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ABSTRACT

In 1988, Haagerup and Stgrmer conjectured that every pointwise inner automorphism
of a type III; factor is a composition of an inner and a modular automorphism. We
study this conjecture and prove that every type III; factor with trivial bicentralizer
indeed satisfies this condition. In particular, this shows that Haagerup and Stgrmer’s
conjecture holds in full generality if Connes’ bicentralizer problem has an affirmative
answer. Our proof is based on Popa’s intertwining theory and Marrakchi’s recent work
on relative bicentralizers.

1. Introduction

Let M be a von Neumann algebra and Aut(M) the set of all automorphisms on M. We say
that 0 € Aut(M) is pointwise inner [HS87] if for each positive linear functional ¢ € M., there
is a unitary u € U(M) such that 0(p) = upu*, where we used the notation 0(yp) := po !
and zoy := p(y - ) for x,y € M. In other words, 6 is pointwise inner if the induced map
0: M} — M is inner at a pointwise level. This notion naturally appeared in the study of
unitary equivalence relations on state spaces on von Neumann algebras and was intensively
studied by Haagerup and Stgrmer [HS87, HS88, HS91].

Any inner automorphism is pointwise inner. Indeed, we can choose the same unitary for all
elements in M,". A nontrivial and motivating example comes from Tomita—Takesaki modular
theory, that is, every modular automorphism of is pointwise inner, where ¢ € M is a faithful
state and ¢t € R; see § 2. Hence, every composition Ad(u) o gf of an inner and a modular auto-
morphism is pointwise inner because the pointwise inner property is closed under compositions.
Haagerup and Stgrmer conjectured that the opposite phenomenon also holds for every type I1I;
factor [HS88].

HAAGERUP-ST@RMER CONJECTURE. Let M be a type III; factor with separable predual.
Then every pointwise inner automorphism is a composition of an inner and a modular
automorphism.

We note that if M is a factor that is not of type III;, similar results were obtained in [HS87,
HS88], hence the only remaining problem for characterizing pointwise inner automorphisms is
the case for type III; factors. We also note that the separability assumption is necessary; see
[HS88, §6] and [AH12, Remark 4.21].
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In the present paper, we give a partial but satisfactory answer to this conjecture. To explain
it, we prepare some terminology. For an inclusion of von Neumann algebras N C M, we say it
is irreducible if N' N M C N, and is with expectation if there exists a faithful normal conditional
expectation from M onto N. For every faithful state, or more generally, every faithful semifinite
normal weight, ¢ on M, we denote by M, the centralizer of ¢, which is the fixed point algebra
of o¥. When M is a type III; factor with separable predual, the existence of a faithful state
p € M, with M;, N M = C is equivalent to having trivial bicentralizer; see §2. In this case,
M, C M is an irreducible subfactor of type II; with expectation, and the existence of such a
subfactor is very useful in many contexts. Connes’ bicentralizer problem, which is one of the most
important problems for type III factors, asks if every type Il factor with separable predual has
trivial bicentralizer. To the best of our knowledge, all concrete examples of type III; factors
have trivial bicentralizers. Further, if M is a type III; factor, then the tensor product M ® R
has trivial bicentralizer, where R is the Araki-Woods factor of type III; [Marl18§].

We now introduce our main theorem. For objects in (3) below; see § 2.

THEOREM A. Let M be a type Ill; factor with separable predual and assume it has trivial
bicentralizer. Fix a faithful state ¢ € M, such that MS’O N M = C. Then for each 6 € Aut(M),
the following conditions are equivalent.

(1) The automorphism 6 is pointwise inner.

(2) For each faithful state ¢ € M, with My N M = C, there exists u € U(M) such that 0(z) =
uxu® for all x € My.

(3) There exists u € U(M) such that 0*(x) = uaxu* for all x € (M*),v, where w is a fixed free
ultrafilter on N.

(4) There exist u € U(M) and t € R such that § = Ad(u) o of.

By the implication (1)=-(4), we immediately get the following corollary.

COROLLARY B. The Haagerup—Stgrmer conjecture holds for every type 111 factor with separa-
ble predual that has trivial bicentralizer. In particular, the conjecture holds in full generality if
Connes’ bicentralizer problem has an affirmative answer.

We emphasize that Theorem A applies to all concrete examples of type I11; factors because
they have trivial bicentralizers. Although we do not know the complete answer to Connes’ bicen-
tralizer problem, if it is solved affirmatively, then our theorem solves the Haagerup—Stgrmer
conjecture. Even if the problem has a negative answer, we can apply the theorem to every type
III; factor up to a tensor product with R.,. Thus, in any case, Theorem A covers a large class
of type III; factors.

We explain item (2) in Theorem A. In all previous works for pointwise inner automorphisms,
a specific state (or weight) ¢ on a factor M plays a crucial role. More precisely, the implication
(1)=-(2) in Theorem A for the specific ¢ (= ¢) is the key step of the proof. For example, ¢ is a
trace if M is of type IL. If M is a type III) (0 < A < 1) factor, then ¢ is a lacunary weight. We
note that, in these cases, the implication (2)=-(4) also follows by the fact that ¢ is a specific one.
Unfortunately, if M is a type III; factor, there are no such specific states or weights in general,
and this fact is the main difficulty for the conjecture. We do have a dominant weight, but it
is not enough for our purpose because M, C M is not with expectation. In [HS91, HI24], ¢ is
assumed to be an almost periodic state, but not all type III; factors admit such a state.

In Theorem A, we do not assume ¢ is such a specific state or weight. We nevertheless prove
the implication (1)=-(2). This is the main observation of the paper, so we briefly explain the idea
of the proof. Recall that, if ¢ is almost periodic, each element in M has a Fourier decomposition
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along the eigenspaces of ¢. In [HS91, HI24], the Fourier decomposition of a unitary element
u € U(M) satisfying §(p(a-)) = up(a- )u* for some carefully chosen a € M, is important in the
proof. In our setting, we cannot use such a decomposition since ¢ is not assumed to be almost
periodic. Instead, we use the embedding

uW*{a* @ N | t € R}u* C (A) ® LR, A:= W*{a},

where the inclusion holds at a continuous core of M. By considering the cases of a? for 0 < p < 1,
we deduce the condition A <js 6(A) in the sense of Popa’s intertwining theory [Pop01, Pop03].
Then, by the choice of A, we get a contradiction and the proof is done. Proving A <7 6(A) is
the key technical step and we do it by the measurable selection principle.

Once we get (2), since it is a condition for every 1 with Mq’/} N M = C, we can use recent
results from Marrakchi’s work on relative bicentralizers [Mar23] and get (4). Thus, our proof is
new even for the Araki-Woods factor Ry,. This is why we can avoid the use of the classification
theorem of Aut(R.) [KST89], which was necessary in all previous works [HS91, HI24] for the
type III; factor case.

By a result in [AHHM18], we can also prove the equivalence to item (3) of Theorem A,
which is a condition on ultraproducts. This condition is interesting in the sense that ¢“ has
more information than ¢. Indeed, item (3) is a condition for a single ¢, while item (2) is one for

many .

2. Preliminaries

For a von Neumann algebra M, the L:-norm with respect to ¢ € M, is denoted by || - ||,. We
use the notation M, := pMp for each projection p € M U M.

2.1 Tomita—Takesaki theory and Connes cocycles

Let M be a von Neumann algebra and ¢ € M a faithful functional. Throughout the paper,
the modular action for ¢ is denoted by o%?: R ~ M. The crossed product M X+ R is called the
continuous core (with respect to ¢) and is denoted by C,(M). We say that M is a type III;
factor if C,(M) is a factor. The centralizer algebra M, is the fixed point algebra of the modular
action o%. See [Tak03] for details of these objects.

Let a: R M be a continuous action and p € M a nonzero projection. We say that a
o-strongly continuous map u: R — pM is a generalized cocycle for o (with support projection p)
if it satisfies

Usrt = Usaus(Ug), usuy =p, usus = as(p), forall s,teR.
In this case, by putting a¥(pxp) := usas(prp)ul for all x € M and s € R, we have a continuous
R-action on pMp.

For ¢,1 € M with ¢ faithful and with s(3) the support projection of 1, consider the
modular actions ¢¥ on M and ¢¥ on M- The Connes cocycle (ur)ier (for ¢ with respect to )
[Con72] is a generalized cocycle for 0¥ with support projection s(i) such that (6%)": R ~ My,
coincides with o¥. We denote it by u; = [D1) : Dy, for t € R. See [Tak03, VIIL.3.19-20] for this
nonfaithful version of the Connes cocycle.

Let 0 = of for some t € R and we see that it is pointwise inner. Let ) € M be a positive
functional and take a faithful ¢ € M} with 8(1[))12; = TZS(T,Z)) = 1. Then since s(¢) € M and

Uzp(w) =, uy:=[Dyp: DlZ]t satisfies

0() = Ad(ur) o of (s(¥)D) = ;.

Hence 6 is pointwise inner.
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By the uniqueness of Connes cocycles, it is straightforward to check that, if ¢, are faithful,
v € M a partial isometry with e := vv* € My, v*v € M, and vpv* = ee, then for each x € M
and t € R,
vof (V' av)v* = 0¥ (exe), e[Dy : Dyly = [Devpe : Dgly = vof (v*).
We prove some lemmas.

LEMMA 2.1. Let N C M be an inclusion of o-finite von Neumann algebras with expectation E.
Let o € N, be a faithful tracial state and put ¢ := pn o En. Let p,q € N be projections such
that N, N M, C N,. Assume that there is a *-isomorphism 0: M, — M such that (N,) = Ny.
We write Oy := 0|,

(1) We have 0! o Exy = Ex 007! on M,,. In particular,
[Dqb(pyp)q : Dole = [Dgbn(ppnp)q : Don]e € N, for all t € R.

(2) There is a unique nonsingular, positive, self-adjoint element h, which is affiliated with Ny,

such that q0(pep)q = @n.
(3) Assume that § = Ad(v) o & for a x-isomorphism 6': pMp — rMr, a projection r € M, and
a partial isometry v € ¢gMr. Then h in (2) satisfies

hit = v[Dré' (ppp)r : Dpliof (v*), for allt € R.

Proof. Recall that a normal conditional expectation from M onto N is unique if N C M is irre-
ducible ([Con72, §1.4], [Tak03, Proposition 1X.4.3]). Observe that N, C M, and N, = 0(N,) C
6(M,) = M, are irreducible. In the proof below, for simplicity of notation, we sometimes omit

p, for example q0(¢)q = q0(ppp)q.
(1) Since o Eyof~!: M, — Ny is a normal conditional expectation, it coincides with

En|nm, by uniqueness. We get 9;[1 oEy=FEnNof ! on M,, and hence
40(p)g = alpn 0 Ex 007 ")g = qlpn 0 Oy 0 Ex)g = a(On(¢n) © En)g.
Take a faithful vy € N with q¢yng = qfOn(on)q. Then by [Con72, Lemma 1.4.4], for each ¢t € R,
[Dab(¢)q : Dele = q[Dipn o En = Doy o Enle
= q[DYn : Donly = [Dgdn(pn)q : Don]i € N.

(2) Since ¢ is a faithful trace on N, there is a unique h, affiliated with N, such that
q0n(pn)q = (en)n on Ny. Combined with (1), for each t € R, we have

[Dgb(#)q : Dyli = [Dgbn(¢n)q : Donls = h'.
Since h is affiliated with My, we also have hi' = [Dyy, : D], hence we get g0()q = ¢

3) Let w eM be a faithful element such that 7 e M and 71/17 = 7“9' @)r. Then for each
* ’l,[)
t e R,

W' = [Dgb(p)q : D¢l = Do (p)v* : Dy
= [Dvyv™ : DY) [Dy : D)y
= vy (v")[Dy : Dy
— v[D : Dglio? (v%) = v[Drir : Digliof (v°),
and we are done. g

LEMMA 2.2. Let M be a factor with a faithful state ¢ € M, such that M(; NM=C. If 0 ¢
Aut(M) satisfies 0(M,) = M, then 0(p) = . In particular, M, C M is singular in the sense
that uM,u* = M, for w € U(M) implies u € M.
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Proof. Put N := M, and ¢y := ¢|ny. We apply Lemma 2.1(2) for the case p = ¢ =1, and take
h such that 6(p) = ¢p. Since h is affiliated with N, we have ¢n|ny = (¢n)n. Since N is a finite
factor and since 6(p)|n is a trace, we have 6(¢)|ny = ¢n by the uniqueness of the trace. We get
(¢N)n = ¢n and h = 1. This means 0(p) = ¢.

If uMyu* = M, for v € U(M), we can apply the first part of the lemma to Ad(u) € Aut(M).
We get Ad(u)(¢) = ¢ and hence u is contained in M,,. O

LEMMA 2.3. Let M be a factor with a faithful state ¢ € M, such that MS’D NM=C. Let 0 €
Aut(M) and define an embedding

0

Xz
tg: M > x— [O o)

:|EM®M2.

If 6(¢) = ¢, then the following conditions are equivalent:

(1) 0|n, is outer;
(2) wy(My)N(M®@Msy) C Mo M.

Proof. 1f 0], = Ad(u) for some u € U(M,,), then [9 ] is contained in 1p(M,) N M & M.

If (2) does not hold, then there is a nonzero a € M such that (x)a = ax for all x € M.
By M/,N M = C, a is a scalar multiple of a unitary, so there is a unitary u € {(M) such that
0(x) = uzu* for all x € M. Then Ad(u) globally preserves M, hence u is in M, by Lemma 2.2.
Thus (1) does not hold. O

2.2 Ultraproduct von Neumann algebras
Let M be a o-finite von Neumann algebra and w a free ultrafilter on N. Put

T, ={(xn)n € L°(N, M) | &, — 0 #-strongly as n — w},
MY ={z e lt>*(N,M) | 2Z, CZ, and Z,x C L.},

where ¢*°(N, M) is the set of all norm bounded sequences in M. The ultraproduct von Neumann
algebra [Ocn85] is defined as the quotient C*-algebra M* := M%“/Z,,, which naturally admits
a von Neumann algebra structure. The image of (xy), in M* is denoted by (z,),. We have
an embedding M C M* as constant sequences, and this inclusion is with expectation F,, given
by E,((7n)w) = o-weak lim,,_,, x,,. For every faithful ¢ € M, we can define a faithful positive
functional ¢ := p o E, on M¥.

Every 6 € Aut(M) induces 6 € Aut(M*) by the equation 6“((xy,),) = (6(zy))w. In par-
ticular, the modular action of ¢“ is given by o} Y= (of)« for all t € R [AH12]. For more on
ultraproduct von Neumann algebras, we refer the reader to [Ocn85, AH12].

2.3 Relative bicentralizer algebras

Let N C M be an inclusion of von Neumann algebras with separable predual and with expec-
tation Ey. Let ¢ € N, be a faithful state and extend it to M by Ex. We define the asymptotic
centralizer and the relative bicentralizer algebra (with respect to ¢) as

AC(N) = {(@a)a € F2(N,N) | lim [lzap — ]| = 0},
BCy(N C M) :={z e M| lim ||zpz — zz,||, — O for every (x,)n, € AC,(N)}.

This does not depend on the choice of ¢ up to a canonical isomorphism, if N is a type III;
factor. In the case N = M, we write BCy,(M) = BC,(N C M) and we call it the bicentralizer.
Then Connes’ bicentralizer problem asks if every type I1I; factor M with separable predual has
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trivial bicentralizer, that is, BC,(M) = C. This condition is equivalent to having a faithful state
© € M, such that MS'O N M = C [Haa85]. Here is a convenient expression by ultraproducts ([HI15,
Proposition 3.3], [AHHM18, Proposition 3.3]):

BCy(N € M) = (N®),. N M,

where w is a fixed free ultrafilter on N.
The next theorem explains the importance of relative bicentralizers. This should be
understood as a type III counterpart of Popa’s work [Pop81].

THEOREM 2.4 ([Haa85], [AHHMI18, Theorem C]). Assume that N is a type III; factor. If
BC,(N C M) = N'NM, then there exists an amenable subfactor R C N of type II; with
expectation such that R N M = N'N M.

Very recently, Marrakchi obtained a very general and useful criterion for computations of
relative bicentralizers. We will need the following statement. Recall that the inclusion N C M is
regular if the normalizer Ny (N) := {u € U(M) | uNu* = N} of N in M generates M as a von
Neumann algebra.

THEOREM 2.5 [Mar23, Theorem E(5)]. Assume that N is a type 111 factor. Assume that N
has trivial bicentralizer and that N C M is regular. If N' N Cy,(M) C Cy,(N), then we have
BC,(N c M) =C.
Proof. By [Mar23, Theorem E(5)], we have
BC,(N C C,(M)) = LRV (N’ N Cy(M)) C Cy(N),
where the relative bicentralizer algebra is defined for arbitrary inclusions. This implies
BC,(N C M)=MNBC,(N CCy(M))C MNCy,(N)=N.

We get BC,(N c M) C BC,(N) =C. O
2.4 Popa’s intertwining theory
We recall Popa’s intertwining theory [Pop01, Pop03]. For this, we fix a o-finite von Neumann
algebra M and a finite von Neumann subalgebra B C M with expectation Ep. Fix a trace 7p
on B. We can define a canonical trace Tr on the basic construction (M, B) satisfying Tr(zepy) =
T o Ep(yx) for z,y € M (see for example, [HI15, §4]).

In this setting, we have the following equivalence. For the proof of this theorem, we refer the

reader to [HI15, Theorem 4.3]. Since B is finite, the canonical operator-valued weight Ths from
(M, B) to M, which appears in [HI15, Theorem 4.3 (6)], is unnecessary.

THEOREM 2.6 [Pop01, Pop03]. Retain the setting of this section. For a finite von Neumann
subalgebra A C M with expectation, the following conditions are equivalent.

(1) We have A <j; B. This means that there exist projections e € A, f € B, a partial isometry
v € eM f, and a unital normal x-homomorphism 6: eAe — fBf such that vf(a) = av for all
a € eAe.

(2) There exists no net (u;); of unitaries in U(A) such that for every a,b € M,

|Ep(b*uia)|l-y, — 0, asi— oo.
(3) There exists a nonzero positive element d € A’ N (M, B) such that Tr(d) < co.

The next three lemmas are well known to experts. We include short proofs for the reader’s
convenience.
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LEMMA 2.7. Retain the setting as in Theorem 2.6. Let A;, Ao C M be finite von Neumann
subalgebras with expectation such that A; and As are commuting with each other and that
A1V Ay C M is a finite von Neumann subalgebra with expectation.

Suppose that there are nonzero positive elements d; € A, N (M, B) satisfying the condition
of item (3) in Theorem 2.6 for i = 1,2 such that dids # 0. Then we have A1 V Ay <) B.

Proof. Consider Tr on (M, B) as in Theorem 2.6. Put
K = conv? v {udyu* | u € U(Az)} € A} N (M, B).

By the normality of Tr, every element in K has finite value in Tr. By regarding K as a closed
subset of L2((M, B), Tr) (see [HI15, Lemma 4.4]), take the unique element d € K which has the
minimum distance from 0. The uniqueness condition implies udu* = u for all u € U(Asg), hence
d is contained in (A; V A3)’ N (M, B). Then observe that dy,ds € L?>({M, B), Tr), and for each

u € Z/{(AQ),
(udyu*, do)y = Tr(daudyu®) = Tr(u*doudy) = Tr(dady) = Tr(d\*dad!’?) > 0.
This implies that /C does not contain 0, hence d # 0. This implies A V Ay < B. O

LEMMA 2.8. Let M be a von Neumann algebra, ¢ € M, a faithful state, and A, B C M,
von Neumann subalgebras. If A Ay B, then A® LR Ac_ ) B® LR.

Proof. Let Ep: M — B be the unique ¢-preserving conditional expectation. Then since Ep
commutes with %, we can extend Ep to one from C, (M) onto B ® LR. Take a net (u;); of U(A)
as in item (2) in Theorem 2.6. Then it is easy to see that (u; ® 11r); works for A® LR Z¢_(ar)
B ® LR. O

In the lemma below, we need the case that A, B C M are possibly nonunital finite von
Neumann subalgebras, where subalgebras A C 14M14 and B C 1gM1p with units 14,1p
are assumed to be with expectation. In this case, we can use the same definition for A <; B,
and item (2) in Theorem 2.6 works by replacing a,b € M by a,b € M1p. Item (3) is slightly
more complicated, but we do not need it. See [HI15, Theorem 4.3] for more on the nonunital
case.

LEMMA 2.9. Let A, By,...,B,, C M be (possibly nonunital) inclusions of o-finite von Neumann
algebras with expectation. Let Ep, : M B, B;. be faithful normal conditional expectations for
all k and assume that A, By, ..., B, are finite with trace 1 € (By)« for all k. If A Aj; By, for all
k, then there exists a net (u;); in U(A) such that for all k,

|EB, (b*uia)||;, — 0, foralla,be Mlp,.
Proof. Consider M,, := M ® C" and embeddings
A=A®Clen CM,, B:=B1® @B, C M,.

Observe that A Ay By impliesg 2, By for all k (use item (2) of Theorem 2.6). Then by [HI15,
Remark 4.2(2)], we have that A Ay, B. Then a net of unitaries in item (2) of Theorem 2.6 for
A Au, B works. O

3. Proof of Theorem A: (1)=-(2)

We need two lemmas. The first one uses the measurable selection principle.

LEMMA 3.1. Let M be a von Neumann algebra with separable predual, ¢ a faithful normal
state, and 0 € Aut(M) a pointwise inner automorphism. Then for each positive element a € M,
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there exist a compact subset K C (0,1) with positive Lebesgue measure, and a continuous map
K > pw~— u, € U(M) such that

0(¢ar) = upparu,, for allp € K,
where U(M) is equipped with the x-strong topology.

Proof. Throughout the proof, we consider the x-strong topology for U(M) and we regard it as a

Polish space. Set
S = {(pa u) S (07 1) X U(M) ‘ 0(‘10(11’) = USOaPU*}-

Then it is easy to see that S is a closed subset. Since 6 is pointwise inner, we have (0,1) = 71(S),
where 71 is the projection onto the first coordinate. Hence, with the Lebesgue measure on
(0,1), we can apply the measurable selection principle (e.g. [KR97, Theorem 14.3.6]) and find a
Lebesgue measurable map

n: (0,1) = m(S) = U(M)

such that (p,n(p)) € S for all p € (0,1). Since U(M) is a Polish space, we can apply Lusin’s
theorem to 7 and find a compact subset K C (0, 1) such that n|x is continuous and that (0,1) \ K
has arbitrarily small Lebesgue measure. The conclusion follows. O

The second lemma uses the first. This lemma is the key observation of the paper.

LEMMA 3.2. Let M be a von Neumann algebra with separable predual, ¢ € M, a faithful state,
and 0 € Aut(M) a pointwise inner automorphism such that 6(¢) = ¢. Then, for each positive
invertible element a € M, we have A <; 0(A), where A := W*{a} C M.

Proof. Observe that 0(M,) = M, and 0(A) C M,. Take u € U(M) such that vy = 0(¢s) =
up,u*. Then since

[D@o(a) : Dpalt = [Dpp(a) : Deli[Dyp : Dipaly = 0(a™)a™
and
[Dupau® : Dpgli = uof® (u*) = uaof (u*)a™",
we get 0(al') = ua'lof (u*) for all t € R. Define
A:=WHa"® N |t € R} C C,(M),

where \; denotes the left regular representation on L?(R), and observe that Ac Cy(M) is with
expectation. Then it is easy to see that Ad(u) restricts to a x-homomorphism from A into
0(A) ® LR, so that we get A =¢, ) 0(A) ® LR. More precisely, if we denote by e the Jones
projection for a fixed faithful normal conditional expectation from C, (M) onto §(A) ® LR, then
the projection u*eu satisfies the condition of item (3) in Theorem 2.6.

Fix 0 < p < 1, and we consider the positive invertible element a?. Then, by the same reasoning
as above, we have that

Ap 20,00 O(A) B LR, where 4, = W{a" © A | t € R},

together with the projection uyeu,, where u, is a unitary satisfying pg(w) = upparu,. We note
that the algebra 6(A) ® LR does not depend on p.

Now we claim that A® LR =¢ () 0(A) ® LR. To see this, we first apply Lemma 3.1
and find a compact K C (0,1) with positive measure and a continuous map K 3 p+— up.
Then we take a sequence p,, € K such that p,, converges to p € K and p € {pn }n. Then u,, — u,
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in the *-strong topology, hence

N ¥ pn)
dp, = u, €up, — uyeu, =: dp

as well. In particular, we can find p, =: ¢ such that ¢ # p and dyd, # 0. Observe that ﬁp Vv
A, = A® LR, which is a finite von Neumann subalgebra in C,,(M) with expectation. Then by
Lemma 2.7, we have that

AT LR = A,V Ay Zc, () 0(A) @ LR.

Hence the claim is proven.
Finally, this condition implies A <p; 6(A) by Lemma 2.8. O

Now we prove (1)=-(2) of Theorem A. For the proof, we need Popa’s G-singular maximal
abelian x-subalgebra (MASA) technique for type III; factors; see Theorem A.1.

Proof of Theorem A: (1)=(2). Let » € M, be a faithful state such that My n M = C. Since ¢
is pointwise inner, there is v € U (M) such that Ad(v) o §(¢)) = . So up to replacing Ad(v) o
by 0, we may assume 6(1p) = tb. Then we show that 6]y, is inner.

Suppose by contradiction that 6 is not inner on My. Then, putting G := {idy;, 671}, we
apply Theorem A.1 and take a G-singular MASA A C M,,. Take a generator a of A which is
positive and invertible. We can apply Lemma 3.2 to a and get A <ps 8(A). Since A and 0(A)
are MASAs in M, by [HV12, Theorem 2.5], one can find a nonzero partial isometry v € M such
that

v'o e A, v € 0(4), vAv* =0(A)vv*.

Thus Ad(v) restricts to a #-isomorphism from Av*v onto #(A)vv*. Since A is diffuse, up to
exchanging v*v with a smaller projection in A (or vv* with one in (A)) if necessary, we may
assume v*v # 1 and vo* # 1. Then since M is a type I1I factor, 1 — v*v and 1 — vv™* are equivalent,
so we can take a partial isometry w € M such that w*w =1 —v*v and ww* =1 —vv*. Then
v:=wv+w € M is a unitary element satisfying vp = v where p := v*v, so that

VApU* = vAv* C 6(A).

This means Ad(0~1(?)) 0 §~(Ap) C A. By G-singularity, we have that ! = id,;, a contradic-
tion. U

4. Proof of Theorem A: (2)=-(3) and (3)=-(4)

Proof of Theorem A: (2)=-(3). We may assume that 6 is outer on M. Set My := M ® My and
consider an embedding tg: M — My with expectation as in Lemma 2.3. Since 6 is outer, we have
M’ N My = C @ C. We consider the relative bicentralizer

BC@(M C Mg) = (Mw)fpw N Mos.

We claim BC,(M C Ms) # M' N M.

To see this, suppose by contradiction that BC,(M C M) = M’ N M. Then by Theorem 2.4,
there is an amenable II; factor R C M with expectation Eg such that R’ N My = M' N My =
C @ C. Put ¢ := 7g o g, where 75 is the trace on R, and observe that R C My, C M. Then
since M{Z) NM C RN M =C (this follows by R' N My =C & C), by assumption, there is u €
U(M) such that Ad(u) o 9|M¢ = idpz,- Then [8 g] is contained in MZZJ NMyCR NM,=Co®C.
This is a contradiction and the claim is proven.
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We take [25] € (M¥)]. N My, which is not contained in C ® C. Then since (M“),. N M =
BCy(M) = C, we have a, d € C, hence b # 0 or ¢ # 0. By taking the adjoint if necessary, we may
assume ¢ # 0. Then observe that 6“(z)c = cz for all z € (M“)gw. Since (M“),. N M = C, by
the polar decomposition, we can replace ¢ by a unitary element. This means (3) holds. O

Proof Theorem A: (3)=(4). By assumption, take uw € U(M) such that Ad(u)o 6 =id on
(M¥)gw. Up to replacing Ad(u) o § by 6, we may assume u = 1. Then by Lemma 2.2, we have
that 6(¢) = ¢. In particular, § commutes with the modular action of .

We set

H@®):={neZ|0"=Ad(u) oo} for some u € U(M), t € R}.

Observe that by M, N M = C and 0|y, = id, the equality 6" = Ad(u) o of implies u € C, so we
can actually remove u € U(M) in the definition of H (). Since H(0) is a subgroup in Z, we can
write H(0) = kZ for some k > 0.

Assume that k > 0 and 0¥ = of. Then, putting 0 :=c¥ ik © 0, observe that H () = H(0),
ok = id, and 0“ = id on (M¥)qw. Hence up to replacing ] by 6, we may assume 6% =id. If k = 0,
we do not need this replacement.

For each k > 0, set G :=Z/kZ and define an outer action G ~ M given by {6"},cz. We
denote this action again by 6. Put M:=M X9 G with canonical expectation Eyy : M — M and
note that M’ N M = C by the outerness of . We extend ¢ to M by Eps. Since 6 commutes with
the modular action of ¢, the continuous core of M is such that

Co(M) = M Xgxge (G X R) = C,p(M) x4 G,

where 0: G ~ C,(M) on the right-hand side is the canonical extension.
The next claim is important to us.

Cramm. We have M’ N C’@(M) =C.

Proof of Claim. Since the canonical extension 6: G ~ C,(M) is still outer (e.g. [Tak03,
Lemma XII.6.14]), the crossed product Cy,(M) xp G is a factor. Let F := ¢ ® id: B(L*(M)) ®
B(L?(G x R)) — B(L?(G x R)), where ¢ is extended to a normal state on B(L?(M)), and observe
that it restricts to a conditional expectation M x (G x R) — L(G x R) (because 6 and o¥
preserve ).

Since the G' X R action is trivial on M, we have that

M/, N Cy(M) C (M, N M) T B(L*(G x R)) = C®B(L*(G x R)).

We have E(x) = z for all z € M, N C¢(M), so that M, N CSO(M) = L(G x R). Then since G x R
is abelian,

M'NCy(M) =M NL(G x R) C Z(C,(M)).

Since C@(]\Af ) is a factor, the conclusion follows. O

To finish the proof, we have to show k = 1. For this, suppose by contradiction that k # 1 and
G = Z/KZ is a nontrivial group. Then observe that the inclusion M C M is with expectation,
regular, BC, (M) = C, and M'N Cgp(]\?) C Cy(M). Hence we can apply Theorem 2.5 and get
that BC,(M C M) = C. Since G is nontrivial, 1 € G (the image of 1 € Z in G) is nontrivial.
We denote by )\f € LG the canonical unitary corresponding to 1 € G. Then since 8 = id on
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(M), and since Ad(\§) € Aut(M) coincides with 6 on M, we get
A € (M¥),. M = By(M c M) =C.

This is a contradiction because 1 € GG is nontrivial. Thus we get £k =1 and this finishes the
proof. O

Appendix A. Popa’s G-singular MASAs in type III; factors

The following theorem is an analogue of [Pop83, Theorem 4.2] in the type III setting. It covers
the case that M is a type II; factor, a type IIIy factor (0 < A < 1), or a type III; factor with
trivial bicentralizer. The proof is a rather straightforward adaptation of [Popl16, HP17], so we
merely sketch it.

THEOREM A.1. Let M be a factor with separable predual and ¢ € M, a faithful state such that
Mj,NM =C. Let {0, }n>1 C Aut(M) be a countable subset such that

On(p) =@ and Op|p, & Int(M,)

for all n > 1. Put 6y :=idpys and G := {0, }n>0-
Then there is an abelian von Neumann subalgebra A C M, such that A is a MASA in M
and that A is G-singular in the following sense: if § € G satisfies

Ad(u) o 0(Ap) C A
for some nonzero projection p € A and w € U(M ), then 0 = idys and up = pu € A.

We note that, since idy; is contained in G, the resulting MASA A C M is singular in the
sense that wAu* = A for u € U(M) implies u € A.
The next lemma is a variant of [Popl6, Lemma 1.2.2].

LEMMA A.2. Let M be a von Neumann algebra, ¢ € M, a faithful normal state, and N C M,
a diffuse von Neumann subalgebra. Then for every finite-dimensional abelian von Neumann
subalgebra D C N, finite subset X C M, and £ > 0, there exists a finite-dimensional abelian von
Neumann subalgebra A C N containing D such that

||EA’ﬂM(x) — EA\/(N’HM)(:E)HQO <g, for all x € X.

Proof. If M is a finite von Neumann algebra, this is an equivalent form of the last statement
of [Popl6, Lemma 1.2.2]. For a general M, since N is contained in M,, we can use [Pop95,
Theorem A.1.2] and then follow the proof of [Popl6, Lemma 1.2.2]. O

Proof of Theorem A.1. We fix the following setting.

e Let M be a von Neumann algebra with separable predual, ¢ € M, a faithful state, and N C M,
a type II von Neumann subalgebra such that N’ N M C N. Set

Aut,(N C M) := {6 € Aut(M) | 0(¢) = ¢, (N) = N}.
o Let {0,}n>1 C Aut,(N C M) be such that
(N N(M@My) C M@ M, foralln>1,
where ¢y, := 14, is as in Lemma 2.3.

We will find A C N that satisfies the conclusion of Theorem A.1 for G = {6, },>0 with 6y = id.
Thanks to Lemma 2.3, this gives the proof of Theorem A.1.
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For a von Neumann subalgebra B C M that is globally invariant by ¢¥, we denote by
Ep: M — B the unique @-preserving conditional expectation, and by ey the corresponding
Jones projection.

LEMMA A.3. Retain the setting of the above proof. We fix a finite-dimensional abelian von
Neumann subalgebra A C N, a projection f € A'N N, and finite subsets X C M and Y C
Aut,(N C M). Then, for each € > 0, there exist a finite-dimensional abelian von Neumann
subalgebra D C N, which contains A and f, and v € U(Df) such that

I Epron (v 0(v)a) f*|l, < e forallz,y € X and 6 €Y.

Proof. Since AV Cf C N is finite-dimensional, by [Pop81, Theorem 3.3] (see also [HP17,
Lemma 2.2]), there is a commutative von Neumann subalgebra B C N that is a MASA in M
and that contains AV Cf. We can write B = \/, By, where { By} is an increasing sequence of
finite-dimensional von Neumann algebras such that By := AV Cf.

Since A} N Ny is of type II and B is of type I, we have

Af YNy Ay 601 (Bye), forallfe.

By Lemma 2.9, take v € U(A’ N Ny) such that for all 0 € Y,

IEE(fy*0()zf)lp = 1Bg-r(ppey (0 (fry )08 (@ f )l <&, forall z,y € X.

By approximating v by finite sums of projections, we may assume that v is contained in a finite-
dimensional abelian subalgebra in A} M N¢. Hence there exists a finite-dimensional commutative
von Neumann algebra D1 C Ny containing v and Ay.

Since ep.nM — €B'NM = €B strongly, there exists k such that

1B an (" 0(0)2) f g = | Eppom (fry 0)af )l <e, forallz,yeX, 0.

Here we can exchange Ep/qy by EDémel, where Do := (Bjg)sr. Then D := D; ® Dy C Ny @
Ny C N works. O

Take a *-strongly dense subset {zy }nen C (M);. Take projections {ey }nen in N which are
x-strongly dense in all projections in N. We may assume that ey = xg = 1 and that each e
appears infinitely many times in {e;, }nen.

For each n > 0, we denote the inclusion ¢,(M) C M @ My by M C M,,. For n =0, we put
My = M.

CrAaM. There exist an increasing sequence of finite-dimensional von Neumann abelian subalge-
bras A, C N, projections f, € A, and unitaries v, € U(A, f,) such that

(P1) |[fn — en”g@ <T7len — EA’ 1ﬂN(en)||<m

(P2) |[Earn (e *Hk(vn)mj)fLH@ <1/n for all 0 <i,j,k <n,

(P3) [EBarnn(w)) — Ea,(x))|p < 1/n for all0 < j <n,

(P4) |Earnm (75) — Ea,vivion) (@)l < 1/n forall0 < j <nand 1 <k <n.

Proof. Suppose that (Ag, fx,vr) are constructed for 0 < k < n, and we will construct one for
k =n+ 1. Following the proof of the first part of [HP17, Theorem 1], by using Lemma A.3,
one can construct (Any1, fnt+1,Unt1) that satisfies (P1), (P2), and (P3). To see (P4), we put
Dy41 := Apy1, and below we construct A, 11 that satisfies all the desired conditions.
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We apply Lemma A.2 and find an abelian von Neumann subalgebra B 11 C N containing
Dy 1 such that

1 .
”E(BZH)’OMO () — EBg+1V(N’ﬂM0)('CCj)||§0 < ntl’ forall0 <j <n+1.

Next we again apply Lemma A.2 and find an abelian von Neumann subalgebra B} 1 CN
containing Bg o1 such that the same inequality holds for the inclusion Brll 11 CN C M. We

repeat this procedure and construct B¥ ; C N containing Bﬁj& such that

1 .
IE B, ynng (25) = Bk vvinag) (25 lle < R forall 0 < j, k <n+ 1.

Put Ap41 = BZ:H Then since the corresponding Jones projections satisfy

€(BE ))NMy — €BEL V(N'NMy) Z €Al AMy T CAni1V(N'NMy)
forall 0 <k <n+1, A,4 satisfies (P4).
We next check (P1), (P2), and (P3) for this new A,;. We do not use A4+ in (P1), hence
it automatically holds. Regarding (P2) and (P3), since D;,,11 C A,,4+1, one has
€Al M < €D, ,NM and €Al \NM T CAn < €D!  ,AM — €Dpy1>
so that (P2) and (P3) still hold for A,4;. O

Take A,, as in the claim, and define A :=\/, A, C N. Then (P3) and (P4) imply that A is
a MASA in M and that

ANM,=AV (N NM,) CMa&M foraln>1.

We will show that A satisfies the conclusion of Theorem A.1.
Suppose now that there exist § € G, u € U(M), and a nonzero projection p € A such that

0“(Ap) C A, where 0" := Ad(u) o 6.
Since A, 0%(A) are MASAs in M, putting ¢ := 0%(p) € A, we have a *-isomorphism
0“: pMp — qMgq such that 8“(Ap) = Agq.
Assume first § = id and 6"| 4, = id 4. Then since A is a MASA in M, we get up = pu € A, which

is the conclusion. So from now on, we assume either that 6 #id, or § = id and 0%|4, # idp.
Then we will deduce a contradiction.

CrAIM. There exists a nonzero projection z € Ap such that 0"(z)z = 0.

Proof. 1f = 6,, (n > 1) and 6"| 4, = id4p, then [8 p&‘] is contained in A’ N M,, C M & M, hence
we have a contradiction. So we have 6%| 4, # id4, in this case. The same holds if 6 = 6y = idy
by assumption.

Put ¢ := 0"(p). If p = q, then 6% defines a nontrivial automorphism on Ap, so that z € Ap
exists. If p # ¢, then, putting zg := p — pq € Ap and wy := q¢ — pg € Aq, we have zy # 0 or wgy # 0.
If 29 # 0, then z := 2z works. If wy # 0, then z := (6*)~!(wg) works. O

We apply Lemma 2.1(3) to A € M and (6%)~!: ¢Mq — pMp with (6*)~(Aq) = Ap. By using
(")~ = Ad(0~ ' (u*)) 06~ and O(p) = ¢, there is a unique nonsingular positive self-adjoint
element A, which is affiliated with Ap, such that

plpo8)p=¢n, of (uf(p)) = ub(h"), teR.
There exists a spectral projection pg € Ap of h such that
poz #0, dpg < hpo <6 py for some § > 0.
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To deduce a contradiction, up to replacing p, z, ¢ by po, zpo, 0“(po), we may assume p = py (while
still z < p). Then uf(z) is a partial isometry, for which there are x1, k2 > 0 such that

leub(2)ll, < malleloe ll2(b()" ]y < mallally, for all z € M.
CrAIM. The following assertions hold.

(a) 2falle = 10(vn2)lly < w1l Eagnne (ub(vn2)u®)zt ||y, for alln € N;

(b) 1B, mar (wh (vnz) )2 [ < | By (@8(0n)y) 2 [l + rizf|u — 2l

+ ||lz[[|0(2)u* —yll,, for all z,y € M and n € N;

(c) llen — fullo < 7llen — 2|, for alln € N.

Proof. We have only to follow arguments in [HP17, Theorem 1], but we give proofs for the
reader’s convenience. We explain only (a) and (c), since (b) is straightforward.
For (a), since zf, = fnz, viv, = frn and 0(p) = ¢,

[fnzlle = 10(vn2)lle = luub(vnz)u"ub(2)]l, < Fallub(vnz)u"[|.
Then since uf(v,2)u* = 6 (v,2)0%(2), 260%(2) = 0, and 6%(v,2) € Aqg C A’ N M, one has
lub(vnz)u*llp = [uf(vn2)u" =l = | Eagnn (ub(vz)u) 2" .

We thus have (a).
For (c), since z € A C A,_; N N, combined with (P1), one has

len = fulle < Tllen = Ear_ an(en)lle = 7ll(en = 2) = Ear_ an(en = 2)llp < 7llen — 2[l-
We thus have (c). O

Take a subsequence {ny}y such that e, — z strongly. Then (c) implies that e,, — fn,
converges to 0 strongly, so that zf, — 2 as well. We show that zf,, also converges to 0, a
contradiction.

Fix ¢ > 0 and take x;, z; such that ko|ju — ||, + [|6(2)u* — z}[|, < €. Then by (a) and (b),

r1 2 falle < 1Bayan (uf(onz)u™)z g
< 1 Bagnn (760(vp)as) 2" || + €
< 1 Baganr(@0(n)z) fi llo + 127 = firllo +e.
Then (P2) implies

limksup |2 frellp < K1 limksup(HEAMQM(:U;‘H(UM)%)fTJL;||¥, + ||zt - fnLkHso) + Ki1E = K1E.

Letting ¢ — 0, we get zf,, — 0 strongly, as desired. O
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