV 1/ 1 1,
x| ozt | = nené Ty | yezt ) P\ jarzt
with |¢/] < |¢|. Since pg is symmetric with respect to 0, we have E(¢) = 0; therefore
1 1/ 1 \? 1
. (exp (N“ﬂg)) ShrE (5 <N“/2§> o <N“/2C >)
1 2 1
(o ().
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Moreover, pg has exponential tails; hence there exist constants C < +00 and ¢ > 0 such that

E(¢%e°¢l) < C. When N is large enough, Na/z < ¢; therefore

(e (rt)) = 1+ g =0 (55)

Together with (5), this yields

Z Gl = Ne2e | < 20N =i+ D3z zefNé‘e(rN‘”Hl)ﬁ <2¢Ce™N*

i=iy

when N is large enough. We deduce that when N is large enough,

P max Z; > NY/2He | < (IN®T + 1)22eCe™N
0<i| <ip<[N*] Py

which tends to O when N tends to +o00. O

We also prove an immediate application of Lemma 4, which we will use several times. If
we define

i2
B = max S gz nos
—(|x|426)N | —N3/4 <iy <ip <—| (|x|+26)N | +N3/4 i=i;

i

Bi = max Zg“i > N19/48 L
L(x[+20)N | —N3/4<iy <ir <| (|x|4+-20)N | +N3/4 |4

=iy
we have the following lemma.
Lemma 5. P(B;) and P(BY) tend to 0 when N tends to +oc.

Proof. Since the (¢;);ez areii.d.,

P(By) =P(B;) =F Zc =N

0<iy <12<2|'N3/4-| i=i,

which is smaller than IP’( MaX( < <jy <[N37/48] ‘ Zl i Sil = N19/48) when N is large enough.

Moreover, Lemma 4, used with @ = 37/48 and ¢ = 1/96, yields that the latter probability tends
to 0 when N tends to +00. O

3. Where the local times approach 0

The aim of this section is twofold. Firstly, we need to control the place where £~ (T, i)
hits 0 when i is to the right of 0, as well as the place where £ (Ty, i) hits 0 when i is to
the left of 0. Secondly, we have to show that even when ﬂi(TN, i) is close to 0, the local
times do not stray too far away from the coupling. For any N € N, we define I = inf{i >
XWN) | £~ (Ty, ) =0} and I~ =sup{i < x(N) | £T(Ty, i) = 0}. We notice that £ (Ty, ") =0,
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and from the definition of Ty we have £ (Ty, i) > O for any 0 <i< x(N)—1; hence I~ <O.
We first state an elementary result that we will use many times in this work.

Lemma 6. For any i > 1" ori <I~ we have Ei(TN, i)=0.

Proof. Since £T(Ty,I7) =0 and the random walk is at |[Nx|t1 > 0 at time Ty, the ran-
dom walk did not reach I~ before time Ty; thus Ei(TN, i)=0 for any i <I~. Moreover,
€~ (Ty, x(N)) > 0 by definition of T, so I'" > x(N); thus X7, < I, and hence £~ (Ty, IT) =0
implies that the random walk did not reach It before time Ty. Thus £*(Ty, i) =0 for any
i>Ir. O

We will also need the auxiliary random variables It= inf{i > x(N) | £~ (Tn, i) < |_N1/6J}
and I~ =sup {i < x(N) | €7 (T, i) < [NV/6]}.

3.1. Place where we hit 0
We have the following result on the control of It and I~

Lemma 7. For any 8>0, P(II" + (x| +20)N| > N°**V/2) and P(IT — (|x| +20)N| >
NO+1Y/2Y) tend to 0 when N tends to +oo.

Proof. The idea is to control the fluctuations of the local times around their deterministic
limit: as long as X (Ty, i) is large, the 05Ty, i+ 1) — £5(Ty, i) will be close to the i.i.d.
random variables of the coupling, so the fluctuations of ﬂi(TN, i) around its deterministic limit
are bounded and ¢*(Ty, i) can be small only when the deterministic limit is small, that is,
around —(|x| + 20)N and (|x| 4+ 20)N. We spell out the proof only for /~, as the argument for
I'" is similar.

The fact that ]P’( T+ (x| +20)N < N‘S‘H/z) tends to O when N tends to 400 comes from
the inequalities (51) and (53) in [17], so we only have to prove that P(/~ + (x| + 20)N >
N3+1/2) tends to 0 when N tends to +00. Since I~ <17, itis enough to prove that Pd- + (x| +
20)N > N%+1/2) tends to 0 when N tends to +o00. Since by Lemma 2 we have that P(B ) tends
to 0 when N tends to +oo0, it is enough to prove that P(I~ + (|x| + 20)N > N°+1/2, (Bl_)c)
tends to 0 when N tends to +o0.

We now assume N is large enough, I~ +(|x|+20)N >N**1/2 and (B;)°. Then
there exists i € {[—(|x| +20)N + N°T1/27, .| x(N) — 1} such that £7(Ty, i) < |N'/®| and
X (Ty,j)> |[NVe]| forallje {i+1,..., x(N) — 1}. Thus, by (1) we get

x(N)—1
INOT+ Y (nj— (T Ty ) + Lyno)) = € (T, i) < [NV/].
j=it+1
Furthermore, forallj € {i + 1, ..., x(N) — 1}, since (B; ) occurs and ¥ (Ty, j) > |NVe |, we
have nj (¢ (Tn, j)) + 1/2 = ;. We deduce that
& Lgj>o0} — Lyj<o)
>
Vo) + ) (cj + f—> <INV
=i+l
thus
x(N)—1 X(N)— 1 o —Tiico
Y g+ Ney+ Y HEUSUE ey
Jj=i+1 Jj=i+1
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Moreover, since i € {[—(|x| +20)N + N3+1/21 ... x(N) — 1}, we have
x(N)—1
Tis0y — Lyi<o 1 .
j=itl

—_

> z(Nx —2—(]x| +20)N + N°T1/2)

= —ON+ lN‘”l/2 —1.
2

This yields "X ¢+ [NO] — ON + IN+1/2 — 1 < | N'/6]; hence

x(\N)-1 |

Z g < —=NH2 4 [NV6| 42 < —NO+D/2
=3 =

J=i+l

since N is large enough. Consequently, when N is large enough,

P(I™ +(Ix| +20)N = N°T1/2 (B))

x(N)—1
<P |Jie{[—(x+20N + N2 xN) =1}, Y = —NIFI2
j=it+l
Since the ¢;, i € Z, are i.i.d., when N is large enough this yields
i2

P(I™ + (|x| +20)N = N°T1/2 (B])) <P max ¢i| = N2
1

Ofl] <ip< |—Nl+6/2-| i=i

which tends to 0 when N tends to +oo by Lemma 4 (applied with « =1+ /2 and € =§/4).
This shows that IP(I_ + (|x] +26)N > N‘S‘H/z) converges to 0 when N tends to +oo, which
completes the proof of Lemma 7. (]

3.2. Control of low local times

We have to show that even when Ki(TN, i) is small, the local times are not too far from the
random variables of the coupling. In order to do that, we first prove that the window where
% (Ty, i) is small but not zero—that is, between I and I and between I~ and 1~ —is small.
Afterwards, we will give bounds on what happens inside. We begin by showing the following
easy result.

Lemma 8. IP’(?’ > 0) tends to 0 when N — +o0.

Proof. Let N be large enough. If7= > 0, there existsi € {0, ..., |[Nx]} such that £ (Ty, i) <
|_N1/6J. Since N is large enough, this implies £ (T, i) < N /2; therefore

sup ]ivﬁ(TN, [Ny]) — (le—lyl +9) >6/2.
+

yeR 2
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Moreover, by [17, Theorem 1], sup, g |1l\,€+(TN, I_NyJ) - (lxng + 9) | converges in prob-
+
ability to O when N tends to +o00; hence we deduce that

1 _
P | sup |—€" (T, [Ny]) — (M +9) >0/2
yeR N 2 +
tends to O when N — +o00. Therefore P(? ~ >0) tends to O when N — +o0. O

In order to control I, 1=, IT, and T—, we will use the fact that the local times behave as the
Markov chain L from [17], defined as follows. We consider i.i.d. copies of the Markov chain n
starting at 0, called (1,,,)men. For any m € N, we then set L(m + 1) = L(m) + n,,,(L(m)). We let
v =inf{m € N | L(m) < 0}. The following was proven in [17].

Lemma 9. ([17, Lemma 2].) There exists a constant K < 400 such that for any k € N we have
E(t|L(0)=k) <3k + K.

Since the local times will behave as L, Lemma 9 implies that if the local time starts out
small, then the time at which it reaches 0 has small expectation and hence is not too large. This
will help us to prove the following control on the window where £*(Ty, i) is small but not
Zero.

Lemma 10. P(I* — It > N'4) and P(I~ — I~ = N'/*) tend to 0 when N — +o0.

Proof. Let N be large enough. We deal only with P(7~ — I~ > N'/4), since P(I* — T >
NV 4) can be dealt with in the same way and with simpler arguments. Thanks to Lemma 8, it is
enough to prove that ]P’(i_ —I~>NY* T < O) tends to 0 when N — +00. Moreover, if I~ <
0, thanks to (1), forany i < I~ we get £+ (T, i)y = £t (T, I7) + 2/’.;,. 1 M~ (T, j)), which
allows us to prove that (¢ (Ty, 1~ — i))ien is a Markov chain with the transition probabilities
of L. Therefore, recalling the notation just before Lemma 9, we have

P(I"—1"=N""T" <0)
LNV
=y p (i— I =N T <0 e Ty, T = k) P (H(Ty, T)=K)
k=0 LNI/GJ
=S p (‘c > N1/4’ L(0) = k) P (¢+(Ty, ") =k)
T,
< ) yiABEILO) =P Ty, ) =h).
k=0

By Lemma 9 we deduce that

[N'/6)
-~ - -~ 1 -~
P (1 —I >N T < 0) <7 > Gk+KPEH Ty, )=k
k=0
1/6
ONTHK -2
s—yiE = ,
since N is large enough; hence P(J~ — I~ > N'/4, T~ < 0) tends to 0 when N — 400, which
completes the proof. U
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We are now going to prove that even when ¢*(Ty, i) is small, the local times are not too
far from the random variables of the coupling. More precisely, for any n € N, we define the
following events:

x(N)—1 x(N)—1
By ={3ie(".....x(M =1}, | > (—(¢*(Tn.4)) +1/2) = D> | =N
j=i+1 j=i+l1
i—1 1
Bf ={3ie{(xN).....I"} | X @ An.jn+1/2)— Y ¢|=N'"
j=x(N) J=x(N)

Lemma 11. P(B;) and IP’(BI) tend to 0 when N tend to +o0.

Proof. The idea of the argument is that when ¢*(Tly, i) is large, ni;(fi(TN, ))+1/2=¢
thanks to Lemma 2; that the window where Zi(TN, i) is small is bounded by Lemma 10; and
that inside this window the 7;, ;(Ei(TN, i)+ 1/2, ¢; are also bounded by Lemma 3. We spell
out the proof only for P(B} ), since the proof for P(B}) is the same. By Lemma 7, we have that
P~ < —2(]x|] + 0)N) tends to O when N tends to +oo. Furthermore, Lemma 10 implies that
}P’(I ——I" >NV 4) tends to 0 when N tends to 4-o00. In addition, by Lemmas 2 and 3 we have
that P(B]) and P(3;) tend to 0 when N tends to +o00. Consequently, it is enough to prove
that for N large enough, if (B;)" and (B,)¢ occur, if I~ — I~ < N4, and if I~ > —2(|x| +
6)N, then (84_)0 occurs. We assume (Bl_)c, (Bo)S, I~ =1~ <NY4 and I~ > —2(|x| + 6)N.
Since (B’l_)C occurs and I~ > 1~ > —2(|]x| + O)N, we get ;= nj,,(£+(TN,j)) + 1/2 for any

ie{I"+1,..., x(N)— 1}. Therefore, if ie {I~, ..., x(N) — 1} we get
X(N)—1 X(N)—1
> (- () +1/2) = > =0,
J=i+1 j=i+1
andforie{l‘,...j——l}Wehave
x(N)—1 x(N)-1 -
> (@ (@) +172) = 3 gl=| D0 (- (e (Tv.) +1/2) - Z 5
Jj=i+1 Jj=i+1 j=i+1 Jj=i+1

i
< D (€ @n. )+ 1721+ 1gl) <20 = 1N,
j=i+1
since (B5) occurs, i+ 1>17 > —2(|x| + 0)N, and by definition I~ < x(N) — 1 <2(|x| +
0)N. Moreover, we assumed I~ — I~ < N4 which implies

x(N)—1 x(N)—1
D (- (T (Twa ) +1/2) = D gl <2NVANVIO=2N10 < N3
j=it1 j=it1
when N is large enough. Consequently, forany i€ {I~, ..., x(N) — 1} we have
x\N)—1 xW)—1
S (T () +1/2) = D gl <NV
Jj=i+1 Jj=i+1
therefore (B, ) occurs, which completes the proof. O
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4. Skorokhod M; distance

The goal of this section is to prove that when N is large, Yﬁ is close in the Skorokhod M|
distance to the function Yy defined as follows. For any N large enough, for y € R, we set

L
Yn(y) = N ,':LN%H Gi
ifye [—|x| 20, #)
| oot
Yn(y)= NG i_%(;v) gi

ifye [%, |x| + 29), and Yy(y) = 0 otherwise. We want to prove the following proposition.

Proposition 5. P(dy, (Y;,—L, Yv) > 3N~112) tends to 0 when N tends to +oc.

If we denote by B the event

By UBFUB,UB; UBS UB, UBS U{II™ + (Ix| + 20)N| > N*/*}
U I = (1x] +20)N] = N34,

it will be enough to prove the following proposition.

Proposition 6. When N is large enough, for all a > 0 with |(|x| + 20) —a| > N~'/8, we have
that B¢ C {dM1,a(Y1$|[fa,a], YN|[7a,a]) < 2N—1/12}.

Proof of Proposition 5 given Proposition 6. We assume Proposition 6 holds. Then,
when N is large enough, if B¢ occurs, for all a >0 with |(|x| +20) — a| > N~1/8 we have
duy.a(YEl—aals YNl[—a,a1) < 2N~"/12, which yields that

+00

diy (Yy» Y) =/O ¢ (du.a(Yy l1-aals YNli-a.a1) A 1)da

~+00
5] e 2N"1124q 4 2N71/8
0

—2N"1/12 g N8 <3N-I12,
This implies that P(dy, (Y, ;,—L Yy) > 3N -l 12) < P(B) when N is large enough. In addition,

B(B) < P(5;) + B(B]) + P + B(By) + P(5)) + B(5;) + B(5})
+P(II™ + (1x] +20)N| = N¥/*) + P([IT — (Jx] + 20)N| > N3/4).

Applying Lemmas 2, 3, 5, 7, and 11 implies that P(5) tends to O when N tends to 4+-o0; hence
IP’(aVM1 (Yﬂ,E YN) > 3N_1/12) tends to 0 when N tends to +oo, which is Proposition 5. O

The remainder of this section is devoted to the proof of Proposition 6. The first thing we do

(—(|x]4+20)N)VI~ ((|x]4+20)N)ATT
N and N

is show that between , the functions Y, ;,—L and Yy are close in

uniform distance, which is the following lemma.
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Lemma 12. When N is large enough, if (132)¢, (84_)6, and (BI)C occur, we have the following:
if IT < (|x| +20)N, then for any

c |:(—(|x| +20)N)Vv I~ ((|x] +20)N) /\I“‘:|
N ’ N

we have |Yy(y) — Yn()| < N~V120 If IT > (|x| + 20)N, then we have |Yy () — Yn()| <
—112 (X[ 20NV~ (6] +20)NATH
N~V forye[ = , )

Proof of Lemma 12. Writing down the proof is only a technical matter, as the meaning of
(Bf)c is that the local times are close to the process formed from the random variables of the
coupling. The event (B)€ is there to ensure that the difference terms that appear will be small.
We spell out the proof only for ¥, as the proof for Y™ is similar. We assume (;)¢, (B;)C,

and (B})“. Then if

. [x(m (x| +20)N) A1+]
N’ N

(ifl+ > (x| + 20)N we exclude the case y = W), we have y € [#, x| + 29), NY

LNy)—1
_ 1| _ |x|
|YN<y)—YN(y>|=—'£ (Tw, LNyJ)—N<— ) DOk
VN 2 T i=x)
thus by (1) we obtain that |Y1; ) — YN(y)| is equal to
LNy)—1 |x|_|y| [Ny]—1
T INOJ — Ty + > mig (€ (Tw. i) — N( 5 ) Yoo
i=x(N) i=x(N)
[Ny -1 LNy]—1
1 _ . [Ny] — x(N) 3
<= | 2 s () + - Y G+
VN i=x(N) =X VN
=— (i (€™ (T, i) +1/2) — G+ —=.
VN i=x(N) i=x(N) VN

Now, y € [%, W] implies |[Ny| € {x(N), ..., IT}; thus (BI)C yields |Y1§(y) —
YN(y)] < \/LNNV3 + Jiﬁ <N~Y12 when N is large enough. We now consider the case y €

[w, %) Then y € [—|x| — 26, %), and hence

Yy )= )| = —= |~ (T, INy)) N('X' 1 ) X(NZ)I G
NO) = INO)| = = N B ih
VN +  i=|Ny]+1

Now, (2) yields |£~ (TN, |_Nyj) - E+(TN, |_Nyj)| = |77LNyJ,—(£+ (TN, |_Nyj))|, which is smaller
than N'/16 4+ 1/2 thanks to (5,)°. We deduce that

M-I 1/16
- 1 =l * NVIe 412
Yy ) — YvO)| < —= [€F(Tn. [Ny)) —N( ) Gl + ;
! N 2 + i= LNXM:+1 W
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thus (1) implies that |Y NO) — YN(y)| is smaller than

x(N)—1
7 NOT+ Y (i (T (T, i) + L))
i=[Ny|+1
=l S N2
—N ) Z ;l \/_
T i=(Ny)+] N
-1 X (N)—1 116
1| INy] + 1 — x(N) NV16 43
<7 2 (@I )+ o)+ = = ) bt o
i=|Ny]+1 i=|Ny|+1
(N)—1 xN)—1 1/16
I NV +3
=75 2 (@) +1/2) - 30 G+ —e—
i=|Ny|+1 i=[Ny]+1
Furthermore, y € [w, %) implies |[Ny|€{I~,..., x(N)— 1}; hence (B;)"
yields

N/:/6_+3<N1/12
— =

[ (=(x|20N)VI~ (x| +20)N)ATT ]
N ’ N

oy 1 i3
|YN()’) YN(}’)|SﬁN +

when N is large enough. Consequently, for any y € we have
|Y1§ o) — YN(y)| < N~Y12 which completes the proof of Lemma 12. O

We now prove Proposition 6. Let a > 0 be such that |(|x| 4+ 20) — a| > N~'/8. We will prove
that when N is large enough, B¢ C {dMl,a(Yi,El[,a,a], YN l{—a,a1) <2N~/12}, and the threshold
for N given by the proof will not depend on the value of a. There will be two cases depending
on whether a is smaller than |x| + 26 or not.

4.1. Caseae (0, [x| +26 — N~1/8)

This is the easier case. Indeed, the interval [—a, a] will then be contained in
[(—(lx\+29)N)V17 ((|X\+29)N)N+>
N ’ N

, inside which Yi,t and Yy are close for the uniform norm by

Lemma 12. We may then define parametric representations (u,j\? r,j\f) and (uyn, rv) of Yy l[—a,a]

and Yn|[—4,q ‘following the graphs of Yffl[_a,a] and Yy |[—q,q) together’ so that ujjf,(t) = un(t)
for all € [0, 1], and
Irv =l = sup [Yy() = Yn0)]
y€l—a,a]

(an explicit construction of these representations can be found in the first arXiv version of this
paper [5]). We deduce that

dutya(Ye l—aals Yli—aa)) < sup  |[Yy () — YO

y€l—a,al

Moreover, if B¢ occurs, since ae€ (O, |x| 4+ 26 —N_I/S), for any ye[—a,a] we have
ye (x| =20 +NV8 x| +20 — N~1/8); thus —(|x| +20)N + N3/* < Ny < (x| + 20)N —
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FIGURE 1. The successive steps of the parametric representations of Yy |[—4,q) and Yy|[(—a,q) if IT <
L(|x] + 20)N]. At each step, the parts of the graphs through which the parametric representations travel
are thickened.

N3/4, which implies I~ <Ny <IT, and hence ye ((7<|x|+f\,9w)vr, ((|x|+219\,)N)M+). So

by Lemma 12 we have |Y§(y)—YN(y)|§N’1/ 12 Consequently, if B¢ occurs, then
dMl,a(Y]:\lﬂ[—a,a]’ Ynli—a,a) <N“V12.

4.2. Casea> |x| +20 + N~1/8

This is the harder case, as we have to deal with what happens around |x| 4+ 26 and —|x| — 26.
We write down only the proof for Y/, since the proof for ¥ 1‘\,”' is similar (one may remember
that (2) allows us to bound the £~ (Ty, i) — £7(Ty, i) when (B,)¢ occurs, and hence when
B¢ occurs). Once again, we will define parametric representations (u;,, rﬁ) and (uy, ry) of
Yy l{=a,a1 and Yn|[—q,q4)- The definition will depend on whether I™ < |(|x] +26)N] or not, and
also on whether I~ > —|[(|x] +20)N] or not. We explain it for abscissas in [0,a] depending
on whether I < [(|x| +26)N] or not; the constructions for abscissas in [—a, 0] are similar,
depending on whether I~ > —|(|x| + 26)N| or not.

We first assume It < |(|x| +26)N]. Between 0 and %, as in the case a € (0, |x| +20 —
N~1/8), the parametric representations will follow the completed graphs of Yy, and Yy in par-

allel (see Figure 1(a)). The next step, once (u;,, r&) has reached (%, Yy (%)), is to freeze
it there while (uy, ry) follows the graph of Yy from (% Yy (%)) to (1| + 26, Yn((Ix] +

26))7) (see Figure 1(b)). For y > % we have £~ (Ty, [Ny|) =0 (see Lemma 6); thus Yy (y) =
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(a) (b)

—'-|_|-|_|._ — i
ol |x|jk29 & (L o]’ ol +20 12 i
(c) (d)
/ o/
“unm e
W W
ol” |x|jk2a % & ol miwa # &

FIGURE 2. The successive steps of the parametric representations of Yy |[—4,q] and Yn|[(—q,q] if It >
L(|x] + 260)N]. At each step, the parts of the graphs through which the parametric representations travel
are thickened.

—N(M +9) , and hence Yy : [1—+, |x| +260]1+— R is affine. Therefore, the following
+
step is to simultaneously move (uy, ry) from (%, Yy (%)) to (|x| + 26, Yy (Ix| +260)) =
(Jx| + 26, 0) and (uy, ry) from (|x| 4+ 26, Yn((|x] +20)7)) to (x| + 26, 0) (see Figure 1(c));
here the two parametric representations will remain close. After this step, both parametric
representations are at (|x| 4+ 26, 0), and they will go together to (a,0) (see Figure 1(d)).
It

We now assume I+ > [(|x| +20)N|. We also assume ¥ Za (if % > a, we may choose

anything for (uy, ry), (un, ry); this will not happen if B¢ occurs). Between 0 and |x| + 26,
the parametric representations will follow the completed graphs of Yy, and Yy in parallel (see

Figure 2(a)). Once the abscissa |x| + 26 is reached, the next step is to move (u;,, r;) from

(Ix] + 26, Yy (Jx| +26)) to (%, Yy (%)), which is (%, O), and at the same time to move

(un, rny) from (|x| + 260, Yny(|x| 4+ 26)) to (|x| 4+ 26, 0) (see Figure 2(b)). We will prove the two
representations are close by controlling the local times. At the next step we freeze (u;,, r&) at
(%, 0) while (uy, ry) goes from (|x| + 26, 0) to (%, O) (see Figure 2(c)). After this step, both
parametric representations are at (% O), and they will go together from (%, 0) to (a,0) (see
Figure 2(d)). Again, a more rigorous definition of the parametric representations is available in
the first arXiv version of this paper [5].

We can now bound the Skorokhod M; distance between Yy, |[—4.q] and Yy|[—q,q4). From its

definition, we have

dM],ﬂ(Y[;“*a,d]v YN|[7a,a]) =< max (”“;/ —un|loos ”r[; - rN”oo);
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hence we only have to prove that B¢ C {max (||u1§ —uNlloos lIFy — erloo) < 2N‘1/12} when N

is large enough. We are going to break down { max ([luy — unlloo, lry — rvlloo) < 2N‘1/12}
into three events. We may write

{ max (luy — unlloo, IIry — rvllsc) <2N1/12}

(—(Ix| +20)N) v I~ ((Jx] + 20)N) ATT
= { between and ,
N N
luy = unlloo, llry = rallo < 2N_1/12}
20)N) AT
N {between (x + N) ) and a, [luy — unllco, 1y —Nlloo < 2N_1/12}

(—(|x| +20)N) v I~
N

N {between —aand Ny — unlloos 17y — ralloo < 2N—1/12} )
Consequently, to prove that B¢ C { max (|luy — unlloo. 7y — rnllec) <2N71/12} when N is
large enough and thus complete the proof of Proposition 6, we only have to prove the following
lemmas.

- - +
( (IX\+%V6)N)W and ((IXI+219V)N)/\1

Lemma 13. We have B¢ C Hbetween s Muy —unlloos lIry —

Nlloo < 2N’1/12} when N is large enough.

Lemma 14. We  have BN {IT < |(lx] +20)N]} C {bezween BHONNT g g,
luy — unlloos Iy — rvllos < 2N—1/12} and B N{I~ = —[(|x| +20)N]} C {between —a

and w, luy —unlloo,s 1y — TN lloo < 2N_1/12}) when N is large enough.

Lemma 15. We  have BN {IT > |(]x| +20)N]} C {bez‘ween 0NN g g,
luy — unlloos 1y — rNlleo < 2N_1/12} and B°N{I~ <—|(x|+20)N]} C {between —a
and w, luy —unlloo, 1y — TN lloo < 2N71/12}) when N is large enough.
We now prove Lemmas 13, 14, and 15.

Proof of Lemma 13. We assume B¢ occurs. In the part of the parametric representations
CU+20NIVIT g (al+26)NIALT
N an N

between
the completed graphs of Y, and Yy in parallel. Therefore uy (¢) = un(¢) and

, corresponding to Figures 1(a) and 2(a), we follow

- +

|y (6) = r(8)] < sup {|YA7(V) —YnvO)|:ye [( (bl + ?V@)N) VIT (420N A ]} |
N

If (x| + 20)N is not an integer or I < (|x| +20)N, then by Lemma 12, this is smaller than

N~12 when N is large enough, and we are done. If (|x| + 20)N is an integer and I > (|x| +

260)N, there is a small complication, since the parametric representations follow the graph of Yy

until Yy ((|x| + 26)7), but should follow the graph of Y, until Y (|x| + 26). The solution is to
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freeze the representation of Yy at Yy((|x| +26)™) while that of Yy, goes from Yy, ((|x| +26)7)
to Yy (|x| + 260). Then, between w and (|x| 4+ 26)~, we have

(—(|x| +20)N) v I~
N

|ry (0 — rn ()| < sup {|YN‘(y) —YnO)|:ye [ , (I +29)N)} <N~/
by Lemma 12 when N is large enough. Furthermore, when going from Y, ((|x| +26)7) to
Yy (|x] + 20), we have

| (1) = (D] < [ Yy (Ix] +260)7) = Yo((lx] +20))| + | Yy ((x] +26)7) — Yy (1x] + 26)|
<NV Yy ((x] +26)7) — Yy (x| +20))|

when N is large enough. In addition, when N is large enough, (1) yields

| Yy (x| +20) — Yy ((Ix] +20) )| = (Tw, (Ix| +20)N) — €~ (T, (Ix] +20)N — 1)

1, _
7l
1 _
= ﬁ|’7(|x|+29)N—1,+(£ (Tn. (Jx| +20)N — 1))|

<1\/1/16+1/2
- UN

since (B2)¢ occurs. This yields |r]§(t) — rN(t)| <N~1/12 4 W <2N~112 when N is
large enough, which completes the proof. U

Proof of Lemma 14. This lemma deals with the ‘right part’ of the parametric representa-
tions in the case IT < |(|x| + 20)N], and with the ‘left part’ in the case I~ > —|(|x| + 20)N],
corresponding to Panels (b), (c), and (d) of Figure 1. The idea of the argument is that in the
step corresponding to Figure 1(b), the representation of Yy does not move much horizontally,
as % is close to |x| + 26 by Lemma 7, so it does not have time to move too much vertically.
In the step corresponding to Figure 1(c), the representations of Yy, and Yy will thus start from
points that are close and go to the same point, which means they stay close to each other.

We now give the rigorous argument. We spell out the proof only for B¢ N {IT < [(|x| +
20)N |}, as the other case is similar. Let us assume B¢ occurs and I < [(Jx| + 20)N|. Firstly,
we notice that in the part of the parametric representations corresponding to Figure 1(d)
we have (u;,(t), 'y (t)) = (uN(t), rN(t)), so we consider only the parts corresponding to
Figures 1(b) and 1(c). We first consider the case in which (Jx| +20)N is not an integer or
I™ < (x| +20)N|. We begin by dealing with !u,;(t) — uN(t)|. By the definition of our para-
metric representations, |uy (f) — uN(t)| < ||x| + 26 — %’ Furthermore, B¢ occurs; thus we
have [IT — (|x| + 20)N| < N3/, and hence |u;,(t) — uN(t)| <N/,

We now deal with |r,§ (1) — rN(t)|. Remembering the definition of our parametric represen-
tations, we notice that in the part corresponding to Figure 1(c), ry and ry are affine functions,
so the maximum value of |r§ (1) — rN(t)| on this part is reached either at the beginning or at the
end of the part. Moreover, at the end of the part we have ry (f) = ry(¢) = 0, so the maximum is
reached at the beginning. Therefore, if ]rﬁ ) — rN(t)] <2N~Y12 in the part corresponding to
Figure 1(b), then |ry(r) — ry()| < 2N~/ in the part corresponding to Figure 1(c), and this
completes the proof when (|x| 4+ 26)N is not an integer or I < | (|x| +26)N].
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We thus have to study the part corresponding to Figure 1(b). By the definition of our

parametric representations,
It It
Yo | — )Y ye | —, x| +26 ,
N(N) NO)| 1y |:N x| + )}

so it is enough to prove that when N is large enough, sup”Y; (%) —

|ry (@) — rn(0)| < sup {

YnO)| iy e [%, | x| +29)} <2N~12 Moreover, for any ye[ |x|+29) we have

It It It It
o (5) = = ()= ()« o ()

Since B occurs, we have that (B)°, (B;), and (B}) occur; hence Lemma 12 implies
‘Yﬁ (%) Yy ( )‘ < N~Y12 when N is large enough, and so

[Nyl -1

Yo 1_+ _ . 1_+ — Yy + N2 < Z ol + N2,
NN N
We deduce that
Sup{ Yy <N>_YN()’) :ye[ﬁ,|x|+29>}§sup — 21; &i yE[ IXI+29)
=

+ N2,

Furthermore, B¢ occurs; hence |IT — (x| + 20)N| < N3/4, and thus

It It
sup { Yy <ﬁ> —Yn()|:ye |:N, |x| +29)}

1 1
<— max Ci| +N™ 112,
VN L6420V -N =iy <ir <L (| +26)N] /N Z l

=iy
. " C
Since B¢ occurs, (l’j’;r ) occurs; hence

It It
sup{ Yy (ﬁ) —YNO)| :ye [ﬁ | x| +29>}

N19/48
=
VN

L NTVI2 NS N112 gn1/12,

which is enough.

We now consider the case in which (|x| +26)N is an integer and I™ = [(|x| + 20)N].
Then the step corresponding to Figure 1(b) does not exist; we only have to deal with that
of Figure 1(c), which comes mostly from Lemma 12, as this lemma ensures Yy ((|x| +26)7)
and Yn((|x| +26)7) are close (we will actually prove they are both close to 0). Since I =
L(Ix| +20)N |, we have uy, (t) = un(t). Moreover, £~ (Ty, [N(lx| +26)]) = £~ (T, I =0, so
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Yy (Jx] +20) = 0, and hence ry,(¢#) = 0. Furthermore, |ry ()| < |Yn((|x| +26)7)|. Therefore we
only have to prove that |Yy((|x| +20)7)| <2N —1/12 when N is large enough. In addition, 3¢
occurs; thus by Lemma 12 we have |Yn((|x| +260)7) — Yy ((|x] +260)7)| < N~1/12 when N is
large enough. Moreover, by the definition of Y, and by (1), we have

_ _ 1 _
Yy (x| +20) = Yy ((Ix] +20)7) + —=n(x+20n—1.4+ (€ (T, (Jx] +20)N — 1)),

VN

and since B occurs, (132)¢ occurs, which means we get
Yy (1x] +260) — Yy (x| +20)7)| < f(N1/16 1/2) <N7V4,

Since Yy (x| +20)=0, this yields |Yy((x|+20)7)| <N~Y4 ~ which implies
N y N p
|Yn((x] +20)7) < N~V12 L N~1/4 < 2N~1/12_ This is enough to complete the proof of
Lemma 14. O

Proof of Lemma 15. This lemma deals with the ‘right part’ of the parametric representations
in the case I™ > [(|x| + 20)N |, and with the ‘left part’ in the case I~ < —|(|x| + 20)N], corre-
sponding to Panels (b), (c), and (d) of Figure 2. We first give an idea of the argument. The most
important part of the proof is to deal with the step corresponding to Figure 2(b). In this step,
the function Yy (y) = %z* (Tw, INy]) evolves as a sum of ﬁnj,+(r(TN, 7)) by (1), which

is close to the sum of «lf (¢ — 1) as (BF)" occurs. Since the ¢ are i.i.d. with mean 0, the sum
ng will be small, and the evolution of ¥,; will be close to that of a deterministic sum of

_Z\_F Thus it reaches O at constant speed, which is also what our parametric representation
of Yy does.

We now give the proof, beginning with the details of the argument to deal with BN
{I=— <—|(lx| +20)N]}. Let us assume B¢ occurs and I~ < —|[(|x| +260)N|. We first see
that L= > —a, as since B¢ occurs we have |/~ + (|x| +20)N| < N*/%, which implies %~ >
—|x] — 26 —N-Y4 and by assumption a > |x| 4 20 +N71/8 50 —a < —|x| — 26 — N8 <
W: which implies % > —a. Moreover, in the part of the parametric representations correspond-
ing to Figure 2(d), we have (uy (1), ry (1) = (un(t), rn(1)). We now consider the equivalent of
Figure 2(c). Then ry (t) = rn(t) =0, and |u,;(t) — uN(t)| < |% , which is strictly
smaller than 2N~1/12 since |1~ + (|x| 4+ 20)N| < N3/%. It remains to consider the equivalent of

Figure 2(b). Then |uy (1) — un(t)| < | % , which is strictly smaller than 2N~ 1/12,
so we only have to prove |r1§(t) — FN(I)| <2N~1/12,
We are going to study
- - L(x +26)N | — [Ny]
sup Yy =Yy (=Ixl —20)+ Wi .
ve[ i —lxl-26]

Letye [%, — x| — 29]. By the definition of Y, we have

Yy () — Yy (—|x| —20) = — (¢~ (T, INy]) — € (Tw, |—(Jx| +20)N])).

5l -
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By (2) and since (B3;)¢ occurs (remembering that |[Ny|>1" > —(|x| +20)N — N3/4 >
—[2(|x| +260)N1), we deduce that

_ _ 1
Yy () — Yy (—Ix| —20) — ﬁ(ﬁ(m, |Ny]) — €t (T, [—(lx| + 29)NJ))'
. My),— (€7 (T, INY))) = ni—qu+20ng,— (€T (T, L—(x] +20)N])) - 2N1/16
- JN - JN

In addition, (1) yields the following:

€ (Ty, [Ny)) — € (Tw. L—(lx| +26)N])

x(N)—1 x(N)—1
= > @@+l — Y. i Ty, i)+ L)
i=|Ny|+1 i=|—(|x|4+20)N]+1
x(N)—1
= Z (ni,— (€T (Tw, 1)) +1/2)
i=|Ny]+1
x(N)—1

(I +20)N] — N
S DI (N (A RRVE) R it

i=|—(lx[+26)N]+1

Since (B, )" occurs, this yields

L—(lx| +20)N] — [Ny]

e (T, [Ny]) — €5 (Tn, L—(Ix| +20)N]) +

2
x(N)—1 x(N)—1
S P R
i=|Ny|+1 i=|—(|x|+26)N]+1
L—(Jxl+260)N]
=| > gl+an's
i=|Ny|+1

As we also have

1, N 2N1/16
Yy() — Yy (—|x| —20) — — (£ (Tn, |[Ny]) — €7 (Tn, |—(|x| +20)N < ,
Yy ) = Yy (= x| )W((NLyJ) (Tn, L=(IxI +26)N]))| N
this implies
_ _ L(Ix] +20)N| — [Ny]
sup Yy ) — Yy (—Ix| —20)+ 2N
ve[ iy~ -26]
1 [—(x[+26)N] IN1/16 oN1/3
< max

< — |+ =+ :
I +1<i<|—(x|+26)N] /N Z b N VN

J=t
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Moreover, 3¢ occurs, and hence |~ + (|x| +26)N| < N3/* and (B_)C occurs; therefore we

“(v) — YV (— L(x[+20)N]|— [Nyl | -
obtain that sup [ i 29 ‘YN(y) Yy (—|x| —20) + 2N is smaller than the

quantity

1 [—=(Ix|+26)N] aNL/16 opN1/3

max é‘ + —+
—L(|x|+26)N | —N3/*<i<| —(|x|+26)N] J_ X_: / N N

Jj=i

N19/48 2N1/16 2N1/3
SN N N

when N is large enough. This yields sup, [ e 20] |Y ) — Yy (=Ix| —20) +

L(x|+26)N | —|Ny] —5/48 :
W| <2N>/*8 when N is large enough.

We also need an explicit expression for the parametric representations. Assume the
part of [0,1] devoted to the equivalent of Figure 2(b) in the parametric representations is

2N—5/48

[an, ay]. We set ¢ equal to the affine function mapping ay to —% and ay, to —(|x| + 20)N.

Then, if ¢(f) belongs to some [Z, ZEl) with ie{I~,..., —[(x| +20)N] — 1}, we set
(@), ry ) = () — %, Yy (¢(H) — %)), while if ¢(r) belongs to some |2, 252] for
ie{l~,...,—(x]| +20)N] — 1}, we set

(uy @, ry (D) = (% (—Ngp() +2i+2)Yy ((%y) +(N§(1) — 2i — )Yy, (l;1>> ,

In addition, we set (uy(t), ry(t)) = (—|x| — 26, ¢3(¢>(t))), where d; is the affine function mapping
—|x| — 20 — LEHE2ONIEL 46y (—|x| — 20) and 2L~ to 0.
We recall that it is enough to prove |r1;(t) — rN(t)| <2N~/12 We are going to study

|y (0) = Yoy (— x| — 26) + Y 1) — M| We first suppose that (1) € [ %, 2) with

ie{l,.. —L(|x|+29)NJ — 1}. In this case, iy (1) = Yy (¢() — &) and | %2 — LN (o) —
1%/)” = ‘4);:) - N‘ = 2N’ hence

_ _ VN L—(|x| + 20)N ]
ry () =Yy (=Ix| —20) + T¢(t) - T

- N(p@t) — L) — |- 20)N
—Y;@m—i>—mem—wnﬂ(ﬂn 3)] = L=(1x] + 20)N

2J/N
+%mo—w@m—§n
2N
_ ' _ LN (1) — &)1 — L=(lx| +20)N]
N@@—ﬁ)—mem—wn- ( “%W ‘

VN o) 1 i
e e LI CCR|
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. _5/48 ; . . .
is smaller than 2N +3 Nk which implies

_ _ VN L—(Jx| +20)N ] _ 1
ry(6) = Yy (—|x| — 20) + ¢>(z)—T <2N 5/48+m.

We now consider the case ¢(r) € [25L, 252] with ie{I™, ..., —1(]x| +20)N| —1}. We
temporarily denote N¢(¢) —2i — 1 by & for short, with & € [0, 1]. Then we have ry () =

(1—e)Yy ((FH)7) +exy ( (%), |¢(t) Ll< i and|@ 1) < L. Therefore,

_ _ VN L—(Jx| +20)N ]
ry (@) =Yy (=lx| —20) + T¢(t) - T

1) N —(Ix| +26)N
—l1-9 (Y; ((l; > )‘Yﬁ("x'—29>+§¢(t)_L (1] +26) J)

2N
i+l VN (x| + 20)N |
+8(Y ( N ) Yy (—Ix| — 29)+T¢(t)_T>‘
s 1 . N =(x +26)N]
<(—-9o)|Yy < N )—YN(—Ix|—26?)+T¢>(;)_T
- (! VN - [=(x|+20)N)
+e Y, ( N ) Yy (—|x| — 29)+T¢(;)_T'
(-9 ¥y <i;1>_) Y (el = 20) + = L_(;’%ZG)NJ’
(DY 1 — | (x| +20)N]
+e |ty (l — Yyl —20) + N’I‘v
+(1—¢) “/_q)(t)—— ¢(t) ;ji
(=) sup |Yy0) = Yy(=lx-26)+ LNyJ_L;f/'%+29)NJ
ve[ & —Ix1-26]
+¢ sup Yy () — Yy (—|x| — 20) + [Ny] — L—\(/|x_|+ 20)N|
ve[ b~ Ix—26] 2J/N
IN[g0) i| JN[p®) i+1
LU b i 1 R ol e ‘
- — [Ny] — [—(lx| +26)N] 1
Yy () — Yy (=|x| 20
< I;sgpi N () = Yy (—Ix] )+ Wi e
ve[ I~ —26]

<oN—5/48 +—
- 2/N
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thanks to our bound on the supremum. Since this was also true for ¢(f) € [%, %) with i €

{I—,...,—=1(x] +26)N] — 1}, we have
_ _ VN L—(x| +26)N] - 1
VN(t) — YN(—|X| — 29) =+ T¢(t) — T < 2N 5/48 + m
The latter expression yields
)= )] = o) = vy 1ot = 20) + 20 - O ooy
= ‘é@(r» — Yy (—Ix| —20) + ‘/—N¢>(t> _ LA 20N gy L
N 4 2N 2N’

where (]3 is the affine function mapping —|x| — 26 — w to Yy(—|x| —20) and % to
0. Therefore it is enough to prove

<N-V12 1

R ~ VN L—(|x] + 26)N]
— Y=y —20)+ Yy — T .
‘¢(¢(1)) v (—1xl )+ ) () Wi < Wi

to complete the proof. Now, q3(¢(t)) — Yy (—=|x[—20)+ 4(])(0 - %j}%@lﬂ is an affine
function of ¢(¢), so it is enough to prove the bound for ¢(¥) = —|x| — 260 — w
and for ¢(r) = % We first consider ¢(f) = 2177 By Lemma 6, £~ (Ty, I~) =0. Moreover,

I~ < —|(|x| +26)N], and hence Yy (%-) = 0. We deduce that

VN - L=(1x +20)N]
4 2N

‘«ﬁ(mt» — Yy (—|x] —20) + —(1)

(i — 20y YN 2T L= 426N

4 N 2N
- I~ — | —(Ix| + 20)N
vy (ﬁ) ¥y =20+ =L ;'\’;'; V]

LNy] — [ (x| +-20)N]
2VN

<N/,

< sup
ve[ iy —ixl-26]

Yy () — Yy (—|x| —26) +

which is enough. We now consider ¢(t)=—|x|—29—w. Then ‘$(¢(t))—

Yy (—lx| —20) + “/TN¢(1‘) — %‘ is equal to

|Yn(—|x| —20) — Yy (—|x| — 20)

L YN (_M oy L+ 20N] + 1) _ L=(x+26)N]
4 N 2VN
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< |Yn(—|x| —260) — Yy (—|x| —26)|
1

4JN

<|Yn(—|x| —20) — Yy (—|x| —20)| + oy n

2N~ 2WN

by Lemma 12, which completes the proof for BN {I~ < —|(|x| +20)N]}.
The argument to show that BN {IT > [(|x| +20)N]} C {between w
luy — unlloo, Iry — rnlloo §2N_1/12} is similar and simpler, except for the end of the

argument, which we give here. In a similar way as in the previous case, we must bound

Ya((1x] 4 20)7) — ¥y (x| +20) + g(m +20+

+ (—(x| +26)N — [(|x| +20)N] — 1 = 2| —(|x| +20)N|

and aq,

L(Jx| +26)N ] ) _ L(x +20)N]
2VN

(x| +26)N — [(]x] +26)N ]
4N

1
< |Yn((Ix] +26)7) — Yy (I +26) )| + | Yy ((1x] +26)7) — Yy (x| +26)| + m;

< |Yn((Ix] +26)7) — Yy (Ix] +20)| +

hence Lemma 12 yields

Yn((Ix] +20)7) — Yy (Jx] +20) + JTN <|x| + 26 +

2VN

(x| + 29)NJ) Ll +20)N] ‘
N

_ _ o 1
<NV 4 vy ((1x +26) )—YN(|x|+20)|+m.

In addition, the definition of Yy and (1) yield that if (|x|+26)N is not an integer, then
Yy (x| +26)7) = Yy (Ix| + 26), while if (|x| + 26)N is an integer, then

| Yy (x| +20)7) — Yy (Ix] +20)| = Ty, (Ix] + 20)N — 1) — €~ (T, (|x] +26)N)]|

I, _
e
1 _

= fv’n(lx|+29)Nfl,+(E (T, (Ix] +20)N — 1))|

- N1/16 + 1/2

fi— \/N b
since (B,)¢ occurs. In all cases we obtain |Y1§((|x| +20)7) — Yy (x| +29)| < %;
therefore,

VN

Yn((Ix] +20)7) — Yy (Ix] +20) + e <|x| + 20 +

(x| + 20)N J) (Xl +20)N])
2N

N1/16+1/2+ 1
VN 4N’

which is a bound small enough to complete the proof of the lemma. U

<N-12 4
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5. Convergence of the local times process: proof of Theorem 2 and Proposition 3

5.1. Proof of Theorem 2

Our aim is to prove that Yﬁ converges in distribution to (B;]l{yeH X|—26,| x|+29)})y R in the
Skorokhod M; topology on D(—o00, +00) when N tends to +o00. Proposition 5 yields that
Yy is close to the function Yy defined by Yy (y) = \/LN ZIX(T]A)ML] g ify e [—Ixl —26, £),

Yy = ZLN?(N)I gifye [%, x| 4+26), and Yy(y) =0 otherwise. One has the feeling

that by Donsker s invariance principle, Yy should converge to (B)y‘IL{yE[,|x|,29’|x‘+29)})veR,
and so we should be able to conclude quickly, but rigorously proving the convergence in
the Skorokhod M; topology on D(—o00, 4-00) is harder than it looks. We are instead going
to use a similar argument with a new process Yy, which will be ‘like Yy, but continuous in

[—|x] — 26, |x| +20)’. We define it as follows. We first set a process Yy, thus: if Ny € Z, then

N)—1 . .
Y;v()—fZX(N;+1 giifye (—oo (N)) andYI/\,(y)_fZl X(N)§,1fye[%,+oo);m

between, Y, is linearly 1nterp01ated We then define Yy, by Y3 (y) = Yy ()1 {ye[—|x|-26, |x|+26))
for any y € ]R. Then Yy, will converge to (B;‘,]l{ye[_m_z@,|x|+29)}) and be close to Yy, as
stated in the following two lemmas.

yeR

Lemma 16. Y}, converges to (B;]l{ye[,\ x|,29,|x‘+29)})yeR in distribution when N tends to +00
for the Skorokhod M topology in D(—00, 00).

Lemma 17. P(dy, (Y]:,—L Yy) > N_7/16) tends to 0 when N tends to +oo.

Given these two lemmas, the proof of Theorem 2 is fairly standard. One may for example
look at the end of the proof of the Donsker invariance principle in [8] (here Yy, converges to the
desired distribution instead of having it outright, but this convergence yields that the probability
that Yy, is in a closed set has the right limit). Thus we only have to prove Lemmas 16 and 17. In
order to do this, we first need two easy lemmas which will also be used later in this work. If we
denote by C[—|x| — 26, |x| + 26] the space of continuous functions [—|x| — 26, |x| +20] >
R, then since the (¢;)icz are i.i.d. with law pg, which is symmetric and so has zero mean,
Donsker’s invariance principle yields the following.

Lemma 18. Y} |[—|x|—26,|x|+26] converges in distribution to B*|[_|x|—29,|x|+20] When N tends to
400 for the topology defined on C[—|x| — 26, |x| + 20] by the uniform norm.

The following lemma is also easy to prove.
Lemma 19. If (B>)° occurs, then sup{|Yn(y) — Yy ()| :y € [—|x| — 26, |x| +20)} < N7/16,

Proof. By the definition of Yy and Y ,/\’,, we have

sup {|YN(y> — Yy :y € [—Ixl — 26, |x| +26)}

T sup{|&;| : — (Jx] +20)N <i < (|x| +20)N},

1/16

which is smaller than NW = N~"/16if (B,)¢ occurs. U

We also need the following technical lemma in order to deduce results on the Skorokhod
M topology from Lemmas 18 and 19.
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Lemma 20. Let N > 0, and let Z1, Z € D(—00, +00) be functions whose possible discontinu-
ities belong to %Z. Then

vy (Z1O)Lye—pi—20.11+20))) e (220D pyel—1x1-260.1x1+20))) )
< sup{|Z1(y) —Z2(n)| : y € [—Ix[ — 20, |x[ + 20)}.

Proof. Lemma 20 can be proved by writing, for each a # |x| 4+ 26, parametric represen-
tations of the two processes on [—a, a] ‘following their completed graphs together’ (one
can find an explicit construction of such representations in the first arXiv version of this
paper [5]). (]

Lemma 20 will allow us to deduce Lemma 16 from Lemma 18, and Lemma 17 from
Lemma 19 and Proposition 5, which will complete the proof of Theorem 2.

Proof of Lemma 16. Let f : D(—o00, +00) — R be bounded and continuous with respect
to the Skorokhod M topology on D(—o0, +00). We need to prove that ]E(f (Y 1’\’,)) converges
to E(f((B;]l{ye[_|x|_29"x\+29)})yeR)) when N tends to +00. We define g : C[—|x| — 20, |x| +
20— R by g(2) :f((z(y)ll{ye[—lx\—29,|x|+29)})yeR) for any Ze C[—|x| —20, |x| +20].
We then have E(f(Yy)) = E(g(Yyli-ixi—20.1+201)) and E(f((ByLiyel-1xi—20.1x1+20))) ) =
E(g(B*I[—x—26,1x+261)); hence it is enough to prove that E(g(Y}|(—jx—20,x+261)) con-
verges t0 E(g(B*|(—|x|—20,]x+26])) When N tends to +oo. Furthermore, Lemma 18 yields that
Y]/\,|[_|x‘_29,|x|+29] converges in distribution to B*|[_|x|—2¢, |x|+20] When N tends to 400 for the
topology defined on C[—|x| — 20, |x| 4 26] by the uniform norm. Consequently, we only have
to prove that g is continuous for this topology.

Let (Zi)ren be a sequence in C[—|x| — 20, |x|] +26] converging uniformly to
Z € C[—|x| — 26, |x| +20] when k tends to +oco. Then Lemma 20 states that for all
keN,

dum, ((Zk()’)]l{ye[—lxl—w,|x|+29)})y€Rv (Z(y)]l{ye[—|x|—29,\x\+20)})y€R)
= sup{|Z(y) = Z()| 1y € [—Ix| = 26, |x| + 20)} < |1 Zk — Z|| -

Since the latter tends to O when k tends to +00, (Zr(Y)1L{ye[—|x|—26,x+26)})yeR COnverges to
(Z()’)]l{ye[—lx\—ZG,|x|+29)})y€R when k tends to +o0o with respect to the Skorokhod M topology
on D(—o0, 4+00). Since f is continuous with respect to this topology, (g(Zy))ken converges
to g(Z) when k tends to +oo. Consequently g is continuous for the topology defined on
C[—|x| — 26, |x| 4+ 20] by the uniform norm, which completes the proof. O

Proof of Lemma 17. We have
P(du, (Y, Yy) > 4N"V12) < P(dy, (Y, Yi) > 3N"V12) + P(dy, (Yo, Y3y) > N~7/16)

when N is large enough. By Lemmas 19 and 20 we have P(dy, (Y, Yy) > N~7/16) <P(B,).
Therefore P(dy, (Yy, Yy) > 4N~V12) <P(dy, (Y, Yn) > 3N~1/12) 4+ P(B,), which tends to
0 when N tends to +o00 by Proposition 5 and Lemma 3. U

5.2. Proof of Proposition 3
Our goal is to prove that for any closed interval I € R that does not contain —|x| — 26 or
|x| 4 26, the process (Y, ﬁ(y)) converges in distribution to (B)yc.]l{ye[7|x\729,|x|+29)}) in the

yel yel
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topology on D I given by the uniform norm when N tends to 4+oc0. We first assume / = [a, b]
or [ =[a, +00) with a > |x| + 26 (the case I =[a, b] or [ = (—00, b] with b < —|x| — 26 can
be dealt with in the same way). We are going to prove that outside an event of small proba-
bility, (Yﬁ(y))yel =0= (B;IL{)'E[*M*Z@»|x\+29)})ye]' For any y > (|x| +260) v %—, by Lemma 6
we have ¢+ (TN, LNyJ) =0, and thus Yﬁ(y) = 0. We deduce that as soon as % < a, we have
(Y]?,E(y))Ve ,=0= (B;]l{yel,pd,zamﬂg)})ye ;- In addition, when N is large enough we have

a> |x|+26 + N~V4 Therefore, when N is large enough,
P((YNO)),e; # (ByLiyer—txi—26,1x1+20))) ) < P(IIF = (Il +20)N] = N*/%),

which tends to 0 when N tends to 400 by Lemma 7. This yields that (Y i (y)) peg converges in
distribution to (B;‘,]l{yeH x|—26, |x|+29)})y . I) in the topology on D I given by the uniform norm.

We now deal with the case I = [a, b] with —|x| — 20 <a<b < |x| + 26. The idea is that we
will be far from the problems at —|x| — 26 and |x| —+— 26, so that Y will be close to Yy, in all 7,
and Y}, converges to the right limit, which means Y does as well. We first prove the followmg
lemma

Lemma 21. For any —|x| — 20 <a < b < |x| + 26, we have that IP’(||Y§,E|[,L;,] — Y1/v|[a»b] loo >
2N_1/12) tends to 0 when N tends to +o0.

Proof. We assume (B,)°, (B;)°, and (B]) occur, as well as [/~ + (|x| +20)N| < N*/4,
[T — (x| +20)N| < N3/4, When N is large enough, we have a > —|x| — 260 + NS L
and b < |x|+20 —N"V4 < L so[a, bl C ( AJ;) Therefore, for any y € [a, b], Lemma 12
yields |Yy () — Yn()| <N~ 1/ 12/ and Lemma 19 gives |Yy(y) — Yj(»)| <N~7/16. Hence
we get |Y;,—L(y) - YI’V(y)I <2N"Y12 and we deduce || Y;,—L|[a,b] — Yy lia.n1 ||Oo <2N~112 This
implies

P(| Y lia.b1 = Yiltap1 | > 2N712)
<P(ByUB, UBJ U{IT™ +(Ixl + 20N = N/} U {IT" — (Ix +20)N| = N/},

which tends to O when N tends to +o00¢ thanks to Lemmas 3, 7, and 11. O

Moreover, for any —|x| — 26 < a < b < |x| 4 26, by Donsker’s invariance principle, Y} |[4,5]
converges in distribution to B¥|(4,5) when N tends to 400 for the topology defined on DJa, b]
by the uniform norm. The proof of Proposition 3 from this is standard, as was the proof of
Theorem 2 from Lemmas 16 and 17.

6. No convergence in the Skorokhod J; topology: proof of Proposition 2

In this section, our aim is to prove that Y does not converge in distribution in the Skorokhod
J1 topology on D(—o0, +00) when N tends to +oo. We will first prove that if Yy v converges
in the Skorokhod J; topology, then the limit has to be the same as in the Skorokhod M topol-
ogy, that is, (BXIl{ye[ x|—20, |x|+29)})y g by Theorem 2 (this will be Lemma 22). Afterwards,

we will prove that YjE does not converge in distribution in the Skorokhod J; topology to
(ByLiyer—pai - 29»|X|+29)})yeR’ by finding some closed set & such that limsupy_, .. P(Yy €

) > ]P’((B;]l{ye[,‘x‘,29,|x|+29)})yeR € E), which is enough by the portmanteau theorem.
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Lemma 22. [f Yﬁ converges in distribution in the Skorokhod Jy topology on D(—00, +00)

when N tends to +00, the limit is (B;]].{ye[—‘x‘—20,|X|+29)})yER.

Proof. The idea is that the Skorokhod J; topology is stronger than the Skorokhod M;
topology. We assume Yﬁ converges in distribution to some Z in the Skorokhod J; topol-
ogy on D(—oo, +00) when N tends to +oo. It can be proven that for any a >0 we have
dm, .« <dj, —a,q- Indeed, this is Theorem 12.3.2 of [19], whose proof is in the internet supple-
ment of that book (just replace the points of discontinuity of x; with their image by A~"). This
implies dy, < dy,. Therefore, a function g : D(—00, +00) — R that is bounded and continuous
for the Skorokhod M topology is also continuous for the Skorokhod J; topology. We deduce
that ]E(g(Y i,[)) converges to [E(g(Z)) when N tends to +oo; thus Y ﬁ converges in distribution
to Z in the Skorokhod M; topology when N tends to +00. By Theorem 2, the limit has to be

(BY L {yel—ix—26.1x1+20))) -

We now define our closed set E. The idea behind this definition is that with high proba-
bility, fol 426 is at some distance from 0; hence, at some point around |x| + 20, Yi,t will be
close to fol 4o and therefore at some distance from 0. Furthermore, at |x| 426 the process
(B;f]l{yelf\x|7ze,|x|+29)})yeR will jump directly from By, ,, to 0, while Yﬁ, which can make

only jumps of order ——, will have to cross the distance separating fol 2p from O without any

big jumps. Therefore\ﬁf 81 > 0 is much smaller than fol 420 then Yﬁ(y) will enter the inter-
val [81, 281] for y near |x| 4 26, while (B’y‘]l{ye[f\xkze,|x\+29)})veR will not. We thus set E to
be roughly ‘the function enters [§1, 281] around |x| 4 26°. More rigorously, by the definition
of B¥, the random variable fo‘ Y has distribution A/ (0, 20), which means there exists §; > 0
such that IP’(|BTXI +29| < 481) < 1/8. Moreover, B* is continuous; hence there exists 0 < §y < 6
such that P(3y € [|x| + 26 — &2, x| +26], | B}| < 361) < 1/4. We then define

E ={Z e D(-00, +-00) [ Iy € [|x| +20 — &2, |x[ 426 + &2],
|ZO)I € [81, 281] or |Z(y™)| € [81, 2511}

(the inclusion of Z(y™) is necessary for & to be closed). Then ]P)((B;]l{ye[—pd—ZQ,\x|+20)})y€R €

E) < 1/4. We will prove the following two lemmas.

Lemma 23. When N is large enough, IE”(YK,E € E) >1/2.

Lemma 24. E is closed in the Skorokhod J| topology on D(—o00, +00).
With these two lemmas, the proof of Proposition 2 becomes easy.

Proof of Proposition 2. Lemma 23 yields lim supy_, | o, IP’(Y;,E € E) > 1/2, and the defini-
tion of E ensures that IP’((B;‘,]I{ye[_‘x|_29,|x‘+29)})yeR € E) <1/4; hence lim supy,_, | IP’(Y;,E €
E) > IP’((B;]l{ye[_‘x‘_29,|x|+29)})yeR € E) Since Lemma 24 yields that E is closed in
the Skorokhod J; topology on D(—oo, +00), the portmanteau theorem implies that Yﬁ
does not converge in distribution in the Skorokhod Jj topology on D(—o0, +00) to
(B;f]l{ye[_m_ze,|x|+29)})yeR when N tends to +oo. Hence Lemma 22 yields that Yﬁ does not
converge in distribution in the Skorokhod J; topology on D(—o0, 400) when N tends to 400,
which is Proposition 2. U
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Thus it remains only to prove Lemmas 23 and 24.

Proof of Lemma 23. The idea is that with good probability, when y is a bit smaller than
|x| 4+ 26, we have that Y (y) is of the same order as lel 1295 and is thus away from 0, while
when y is a bit larger than |x| + 26, we have YN (y) =0, so, since Yy can only make jumps of
order ——= f it will enter [81, 261].

We now give the rigorous argument. We begin by assuming that \Y §(|x| + 26 — 82)| > 361
(that is, Yy (y) is indeed away from O when y is a bit smaller than |x| + 26), that (B3,)° occurs,
and that |[IT — (|x| +26)N| < N3/%: and we prove that when N is large enough, Yﬁ € 2. We
first show that Yi,:(|x| + 26 + 82) = 0. When N is large enough, % <|x|+20 + N4 < x| +
260 + 8,. Moreover, Lemma 6 implies £+ (TN, LNyJ) =0foranyy> Q, and hence fory = [x| +
26 + §>. This yields Y§(|x| + 26 + §7) = 0. Moreover, we assumed |Y§(|x| + 20 — 52)| > 361.
Equations (1) and (2) yield that the jumps of Yﬁ in [|x| + 26 — &2, |x| + 26 + ;] are either
fﬁni,+(£‘ (Tw, i)) (if we are dealing with Yy) or ﬁni+1,+(z—(TN, i+ 1)) (if we are dealing
with Y3¥), with i € {[(|x| +26 — 82)N], ..., L(Ix| + 26 + 82)N| — 1}. Since (B2)° occurs, the
jumps of Yy in [|x] + 26 — &, |x| + 26 + 8,] have size at most «/LN(NI/16 + 1/2), which tends
to 0 when N tends to +o0. Therefore when N is large enough, there exists y € [|x| 426 —
82, |x| 4+ 26 + 8>] such that |YN )| € [61, 261]; hence Y € E. Consequently, when N is large
enough, if | Vi (1x| +26 — 8)| > 381, (B2)°, and |1 — (|x| +20)N| < N34 then Y5 € E. This
implies that

P(Yy ¢ ) < P(|Yy (1x| 420 — 82)] <381) + P(By) + P(II" — (x| + 20)N| = N*/*).

In addition, Lemma 3 and Lemma 7 yield respectively that P(13;) and IP’(|I T — (x| +29)N| >
N3/4) tend to O when N tends to +oco. Therefore, it is enough to prove that P(|Y,¢(|x| + 26 —
82)| < 381) <3/8 when N is large enough to deduce that IP’(Y,:,—L ¢ E)<1/2 when N is large
enough and complete the proof of Lemma 23.

We now prove that P(|Y(|x| +20 — 8)| <38;) <3/8 when N is large enough, by
noticing that Yi(|x| +26 — &) is close to Yy (|x| + 260 — 82), which will converge in distri-
bution to B| 1+20—6, when N tends to +o0o. Lemma 21 implies that ]P’(||Y 1[0, Ix|+26—8,] —
Y, V10, 1x+20—821 1100 > 2N~ 1/12) tends to 0 when N tends to +o00; hence (!Yi(|x| + 20 —
82) — Yp (x| + 26 — 82)| > 2N~!/12) tends to 0 when N tends to +oo, which implies Y3 (|x| +
20 — ) — Y]’V(|x| + 26 — 87) converges in probability to 0 when N tends to +oo. In addition,
Lemma 18 states that Y} |[_|x—20,|x/+26] converges in distribution to B*|[_|y—2¢,|x+20] When N
tends to +oo for the topology defined on C[—|x| — 26, |x| 4 26] by the uniform norm; hence
Yy (Ix| + 26 — &) converges in distribution to B’l‘x| +20—8, when N tends to +o00. Therefore,
Slutsky’s theorem yields that Y; §(|x| + 26 — §7) converges in distribution to fol +20—5, when
N tends to +o00. Moreover, we defined E so that P(3y € [|x] + 20 — &2, |x| + 20], |B§,| <
381) < 1/4; hence ]P’(|B)|‘x|+29752| < 381) < 1/4. This implies that when N is large enough,
P(|Yx (x| +20 — )| < 381) <3/8. O

Proof of Lemma 24. Let (Zy)neN be a sequence of elements of E converging to Z in the
Skorokhod J; topology on D(—o0, +00); we will prove that Z € E. By taking a subsequence,

we may assume dj, (Z, Zy) < e~ MI=20=52=1/N for any N € N*. Then for any N € N*, some
an > x| 4260 + 8 + 1 such that dj, —ay,ay (Zl—ay,ays ZNl[=ay,ay1) < 1/N will exist. Indeed,
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if this were not the case, for some N we would have
+00
dn(Z,Zy) = / e (dy, —aa(Zl-a,a1s Znl[=a,a) A 1)da
0

+00 1 , :
2/ e —da=e M20-0-1 N
x| +20+8,+1

which does not happen. For all NeN* since dj, —ayay (Zl[,aN,aN], ZN|[,aN,aN]) <
1/N, there exists Ay € A_gy.ay With || Z|[—ay,an] © AN — ZN|[—ay.ay]lloo <2/N and ||Ay —
Id_4y,an lloo <2/N. Moreover, Zy € E; hence there exists yy € [|x| + 260 — &, |x| + 260 + 6;]
such that |Zy(yn)| € [81,281] or |Zy(yy)| €[81,281]. We now define y) as follows: if
|Zv(yw)| € [81, 2811 we set yj =yy. Otherwise, since |Zy(yy)| € [81,281], we can take
some yy in [yy — ]%,, yn] such that |Zy(yy)| €181 — 1/N,28; 4+ 1/N]. In both cases,
we have yy €[lx|+20 — 8 — 1/N, x| +20 + 8] and |Zy(yy)| €81 —1/N, 28, + 1/N].
Furthermore, [[Ay — Id_qy.aylloo <2/N; hence |An(yy) — ¥y <2/N, and thus Ay (yy) €
(x| +26 — 82 — 3/N, x| +20 4+ 8, + 2/N]. In addition, |Z(n(vy)) —Zv(¥y)[ o <2/N:
hence |Z(AN (y}v))| € [61 —3/N, 281 + 3/N]. By taking a subsequence, we may assume that
)»N(y;\,) converges to some Yoo € [|x| + 20 — 82, |x| + 20 4 §2]. In addition, Z is cadlag, so
there is a subsequence of (Z(An(Yy))yey+ that converges to either Z(yso) or Z(yy,). Since
|Z(An(yy))| € [81 — 3/N, 281 + 3/N], we have |Z(yoo)| or |Z(yy,)| in [81,281]. Therefore
Z € B, which completes the proof. (]

7. Convergence of the stopping time: proof of Proposition 4
We want to prove Proposition 4, that is, the convergence in distribution of #(TN -
N?(|x| +20)?) to the law N(0, %Var(p,)((lxl +6)* +6°)) when N tends to +oc. In order
to do that, we will prove that #(TN — N2(|x| + 29)2) is close to 2 f|x|+29 YI/V(y)dy (where

—|x|—26
Y 1/\, was defined at the beginning of Section 5.1), then that 2 f lxllege YI/V(y)dy converges to the

desired distribution.

Proposition 7. We have that

d

tends to 0 when N tends to +0o0.

x| +26

1 2 2 /
—(Ty — N*(]x| +20) —2/ Yl (y)dy
N3/2( ) |26 N

> 5()x| +29)N‘/‘2>

Proof. The result will come from the fact that Ty can be written as the sum of the local
times, which is itself related to the integrals of Y,, and Y;} , which are close to Yy by Lemma 12
and hence to ¥}, by Lemma 19. It is enough to prove that if (83,)¢, (B, ), and (B ) occur and
if |17 + (x| + 20)N| < N33, |It — (x| + 20)N| < N°/8, then

|x[+26

L(TN — N2(Ix| +26)?) -2 f Ya(y)dy
N3/2 —|x|—26

< 5(|x| +20)N~1/12,

since Lemma 3 implies that P(83,) tends to 0 when N tends to +o00, Lemma 11 implies that
]P’(B;) and IF’(BI) tend to 0 when N tends to +o00, and Lemma 7 implies that IP’(|I_ —+ (x| +

20)N| > N°/%) and P(|IT — (Jx| +260)N| > N>/%) tend to 0 when N tends to +o0. We assume
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that (B>)°, (B; ), and (B])" occur and that I~ + (Jx| +20)N| < N>/8, |IT — (]x| + 20)N| <
N3/8_ Let us study Ty.

In order to do this, we first need to prove an auxiliary result—more precisely, that the
following holds when N is large enough:

ifli— I <N B 4tlorli—1"|<N/®+1,

(6)
then £ (Ty, i) < 4N"/16 and ¢~ (Ty, i) < 4N'1/16,

We prove (6) for the case |i — 7| < N3/8 1, since the other case is similar. Let i € Z so that
li — I~ | < N°/® + 1. We notice that since [~ + (x| + 20)N| < N°/® we have I, i < 0 when N
is large enough, so (1) yields

Ty, ) — Ty s Y (¢ (Tw. )]s
[i—T~|<N5/841

thus, since £+ (Ty, 17) =0, we have

v Yy = (Tw)]-

lj—I|<N5/84+1
In addition, we assumed (/3,)¢; hence

[i—I~|<N5/8+1

when N is large enough. Furthermore, (2) implies
6= (T. i) — €5 (T, i) = i (€ (T, )| <NV16 172

thanks to (5;)¢, and hence £~ (Ty, i) < 3N1/16 L N1/16 1/2 <4NW16 when N is large
enough, which completes the proof of (6).

We now write Ty as the sum of the local times and relate ]ﬁ(TN — N2(|x| + 20)2) to
the integral of Y™ and Y. We have Ty =", (€T (Tw, i) + £ (T, i)). Moreover, Lemma 6
implies that for all i > I and i < I~ we have £1(Ty, i) = £~ (Ty, i) = 0. Consequently,

IV |(|x|4+20)N]
Ty = Z (CF(Tw, D) + £ (Tw, i)).
i=I~ A(—|(|x|426)N])

We thus have

1 ) ) (I V(|x|+20)N)/N N -
W(TN_N (x| +26) )—/ (YN O+ Yy (»)dy
(I~ A(—=(|x[+20)N))/N
< #W(TN, IV (%] 4 20)N]) + £ (Ty, I v L(Ix] + 20)N))
+ €5 (Ty, —L(xl +20)N] — 1) + € (T, — (x| +-20)N] — 1)).
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Since we assumed |I~ + (|x] + 20)N| < N>/® and |IT — (|x| +20)N| < N/8, Equation (6)

yields
1 , ) ATV (Ix|+20)N)/N -
i (T =Nl +207) - [ (00 + Yy ()dy
N (U= A= +20)N)/N )
1 11/16 —13/16
We now prove that
(I V(Ix|4+26)N)/N
/ (Y0 + Yy 0))dy
I~ A (=(Ix[+20)N))/N
is close to 2 flx(l‘;ieze) Yn(y)dy. We begin by considering
IV (Ix|+20)N)/N
f (Yy 0) + Yy () dy.
x(N)/N

We first assume I > (|x| +20)N. Since we assumed that (B,), (B; )", and (B}) occur,
Lemma 12 yields

|x|4+26

(Y30 + Yy 0)dy — 2 / Ya(y)dy

/(1+ V(|x|420)N)/N
X X(N)/N

(N)/N

N I™/N 3
<2 <|x| +20 — ﬁ) N~U/12 +/ 1Y () + Yy (0)]dy.
N |x|+26

In addition, we know I — (x| +26)N < N3/8 and (6); hence

I /N
f YN () + Yy O0))ldy
|x|+26

1
<N __—_ max 0 (Ty, i) + max (T, ,i)
- VN <L<|x|+29)msi§1+ (T 9 L(x|+26)N | <i<I+ (I D

< N3/8N—1/2gN11/16 _ gp—3/16
‘We deduce that
|x]4+26

(YN )+ Yy ()dy —2 / Yyn(y)dy
X(N)/N

N
<2 <|x| +26 — %) N-V12 L gN—3/16,

/(1+v(x+20)N)/N
X

N)/N

We now assume I < (|x| + 26)N. In this case, we have

(I V([x|+20)N)/N Ix]+26
/ (YE0) + Yy () dy — 2 / Yy()dy
X(N)/N x(N)/N
/N lx|+20 lx|+20
< / Y500 + Yy 0) — 26w ()|dy + f Y500+ Yy o)]dy + / 27 ()dy.
x(N)/N It/N I+/N
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Moreover, Lemma 12 yields

Ir/N x(@NV) 1/12
/ |Y,$(y)+Y1;(y)—2YN(y)|dy52(|x|+20— —) N~12,
X(NY/N N

Furthermore, for y > % we have ¢* (TN, LNyJ) =0. Since I — (]x| +20)N| < N°/3, this

yields |Yy ()| < AN'/3. Thus

[x[+26 |x|+26
/ IYJ(y)JrY];(y)IdyS/ N'8dy < NTI/BNVB = N~1/4,
I't/N I /N
We deduce that
AT V(|x|+20)N)/N |x|+26
/ (YN0 + Yy ()dy —2 / Yyn(y)dy
x(N)/N x(N)/N

N |x|+260
<2 (|x| +20 — %) NTV12 4 N/ +/ 12Yn()|dy.
In addition, for any y € [%, |x| + 261, we have

IT/N
It It It It
o)~ T (‘)\* v (ﬁ) —v (ﬁ)’* v (ﬁ)\'

Y <
[YnO)| < ~
Lemma 12 yields that ‘YN (%) — Yy (%)‘ <N-12] and since [I* — (|x| + 26)N| < N5/8

we have
(s o (2 o
hence
I+ | LR |
YN < YD) — YN (ﬁ)‘ + N2 4 EN”S = Xl; Gl +NTV12 4 EN”S
i=

_r L(xl+26)N |1 Gl N2 1N1/8 < LN5/8N1/16 LNV lNl/s <oN3/16
[ g 1 —_— —_—
VN T 2 VN 2

since (B>)¢ occurs. Thus

[x]+26 |x[+-26
f ., 12Yn(y)ldy < / ., AN3/10dy = N3/84N3/16 = 4N =316,
IT/N IT/N

We deduce that

|x[+26

(YN )+ Yy ()dy —2 f Yn(y)dy

[(1+v(x+29)N)/N
X XWN)/N

(N)/N

N
<2 (|x| +20 — %) N=V12 4 sN=3/16,
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Consequently, in all cases,

|x[+26

(YN )+ Yy ()dy —2 / Yy(y)dy

/(1+v(x+20)N)/N
X X(N)/N

(N)/N

(|x|+29—X( )) N~V 4 g0,

One can prove similarly that

X(N)/N . B XN)/N
/ (YO + Yy ()dy —2 / Yn(y)dy
(I~ A(—(]x|+20)N))/N —(|x]+20)

(l 420+ 2 )) N™U12 4 g3,

‘We conclude that

|x[+26

(YN )+ Yy (»)dy —2 / Yn(y)dy

f(1+V(IXI+29)N)/N
( —(|x[+26)

I~ A(—(|x|4+26)N))/N
<4(|x| +20)N~1/12 4 16N 73716,

We are now in position to conclude. Indeed, the previous result and (7) imply that
when N is large enough, |<tx (Ty — N2(1x| +20)%) —2 M2 vy (y)dy| < 16N13/16 4
4(|x| +20)N~1/12 1 16N—3/16 Moreover, (B2)¢ occurs, so Lemma 19 yields sup{|YN(y) -
Y0y € [—Ix| — 26, |x| +20)} < N~7/16; therefore

|x|4+26 |x|+26
f Yy(y)dy — f YyO)dy| < 2(1x] +26)N~7/16,

—(1x1+20) —(1x1+20)
We deduce that when N is large enough,
1 ) ) 20
W(TN — N*(]x| +260)%) — 2 /(|x|+29) Yy (y)dy

< 16N~ 1B/16 L 4(1x| 4+ 20)N~ V12 4 16N73/10  4(|x| 4 20)N~7/16
<5(]x| + 20)N~1/12,

which completes the proof. (]

Now that we know N;/Z (Tv — N*(Ix| +26)?) is close to Zflx‘l;{zge Y, (»)dy, we need

to prove that 2 [ le\xTde Yy(y)dy converges to the desired distribution. In order to do so,
we will use the convergence of Yl/\, to a Brownian motion as stated in Lemma 18; thus

2 (7 Ix‘I;Inge Yy, (»)dy will converge to the integral of a Brownian motion. The law of the latter
is characterized by the following lemma, where we denote by (B;);cr+ a standard Brownian
motion with By = 0. This lemma is quite standard (the interested reader can find a proof in the
first arXiv version of this paper [5]).

3
Lemma 25. For any y > 0, the integral foy B.dz has distribution N (0, %)

https://doi.org/10.1017/apr.2023.37 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.37

Fluctuations of the local times of the self-repelling random walk with directed edges 585

We are now able to prove Proposition 4.

Proof of Proposition 4. Proposition 7 implies that the quantity 7 (T — N*(Jx| +26)?) —

2 flﬁlxﬁge Yy (»)dy converges in probability to O when N tends to +oo. Hence, by Slutsky’s

theorem, to prove Proposition 4, it is enough to prove that 2 flxll;‘rfge Yy (»)dy converges

in distribution to N(O, Var(,o_)33—2((|x| +0)> + 63)) when N tends to +oco. In addition, by
Lemma 18, Y, 1’\,|[_|x|_29,|x|+29] converges in distribution to B¥|[_|x|—26,]x|+29] When N tends to
+o00, for the topology defined on C[—|x| — 26, |x| + 26] by the uniform norm. The integral

between —|x| — 26 and |x| 4 26 is continuous for this topology, so flﬁ‘;ﬁgg Yy, (y)dy converges

in distribution to f f‘ll;‘lzge B’y‘dy when N tends to +o00. Furthermore, B* is a two-sided Brownian

motion with B = 0 and variance Var(p_), which means we can write

|x|+26 x |x|+26
/ B’y‘dyzf B’y‘dy—l-/ Bidy
—|x|—26 —|x|—26 x

where ff|x|—29 Bidy and fx‘wa Bidy are independent. In addition, /;!xlﬂe Bidy has
3

the distribution of +/Var(p_) foze Bydy, which we know is N (O, Var(pJ@) by

Lemma 25, and fle|—29 B;dy has the distribution of /Var(p_) fOZItzG B,dy, which is

N (0, Var(p_)w) by Lemma 25. We obtain that | lﬁl;‘r_zge Bjdy has the distribution

Q2lx| 4 26)3 (29)3>

N (0, Var(p,)# + Var(,o,)T =N <0, Var(,o,)§<(|x| +6)° +03)> .

Consequently, flxllxﬁgg Y} (»)dy converges in distribution to (0, Var(,o,)é ((x] +6)° +6%))

when N tends to o0, which completes the proof of Proposition 4.
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