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In this paper, we prove several results on the exponential decay in L? norm of the
KdV equation on the real line with localized dampings. First, for the linear KdV
equation, the exponential decay holds if and only if the averages of the damping
coefficient on all intervals of a fixed length have a positive lower bound. Moreover,
under the same damping condition, the exponential decay holds for the (nonlinear)
KdV equation with small initial data. Finally, with the aid of certain properties of
propagation of regularity in Bourgain spaces for solutions of the associated linear
system and the unique continuation property, the exponential decay for the KdV
equation with large data holds if the damping coefficient has a positive lower bound
on F, where F is equidistributed over the real line and the complement E¢ has a
finite Lebesgue measure.
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1. Introduction

In this paper, we are interested in the exponential decay property of the KdV
equation on the real line R

Opu+ O2u + udpu + a(x)u =0, u(z,0) = uo(z) € L*(R). (1.1)

Here, u(x, t) is a real-valued function on R x RT, the function a(z) satisfies the
condition

0 < a(z) € L2(R). (A1)

In the case a(z) = 0, (1.1) reduces to the classical KdV equation, which models the
unidirectional propagation of small-amplitude long waves in nonlinear dispersive
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systems. If we multiply (1.1) by 2u and integrate over R, then

%/R|u(x,t)|2dx + 2/Ra($)|u($,t)|2dx —0 (1.2)

This, and condition a(x) > 0, clearly implies that [|u(-,t)[|z2®) < [[uo| £2w) for all
t > 0. Moreover, if a(z) = ag > 0 for all € R, then (1.2) gives the decay bound

||u(',t)HL2(R) < e_a0t||u0||L2(R)7 for all ¢ = 0. (13)

Thus, the term aw is called a damping in the literature. Now an interesting question
arises naturally, whether the exponential decay as (1.3) holds if

a(z) 2 ay >0, z€kE (A2)

is satisfied only on a subset £ C R? In this case, the term au is referred to a localized
damping.

Similar problems for KdV type equations on bounded domains have been studied
extensively, we refer to e.g. [3, 14, 15, 17-19, 21, 23] and the survey [24]. But
much less is known for the KdV equation on unbounded domains. For the KdV
equation posed on (z,t) € RZ, the exponential decay of the L*(Ry) norm was
proved in [16] when (A2) holds on E = (0, 0) J(L, +o0) for some 0 < § < L. The
same result was obtained in [22] under a weaker localized damping, namely (A2)
holds only on E = (L, +o0) for some L > 0. For the KdV equation on (z, t) € R x
R, namely (1.1), the exponential decay was established in [4] with damping on E =
(=00, —L)|J(L, +00). If one considers the KAV equation with strong dissipation

O — O2u + O2u +udyu + a(z)u =0, u(z,0) = ug(z) € L*(R),

called the Korteweg—de Vries-Burgers equation, then the exponential decay holds
with an indefinite damping, namely a(z) may change sign, see [5, 7, 9].

In this article, the main goal is to consider the following question: To what extent
the set E can be small so that the exponential decay holds for KdV equations with
damping on E. First of all, we give a sufficient and necessary condition for the
exponential decay of the linear KdV equation.

THEOREM 1.1. Assume that (Al) holds. Then the following are equivalent:
(1) There exist constants C, A > 0 so that
lu(, )l 2y < CeM|uollL2my, VE>0

holds for all solutions of the initial value problem (IVP) Oyu + 03u + a(x)u =
0, u(x,0) = ug(x) € L*(R).

(2) There exists a constant L > 0 so that

x+L
inf dy > 0. 1.4
irelm/x_L a(y)dy (1.4)
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Figure 1. Comparison of thick set with NCC.

As noted in [8], under assumption (A1), condition (1.4) is equivalent to (A2) for
some ag > 0 and a thick set E. Recall that (see e.g. [29]) a measurable set £ C R
is thick, if there exists L > 0 so that

inf |E(fe = Loz + L]| > 0.
inf ﬂ[m , e+ L] >0
Here and below, we use |E| to denote the Lebesgue measure of E. Based on

theorem 1.1 and the contraction mapping principle, we give the exponential decay
for the KdV equation (1.1) with small data.

THEOREM 1.2 (Decay for small data). Assume that (A1) holds and (A2) holds on
a thick set E. Then there exist constants C' > 0, A > 0, § > 0 such that

lu(t)llz2@) < Ce™*|luoll 2wy, ¢ >0
holds for all solutions of (1.1) with data ||ugl|r2r) < 9.

To obtain the exponential decay for large data, we need to strength the damping
effect. To state our result, we first introduce a set class. A set £ C R is said to
be satisfying the network control condition (NCC), named after [2], if there exist
constants r, L > 0 so that

ED U(a:n —r,x,+r), inf|r—x,| <L, forall x € R.

n

Clearly, a set satisfying NCC is a thick set, but a thick set could not satisfy NCC,
see figure 1.

REMARK 1.3. In figure 1, the set consisting of red intervals is a typical thick set. It
has a fixed positive Lebesgue measure on every [n, n + 1], but it does not contain
an interval with given length simultaneously on all [n, n + 1], n € Z. The union of
blue intervals is a typical set satisfying NCC.

The set class satisfying NCC in higher dimensions (the definition is the same
except minor modifications) was first introduced to study the observability of the

Kolmogorov equation [10] (see also [6] for observability of heat equations).

THEOREM 1.4 (Decay for general data). Assume that (Al) holds and (A2) holds
on E, where E satisfies NCC and the complement set E¢ has a finite Lebesque
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Figure 2. Damping domain considered in [4] vs damping domain considered in
theorem 1.4.

measure. Then for every R > 0, there exist constants C; X\ > 0 depending only on
R and a(z) so that

lu(®)]| 2y < Ce™*|luoll L2y, €= 0
holds for all solutions w of IVP (1.1) with initial data satisfying ||uol|z2r) < R.

Note that if F is the complement of a compact set, then F satisfies NCC and
m(E°) < oco. However, if

E=R\ |J [kk+ ]

04£kEZ

then F satisfies NCC and m(E°) < oo, but E¢ cannot be contained in a compact
set, see figure 2. Therefore, theorem 1.4 improves the results in [4] in the sense
that the exponential decay holds with localized damping on more general sets.
In fact, to obtain exponential decay results established in [4], it is assumed that
the damping effect holds on the complement of a compact set (see the blue set in
figure 2). On the other hand, conditions in theorem 1.4 allows no damping to occur
on some small gaps at infinity (see the red set in figure 2).

Let us describe briefly the applications of conditions established on the set £ and
the main arguments to prove theorem 1.4.

(1) E satisfies NCC. This condition is necessary to show the propagation of reg-
ularity for the operator L = 9; + 02. Roughly speaking, let u be a solution of
the equation Lu = f with a smooth f, then u is smooth on R if u is smooth
on E. We refer to lemma 4.3 for precise statements.

(2) m(E*) < oo. This condition is necessary to establish the compactness of
sequence u,, € L?(0, T; L?>(E¢)), where u,, is the solution of IVP (1.1) with
initial data wug, bounded in L?*(R). Combining the compactness and the
propagation of regularity, we show that the solution of (1.1) enjoys the

observability
//|uxt|dxdt<0// x)|u(z, t)|*dadt.

Then the exponential decay follows from a standard argument.

The notation used in this paper is standard. We only point out that we use A < B
to denote A < C'B for some constant C' > 0, which may vary from place to place.

The paper is organized as follows. In § 2, we show theorem 1.1. The proof of
theorem 1.2 is given in § 3. Finally, in § 4, the propagation of regularity and an
observability inequality are established to prove theorem 1.4.
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2. Exponential decay for linear KdV

Assume that 0 < a(x) € L>®(R). Consider the linear operator A : H3(R) — L?(R)

Au = Pu+ a(x)u, uec H*R).
Clearly, we have

(Au,u) = (2u + a(x)u,u) = / a(x)|u(z)[*de > 0.
R

This shows that —A is dissipative. According to Lumer—Phillips theorem [20], —A
generates a Cy semigroup of contractions in L?(R), namely

He_tA||L2(R)~>L2(R) <1, Vi=D0.

This will be improved to an exponential decay upper bound if a satisfies some
further damping conditions.

THEOREM 2.1. Assume that (A1) holds and (A2) holds on a thick set E. Then there
exist constants C, A > 0 depending only on a and E so that

||e_tAHL2(]R)HL2(R) < CG_M, vt > 0.

Proof. The result has been stated in [31] without proof. We give a sketch here for
the reader’s convenience. Let E be a thick set. Based on the uncertainty principle
of the Fourier transform, one can show that (see [31, lemma 2.3]) there exists a
constant ¢; > 0 so that for all 7 € R, u € H3(R),

cillull L2y < (83 + im)ull 2y + [|ull L2 (&) (2.1)

Since a € L*°(R), by the triangular inequality

. . 1/2
103 + ir)ullagey < (A + in)ullzaey + Nl 2 lle 2l oy (22)
By assumption (A2), a(x) > ag on E, we have
—(1/2
lullz2ce) < ag 2l 2ul 2 r). (2:3)
It follows from (2.1)—(2.3) that for some ¢z > 0
Cc1 ||u||L2(R) < ||(A + iT)uHLz(R) + CgHal/QuHLz(R). (24)

Moreover, taking the L?(R) inner product and using (A1), we find
/ a(z)ul*dz = Re((A + ir)u,u) < |Jull L2 |[(A + iT)u| p2(r).- (2.5)
R

Plugging (2.5) into (2.4) and using Cauchy—Schwartz, we infer that for all € > 0,

allull 2@y < (A +ir)ull 2 + caellull L2y + c2e (A +iT)ull 2@y (2.6)
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Taking € = €9 > 0 small enough such that caseg < ¢1/2, then we deduce from (2.6)
that

HUHLz(]R) < CgH(A—f—iT)uHLQ(R), V1 eR,

where c¢3 >0 is a constant independent of 7. This implies that the resol-
vent set p(A) D iR and sup,eg [[(A+i7) | L2r)—r2(r) < 00. Thus according to
Gearhart—Pruss-Huang criteria [11], the desired decay holds. O

Proof of theorem 1.1. Assume that (A1) holds. We divide the proof into two steps.
(2)=(1). First, following [8], we show that the condition (2) implies that (A2)
holds on a thick set E. In fact, if (2) holds, then there exists v > 0, so that

x+L
inf / a(y)dy =~ > 0. (2.7)
z€R Jo 1,

Fix x € R. For every € > 0, we consider the set
Ye={ye€zr—L,x+L]:0<a(y) <e}.

It follows from (2.7) that

x+L
v [ aldy< [ o)y + [ a(y)dy
xz—L [t—L,z+L]N 2. [t—L,x+L] (N 3¢

< 2Le + |lal| oo ()| 2€]- (2.8)
Choose € = gg := v/4L. Tt follows from (2.8) and the definition of 3¢ that

gl

lyelr—Liz+Ll:aly) Zeol 2 577
2||aHL°°(]R)

> 0.

Since x can be chosen arbitrarily, we conclude that the set {y € R:a(y) > &o} is a
thick set. Now according to theorem 2.1, (1) holds.
(1)=(2). Assume that (1) holds for some constants C, A > 0, then

e | p2r)—r2r) < Ce™™, Wt >0,

where A = 92 + a(z) with domain D(A) = H3(R). According to Gearhart-Pruss—
Huang criteria [11], we have

sup (A +i7) "M 2@y —r2@®) < 0.
TE

In particular, letting 7 = 0, this implies ||A_1HL2(R)HL2(R) < 00. In other words,
there exists a constant ¢ > 0 so that

cllfllLzm) < (02 + a(@))fllemy, VfeE L*(R). (2.9)

Now we are going to test (2.9) with a sequence of functions

fe(z) = 51/46_”2, e>0,z €R.
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Fix € > 0. Clearly,
[ fellL2@) 2 co (2.10)

for some constant ¢y > 0 independent of €. Moreover, we compute
03(e%) = o ((0usp)” + 30up0%0 + D),
which implies that
BB f. = el/te=" (—8e32® + 12e21).
This gives that for some constant ¢; > 0 independent of €
102 fell p2ry < c1e/2. (2.11)
It follows from (2.9)—(2.11) that
ceo < er18%/? 4 lafellz2(®)- (2.12)

Choosing & = g¢ such that 0153/2 = ccp/2 in (2.12), we find

CCp
< Slafelliz@ < llafellczgeice) + lafe ez o>, (2.13)

for every L > 0. Note that for some ¢y > 0 we have

1/2
e2€°x2dx> < ool e e @/,

1/4
llafeollL2(e)>0) < e llall Lo (m) </|

>

(2.14)

Choosing L =Ly so that 02||a||Lao(R)e*(5°/2)L2écco/él, we deduce from
(2.13)~(2.14) that

CCp

1S lafeollL2(ei<Lo)- (2.15)
Squaring both sides of (2.15) and using Cauchy—Schwarz inequality, we infer that
ccp 2 9
(%) <lallz~ a(@) 2 (#)dw < Veollall L~ ) a(x)dz. (2.16)
4 |z|<Lo ||< Lo
It follows from (2.16) that
/ a(x)dx >~ (2.17)
|z|<Lo
. cco ) 2 1
with y = (%9)” Zopalmg > 0
Now for every zg € R, if we testing (2.9) with
() = Mmoo,
then, similar to (2.17), we have
/ a(z)dz > . (2.18)
|ZL’7I0‘<L0
This shows that (2) holds. Thus the proof is complete. O
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3. Exponential decay with small data

First we recall some estimates in Bourgain spaces. Let s, b € R, the Bourgain spaces
X% are defined by the norm

1/2

l[ullxan == (/ (L+lg)** (1 + | = EBI)%Iﬂ(E,T)IszdT) < 00,

R2

where 4(, 7) is the space-time Fourier transform of u, given by
(e, ) = / —IEEHT) (0 1) dardt.
R2

For an open interval I on R, the restriction in time Bourgain spaces X;’b are
endowed with the norm

fullggo i= int, {lolxoo. o) = () on 1},

Let {W(t)}+er be the Airy group, given by

3

(W (o) () = P2y = c / G 5 () de, (3.1)
where c is an absolute constant.

LEMMA 3.1. Assume that I = (0, 0) with 0 <0 <1 and s > 0.

(1) If b > 1/2, then

W ()uoll s b lluoll ze ) (3.2)
t
\ [ we=nseoi| Sl (3.3)
0 X}'b 1
(2) [f—(l/?) <b< b < 1/2, then
Il S &l gy (3.4)

(3) If 1/2 < b < b < 3/4, then

10z (o) | o1 S ull oo [[0l] - (3:5)
Proof. See [30]. O
The item (1) of lemma 3.1 can be understood as some estimates of the Airy

group W (t) in Bourgain spaces. Now we give some similar estimates of et A=
92 + a(x), based on lemma 3.1.
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LEMMA 3.2. Assume that a € L>°(R), I = (0, 0) and b € (1/2, 1]. Then for some
small 6 = 6(b, |lal|p=) > 0, we have

lle™ A uoll o0 b lluollz2(z), (3.6)
t
/ e~ =149, (wv)(7)dr So Mlutll o [[0]] o0 (3.7)
0 xPP
Proof. By Duhamel formula we have
e Muy =W uo—/Wt—s As10)ds. (3.8)

Taking X?’b norm on both sides of (3.8), using (1) of lemma 3.1, we find

t
e~ Srollxge < IV @nlge + | [ W00 =)o ug)ar
0

0,b
XI

tA

< CHUOHL?(R) + Cllae™ U/OHXO,IJ—17 (3.9)

where C'= C(b) > 0. Since b < 1, noting X% = L7 , we have

—tA —tA

Jae™4ugl| o1 < flae™Auo]l yoo < flal < e uol| yoo < €8 e Aug]| oo,

(3.10)

where in the last step we used (2) of lemma 3.1, and C’ > 0 is a constant depending
on b and ||al|~, but independent of 4. It follows from (3.9)—(3.10) that

He*“uonxg,b < Clluol| p2ry + cc’5b||e*tAu0||XIo,b. (3.11)

If we take § small such that CC’6® < 1/2, then the last term of (3.11) can be
absorbed by the left hand side, we have

o™ o | o < 20 o | 2.

This proves (3.6) for such 4.
To prove (3.7), we apply the identity

/ “0mAf(r dT—/ W (t —7)f(r)dr

0
/Wt—f )(/ ‘“—T’)Af(r’)dr/) dr

with f = 0, (uv), similar to the above argument, we obtain

‘ / te*“*ﬂAaw(uv)(r)dr

0

0,b
XI

t
< Cllull oo [0l o0 + Cllaf| o 6° /e—u_ﬂAaI(uv)(T)dT
0

0,b
X

This proves (3.7) for § small enough. O
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Lemma 3.2 holds for the interval I with small length. Now we extend it to general
intervals.

LEMMA 3.3. Assume that (A1) holds and (A2) holds on a thick set E. Let T > 0,
I=(0,T) and b € (1/2, 1]. Then there exists C = C(b, ||al]|L=) > 0 we have

HeftAUOHX?vb < C||“O||L2(R)7 (3.12)
t

‘ / e~ =149, (wv)(r)dr <
0 XO b

Proof. In the case T' < 6, (3.12) and (3.12) follows from (3.6) and (3.7), respectively.
So we assume 7' > § now. The proof then mainly relies on the following inequality:
forall s >0,b€ (1/2,1],9 >0 and ty € R,

CT + Dlfullygolol oo (3:13)

+ llull -0 (3.14)

”uHXSb 0+8) (to+, fU+2rS)

<
(to.to+28) Hu”Xsfjbt

See [32, lemma 6.2] for a proof.
To prove (3.12), choose an integer k > 1 so that ké > T. Then (0, T') C (0, k),
using (3.14) repeatedly, we find

IIe‘tAuOIIX <ZH€ tAuoHXOb (3.15)

—1)s, J5)

But by (3.6) again, we have

A  fa—tA—(i—1)5A
u = |le e u ,
O”X(O(h 16,56) | O”X?o?s)

o lle” U0l Loy S e” UM Jug| 2wy

e

where in the last step we used theorem 2.1. This, together with (3.15), gives
k
||eftAU0||ngb S e UM jug| oy < Clluol| 2wy
Jj=1

with some C' > 0 depending on § and b. This proves (3.12).
To show (3.13), we choose k so that (k — 1)0 < T < ké. Then by (3.14) and (3.7),

t k t
‘ / e~ =149, (wo)(r)dr gz ~(=1A9, (wv) ()dr
0 XO b — XO b
(0,7) = ((3—=1)8,58)
k
Znunx I .
<
Bl o, Toll o,
T
<= .
< (6 + 1> llull xope lvllxon
This proves (3.13). O
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Now we can prove theorem 1.2.

Proof of theorem 1.2. By Duhamel principle, we can rewrite the KdV equation (1.1)
into an integral form

w(t) = e HMug — tef(tfs)A uty ) (s)ds. .
0 - | (ws)(s)d (3.16)

Taking L?(R) norm on both sides of (3.16), using theorem 2.1 and the embedding

X ooy = L(0, T; L*(R)) when b > 1/2, we find for all T > 0

t
[u(T)| 2y < Coe ™ ||uol|p2®) + C H/ e =94 (yuy ) (s)ds
0

XGor)
< Coe ™ |uol| 2z +C1(T+1)||UHXM) (3.17)
for some Cy > 1/2, where in the last step we used (3.13).
Now fix a large T" > 0 so that
Coe M = %e_(’\/Z)T. (3.18)
Then (3.17) becomes
lu(T) 2@ < 5 _()\/Q)THUOHLQ(]R) +Cu(T + )||UI|on> (3.19)

Moreover, taking X ?(fT) norm on both sides of (3.16), using lemma 3.3, we obtain
lull o < Colluoll 2wy + Cs(T + )||U\|Xo b (3.20)
Now consider the map T’
Tu=e gy — /75 e =94 (yu, ) (s)ds (3.21)
0
on the ball
B ={u:llullye, < 2Caluollza -
The estimate (3.20) shows that if u € B then
||FUHX&;?T) < Colluol2(ry + 4C3C3(T + 1)||u0||2L2(]R)' (3.22)
Moreover, if u, v € B, then
[ITu — FUHXZ’df’T) < A4CC3(T 4 1) ||uol| 2wy llu — U||X?6?T>. (3.23)

Thanks to (3.22)-(3.23), if |luo| r2(r) is small enough, say,

1
<——F——— =01,
||u0||L2(R) 8CoCo(T + 1) 1

then I'B C B and |[IT'u —T'v||yor < (1/2)|lu —v|[yor , thus I' is a contraction
(0,T) (0,T)

(3.24)

mapping on B. So equation (3.16) has a unique solution u C B. This, together
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with the bound (3.19), gives that

1 _
[u(T) 2 < e AT |ug | 2(m) + 4C5CL(T + 1)||uol|72 (g)- (3.25)
Assume further that

1
<= 2T ._ 5 9
luoll 2 (r) < SCIC(T + 1)6 2, (3.26)

so that 4C3C1(T + 1) [uol|72 (m) < (1/2)e=NDT ||ug|| p2(g), then (3.25) becomes
[u(T) | 2y < e N2 ug| 22w
By induction, we find that for all n > 1
lu(nT)||2®) < ef(’\/Q)nT”UOHB(R)
if |uol|z2(ry < 0 = min{dy, d2}. Then by the semigroup property, we infer that
lu()l| 2@ < Clef’\ltHUOHL%R), VE>0

for some constants C’, A’ > 0. This completes the proof of theorem 1.2. O

4. Exponential decay for general data

4.1. A unique continuation

This subsection is devoted to the following unique continuation property (UCP)
of the KdV equation, which is a key step to establish the exponential decay for
general data.

PROPOSITION 4.1. Let T > 0 and E be a set satisfying NCC. Assume that u €

X?d(%QH s a solution of the KdV equation

Ou + O2u+ udyu =0, (z,t) €R x (0,7)
and u(xz, t) =0 on E x (0, T). Then
u(z,t) =0, forzeR, te(0,T).

The proof of this result relies on the following unique continuation property,
stated explicitly in [33], that follows from the results in [25].

LEMMA 4.2. Let T > 0. Assume that u € L>(0, T; H3(R)) is a solution of the KdV
equation

Opu + O2u+udyu =0, (z,t) € R x (0,7)
and u =0 on an open subset of R x (0, T'), then

u(z,t) =0, forxeR, te(0,T).
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Note that proposition 4.1 does not follow from lemma 4.2 directly, since the solu-

tion, u € X ?d(%2)+, has not higher enough regularity. To overcome this difficulty,

we need to first establish the propagation of regularity for the operator d; + 92

on R.
L r,—(1/2) r,1/2 .
EMMA 4.3. LetT > 0,7 >0 and f € X(0 PN Let u € X(0 ) be a solution of
O+ Pu = f.

If ECR satisfies NCC and we L}, (0, T; H'YY/2(E)), then we L2 (0, T;
HT+1/2(R)).

Roughly speaking, lemma 4.3 means that the solution of the linear KdV equation
has higher regularity on a set satisfying NCC, then the solution automatically has
higher regularity on the whole space R. This result is inspired by the work of [14],
in which the propagation of regularity for the linear KdV equation on torus T is
proved, when E is an open subset of T. In [14], the proof relies on a partition of

unity
1= Z x(z — ;)
J

where x is a smooth cutoff function supported on the open set E, and the sum is
taken over for finite terms. However, the set F, satisfying NCC, may have compli-
cated structure, so it is not clear whether the corresponding partition of unity exists
or not. Even though, we shall use the following lemma instead, which is sufficient
for our purpose.

LEMMA 4.4. Assume that E satisfy NCC. Then there exist constants Ly > 0, mg €
N and a smooth function x € C®(R) such that the support suppx C E, |0¥x| < Cj
for allk € N, and

mo
> X(z+lLo)>1,  VzeR (4.1)

ezfmo

Proof. By definition, for some constants r, L > 0 we have
EDU(xnfr,aanLr), inf |z —z,| < L, for all x € R.
- ne”Z
Without loss of generality, we assume that L > 2r. Clearly, there exists ng € Z so
that |2,,| < L. Then

L oLy

(Tpg — 1, &ng + 1) C ( 5 5

We set

Iy = (zp, — 7, Ty + 7).
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Similarly, for every j € Z, there exists an interval

3L 3L
Ij = (xn; — 1,20, +7) C <6jL - 7,6jL—|— 2) . (4.2)
Clearly, we have
E> |1, (4.3)
JEZ
diSt(Ij,Ij+1) 2 3L, for all] € 7. (44)

Now let xo € C2°(Ip) (the set of smooth functions with compact support) so that

1, ifx €|z, —g,mno —&-q

Xo(z) = 2 (4.5)
0, if|e—mx,| =
Moreover, we define for every j € Z
Xj(@) = xo(z — zn;), z€R (4.6)
and
X(@) =Y x;(z), zeR. (4.7)

JEZ
Now we show that y enjoys the desired property. First, supp xy C E follows from

(4.3) and (4.5)—(4.7). Moreover, for every = € R, by (4.2), all terms in the sum of
(4.7) vanish except at most one term, so

|5 x(@)] < 05 xo(2)] < Cr, VK EN,
and at the same time we have
(z) = ng(ac), z eR. (4.8)
JET

Since xo = 1 on a subinterval of [-6L, 6L] with length =, then for some N 3 mg >
6L/r we have

mo
> X+ ) =1, for all z € [~6L,6L). (4.9)
€=—mo
Similarly,
mo
Z Xj(x+0r) =1, for all z € [6(j — 1)L,6(j +1)L]. (4.10)
é:—mo
Let Lo = r. It follows from (4.8)—(4.10) that
mo
Z X2 (x +0Lo) > 1, Vo e R.
Z:—mo
This completes the proof. O
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Proof of lemma 4.3. Fix T' > 0. We assume, without loss of generality, that 0 < r <
1. Otherwise, we consider the equation

0u(0u) + 0}(0yu) = O} f

instead, where k is a positive integer. We divide the proof into three steps.
Step 1. Let ¢ € C=°(0, T) and ¢ € C*°(R) so that |0¥p| < Ok, Vk € N. We claim
that

(d(t) T (D) 02u,u)| < C. (4.11)

Here and in the rest of the proof, J* is defined by the Fourier transform as js? =

~

(1+ €D f(€), (-, -) denotes the inner product in L?(0, T; L*(R)).
In fact, let L = 0; + 02 and A = ¢(¢)J?>"~1p. Then using Parseval’s identity, we
have

(Lu, A*u) + (Au, Lu) = ([A, 02Ju,u) — (¢'(£)J* Lou,u), (4.12)

where A* = p(z)J?> ~1¢(t) is the dual operator of A, the commutator [A, B] =
AB — BA as usual. Since Lu = f € X(T(’)_T()UQ), we infer that

(L, A%u) + (Au, Lu)| < | f]|r-ro ([Au]l g —rarm + |A ] o/2)
(0,T) (0,7) (0,7)

(b‘y lemma A5> < C||f||X’V',7(1/2> ||UHX7»,1/2 < C.
(0,T) (0,T)

By (A.1) in the appendix, we also have |(¢/(t)J* ~tpu, u)| < C. So by (4.12),
I([A, 93]u,u)| < C. (4.13)
A direct computation gives that
[A, 0] = =3¢ () T~ (000)0; — 3(1)J* 1 (97) 00 — $(8)J* 00,

Similar to (A.1), we have
(30071 @20)00u + 6(0)1 1 00)u u) | < Clluly (o 1y < C

Thus, the claim (4.11) follows from (4.13).
Step 2. For any ¢ € C=°(0, T'), x € C*°(R) with support supp y C E and |9¥y| <
C, we claim that

(¢(t)J2T_1X28§u7u)‘ <C. (4.14)
In fact, we rewrite
(D) S "I\ Fu,u) = I + I
where
L= (¢(t) "D X0, I xu),
Iy = (6(t) "~/ 0Fu, [x, 2 Ju) + (o(0) [T 2, x|x 0, T Pu).

https://doi.org/10.1017/prm.2022.17 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.17

1088 M. Wang and D. Zhou

From assumption w € L2 (0, T; H™/2(E)), we infer x02?u€ L2 (0, T;
H"=G/2)(R)), thus

11| < CH¢(t)']r7(3/2)XagUHH(O,T;L?(lR))||U||L120u(o,T;Hr+1/2(E)) <C.

Moreover, using the fact u € L?(0, T; H"(R)) and (A.2)—(A.3), one can show that
|Iz| < C. This proves the claim (4.14).

Step 3. Complete the proof. Let xy € C* be the cutoff function constructed in
lemma 4.4. For every xg € R, define a function ¢ by Fourier transform

1 — el®oé ~

e(&) = TXQ(O-

By the Fourier inversion, this implies that
Oep(z) = X*(z) — X*(x + o), z€R. (4.15)

We apply (4.11) with 9, given by (4.15), and use (4.14) to find that

(p(t) J* X2 (+w0)02u,u)| < C. (4.16)
Since 0 < r < 1 we infer

(@) T X (o )u, u)| < C.
Noting J2? = 1 — 8% we get from (4.16) that

(¢(t)J2T—1X2(~+xO)J2u,u)’ <C. (4.17)
We rewrite

(&) T X3 (o) JPu, w)
= (G072 P (w0) T2 4 (G072, 777D 3P ()] )

and use the bound |(@(t)J" 1/ 2w, [J7=C/2) \2(- 4+ 20)]J?u)| < C||UJ||2L}"0 <

1oc (0, T H™ (R))
C (follows from (A.4)), we deduce from (4.17) that

T
/ / o) x (@ + z0)J T 2u2dzdt < C. (4.18)
0o Jr

Applying (4.18) with zg = {ILo};"_,, , noting (4.1), we conclude that

T mo
/ ¢(t)/|ﬂ+1/2u|2dzdt< >
0 R

l=—m

T
[ [ i+ o+ 2t < c.
0 R
0

This shows that v € L2 (0, T; H™*'/2(R)), and completes the proof. O

loc
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REMARK 4.5. Very recently, Panthee and Vielma Leal have established in [19] the
propagation of regularity in Bourgain’s spaces for the Benjamin equation on a
periodic domain.

COROLLARY 4.6. Let T >0 and u € X(OO’(;/)Q)+ be a solution of the KdV equation

Opu + O2u 4+ udyu =0, (x,t) € R x (0,7). (4.19)

If E satisfies NCC andu(x, t) = 0 for (z,t) € E x (0, T), thenu € L? (0, T; H®(R)).

loc

REMARK 4.7. Here and below X©(1/2)+ = X0.(1/2)*¢ with an arbitrarily small
e>0.

Proof. Rewrite the KdV equation as

&gu—i—ai’u =7

0,(1/2)+

with f = —ud,u. Since u € X(O’T)

, by the bilinear estimate (3.5),
- < C|lul? <C.
11l e+ < ”“HX(O[;f;/)ZH <

Since u(z, t) = 0 for (z, t) € E x (0, T), we have of course u € L? (0, T; H*(E)).
By lemma 4.3, we obtain

we L2 (0,T; HY/%(R)).

loc

Let to € (0, T) so that u(ty) € H/?(R). Then we find the solution u of (4.19)
satisfies

1/2,(1/2)+
u € X(O’T) .

Similarly, using lemma 4.3 repeatedly, we conclude that v € L2 (0, T; H*(R)). O

loc

Proof of proposition 4.1. According to corollary 4.6, we know that u € L? (0, T;

loc
H*>(R)). Since u(z, t) = 0 for (x, t) € E x (0, T) and F contains an open set in R,
so u = 0 on an open set in R x (0, T), then by the UCP in lemma 4.2, we conclude
that u = 0. (]

4.2. Proof of theorem 1.4

Let W (t) = e % be the Airy group. Then we have the sharp Kato smoothing
effect [12, theorem 4.1]

02 W (t)uol Loo L2(r2y S luollL2(r)- (4.20)
The estimate (4.20) can be reformulated in Bourgain space as (see [13, p. 5])
[0zl Lo L2m2) S llullxo.a/2+- (4.21)

The bound (4.21) will be used to derive the compactness of some sequences later.
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PROPOSITION 4.8. Assume that 0 < a(x) € L>°(R). Then the IVP (1.1) has a
unique global solution u € C([0, 00); L2(R)). Moreover, for every T > 0

||U||X?6(;/)2>+ < O(T, |lal| oo ), luoll 2 ®)) < oo.

Proof. Thanks to lemma 3.1, using the contraction principle one can show that

there exists a unique solution u € X?O’(;)/QH of (1.1) with the bound

Hu”Xﬁ;fi{z’* < 2||uoll L2 (w),

where the life span

6 = 0(llallo®), lluoll L2(®)) > 0
is small enough. Multiplying (1.1) by u and integrating over R we obtain

li/ \u(x,t)|2dx—|—/a(x)|u(x,t)\2dx:0,

which, together with the fact a(x) > 0, implies that
l[u(t, 2@y < luollL2my, vt = 0. (4.22)

Thus we can take u(J) as a new data, to find a solution on (¢, 20) so that
|l yo./2+ < 2||luol[2(r)- Repeat this process, we find that for every 7' > 0
(5,28)

||u||X(06<;§2)+ < C(T, |lal| oo (m)» [[uo]| L2 (r))-
This completes the proof. O

COROLLARY 4.9. Assume that 0 < a(z) € L>°(R). Let u be the solution of (1.1)
obtained in proposition 4.8. Then for every T >0 and for every measurable set
QCR

T

| [ 10cute. 0P dzat < 40T ol Juollzow). (423)
where |Q] denotes the Lebesgue measure of .
Proof. Fix T > 0. Combining (4.21) and proposition 4.8 we obtain

HaacUHL;oLg(RZ) S O(T, ||a||L°°(R)a ”UOHL2(R))'
From this, we use Holder inequality to find
1020l L2 () L2 (0,7) < |Q|1/2H3xu||L;o(Q)L§(R) <C

Then we conclude (4.23) by Fubini theorem. O

Now we prove an observability inequality, which means that we can recover the
solution of the KdV equation if we observe the solution on E x (0, T') when E
satisfies NCC and E° has a finite Lebesgue measure.
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LEMMA 4.10. Let R, T > 0 and let E satisfy NCC, |E¢| < co. Assume that (Al)
and (A2) hold. Then there exist a constant C = C(R, T, a) > 0 such that for all
luollz2(ry < R, the solution u of the IVP (1.1) satisfies

/ / (z,t)dzdt < C/ / (x,t)dxdt. (4.24)

Proof. Following [4], we argue by contradiction. Assume that there exists a sequence
solutions uy, of the KdV equation (1.1), with initial data |Juox|/z2) < R, such that

fo Jwal z)ui(z,t) dxdt

(4.25)
kﬂ‘x’ fo Jg ui (2, t)dedt
Define
ug(x,t
ar, = |kl L2@x oy,  vk(E,t) = ’“flk ), (4.26)
Then
lvkllzz@®x ) =1, k€N (4.27)
and vy, is a solution of
(i)t + (Vk)wze + vk (Vk)e + a(z)vp =0, (2,t) € R x RT (4.28)
with initial data
vg(x,0) = uog(x) /.
It follows from (4.25)—(4.26) that
T
lim / /a(x)v,%(x,t)d:cdt =0. (4.29)
k—o00 0 R
This, since a(z) > ag > 0 for all z € E, gives that
T
lim / / V3 (x, t)dzdt = 0. (4.30)
k—oo Jo E

Moreover, multiplying (4.28) with v; and integrating over R x (0, t) and changing
the order of integration, we obtain

/vk x,t) dx—|—2/ / 2)vi(x, 7)dzdr = / vpda. (4.31)
R

Integrating (4.31) with respect to ¢ over [0, T'], we obtain

/UOkdl’ / / (z,t)dzdt + 2/ / / vkdxdt

This, together with (4.27) and (4.29), shows that

/R W2, (2)dz < C(T, |[al| o, R). (4.32)
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Furthermore, it follows from the bound (4.22) that

T
/ /u%(z,t)dxdt < T/u%k(x)dx.
o Jr R

This, together with (4.26), gives that

1/2
o, < (T / ugk(m)dm) <TY?R (4.33)

since [[uox||z2(r) < R for all k. Thanks to (4.32) and (4.33), by the well posedness
of (4.28), we have

||”k‘|xfd<;/)2>+ < C(T, |la| Lo, R). (4.34)

By our assumption, the complement set E° has finite Lebesgue measure,
|E€| < oco. Thanks to (4.32) and (4.33), we can apply corollary 4.9 to obtain that

T
/ / 10,00z, £)[2dzdt < C|E| < o0, Vk € N. (4.35)
O c

Combining (4.27) and (4.35) we find that vy is uniformly bounded in
L?(0, T; HY(E)). Also, using equation (4.28), we get that (vy); is uniformly
bounded in L?(0, T; H2(E¢)). Since |E¢| < oo, it is easy to see that

1 1
lim ‘ECU(zQ,erQ)‘ =0,

then according to [1, theorem 2.8], the embedding H'(E*) — L?(E*°) is compact.
Thus, by Aubin-Lions theorem, there exists a subsequence, still denoted by wvy,
so that vy, — v in L?((0, T) x E€). On the other hand, it follows from (4.30) that
v — 0in L2((0, T) x E). These show that

v, — v strongly in L?(0,T; L*(R)) (4.36)

with HU||X0,(1/2)+ < C (by (434)) and
(0,T)

v(x,t) =0, for (x,t) € E x (0,T). (4.37)

We assume that ar — a>0. Let ¢(x,t) be a function such that ¢ €
C([o, T); H3(R)), ¢, € C([0, T); L*(R)) with ¢|;—¢ = ¢|t=7 = 0. Testing (4.28) with
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¢ we get

T 2
/ / (vk(?t(b +vp03¢ — a(z)vpd + 1;“&@) dazdt = 0. (4.38)
o Jr
Now, taking the limit as k — oo in (4.38), and applying (4.36)—(4.37) we arrive at
T 02
/ /(}&¢+Mﬁ¢+a28w>dﬂﬂzo, (4.39)
o Jr

where we used the fact that fOT Sz a(@)vg(z, t)p(x, t)dzdt — 0 as k — oo, which
follows from (4.29) and the inequality

1/2
(/ / 'Uk Z, t dxdt) Ha1/2¢”L2(O,T;L2(R))~

The identity (4.39) means that v(zx, t) € X?O’(%QH is a weak solution of

x)vg(z, t)o(x, t)dadt

00+ 030 + avdw =0, (z,t) € R x (0,T). (4.40)

Moreover, by (4.37) we have v|gy 0,1y = 0.

If o = 0, then equation (4.40) becomes 9;v + d3v = 0. Since v =0 on an open
set in (x, t) € R x (0, T), according to [33, corollary 3.1], we have v = 0.

If >0, set V(z,t)=uv(cr,ct) with c=a /2 then V € X(O(Cl/f)TJg is a
solution of

OV + 3V +Va, V=0, (x,t)cRx(0,c3T).

Moreover, we have V|.-15y (0, c-37) = 0, where c'E={clr:xcE} It is easy
to see that ¢! E also satisfies NCC. Then by the unique continuation property in
proposition 4.1 for the KdV equation, we get V = 0 and thus v = 0.

In both cases, we arrive at the conclusion v = 0. However, this contradicts to
(4.27). Therefore, (4.24) holds. O

Proof of theorem 1.4. Let T'> 0 and |uo| r2®) < R. Multiplying (1.1) by u and
integrating over R x (0, T'), we get

/ lu(z, T)| 2d$+2/ / z)|u(z, t)|*dadt = /|u0 )|?dz. (4.41)

Since E satisfies NCC, it follows from lemma 4.10 that

/ / z)|u(z, t)|?dzdt > c/ / lu(z, t)|>dzdt, (4.42)

where ¢ > 0 is a constant depending only on 7T, R and the damping coefficient
a(x). Moreover, since a(x) > 0, we have |lu(-, t)||z2®) < |Ju(:, t')||L2(r) for allt > 1/,
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/OT/R|u(x,t)|2dxdt> T/R|u(x,T)|2dx. (4.43)

Combining (4.41)—(4.43), we infer that

/|uxT|dx<a/|u0 )[2dz

with o = 1/(1 +2¢T) € (0, 1). By iteration we have for all n > 1

/|u 2, nT)2dz < /|u0( )[2dz.

This gives the exponential decay clearly. O

which implies that
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Appendix A. Appendix

In this section, we prove some technical estimates used in lemma 4.3.
Let b(z, &) be a smooth function on R2. Define the pseudo-differential operator

~

b, D) f(x) = / b, ) F(O)dE, | e S(R),

R

where D = i~10,, f denotes the Fourier transform of f, .% (R) the Schwartz class.
The function b(x, £) is called the symbol of the operator b(x, D). In particular,
letting b(x, &) = (1 +]£]?)*/2, s € R, we recover the definition of the fractional
Laplacian J* = (1 — 82)%/2. The Sobolev space H*(R) is an Hilbert space endowed
with the norm

[ f sy = 1177 Fll 2 ) -

Let m € R. We say a smooth function b(x, ) belongs to S™ if for all o, 8 € N
0708b(x, €)| < Cap(1+ )™, w6 €R.

An important result on the class S™ is given in the following lemma, see [27,
proposition 5.5, p. 20].
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LEMMA A.1. Let m, s € R and b € S™. Then b(x, D) is bounded from H*(R) to
Hs~™(R).

We say ¢ € Cp° if for all o € N
[0S p(x)] < Cq, for all x € R.
LEMMA A.2. Let m € R and p € C;°. Then
e fllmm @y < ClLf Iz (w
Proof. 1t is equivalent to show that
T ™" fllmm &y < Cllf |2 ®)-

Note that the symbol of ¢.J =™ is b(x, &) = (z)(1 + [£]?)~™/2, and it is easy to see
that b(z, £) € S™™, then the desired bound follows from lemma A.1. O

LEMMA A.3. Let m, s € R and p € C;°. Then
I, Jm]f”HS(]R) CIfllm+s- 1(R)-
Proof. By the definition of commutator, we have
[0, IV f = ()™ — T (¢ f) = (bi(2, D) — ba(z, D)) [,
where by (z, &) = p(z)(1 + [£]2)7™/2 and by(z, €) is the symbol of J™(¢-). Accord-
ing to the calculus of pseudo-differential operators, see e.g. [26, theorem 2, p.

237],

bg(l',f) = bl(l',f) + C(.’E,g)

with ¢(x, &) € S~™~1. Thus the symbol of [¢, J™], equals to c(z, &), belongs to
S~™~1 Then the lemma follows from lemma A.1. O

Now we prove the results used in the proof of lemma 4.3.

LEMMA A4. Letr >0 and ¢, x € Cp°. Then the following bounds hold:

(2 ou, u)] < Cllull 3wy

(7= 02u, [y, I )| < Cllull?ezy,
(

(

772 X]xZu, T 20)| < O3 gy,

| Jr+1/2 [Jr—(3/2),X2]J2u)| <C

||UH12HT(R)-
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Proof. By Cauchy—Schwarz inequality and lemma A.1, we have

(T2 u,u)| = [(T" pu, J"w)| < |7 pull 2y |7 ull < Cllullfr g)-
This proves (A.1). Since
(T~ 0Fu, Do, T2 )| = (72X, T2 [, T )|
< Ixdzull a2 D6 72l 12 gy
we also have || x02ul| gr—2(ry < Cllul|grr) by lemma A.1, and [|[x, J’"“/z]uHHlp(R)

< Ol|ul|gr(ry by lemma A.2. Thus (A.2) holds.
Similarly, one can show that (A.3) and (A.4) hold. O

Finally, we provide a multiplication property of Bourgain space X*?.
LEMMA A5, Let =1 <b<1,s€R and p € C;°. Then for all u € Xsb

le(@)ullxs—ziere S flullxeo- (A.5)

Similarly, for every T > 0, we have |[p(z)ul] ys—2ip10 S [Juf| o0
0,1 (0,7)
Proof. The proof is the same as that in [14, lemma 3.4], we only give a sketch here.
By duality and interpolation arguments, it suffices to consider the cases b = 0 and
b=1.
In the case b =0, (A.5) follows from lemma A.2 clearly.
In the case b = 1, we first observe that

le(@)ullxs-21 S llpullxo-20 + 19 + 02) (pu) | xs-20
<Y+ 90 + 07)ull xo-20, (A.6)

where Y = |lpu|| xs-2.0 + ||30,002u + 30200, u + O2¢pul| x+-20. Using lemma A.2
again, we deduce from (A.6) that

lpullxe-2a < ullxeo + 110 + 02)ullxo-20 S lullx=.
Thus (A.5) also holds. O

REMARK A.6. If ¢ € C°(R), then ¢(t) maps X*? into X*?, see [28, lemma 2.11,
p. 101]. In other words, the Bourgain space is stable with the multiplication by a
compact supported smooth function of time ¢. However, as lemma A.5 indicates,
some regularity index is lost with the multiplication by a smooth function of spatial
variable . The loss is unavoidable, see the example in [14, lemma 3.4]. Anyway,
the lemma is sufficient for our purpose in this paper.
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