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Hausdorff operators on some classical
spaces of analytic functions

Huayou Xie and Qingze Lin

Abstract. In this note, we start on the study of the sufficient conditions for the boundedness of
Hausdorff operators

(HK ,μ f )(z) ∶= ∫
D

K(w) f (σw(z))dμ(w)

on three important function spaces (i.e., derivative Hardy spaces, weighted Dirichlet spaces, and Bloch
type spaces), which is a continuation of the previous works of Mirotin et al. Here, μ is a positive Radon
measure, K is a μ-measurable function on the open unit disk D, and σw(z) is the classical Möbius
transform of D.

1 Introduction

Denote by D the open unit disk in the complex plane, and let ∂D = {z ∶ ∣z∣ = 1} be the
unit circle. Define H(D) as the space of all analytic function on D.

The set of all conformal automorphisms of D forms a group which is called the
Möbius group and is denoted by Aut(D). It is well known that φ belongs to Aut(D)
if and only if there exists a real number θ and a point a ∈ D such that

φ(z) = e iθ σa(z) ,

where σa(z) = a−z
1−az ,∀z ∈ D.

Let μ be a positive Radon measure, and let K be a μ-measurable function on D,
the Hausdorff operator HK , μ is defined by

(HK , μ f )(z) ∶= ∫
D

K(w) f (σw(z))dμ(w).

The original Hausdorff operator on the real line R was introduced by Georgakis
in [10]. Since then, the boundedness of such operators had attracted lots of attentions
of analysts from harmonic analysis (see the survey article [2] for some developments
in the theory of Hausdorff operators). In [18, 19], Lerner and Liflyand investigated
the boundedness of the multidimensional Hausdorff operators on real Hardy spaces
over Rn (see [20–22] for more research on this line). Some of the above results were
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Hausdorff operators on some classical spaces of analytic functions 769

generalized to locally compact groups by Mirotin [28]. Among them, Mirotin found
that for the circle group T, this definition leads to Hausdorff operators being almost
trivial due to the almost triviality of Aut(T). Therefore, Mirotin [29] introduced a
new definition of the Hausdorff operator (it is such operator we study here) on the
unit disk and discussed the boundedness of this operator on some classical function
spaces, including Hardy spaces, Bergman spaces, and Bloch spaces. Quickly later,
the boundedness of such Hausdorff operator on all Möbius invariant spaces in the
unit disk was investigated in [30]. Later, Karapetyants and Mirotin [16] continued
to study the Hausdorff operators and presented the boundedness, compactness, and
nuclearity of these operators on some Banach spaces of analytic functions on the unit
disk. In addition, they called these operators “Hausdorff–Zhu operators” because their
definitions are similar to those of the Hausdorff–Berezin operators introduced by
Karapetyants, Samko, and Zhu [17]. Following the works of them, Bonet [1] discussed
the continuity of Hausdorff operators on weighted Banach spaces of holomorphic
functions of type H∞. For some applications of the Hausdorff–Zhu operators, we refer
the readers to the interesting paper [14].

Motivated by the works mentioned above, we mainly investigate the boundedness
of the Hausdorff operators on some important function spaces in this paper, which is
a continuation of the works of Mirotin et al. The content structure of this article is as
follows.

In Section 2, we give some definitions of function spaces and collect some lemmas
that will be used throughout the paper.

In Section 3, we explore the boundedness of the Hausdorff operators on weighted
Dirichlet spaces (see Theorem 3.1). Meanwhile, we also show sufficient conditions for
the boundedness of such operators between different weighted Dirichlet spaces (see
Theorem 3.3).

In Section 4, we consider the Hausdorff operators on derivative Hardy spaces.
The boundedness of such operators on derivative Hardy spaces and between different
derivative Hardy spaces will be shown in Theorems 4.1 and 4.3.

In Section 5, we discuss the boundedness of the Hausdorff operators on Bloch type
spaces. We consider two cases for the spaces Bα : 0 < α < 1 and 1 < α (see Theorem
5.1). For boundedness of Hausdorff operators between different Bloch type spaces,
see Theorem 5.2.

Throughout this paper, for any two positive functions f (x) and g(x), we write
f ≲ g if f ≤ Cg holds, where C is a positive constant independent of the variable x.
We write f ≈ g whenever f ≲ g ≲ f . Moreover, the value of C may vary from line to
line but will remain independent of the main variables.

2 Preliminaries

For 0 < p < ∞, the Hardy space H p is the space consisting of all analytic functions
f ∈ H(D) such that

∥ f ∥p
H p = sup

0<r<1

1
2π ∫

2π

0
∣ f (re iθ)∣pdθ < ∞.
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770 H. Xie and Q. Lin

If p = ∞, H∞ is the space of bounded analytic functions f in H(D) with

∥ f ∥∞ = sup{∣ f (z)∣ ∶ z ∈ D}.

The derivative Hardy space S p is defined by

S p = { f ∈ H(D) ∶ ∥ f ∥S p ∶= ∣ f (0)∣ + ∥ f ′∥H p < ∞}.

For more results about the derivative Hardy spaces, we refer the readers to [3–5, 7, 15,
23, 25, 27, 32] and the references therein.

For 0 < p < ∞ and −1 < α < ∞, the weighted Bergman space Ap
α consists of all

functions f analytic in D such that

∥ f ∥p
Ap

α
= ∫

D

∣ f (w)∣pdAα(w) < ∞,

where dA(w) = (1/π)dxd y is the normalized Lebesgue area measure on D and
dAα(w) = (1 + α)(1 − ∣w∣2)α dA(w) is the weighted Lebesgue measure (see [8] for
more information about Bergman spaces).

For 0 < p < ∞ and −1 < α < ∞, the weighted Dirichlet space Dp
α consists of those

functions f analytic on D that satisfy

∥ f ∥Dp
α
= (∣ f (0)∣p + ∫

D

∣ f ′(w)∣pdAα(w))
1/p

< ∞.

It is clearly that f ∈ Dp
α if and only if f ′ ∈ Ap

α . When p < α + 1, the weighted Dirichlet
space D

p
α coincides with the weighted Bergman space Ap

α−p with equivalence of
norms. If p > α + 2, then the weighted Dirichlet space D

p
α is contained in the space

H∞ (see [33, Theorem 4.2]). Readers who interested in weighted Dirichlet spaces are
referred to [9, 11–13] .

For α > 0, the Bloch type space Bα is defined to be the space of analytic functions
f on D such that

∥ f ∥′Bα = sup{(1 − ∣z∣2)α ∣ f ′(z)∣ ∶ z ∈ D} < +∞.

It can be easily verified that ∥ ⋅ ∥′Bα is a complete semi-norm on Bα , and Bα can be
made into a Banach space by introducing the norm

∥ f ∥Bα = ∣ f (0)∣ + ∥ f ∥′Bα .

When α = 1, B1 = B is the classic Bloch space. Readers who interested in Bloch type
spaces are referred to [35].

First, we state the following lemma, which is one of the key tools to prove the
boundedness of the Hausdorff operators.

Lemma 2.1 [28, Lemma 2] Let (X , m) be a measure space, F(X) be some Banach
space of m-measurable functions on X, let (Ω, μ) be a σ-compact quasi-metric space
with positive Radon measure μ, and let F(w , z) be a function on Ω × X. Assume that:
(i) the convergence of a sequence in norm in F(X) yields the convergence of some

subsequence to the same function for m-a.e. z ∈ X;
(ii) F(w , ⋅) ∈ F(X) for μ-a.e. w ∈ Ω;
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(iii) the map w ↦ F(w , ⋅) ∶ Ω → F(X) is Bochner integrable with respect to μ.
Then for m-a.e. z ∈ X, one has

((B)∫
Ω

F(w , ⋅)dμ(w)) (z) = ∫
Ω

F(w , z)dμ(w).

Remark 2.2 Indeed, by examining the proof of [28, Lemma 2] carefully, we can see
that [28, Lemma 2] is also true for quasi-Banach spaces (see [34, p. 31] for related
definitions). In particular, when p ∈ (0, 1), it is easy to verify that ∥ ⋅ ∥p

S p is a quasi-
norm, so does for the case of weighted Dirichlet spaces.

Next, the estimations of the growth rates of functions on D
p
α , S p and Bα are given

in the following lemmas, respectively, which are needed in the later proofs of the main
results.

Lemma 2.3 [24, Lemma 4.1] Let 0 < p < ∞ and α > −1. If f ∈ Dp
α , then:

(1) ∣ f (z)∣ ≲
∥ f ∥

D
p
α

(1−∣z∣2)
α+2−p

p
, whenever p < α + 2;

(2) ∣ f (z)∣ ≲ (log 2
1−∣z∣2 )

p−1
p ∥ f ∥Dp

α
, whenever p = α + 2;

(3) ∣ f (z)∣ ≤ ∥ f ∥Dp
α
, whenever p > α + 2.

Lemma 2.4 [25, 26] Let 1 ≤ p < ∞. For any f ∈ S p , then ∣ f (z)∣ ≤ π∥ f ∥S p , z ∈ D. If
0 < p < 1, then

∣ f (z)∣ ≲ ∥ f ∥S p

(1 − ∣z∣2)1/p−1 .

Lemma 2.5 [31] Let 0 < α < ∞. If f ∈ Bα , then:
(1) if 0 < α < 1, ∣ f (z)∣ ≲ ∥ f ∥Bα ;
(2) if α = 1, ∣ f (z)∣ ≲ ∥ f ∥Bα log 2

1−∣z∣2 ;
(3) if α > 1, ∣ f (z)∣ ≲ ∥ f ∥Bα

(1−∣z∣2)α−1 .

We need two more lemmas which are concerned with the boundedness of the
composition operators on Hardy spaces and Bergman spaces.

Lemma 2.6 [36, Theorem 11.6, p. 308] If φ ∶ D → D is analytic and p > 0, then

∫
D

∣ f (φ(z))∣pdAα(z) ≤ ( 1 + ∣φ(0)∣
1 − ∣φ(0)∣)

2+α

∫
D

∣ f (z)∣pdAα(z)

for all analytic functions f on D.

Lemma 2.7 [36, Theorem 11.12, p. 317] If φ ∶ D → D is analytic and p > 0, then

∫
2π

0
∣ f (φ(e iθ))∣pdθ ≤ 1 + ∣φ(0)∣

1 − ∣φ(0)∣ ∫
2π

0
∣ f (e iθ)∣pdθ

for all f ∈ H p .
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3 The Hausdorff operators on weighted Dirichlet spaces Dp
α

In this section, we will be concerned with the boundedness of Hausdorff operators
on weighted Dirichlet spaces Dp

α . For the conditions in Lemma 2.1, we shall consider
the case when X = Ω = D, m = dA and μ is positive Radon measure (the same case is
discussed in the next two subsections). The main results read as follows.

Theorem 3.1 Let 0 < p < ∞ and α > −1. If the function K satisfies

∫
D

∣K(w)∣
(1 − ∣w∣)

p+2+α
p

dμ(w) < ∞ ,

then the operator HK , μ is bounded on D
p
α(D). Moreover,

(1) for p ≤ α + 2,

∥HK , μ∥Dp
α
≲ ∫

D

∣K(w)∣
(1 − ∣w∣)

p+2+α
p

dμ(w) ;

(2) for p > α + 2,

∥HK , μ∥Dp
α
≤ ∫

D

∣K(w)∣
⎡⎢⎢⎢⎢⎣

1 + ( 1 + ∣w∣
1 − ∣w∣ )

p+α+2⎤⎥⎥⎥⎥⎦

1
p

dμ(w) .

Proof First, we need to show that all the conditions of Lemma 2.1 are satisfied for
F(X) = D

p
α and F(w , z) = K(w) f (σw(z)). To this end, we split the proof into three

cases.
Case 1: p < α + 2 .

Let fn ∈ Dp
α and limn→∞ fn = 0 in the norm of Dp

α . Then by Lemma 2.3, we have

∣ fn(z)∣ ≲
∥ fn∥Dp

α

(1 − ∣z∣2)
α+2−p

p
→ 0 ,

as n → ∞. Clearly, (i) in Lemma 2.1 holds.
By Lemmas 2.3 and 2.6, we obtain

∥ f ○ σw∥p
D

p
α
= ∣ f ○ σw(0)∣p + ∫

D

∣ f ′(σw(z))∣p ∣σ ′w(z)∣pdAα(z)

= ∣ f (w)∣p + ∫
D

∣ f ′(σw(z))∣p ∣ 1 − ∣w∣2
(1 − wz)2 ∣

p

dAα(z)

≲
∥ f ∥p

D
p
α

(1 − ∣w∣2)α+2−p + ( 1 + ∣w∣
1 − ∣w∣ )

p

∫
D

∣ f ′(σw(z))∣pdAα(z)

≤
∥ f ∥p

D
p
α

(1 − ∣w∣2)α+2−p + ( 1 + ∣w∣
1 − ∣w∣ )

p+α+2

∫
D

∣ f ′(z)∣pdAα(z)

≤
⎡⎢⎢⎢⎢⎣

1
(1 − ∣w∣2)α+2−p + ( 1 + ∣w∣

1 − ∣w∣ )
p+α+2⎤⎥⎥⎥⎥⎦

∥ f ∥p
D

p
α

,

which ensures that (ii) and (iii) in Lemma 2.1 hold true.
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From Lemma 2.1, we know that for dA-a.e . z ∈ D

HK , μ f (z) = (B)∫
D

K(w) f ○ σw dμ(w)(z) ,(3.1)

where the right-hand side is an analytic Bochner integral since f is analytic. Thus, we
need to show that the left-hand side of (3.1) is continuous (and so HK , μ f ∈ H(D)).

By Lemma 2.3, we have

∣ f (σw(z))∣ ≲
∥ f ∥Dp

α

(1 − ∣σw(z)∣2)
α+2−p

p
.

Since

1 − ∣σw(z)∣2 = (1 − ∣w∣2)(1 − ∣z∣2)
∣1 − wz∣2 ≳ (1 − ∣w∣)(1 − ∣z∣2) ,

it follows that

∣ f (σw(z))∣ ≲
∥ f ∥Dp

α

(1 − ∣z∣2)
α+2−p

p (1 − ∣w∣)
α+2−p

p
.

Thus, by choosing an arbitrary point z0 ∈ D and a compact neighborhood S ⊂ D of z0,
we have

∣K(w)∣∣ f (σw(z))∣ ≲ ∣K(w)∣
(1 − ∣w∣)

α+2−p
p

∥ f ∥Dp
α
≤ ∣K(w)∣
(1 − ∣w∣)

α+2+p
p

∥ f ∥Dp
α

for all z ∈ S. According to the hypothesis and Lebesgues’s dominated convergence
theorem, it follows that the left-hand side of (3.1) is continuous; and therefore,
HK , μ f ∈ H(D).

At last, we conclude that

∥HK ,μ f ∥Dp
α
≤ ∫

D

∣K(w)∣⋅ ∥ f ○ σw∥Dp
α
dμ(w)

≤ ∫
D

∣K(w)∣
⎡⎢⎢⎢⎢⎣

1
(1 − ∣w∣2)α+2−p + ( 1 + ∣w∣

1 − ∣w∣ )
p+α+2⎤⎥⎥⎥⎥⎦

1
p

dμ(w)∥ f ∥Dp
α

≲ ∫
D

∣K(w)∣ [ 1
(1 − ∣w∣)α+2−p + 1

(1 − ∣w∣)p+α+2 ]
1
p

dμ(w)∥ f ∥Dp
α

≲ ∫
D

∣K(w)∣ 1

(1 − ∣w∣)
p+α+2

p
dA(w)∥ f ∥Dp

α
,

which completes the proof of Case 1.
Case 2: p = α + 2.

The proof is almost identical to Case 1, with the main change being the utilization
of the following inequality:

∣ f (z)∣ ≲ (log 2
1 − ∣z∣2 )

p−1
p

∥ f ∥Dp
α
≲

∥ f ∥Dp
α

(1 − ∣z∣2)(p−1)/p ≲
∥ f ∥Dp

α

(1 − ∣z∣2)(p+α+2)/p

for any f ∈ Dp
α .
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Case 3: p > α + 2.
The proof is also analogously to Case 1. Unlike the previous two cases, we can

obtain a more precise estimate of the norm in this case. By Lemma 2.1, we have

∥HK ,μ f ∥Dp
α
≤ ∫

D

∣K(w)∣⋅ ∥ f ○ σw∥Dp
α
dμ(w)

≤ ∫
D

∣K(w)∣
⎡⎢⎢⎢⎢⎣

1 + ( 1 + ∣w∣
1 − ∣w∣ )

p+α+2⎤⎥⎥⎥⎥⎦

1
p

dμ(w)∥ f ∥Dp
α
.

This finishes the whole proof. ∎

A natural question comes to mind: how to characterize the boundedness of Haus-
dorff operators between different weighted Dirichlet spaces? To solve this problem, we
need to use the following lemma, which shows the sufficient and necessary conditions
for the boundedness of weighted composition operators between different weighted
Bergman spaces.

Lemma 3.2 [6, Theorem 1] Let u be an analytic function onD, and let φ be an analytic
self-map of D. Let 0 < p ≤ q < ∞, and α, β > −1. Then the weighted composition
operator uCφ is bounded from Ap

α into Aq
β if and only if

sup
a∈D

∫
D

( 1 − ∣a∣2
∣1 − aφ(w)∣2 )

(2+α)q/p

∣u(w)∣qdAβ(w) < ∞.

Theorem 3.3 Let 0 < p ≤ q < ∞, α, β > −1. Assume that

sup
a∈D

∫
D

∣σ ′w(z)∣q ( 1 − ∣a∣2
∣1 − aσw(z)∣2 )

(2+α)q
p

dAβ(z) < ∞.

(1) For p < α + 2. If the function K satisfies ∫D ∣K(w)∣(1 − ∣w∣)−(α+2−p)/pdμ(w) < ∞,
then the operator HK , μ ∶ Dp

α(D) →D
q
β(D) is bounded.

(2) For p = α + 2. If the function K satisfies ∫D ∣K(w)∣ ⋅ ∣ log(1 − ∣w∣)∣(p−1)/pdμ(w) <
∞, then the operator HK , μ ∶ Dp

α(D) →D
q
β(D) is bounded.

(3) For p > α + 2. If the function K satisfies ∫D ∣K(w)∣dμ(w) < ∞, then the operator
HK , μ ∶ Dp

α(D) →D
q
β(D) is bounded.

Proof The proof can be accomplished by using Lemma 3.2 and the similar proof
of Theorem 3.1, so we leave it to the interested readers. ∎

4 The Hausdorff operators on derivative Hardy spaces S p(D)

In this section, we obtain sufficient conditions for the boundedness of Hausdorff
operators on derivative Hardy spaces.
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Theorem 4.1 Let 0 < p < ∞. If the function K satisfies

∫
D

∣K(w)∣
(1 − ∣w∣)

1+p
p

dμ(w) < ∞,

then the operator HK , μ is bounded on S p(D). Moreover,
(1) for 1 ≤ p < ∞,

∥HK ,μ∥S p ≤ ∫
D

⎛
⎜
⎝
( 1 + ∣w∣

1 − ∣w∣ )
1+p

p

+ π
⎞
⎟
⎠
∣K(w)∣dμ(w);

(2) for 0 < p < 1,

∥HK ,μ∥S p ≲ ∫
D

∣K(w)∣
(1 − ∣w∣)

1+p
p

dμ(w).

Proof Since the proofs for cases 1 ≤ p < ∞ and 0 < p < 1 are similar, we only give
the proof for case 1 ≤ p < ∞.

First, we need to verify that (i) of Lemma 2.1 is satisfied for (X , m) = (D, dA) and
(Ω, μ) = (D, μ). Fix fn ∈ S p(D) and fn → 0 strongly, then we see that for any z ∈ D,

lim
n→∞

∣ fn(z)∣ ≤ lim
n→∞

π∥ fn∥S p = 0

by Lemma 2.4, which implies that (i) holds.
Next, we need to show that (ii) and (iii) both hold. It is easy to see that ∣1 − wz∣ ≥

1 − ∣w∣ for any z ∈ D. By Lemmas 2.4 and 2.7, we obtain

∥ f ○ σw∥S p = ∣ f ○ σw(0)∣ + ∥( f ○ σw)′∥H p

= ∣ f (w)∣ + ( 1
2π ∫

2π

0
∣ f ′(σw(e iθ))∣p ∣σ ′w(e iθ)∣pdθ)

1/p

≤ π∥ f ∥S p +
⎛
⎝

1
2π ∫

2π

0
∣ f ′(σw(e iθ))∣p ∣ 1 − ∣w∣2

(1 − we iθ)2 ∣
p

dθ
⎞
⎠

1/p

≤ π∥ f ∥S p + ( 1 + ∣w∣
1 − ∣w∣ ) (

1
2π ∫

2π

0
∣ f ′(σw(e iθ))∣pdθ)

1/p

≤ π∥ f ∥S p + ( 1 + ∣w∣
1 − ∣w∣ )

p+1
p

( 1
2π ∫

2π

0
∣ f ′(e iθ)∣pdθ)

1/p

≤
⎡⎢⎢⎢⎢⎣

π + ( 1 + ∣w∣
1 − ∣w∣ )

p+1
p ⎤⎥⎥⎥⎥⎦

∥ f ∥S p .

This yields that (ii) and (iii) hold.
According to Lemma 2.1, it follows that for dA-a.e . z ∈ D,

HK , μ f (z) = ((B)∫
D

K(w) f ○ σw dμ(w)) (z) ,(4.1)
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where the right-hand side is an analytic Bochner integral since f is analytic. Thus, to
show that HK , μ f is analytic, it suffices to prove that HK , μ f is continuous.

Applying Lemma 2.4, we have

∣ f (σw(z))∣ ≤ π∥ f ∥S p ,

which gives that for any z ∈ D,

∣K(w)∣∣ f (σw(z))∣ ≤ π∥ f ∥S p ∣K(w)∣.

Since

∫
D

∣K(w)∣dμ(w) ≤ ∫
D

∣K(w)∣
(1 − ∣w∣)

1+p
p

dμ(w) < ∞ ,

it follows that HK , μ f is continuous.
By the definition of Hausdorff operators, we get that

∥HK ,μ f ∥S p ≤ ∫
D

∣K(w)∣ ⋅ ∥ f ○ σw∥S p dμ(w)

≤ ∫
D

∣K(w)∣
⎡⎢⎢⎢⎢⎣

π + ( 1 + ∣w∣
1 − ∣w∣ )

p+1
p ⎤⎥⎥⎥⎥⎦

dμ(w)∥ f ∥S p ,

which is the desired result. ∎

Moreover, we also give the sufficient conditions for the boundedness of Hausdorff
operators between different derivative Hardy spaces. However, we need to use the
following lemma to complete our proof.

Lemma 4.2 [6, Theorem 4] Let u be an analytic function on D, and let φ be an
analytic self-map of D. Let 0 < p ≤ q < ∞. Then the weighted composition operator uCφ
is bounded from H p into Hq if and only if

sup
a∈D

∫
∂D

( 1 − ∣a∣2
∣1 − aφ(w)∣2 )

q/p

∣u(w)∣qdσ(w) < ∞,

where dσ is the normalized arc length measure on ∂D.

Theorem 4.3 Let 0 < p ≤ q < ∞ and assume that

sup
a∈D

∫
∂D

∣σ ′w(z)∣q ( 1 − ∣a∣2
∣1 − aσw(z)∣2 )

q/p

dσ(w) < ∞.

(1) For 1 ≤ p < ∞. If the function K satisfies ∫D ∣K(w)∣dμ(w) < ∞, then the operator
HK ,μ ∶ S p(D) → Sq(D) is bounded.

(2) For 0 < p < 1. If the function K satisfies ∫D ∣K(w)∣(1 − ∣w∣)1/p−1dμ(w) < ∞, then
the operator HK ,μ ∶ S p(D) → Sq(D) is bounded.

Proof Following the ideas in Theorem 4.1 and combining them with Lemma 4.2,
we can complete the proof of the theorem. Since the proof is similar, we omit it. ∎
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5 The Hausdorff operators on Bloch type spaces Bα

In this section, we investigate the Hausdorff operators on Bloch type spaces Bα .
However, we only need to focus on two cases. For the case α = 1, this is given in [29,
Theorem 1].

Theorem 5.1 Let 0 < α < ∞. Then the following statements are true:
(1) If 1 < α < ∞ and the function K satisfies

∫
D

∣K(w)∣
(1 − ∣w∣)α−1 dμ(w) < ∞ ,

then the operator HK ,μ is bounded on Bα .
(2) If 0 < α < 1 and the function K satisfies ∫D ∣K(w)∣dμ(w) < ∞, then the operator

HK ,μ is bounded on Bα .

Proof Since the proofs of (1) and (2) are similar, we only give the proof of (1). For
any fn ∈ Bα , if fn strongly convergence to 0, then by Lemma 2.5, we have

∣ fn(z)∣ ≲ ∥ fn∥Bα

(1 − ∣z∣2)α−1 → 0

as n → ∞. This shows that the condition (i) in Lemma 2.1 holds for (X , m) = (D, dA),
F(X) = Bα(D), and F(w , z) = K(w) f (σw(z)). According to the definition of Bα , it
follows from Lemma 2.5 that

∥ f ○ σw∥Bα =∣ f (w)∣ + sup
z∈D

(1 − ∣z∣2)α ∣ f ′(σw(z))∣ ⋅ ∣σ ′w(z)∣

≲ ∥ f ∥Bα

(1 − ∣w∣2)α−1 + sup
z∈D

(1 − ∣z∣2)α ∥ f ∥Bα

(1 − ∣σw(z)∣2)α ⋅ ∣σ ′w(z)∣

≤ ∥ f ∥Bα

(1 − ∣w∣2)α−1 + ∥ f ∥Bα
4α−1

(1 − ∣w∣2)α−1

≲ ∥ f ∥Bα

(1 − ∣w∣2)α−1 .

This implies that the condition (ii) holds.
For (iii), by Lemma 2.5, we get that

∣ f (σw(z))∣ ≲ ∥ f ∥Bα

(1 − ∣σw(z)∣2)α−1 ≲ ∥ f ∥Bα

(1 − ∣z∣2)α−1(1 − ∣w∣)α−1 .

Hence, all conditions of Lemma 2.1 hold true.
Note that for dA-a.e . z ∈ D

HK ,μ f (z) = ((B)∫
D

K(w) f ○ σw dμ(w)) (z) ,

where the right-hand side is an analytic Bochner integral since f is analytic. Thus,
to show that HK , μ f is analytic, it suffices to prove that HK , μ f is continuous, but its
proof is just similar to the previous ones and we leave it to the interested readers.
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At last, we have

∥HK ,μ f ∥Bα ≤∫
D

∣K(w)∣ ⋅ ∥ f ○ σw∥Bα dμ(w)

≲∥ f ∥Bα ∫
D

∣K(w)∣
(1 − ∣w∣2)α−1 dμ(w),

which completes the proof. ∎

In the following, we show the sufficient conditions for the boundedness of Haus-
dorff operators between different Bloch type spaces.

Theorem 5.2 Let 0 < α, β < ∞. Suppose that for any w ∈ D,

sup
z∈D

∣1 − wz∣2α−2

(1 − ∣w∣2)α−1(1 − ∣z∣2)α−β < ∞.

(1) If 1 < α < ∞ and the function K satisfies

∫
D

∣K(w)∣
(1 − ∣w∣)α−1 dμ(w) < ∞,

then the operator HK ,μ ∶ Bα → Bβ is bounded.
(2) If α = 1 and the function K satisfies

∫
D

∣K(w)∣ log 2
1 − ∣w∣dμ(w) < ∞,

then the operator HK ,μ ∶ Bα → Bβ is bounded.
(3) If 0 < α < 1 and the function K satisfies ∫D ∣K(w)∣dμ(w) < ∞, then the operator

HK ,μ ∶ Bα → Bβ is bounded.

Proof The idea of the proof is analogous to that in Theorem 5.1, so we only give
some key steps. For any f ∈ Bα , if α > 1, by Lemma 2.5 and the assumptions,

∥ f ○ σw∥Bβ =∣ f (w)∣ + sup
z∈D

(1 − ∣z∣2)β ∣ f ′(σw(z))∣ ⋅ ∣σ ′w(z)∣

≲ ∥ f ∥Bα

(1 − ∣w∣2)α−1 + sup
z∈D

(1 − ∣z∣2)β ∥ f ∥Bα

(1 − ∣σw(z)∣2)α ⋅ ∣σ ′w(z)∣

≤ ∥ f ∥Bα

(1 − ∣w∣2)α−1 + ∥ f ∥Bα sup
z∈D

∣1 − wz∣2α−2

(1 − ∣w∣2)α−1(1 − ∣z∣2)α−β

≲ ∥ f ∥Bα

(1 − ∣w∣2)α−1 + ∥ f ∥Bα

≲ ∥ f ∥Bα

(1 − ∣w∣2)α−1 .

For α = 1, Lemma 2.5 now gives

∥ f ○ σw∥Bβ ≲ ∥ f ∥Bα log 2
1 − ∣w∣2 + ∥ f ∥Bα ≲ ∥ f ∥Bα log 2

1 − ∣w∣2 .
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When 0 < α < 1, we have

∥ f ○ σw∥Bβ ≲ ∥ f ∥Bα + ∥ f ∥Bα ≲ ∥ f ∥Bα .

Then the standard procedures, analogous to the previous ones, finish the proof. ∎
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