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Abstract

In this paper, we deduce new conditions for the existence of ground state solutions for the p-Laplacian
equation

—div(|VulP~2Vu) + V()lulP~u = f(x,u), xeRV,

ue WhrRV),

which weaken the Ambrosetti-Rabinowitz type condition and the monotonicity condition for the function
t fCx,0/ltP~ In particular, both ¢f(x, f) and tf(x, #) — pF(x, t) are allowed to be sign-changing in our
assumptions.

2010 Mathematics subject classification: primary 35J30; secondary 35J60.

Keywords and phrases: p-Laplacian equation, p-superlinear, ground state solutions.

1. Introduction
Consider the following p-Laplacian equation:

—div(|VulP2Vu) + V(OlulP2u = f(x,u), xeRV,
ue WhP(RN), a.D

where p>1,V:RY - Rand f: RY xR — R. For p =2, (1.1) turns into the following
semilinear Schrodinger equation:

{—Au +V(xu= f(x,u), xeRV,

ue H'@R). (1.2)

The Schrodinger equation has found a great deal of interest in recent years because
not only is it important in applications but also it provides a good model for developing
mathematical methods. Many authors have studied the existence of entire solutions of
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Schrodinger equations under various stipulations (cf. for example, [2, 3, 5, 6, 8-10,
13, 21, 23, 25, 28, 29] and the references quoted in them).

For the p-Laplacian equation (1.1), we assume that the potential V(x) and the
nonlinearity f(x, u) satisfy the following conditions:

(V1) Ve C@RN,R) is 1-periodic in each of xi, x5,...,xy and 0 <infgv V < SUpgw

V < 4o0;
(S1) f e CRN*!,R)is l-periodic in each of xi, x5, ..., xy and
i '{ (l’;;"])l =0, uniformly in x € RY, (1.3)
ul—oo (U

where p* = pN/(N — p)if N > p and p* € (p, +o0) if N < p;
(S2) f(x,0) =o(tP"), as |f| — 0, uniformly in x € RV,

Let F(x,u) = fou f(x,s)ds. By (S1) and (S2), we deduce that there exists a constant
C > 0 such that

IFOx,u)| < C(ul? + [ul”),  Y(x,u) e RN xR.

Consequently, the energy functional @ : W'"?(RY) — R,
1
O(u) = — f (IVul” + V(x)|ul?) dx — f F(x,u)dx, (1.4)
P Jr¥ RV

is of class C'. Moreover, the critical points of ® are weak solutions of (1.1).

In the present paper, we are concerned with the existence of ground state solutions,
that is, solutions corresponding to the least positive critical value of ®.

In many studies of p-superlinear elliptic equations, the (AR) condition due to
Ambrosetti—-Rabinowitz (see [1, 4, 7]) or the Nehari condition (Ne) is commonly
assumed (see [11, 16, 18, 21, 27]).

(AR) There exists u > p such that
0 <uF(x,0) <tf(x,0), VY(x,H)eRYx(R\0);
(Ne) f(x,£)/|t|P~! is strictly increasing in  on R \ {0}, for every x € RV,

In a recent paper [19], instead of (AR), Liu used the following two conditions:

(S3) limye0 (F(x,1)/|t|P) = oo, uniformly in x € RY;
(S4) there exists 6 > 1 such that

OF (x,1) = F(x,s1), V(x,f)eRY xR, s€[0,1],
where ¥ (x,t) = (1/p)f(x, )t — F(x,1).

Specifically, the author established the following theorem in [19].
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Tueorem 1.1 [19]. Assume that V and f satisfy (V1), (S1), (S2), (S3) and (S4). Then
(1.1) has a nontrivial solution u € E such that ®(u) = inf 5 ® > 0, where

E= {u e WPRY) : f (IVul? + V(x)|ulP) dx < +oo} (1.5)
RN

and
M={uekE:®w) =0, u+0}

Note that for the semilinear case p = 2, (1.3) and (S3) were first introduced by Liu
and Wang [21] and then were used in [16]. The condition (S4) is due to Jeanjean [12],
which is weaker than (Ne), see [20]. To overcome the difficulty that the Palais—Smale
(PS) sequences of ® may be unbounded, he established a variant of the mountain
pass lemma, which asserts that a sequence of perturbed functionals possesses bounded
(PS) sequences. In [14], this condition is also used with a Cerami-type argument
in singularly perturbed elliptic problems in RV with autonomous nonlinearity. For
quasilinear elliptic problems on a bounded domain, (S4) is also used in [22] to obtain
infinitely many solutions and in [15] to compute the critical groups of ® at infinity and
obtain nontrivial solutions via Morse theory.

The role of (AR) is to ensure the boundedness of the PS sequences of the functional
®. This is crucial in applying the critical point theory. There are many functions, for
example the p-superlinear function

S 0) = [tP e In(1 + [1)), (1.6)
which satisfy (S3) and (S4), but do not satisfy (AR) for any u > p. However, (AR)
does not imply (S4). For example, let

t
f(x, )= 3|t|tf |S|1+smssds + |t|4+smtt;
0

then .
F(x,0) =1 f "5 S g s
0

It is easy to see that f(x,) satisfies (AR) for p = 2 and u = 3, but it does not satisfy
(S4), see [26]. Therefore, (S3) and (S4) are complement conditions with (AR).

In the present paper, we will deduce some new conditions which weaken both the
weaker version (WAR) of the (AR) condition and the weaker version (WN) of the
Nehari condition (Ne).

(WAR) There exists u > p such that
0 <uF(x,t) <tf(x,1), VY(x,5)eRY xR;
(WN)  f(x,1)/|t]"~" is increasing in ¢ on R \ {0} for every x € RV.

Before presenting our theorems, we introduce the following assumptions, where,
and in the sequel, y; = sup,cg =1 llulls, for p < s < p*.
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(82') limyyo | f(x, HI/|eP! < y;,p, uniformly in x € RV, and tf(x, ) — pF(x,t) = o(|t|),
as |f| — 0, uniformly in x € R";

(S3’) limy—eo [F(x, 0)|/[t]” = oo, for almost every x € RY, and there exists ry > 0 such
that F(x,t) > 0, for [¢f| > ro;

(S5) there exist 8y € (0,1) and K > 1 such that

1-or
tf(x,) > F(x,t) — KF(x,0t), VY(x,t)eRY xR, 6€[0,6];

(S6) there exists a 6, € (0, 1) such that
1—

p

(S7) there exists a u > p such that

or d
tfx,)> | f(x,9)ds, Y(x,t)eRY xR, 6€l0,6];
ot

uF(x, 1) <tf(x,1), VY(x,f)eRY xR.

Now we are in a position to state the main results of this paper.

THEOREM 1.2. Assume that V and f satisfy (VI1), (S1), (S2), (S3') and (S5). Then (1.1)
has a nontrivial solution u € E such that ®(u) = infp( ® > 0.

THEOREM 1.3. Assume that V and f satisfy (V1), (S1), (S2’), (S3') and (S6). Then (1.1)
has a nontrivial solution u € E such that ®(u) = inf 5 ® > 0.

THEOREM 1.4. Assume that V and f satisfy (V1), (S1), (S2), (S3') and (S7). Then (1.1)
has a nontrivial solution u € E such that ®(u) = inf 5 ® > 0.

Remark 1.5. If the (WAR) condition is satisfied, then we let 6y = [(u — p)/u]'/?.
Hence,

1-6r

tf(x,t) > itf(x, > F(x,t) > F(x,t) — F(x,0t), Y0¢€]0,6)].

This shows that (S6) holds. In addition, it is easy to verify that f(x, #) defined by (1.6)
satisfies (S6). Therefore, (S3’) and (S6) weaken (WAR) considerably. Furthermore, it
is easy to check that (WN) implies (S6).

ExampLE 1.6. It is easy to check that the following function:
fx,0) = al’1In(z + [1)

satisfies (S2), (S3’) and (S6) with p >2 and 0 < a < 1/(y§ In 2), while
F(x, 1) = bilt/"*? = byle"*!

satisfies (S2"), (S3”) and (S7) with by, b, > 0 and u = p + 1. However, these functions
do not satisfy (WAR) and (S4).

https://doi.org/10.1017/51446788714000135 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000135

52 Y. Chen and X. H. Tang [5]

Remark 1.7. When p = 2, the (AR) condition has also been weakened by Ding and
Lee [8] (see (N3) and (Ny4) in [8]) under an additional assumption that |f(x, u)| <
Co(1 + |u|?"), V(x,u) € RN x R for some Cy >0 and g € (2,2*). However, it is
assumed, in (Ny), that F(x,1) > 0 and tf(x, ) — pF(x,t) > 0forallx e RV and t # 0. In
contrast, the functions F(x, ) and tf(x,t) — pF(x,t) are allowed to be sign-changing
in our assumptions.

2. Proofs of the main results

Let E be the space defined by (1.5) equipped with the norm

l/p
ul] = { f AVl + VO ul?) dx} . ueE.
RN

Then E is a Banach space. Under (V1), (S1) and (S2’), the functional @ defined by
(1.4) is of class C'(E, R). Moreover,

1
D) = —||ullf - f F(x,u)dx, YueE 2.1
P RV
and, for all u,v € E,
(D (u), vy = f (IVulP2VuVy + VOlulP>uv) dx — f F(x, u)vdx. (2.2)
RN RN

Lemma 2.1. Let X be a Banach space. Let M be a closed subspace of the metric space
M and T’y c C(My, X). Define

['={yeCM,X): ylu, €To}
If ¥ € C'(X, R) satisfies

oo > ¢ :=inf sup Y(y(¢)) > a := sup sup P(yy(1)), (2.3)
¥el' tem Yo€ly 1My

then there exists a sequence {u,} C X satisfying
Pun) = ¢, I @)l + lluall) — 0.

Proor. For any y € I', define the set K, = {y(f) : t € M} in X and the collection
K = {Ky cy el Let A ={yo(t) : yo €y, t € My},

A={peCX,X): 1,0_1 € C(X, X), both ¢ and t,D_l are bounded on bounded sets}

and

AA)={peA:pu)=uucAl.
For any y € I' and ¢ € A(A), let yo = yly, and y(t) = p(y(¢)), t € M. Then yy € I'y and
y € C(M, X). Hence,

¥(@) = e(yo(1) = yo(1), Vi€ My,
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that is, ¥|y, = yo € I'p. Therefore,
p(K)eK, VoeAA), KeK.
These show that the collection K is a minimax system for A. Since (2.3) implies

0o >c:= inf sup¥ >a:=sup¥,
KeK g A

it follows from [24, Theorem 2.4] that the result is true. |
Lemma 2.2. Under (VI), (S1), (S2') and (S5),
1-¢

p

D(u) > O(tu) — (K — 1)f F(x,tu)dx + (D' (u),u), VYuek,te[0,6]. (2.4)
RN
Proor. Note that
(D' (u), u) = ||ull’ - f f,wudx, VuekE. (2.5)
RN

Thus, by (2.1), (2.5) and (S5),

DO(u) — O(tu) = L-r lluel [P + f [F(x,tu) = F(x,u)]dx
p RN
L i + f [ﬂ £ wpu + Fx, ) — F(x, u)] dx
p rRVL D
1=

L )y + f [ﬂ £ wu + KF(x, tu) — Fx, u)] dx
V4 rvL P

- (K - l)f F(x,tu)dx
RN

1=
P (D' (u),u), te]l0,68].

2—(K—1)f F(x,tu)dx +
RN

This shows that (2.4) holds. O
Since (S6) implies (S5) with K = 1, we have the following corollary immediately.
CoroLLARY 2.3. Under (V1), (S1), (S2') and (S6),

1 -

D) > D(tu) + ptp (@ (u).uy, VucE, te0,6].

Now, we define
I'={yeC([0,1],E) : (0) = 0, O(y(1)) <0}
and

c :=inf sup ®(y(1)).
¥el ref0,1]
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Lemma 2.4. Under (V1), (S1) and (S2'), ¢ > 0 and there exists a sequence {u,} C E
satisfying
O(u,) = ¢, | )lI(1 + [lunll) — O. (2.6)

Proor. In order to prove Lemma 2.4, we apply Lemma 2.1 with M = [0, 1], M, = {0, 1}
and

Lo =1{y0:{0,1} = E : y0(0) = 0, D(yo(1)) < O}.
By (S2’), there exist &y > 0 and r; > 0 such that

lf(x, 0l <

1
. 1Pt < ry. 2.7)
p 0

Combining (2.7) with (S1),

1 .
|ﬂxmsyﬂwgw*+cww—2 Y(x,n) e RV xR.
P 0

Then

Cep
|F(x,0)| < P + ==1d"",  Y(x,1) e RN xR. (2.8)
p

1
p(yp + &)
Hence, it follows from (1.4) and (2.8) that

@@zlwwimemw
14 RN

1
> —|lull” - —II I — Ca
p(yy + €)
P*

lall? = =2 ],

P()’p + 80)

which implies that there exists 7 > 0 such that

min ®(u) = 0, ”ir”1_f D(u) > 0.

llull<r

Hence, we obtain
¢ > inf ®(u) > 0 = sup sup O(yp(?)).

lleell=r yo€l'o teMy

These show that all assumptions of Lemma 2.1 are satisfied. Therefore, there exists a
sequence (u,) C E satisfying (2.6). O

Lemma 2.5. Under (V1), (S1), (S2), (S3’) and (S5), any sequence {u,} C E satisfying
D(uy) — ¢, (D' (up), uy) — 0 (2.9)

is bounded in E.
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Proor. To prove the boundedness of {u,}, arguing by contradiction, suppose that

[[tey]] = 0. Let v, = u,/||u,||. Then |[v,|| = 1. Passing to a subsequence, we may assume

thatv, = vin E,v, - vin L} (R"), p < s < p* and v, — v almost everywhere on R".
If

6 := lim sup sup f [Vl dx =0,
Bi(y)

n—oo )‘ERN

then by Lions’ concentration compactness principle [17] or [27, Lemma 1.21], v, = 0
in L*(RN) for p < s < p*. Fix g € (p, p*) and R > [2p(c + 1)]'/7. By (S1) and (S2), for
e=1/2pK(yh + yﬁxR”*"’)] > 0 there exists C, > 0 such that

fCenl < el +17 ) + Celd”™!, V() € RV xR

Then
IF(x, 0| < () + 1107 + Colfl?,  Y(x,0) e RY xR.

It follows that

. RP
lim sup fR F(oRvy)dx < el(Ryp) +(Ryp )1+ RIC, lim [, f = T

Since |[u,|| = oo, R/|lu,| € [0, 6p] for large n € N. Hence, by using (2.9), (2.10) and
Lemma 2.2,

c+o(l) = ®(u,)

1R
> D(Rv,) — (K - 1) f F(x, Rvy) dx + (— - )<(D'(u,,),un>
RN p p”uan
Rk f F(x, Rv,) dx + (l _ K )((D'(un),un)
p RN p p”uan

RP
>—+o(l)>1+4+c+o(l),
2p

which is a contradiction. Thus, ¢ > 0.
Going if necessary to a subsequence, we may assume the existence of k, € Z" such
that f [valP dx > (6/2). Let w,(x) = v,(x + k,); then
BH \W(kn)

P
f Wal? dx > =. 2.11)
By w(©) 2

Now we define i,(x) = u,(x + k,); then ||i,|| = ||lu,|| and &,/||u,|| = w,. Passing to a
subsequence, we have w, — w in E, w, = w in LISOC(RN), p<s<p'and w, o> w
almost everywhere on RY. Thus, (2.11) implies that w # 0.

By (S1) and (S2), there exists C3 > 0 such that

1 .
fe 0l < =P~ + Cald” ™!, V(x,n e RV xR,
P
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which implies that

1 .
|[F(x, )| < —p|t|" +Gltl”", Y(x,0)e RN xR. (2.12)
PYp
For 0 <a < b, let
Q,(a,b) = (x e RN : a < i1, (x)] < b).
Set A := {x € RV : w(x) # 0}; then meas(A) > 0. For almost every x € A, we have
lim,,_,, |&1,(x)| = 0. Hence, A C Q,(ry, o) for large n € N; it follows from (2.1), (2.9),
(2.12), (S3’) and Fatou’s lemma that

c+o(l) i D(uy)

0=lim ————= = lim
n—oo luy|lP nooo ||uy|P
1 F(x, it
- lim[— - f (i) dx]
noelp  Jpno |ityl?

e Flx,ii Fx, it
hm[— —f i) dx—f (i) dx]
n—eol p Q,(0,rg) |un|p Q,(rg,00) |un|p

1 1 *_ F £ ~n
< lim sup[— + (—p + Csr) p) N [wpl? dx — L - (x, i )Iwnlp dx]
n (10,00

e LD ¥ |it,|P

1 1 . F(x,

<=+ (—p + Csry) p))’;pa - liminff (ic un)|Wn|p dx
p PYp n—eo Q,(rg,o0) |un|p
1 1 o . |F(x, it,)|

= (o g - timint [ R ol d
P \pyp n=e0 Jg il
1 1 *_ . . F(xs ﬁn)

<+ (_p +Csrd P)yg - f lim inf —= X, (r.00) (D] IWa|” dx
P \py, wy oo iyl

= —00,

which is a contradiction. Thus, {u,} is bounded in E. o

Lemma 2.6. Under (V1), (S1), (S2'), (S3’) and (S6), any sequence {u,} C E satisfying
(2.9) is bounded in E.

Proor. To prove the boundedness of {u,}, arguing by contradiction, suppose that
[[tey]] = 0. Let v, = uy,/||uy,|l. Then |[v,|| = 1. Passing to a subsequence, we may assume
thatv, = vin E, v, - vin L} (R"), p < s < p* and v, — v almost everywhere on R".
If
6 := lim sup sup f [Val? dx =0,
n—eco  yeRN JB(y)

then by Lions’ concentration compactness principle [17] or [27, Lemma 1.21], v, — 0
in L’(RM) for p < s < p*. Fix g € (p, p*) and R > [p(c + 1)(¥}, + €0)/&0]"/7, where & is
the same as in (2.7). By (S1) and (2.7), for € = p*/[4(Ryp*)P*] > 0 there exists C, > 0
such that

1 .
If(x,0)| < e [tP~! + el ! + Gl V(x,1) e RN xR,
p 0
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Then

e
IF(x, )| < P+ Sl + =20, VY(x, 1) e RY xR,
p q

py}, + £0)

It follows that

Ry,)”  &Ry,)’ RiC
limsupf F(x,Rv,)dx < (,,yp) + ( )/Z) + — lim ||v,|[}
n—o0 RN p(yp + 80) p n—eo
Ry,)? 1
Ryp)” 1, (2.13)

C pOYh e 4
Since [ju,]| — o0, R/||uyl| € [0, 6y] for large n € N. Hence, using (2.9), (2.13) and

Corollary 2.3,
1
¢ +0(1) = B(uy) > D(Rv,) + (— - )<<D'(un>,un>

P Ppllull?

RP 1 RP

R f Fx R de+ (= @ ), )
p RN P pllull?
SoRp

1 3
> ———-=+40(1)>—-+c+o(l),
ply, +g) 4 4

which is a contradiction. Thus, ¢ > 0. The rest of the proof is the same as that of
Lemma 2.5. O

Lemma 2.7. Under (V1), (S1), (S2’) and (S7), any sequence {u,} C E satisfying (2.9) is
bounded in E.

Proor. By (2.1), (2.2), (2.9) and (S7),

c+1>du,) - i(q)'(un),urﬁ

- 1
= E L + f | 7Gxt = x|
pH RVLHU
> B pllu,,ll” for large n € N,
which implies that {x,} is bounded in E. O
Lemma 2.8. Under (V1), (S1), (S2), (S3’) and (S5), (1.1) has a nontrivial solution, that

is, M # ¢.

Proor. Lemma 2.4 implies the existence of a sequence {u,} C E satisfying (2.6) and so
(2.9). By Lemma 2.5, {u,} is bounded in E. Thus, there exists a constant C4 > 0 such
that

”un”p + ”un”p* < C4'

If
6 := lim sup sup f lt,|P dx = 0,
Bi(y)

n—oo yERN
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then by Lions’ concentration compactness principle [17] or [27, Lemma 1.21], Uy = 0
in L*(RY) for p < s < p*. Fix q € (p, p*). By (S1) and (S2), for & = ¢/(C} + C} ) > 0
there exists C, > 0 such that

ltf(x,1) — pF(x, 1) < (ltl” + 0P ) + Celtl?,  V(x,H) e RY x R.

Thus,

1 * Cg .
lim sup LN[I_?JC(X’ up)uy, — F(x,u,)|dx < f(Cft7 +CY)+ ~ }Lngo Nl

n—oo

b

Tlos

which, together with (2.9), implies that

c=®wa—%@meA+mn

= f [lf(x, u)u, — F(x, un)] dx+o(l) < < +o().
RVLD p

This contradiction shows that ¢ > 0.
Going if necessary to a subsequence, we may assume the existence of k, € Z" such
that f |un|? dx > 6/2. Let us define v,(x) = u,(x + k,) so that
Bl+ \m(k")

P
f Wal? dx > =. (2.14)
By, \w(©) 2

Since V(x) and f(x, u) are periodic, we have ||v,|| = ||u,|| and
D(v,) = ¢, ([DW)lI(1 + [Ivall) — 0.

Passing to a subsequence, we have v, — v in E, v, = v in LISOC(RN ), p<s<p
and v, — v almost everywhere on RY. Thus, (2.14) implies that v # 0. For every

w e Cg"(RN),
(@' (v), w) = lim (D’ (v,), w) = 0.
Hence, ®’(v) = 0. This shows that v € M is a nontrivial solution of (1.1). O

Lemma 2.9. Under (V1), (S1), (S2’), (S3') and (S6) or (S7), (1.1) has a nontrivial
solution, that is, M # ¢.

The proof is similar to that of Lemma 2.8, so we omit it. O
The proof of Theorem 1.2 is rather similar to that of Theorem 1.3, so we only give
the proof of Theorem 1.3.

Proor oF THEOREM 1.3. Lemma 2.9 shows that M is not an empty set. Let ¢g =
inf( ®. By Corollary 2.3, one has ®(u) > ®(0) =0 for all u € M. Thus, ¢y = 0.
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Let {u,} € M be such that ®(u,) — co. Then (®’(u,), u,) = 0. In view of the proof of
Lemma 2.6 (¢ > 0 is not necessary), {u,} is bounded in E, and

luall? = f P dx.
RN

Let inf e ||u,]| = 6o. If 69 = 0, going if necessary to a subsequence, we may assume
that ||u,|| — 0. Fix g € (p, p*); by (S1) and (S2’), there exist £y > 0 and Cs > 0 such
that

1 .
DI < P 4 1P 4 Sl V() € RY xR
P 0

Thus,

||un||”=f f O, up)u, dx
RN

14 P* q
v gollunllp + llunll, + Csllunllg
P
Yp
7,1: + &

llall” + ¥ lleeall” + Csygllueall,

which implies that

€0

P
Yp t &0

<Y lluall” 7P + Csygllua 177 = o(1).

This contradiction shows that inf .y ||1,]| = 69 > 0. Choose a constant Cg > 0 such that
lnllr < Co. If
¢ := lim sup sup f lte,|P dx = 0,
n—co  yeRN JB(y)
then by Lions’ concentration compactness principle [27, Lemma 1.21], u, — 0 in
L’(RM) for p < s < p*. Fix g € (p, p*). By (S1) and (2.7), for & = £y6}, /[2(y} + £0)C? |
> 0, where &y is given by (2.7), there exists C, > 0 such that

If(x, D) < [P~ + et ! + Coltl?™!,  Y(x,n) e RN xR.
P

Yp t €0

Thus,
,yP
b .
lla]1” =f JO un)uty dx < ————lluy|l” + ellun|l}. + Cellunlg,

RN Yp T €0

which yields that

&0 (5‘8

£00"
% _% ——
2(yp + €0)

llull” < ellull). + Cellull§ < eC¢ +o(1) =

o(1).

P - AP
’)/p+80 ’yp+80

This contradiction shows that 6 > 0.
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Going if necessary to a subsequence, we may assume the existence of k, € Z" such
that fB |un|? dx > (6/2). Let us define v,(x) = u,(x + k,) so that
1+ \m(k")

P
f Val? dx > =. (2.15)
By w(® 2

Since V(x) and f(x, u) are periodic, we have ||v,|| = ||u,| and
D(v,) = co, P'(v,) =0.

Passing to a subsequence, we have v, — vy in E, v, = vy in LfOC(RN ), p<s<p
and v, — vy almost everywhere on R". Thus, (2.15) implies that vy # 0. For every
we Cg"(RN ),

(@ (vo), w) = lim (@' (vn), w) = 0.

Hence @’(vy) = 0. This shows that vy € M and so ®(vy) > ¢y. On the other hand, by
using (S6) and Fatou’s lemma,

co = lim [(I)(V,,) - l((D'(Vn), Vn>]
n—oo P

= limf [lf(x, vo)v, — F(x, vn)] dx
RVLD

n—oo

\%

f lim lf(x, Vv, — F(x, vn)] dx
RN

n—oo p

1
= f [—f(x, vo)vo — F(x, vo)] dx
RVLD

[
= O(vo) — 1_?@ (vo), vo) = ©(vo).
This shows that ®(vg) < ¢g and so ®(vg) = ¢o = inf p . O

Proor oF THEOREM 1.4. By the same proof of Theorem 1.3 using Lemma 2.7 instead
of Lemma 2.6, there exists vo € E \ {0} such that ®’(vy) = 0. This shows that vy € M
and so ®(vg) > cp. On the other hand, by using (S7) and Fatou’s lemma,

1
co = lim [q)(vn) — —{(D'(vy), Vn>]
n— o0 lu
- 1
= lim{# p||vn||” +f [—f(x, vp)vy — F(x, Vn)] dx}
n—oo pu RNLU
H=DpP .. . » .1
> lim inf ||v,||” + liminf| — f(x, v,)v, — F(x,v,)|dx
p/l n—oo RN n—o0 ﬂ

- 1
> B Lo + f [—f(x, vo)vo — F(x, vo>] dx
PH avlu

1
= O(vg) - ;(‘D'(Vo), vo) = O(vp).

This shows that ®(vg) < ¢¢ and so ©(vy) = ¢y = inf p . O
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