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1. Introduction

The study of the CR Yamabe problem began with the celebrated works of Jerison
and Lee [26-29]. The prototypical nonlinear partial differential equation in this
problem is

Lu=ue-2,

where . indicates the negative sum of squares of the left-invariant vector fields
generating the horizontal space in the Heisenberg group H™ with real dimension
2n + 1, whereas @@ = 2n + 2 denotes the so-called homogeneous dimension associ-
ated with the non-isotropic group dilations. (In this paper, we always use the group
law dictated by the Baker—Campbell-Hausdorff formula. When the Lie group is
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2 N. Garofalo, A. Loiudice and D. Vassilev

H™, or more in general a group of Heisenberg type, this choice obviously affects the
expression of the horizontal Laplacian.) In the present paper, we are interested in
the following nonlocal version of the above equation:

Q+2s

Lu = uQ—2 (1.1)

where the fractional parameter s € (0, 1), and .Z; denotes a certain pseudodiffer-
ential operator which arises in conformal CR geometry. As an application of our
main result we derive sharp decay estimates of nonnegative solutions of (1.1).

The operator .%; in (1.1) was first introduced in [2] via the spectral formula:

L(—3Z|T1" + 55°)
D(=3Z|T|7! +43%)

&L, = 2°|T)* (1.2)

where T'(x) = fooo t*~le~tdt denotes Euler gamma function. In (1.2) we have let
T = 9,, where for a point g € H" we have indicated with g = (z, o) its logarithmic
coordinates. More in general, in a group of Heisenberg type G, with logarithmic
coordinates g = (z, o) € G, where z denotes the horizontal variable and o the verti-
cal one, the pseudodifferential operator .Z; is defined by the following generalization
of (1.2):

D(-32(=A,)7"2 + 1)
P28, P+ 5y

L =2°(—A,)*? (1.3)
where —A, is the positive Laplacian in the centre of the group, see [37]. For-
mulas (1.2) and (1.3) should be seen as the counterpart of the well-known spectral

representation (—A)su = (27|¢|)254, where we have denoted by f the Fourier trans-
form of a function f, see [38, Chap. 5]. An important fact, first proved for H"
in [12] using hyperbolic scattering, and subsequently generalized to any group of
Heisenberg type in [37] using non-commutative harmonic analysis, is the following
Dirichlet-to-Neumann characterization of .%;:

I'(1—s)

— 1 1—-2s — 21725 A
oo,y U ((2,0),y) o) Zsu(z,0),

where U((z, o), y) is the solution to a certain extension problem from conformal
CR geometry very different from that of Caffarelli-Silvestre in [5]. Yet another

fundamental fact, proved in [36, Proposition 4.1] and [37, Theorem 1.2] for
0 < s < 1/2, is the following remarkable Riesz type representation:

a(m, k, s) Leu(g) = /@ Wdh, (1.4)

where with g = (z, o), we have denoted by |g| = |(z, o)| = (|2|* + 16|c|?)*/* the
non-isotropic gauge in a group of Heisenberg type G. Using the heat equation
approach in [17, 18], formula (1.4) can be extended to cover the whole range
0 < s < 1.In (1.4) the number a(m, k, s) > 0 denotes an explicit constant depend-
ing on s and the dimensions m and k of the horizontal and vertical layers of the
Lie algebra of G. While by (1.2), (1.3), and the classical formula I'(z + 1) = 2T'(z),
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Optimal decay for solutions of nonlocal semilinear equations 3

it is formally almost obvious that in the limit as s /1 the operator .Z; tends to
the negative of the horizontal Laplacian .Z, we emphasize that, contrarily to an
unfortunate misconception, when G = H", or more in general it is of Heisenberg
type, for no s € (0, 1) does the standard fractional power

2oule) ™ (~27ule) =~ [ g (Pt~ o) (15)

coincide with the pseudodifferential operator defined by the left-hand side of (1.4)
(in (1.5) we have denoted by P; = e~ *“ the heat semigroup constructed in [10]).
Unlike their classical predecessors (—A)*®, in the purely non-Abelian setting of H"
the pseudodifferential operators £¢ in (1.5) are not CR conformally invariant, nor
they have any special geometric meaning, while the operators .Z; are CR confor-
mally invariant. For these reasons, we will refer to the operator .Z; as the geometric
(or conformal) fractional sub-Laplacian, even in the general setting of groups of
Heisenberg type, see [12, Section 8.3] for relevant remarks in the remaining non-
Abelian groups of Iwasawa type. Furthermore, it is not true that the fundamental
solution &) (z, ) of £* is a multiple of |(z, ¢)[?*~%, see [17, Theor. 5.1]. What is
instead true, as proven originally by Cowling and Haagerup [6], see also [36, (3.10)],
and with a completely different approach based on heat equation techniques in [17,
Theor. 1.2] (the reader should also see in this respect the works [18] and [19]), is
that the fundamental solution of the conformal fractional sub-Laplacian .%Z; in (1.3)

is given by
Csy(m, k)
where
9% +2k=3s—1p(Ll(m 4 1 _ T(i(m L) —
Cro(m k) = (B3 +1- 9G35 +k—3)

T (s) '

It is worth emphasizing here that, when s — 1, one recovers from (1.6) the famous
formula for the fundamental solution of —.%, first found by Folland in [9] in H", and
subsequently generalized by Kaplan in [30] to groups of Heisenberg type. Before
proceeding, we pause to notice that from the stochastic completeness and left-
invariance of P, in any Carnot group G one tautologically obtains from (1.5)

o 1 [ 2u(g) —u(gh) —u(gh™")
Lou(g) = 2/@ e dh, (1.7)

where for g € G we have defined

1 def 25 /oo 1
s = -p(g,t)dt, (1.8)
2>~ T =9 )y o

with p(g, t) the positive heat kernel of —%. While in the Abelian case G = R",
with Euclidean norm | - |, an elementary explicit calculation in (1.8), based on the
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4 N. Garofalo, A. Loiudice and D. Vassilev

knowledge that p(z, t) = (4nt)"Ze o , gives

1 _8225-'1-11“(%28) 1
2l wET( =) fa] 2

and one recovers from (1.5) Riesz’ classical representation, when G is a non-Abelian
Carnot group it is not true that the right-hand side of (1.8) defines a function of
the gauge |g| = |(z, o) = (|z|* + 16]c|>)'/%. In fact, in any (non-Abelian) group
of Heisenberg type the following explicit expression of (1.8) was computed in
[17, Theorem 5.1] (to obtain it, one should change s into —s in that result, see
[17, Remark 5.2])

1 s2FF2T(2 4k + 5) 1

||g|‘g;r28 B Wm;kr(l _S)F(§> |Z|2(%+k+5)

1
<[ b=t ) 1)y
0

1 /m 1 /m k 16‘0’|2
XF(Q(Q+’f+5)’2(2+’“+”5)’2" pv) W 09

where we have denoted by F'(a, b;¢; z) the Gauss hypergeometric series. Formula
(1.9) proves in particular that the function defined by (1.8) is not a function of the
gauge N(z, o) = (|z|* + 16|0|?)}/* (although it does have the expected cylindrical
symmetry since it depends on |z|* and |o|?). If we substitute (1.9) in (1.8), and
then (1.8) in (1.7), by comparing with formula (1.4), we conclude that Z* # %,
for every 0 < s < 1.

Formulas (1.4) and (1.6) motivated the results in the present work. As we have
mentioned, we are interested in optimal decay estimates for nonnegative subsolu-
tions of (1.1). In this respect, [36, Theorem 3.1] and [37, Theorem 3.7] gave the
explicit form of a solution to the fractional Yamabe equation on group of Heisen-
berg type as a consequence of the intertwining properties of %, for 0 < s <n+ 1,
see also [18] for a different approach to intertwining based on the heat equation. In
the notation of [18, Corollary 3.3], the result is that if G is of Heisenberg type, and
0 < s < 1, then for every (z, o) € G, and y > 0 one has the following intertwining
identity:

T (m+i+2s) T (m+2f+25)
T (m+i—2s) T (m+2f—23)

_ m+42k42s
4 .

2 (= + )7+ 1610f2) =47 = (1.10)

x (4)* (|2 +5°) + 16]0]?)

Here, it might be worth clarifying for the reader that the parameter y appearing in
(1.10) is precisely the ‘extension’ variable in the parabolic counterpart of the confor-
mal version of the extension problem discovered in [12]. An immediate consequence
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Optimal decay for solutions of nonlocal semilinear equations 5

of (1.10) is that, for any real positive number y > 0, the function

m+2k—2s

uy(z,g)(F(m*i“s)F(m“f”S)> T

T (2322 T (=) (1212 + )% + 1602

m+42k—2s
4

(1.11)

is a positive solution of the nonlinear equation (1.1). In this sense, we might say
that functions (1.11) represent the counterpart of the so-called ‘bubbles’ from con-
formal geometry. We note that in the particular setting of the Heisenberg group
H™ (which corresponds to the case m = 2n and k = 1) the function appearing in
the left-hand side of (1.10) defines, up to group translations, the unique extremal
of the Hardy-Littlewood—Sobolev inequalities obtained by Frank and Lieb in [14].
(We emphasize that letting s /' 1 one recovers from (1.11) the functions that, in
the local case s = 1, were shown to be the unique positive solutions of the CR Yam-
abe equation respectively in [27], for the Heisenberg group H", and [24], for the
quaternionic Heisenberg group. See also the important cited work [14], and [20,
Theor. 1.1] and [21] for partial results in groups of Heisenberg type.)

Whether in a group of Heisenberg type G all nonnegative solutions of (1.1) are, up
to left-translations, given by (1.11) presently remains a challenging open question.
A first step in such problem is understanding the optimal decay of nonnegative
solutions to (1.1). Keeping in mind that the number m + 2k in (1.11) represents
the homogeneous dimension @ of the group G, by setting the scaling factor y = 1,
we see that there exists a universal constant C' > 0 such that

C
ui(z,0) < OO
It is thus natural to guess that the optimal decay of all nonnegative solutions to
(1.1) should be dictated by (1.6), i.e. by the fundamental solution of .%;. In theorem
1.2 we prove that this guess is correct.

To facilitate the exposition of the ideas and underline the general character of
our approach, in this paper we have chosen to work in the setting of homogeneous
Lie groups G with dilations {d)}x>0, as in the seminal monograph of Folland and
Stein [11]. We emphasize that such groups encompass the stratified, nilpotent Lie
groups in [39], [10], and [11] (but they are a strictly larger class). In particular,
our results include Lie groups of Iwasawa type for which (1.1) becomes significant
in the case of pseudo-conformal CR and quaternionic contact geometry. We shall
assume throughout that |- | is a fixed homogeneous norm in G, i.e. g |g| is a
continuous function on G which is C*° smooth on G\ {e}, where e is the group
identity, |g| = 0 if and only if g = e, and for all ¢ € G we have

(@) 197! = lgl;  (i4) [org] = Algl. (1.12)
Finally, we shall assume that the fixed norm satisfies the triangle inequality:

We stress that, according to [23], any homogeneous group allows a norm which
satisfies the triangle inequality. (It is well-known that in a group of Heisenberg
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6 N. Garofalo, A. Loiudice and D. Vassilev

type the anisotropic gauge |g| = |(2, )| = (|z|* + 16]|c|?)'/* satisfies (i)-(iii), see

[7].) We shall denote with
Br(g) = B(g,R) ={h | |g”" o h| < R}

the resulting open balls with centre g and radius R.
For 1 < p<ooand 0 <s <1 we consider the Banach space D*P(G) defined as
the closure of the space of functions u € C§°(G) with respect to the norm:

[ulg) = uth)p? N
||’U,HDS:P(G) = [u}&p = </G - dedh < 00. (114)

We are particularly interested in the case p = 2. In this case, the Euler-Lagrange
equation of (1.14) involves the following left-invariant nonlocal operator, initially
defined on functions u € C§°(G)

1 [ 2u(g) —u(gh) —u(gh™) ., u(g) — u(h)
Cate) = [ e i [

2
(1.15)

see [16] for a general construction of the fractional operator £¢ on the Dirichlet
space D*2(G) and relevant Sobolev-type embedding results. In (1.15), and here-
after in this work, the number @) > 0 represents the homogeneous dimension of G
associated with the group dilations {d) }x>0. It is clear from (1.4) that, when G is of
Heisenberg type, the nonlocal operator L4 defined using the Koranyi gauge is just
a multiple of % in (1.3), and this provides strong enough motivation to work with
(1.15). A second motivation comes from [16, Theor. 1.2], in which we prove that,

if X1, ..., X, are the left-invariant vector fields of homogeneity one with associ-
ated coordinates z;, and the fixed homogeneous norm |g| is a spherically symmetric
function of the coordinates (x1, ..., @), then for a function v € C§°(G) we have
the identities:
2s 4m(1 — s) o,
lim —L =— d lim ——=L =— X; , (1.16
Jim = Lou(g) = ~u(g) and - lim == Lou(g) ; Zu(g), (1.16)

where oq, 7, > 0 are suitable universal constants. Throughout the paper, for
0<s<1welet

def 2Q __2Q
Q- 2s CQ+2s
so that 2*(s), which is the Sobolev exponent associated with the fractional Sobolev
inequality [16, Theorem 1.2]:

1/27(s) 2 1/2
*(s u(g) —u(h
([ o) es( [ [ HO02 )"

and (2*(s))’ is its Holder conjugate. In addition to the fractional Sobolev exponent
2*(s), the following exponents will be used:
of 9*
. def 27(5) Q

= d = =
2 T Q-2 M T T

2*(s) and  (2%(s)) (1.17)

(1.19)
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Optimal decay for solutions of nonlocal semilinear equations 7

With all this being said, we are ready to state our results. The first one concerns
the nonlocal Schrodinger type equation (1.20). For the notion of subsolution to such
equation, see (2.6).

THEOREM 1.1. Let G be a homogeneous group. Let u € D*?(G) be a nonnegative
subsolution to the equation:

Lsu = Vu. (1.20)
Suppose the following conditions hold true:
(i) for some tg > 1 = 2% we have V € L™ (G) N L' (G);

(ii) there exist Ry and Ko so that for R > Ry we have

t
/{|g|>R} VI9)I*dy < =g (1.21)

Then there exists a constant C > 0, depending on Q, s, and Ky, such that for all
go € G with |go| = 2Ry > 4Ry, we have for 0 < R < Ry

sup u < C u+ CT(u; go, R/2), (1.22)
B(g0,R/2) B(go,R)

where the ‘tail” is given by

T(u; g0, R) = RQS/ u(h) (1.23)

(logt-n>RY |9 " h|QT2s

We note that the potential V in (1.20) is not assumed to be radial (i.e. a func-
tion of the norm | -|), or controlled by a power of u. Hypothesis (1.21) goes back
to the work [1], see also [42] where a similar assumption was used in the case
of Schrodinger type equations modelled on the equations for the extremals to
Hardy—Sobolev inequalities with polyradial symmetry. For other results about the
Schrédinger equation see [13]. The ‘tail’ in (1.23) appeared in [35] in the setting of
the Heisenberg group H".

Our second result is the following theorem in which we establish the sharp
asymptotic decay of weak nonnegative subsolutions to the fractional Yamabe type
equation (1.1). The result applies to weak solutions of £.u = |[u|?"(¥)=24, since then
|u| is a weak subsolution of the Yamabe type equation.

THEOREM 1.2. Let G be a homogeneous group of homogeneous dimension Q) and
0<s<1. IfueD%(G) is a nonnegative subsolution to the nonlocal Yamabe type
equation

Q+2s

Lou=u@=2, (1.24)
then | - |9725u € L>=(G).

We mention that in [3, Theor. 1.1] the authors established, in the setting of
R™, the sharp asymptotic behaviour of the spherically symmetric extremals for the
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8 N. Garofalo, A. Loiudice and D. Vassilev

fractional LP Sobolev inequality, i.e. for the radial nonnegative solutions in R™ of
the equation with critical exponent

n(p—1)+s
(~Bp)*u = w55,

where 0 < s <1, 1 <p< 2, see also [34]. However, both [3] and [34] use in a
critical way the monotonicity and radial symmetry of the solutions in order to
derive the asymptotic behaviour from the regularity of u in the weak space L™,
where r = "75’17_8;). As it is well-known, in the Euclidean setting one can use radially
decreasing rearrangement or the moving plane method to establish monotonicity
and radial symmetry of solutions to variational problems and partial differential
equations. These tools are not available in Carnot groups and proving the relevant
symmetries of similar problems remains a very challenging task.

The result of theorem 1.2 does not rely on the symmetry of the solution, hence
the method of proof is new even in the Euclidean setting. In order to obtain the
optimal decay theorem 1.2 without relying on symmetry of the solution, we use a
version of the local boundedness estimate given in theorem 1.1 and then obtain a
new estimate of the tail term, which is particular for the fractional case.

In closing, we provide a brief description of the paper. In § 2 we introduce the
geometric setting of the paper and the relevant definitions. We also prove proposi-
tion 2.1, a preparatory result which provides regularity in LP spaces for subsolutions
of fractional Schrodinger equations. In § 3 we prove theorem 1.1. Finally, in § 4 we
prove theorem 1.2.

2. Homogeneous groups and fractional operators

This section is devoted to providing the necessary background and stating a pre-
liminary result, proposition 2.1. Let G be a homogeneous group as defined in
[11, Chapter 1]. In particular, (G, o) is a connected simply connected nilpotent
Lie group. Furthermore, the exponential map exp : g — G is a diffeomorphism of
the Lie algebra g onto the group G and g is endowed with a family of non-isotropic
group dilations éy for A > 0. Explicitly, there is a basis X;, j =1, ..., n of the Lie
algebra g and positive real numbers d;, such that,

l=dy <dy<---<d, and 0,X; = VX,

which, using the exponential map, define 1-parameter family of automorphisms of
the group G given by expody o exp~—!. We will use the same notation &y for the
group automorphisms. As customary, we indicate with

Q=di+--+dy,

the homogeneous dimension of G with respect to the nonisotropic dilations dy. We
will denote with dg a fixed Haar measure given by the push forward of the Lebesgue
measure on the Lie algebra via the exponential map, see [11, Proposition 1.2]. We
note that this gives a bi-invariant Haar measure. Furthermore, the homogeneous
dimension and the Haar measure are related by the identity d(6,g) = t< dg.
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Optimal decay for solutions of nonlocal semilinear equations 9

The polar coordinates formula for the Haar measure gives the existence of a
unique Radon measure do(g), such that, for u € L'(G) we have the identity,

[11, Prop. (1.15)]:
u(g)dg = u(8,9)r® tdo(g)dr. 2.1
/}7 ( ) /(; Ag-l} ( ) ( ) ( )

In particular, we have, see [8]:

7Q Q- Q-
L (RO =197, 1 £Q
/ gl dg =4 @~ ( ) (2.2)
{r<lg|<R} oqlog(R/T), v =0Q,
where 0 = Qug, and wg = fBl dg > 0.

2.1. The fractional operator

For 0 < s < 1 consider the quadratic form:

def// )(ﬂﬁ(g)—é(h))dgdh.

g1 h|@+2s

Following [16], we let D*2(G) be the fractional Sobolev space defined as the closure
of C§°(G) with respect to the case p = 2 of the seminorm (1.14), i.e

u(qg) — u(h)|? 1/2
e = 2o = ([ [ O dgan) (23)

The infinitesimal generator of the quadratic form 2(u, ¢) is the nonlocal operator
L defined in (1.15). By a weak solution of the equation Lsu = F we intend a
function u € D*?(G) such that for any ¢ € C5°(G) one has:

/ / g1 )}(LTSQ(f-ls ) dgdh = /G F(g)¢(g)dg.  (2.4)

Weak subsolutions are defined by requiring

%@@</F@mm9

G

for all non-negative test functions ¢. As shown in [16, Theorem 1.1] this is equivalent
to defining the fractional operator Lsu by formula (1.15). As we have underlined in
§ 1, besides the Euclidean case G = R™, in a Lie group of Heisenberg type, equipped
with the Koranyi norm, definition (1.15) equals, up to a multiplicative constant, the
fractional powers of the conformally invariant (or geometric) horizontal Laplacian
defined by (1.3), see [12, 37] and [17].
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10 N. Garofalo, A. Loiudice and D. Vassilev
2.2. A preparatory result on Lebesgue space regularity

In the proof of theorem 1.1 we will need the following regularity in Lebesgue
spaces involving the fractional operator (1.15). In its proof we adapt the arguments
that in the local case were developed in [20, Lemma 10.2], [40, Theor. 4.1], and
[41, Theor. 2.5], except that in the nonlocal case one has to use the Sobolev inequal-

ity (1.18), rather than the Folland-Stein embedding D?(G) — L%(G). As far
as part (b) of proposition 2.1 is concerned, in addition to the cited references we
also mention [15, Sec. 4], where a similar result was proved for L? solutions, and
[32, Lemma 2.3], for a closely related result concerning the Yamabe equation on
the Heisenberg group H"”. In the local case in R", a sharp Lorentz space result was
obtained for solutions to equations modelled on Yamabe type equations, or more
generally for the Euler-Lagrange equation related to the L? Sobolev inequality. This
type of result originated with the work [25], and was subsequently used to obtain
the sharp L? regularity and the asymptotic behaviour for solutions of such equa-
tions, see [43, Lemma 2.2] and [3, Proposition 3.3]. These results were extended to
Yamabe type equations in Carnot groups in [33, Theorem 11 and Proposition 3.2].
We mention that, since we work in the more general setting of a Schrodinger type
equation, in proposition 2.1(b) we do not obtain a borderline L™>°(G) Lorentz regu-
larity for the considered non-negative subsolutions, instead, we show that u € LY(G)
for r = 2*2(3) < q < oo. For the statement of the next proposition, the reader should
keep in mind definition (1.19) of the exponents r and 7.

PROPOSITION 2.1. Let G be a homogeneous group and suppose that u € D*2(G) be
a nonnegative subsolution to the nonlocal equation

Lou=Vu, (2.5)

with V e L™ (G), i.e. for every ¢ € C3°(G) such that ¢ > 0 one has

[ (ulg) = u(h)(6(g) — 6(R) )
2,(w0) = [ [ HOEREI ) agan < [ Viguo)olas. (20)

(a) We have u € L1(Q) for every 2*(s) < ¢ < oco. Furthermore, for any 2*(s) <
q < oo there exist a constant Cg > 0, such that for all sufficiently large M

for which
1/r! 1
V"'dg < —, (2.7)
(/{v|>M} ) qCq

one has
Jull Loay < (@CoM)Y[u|pe2 ()

. _2%(s)
(b) In fact, it holds w € LY(G) forr = T( < g < 0.
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Optimal decay for solutions of nonlocal semilinear equations 11

(¢) If, in addition, V € L' (G) for some ty > r', then u € LY(G) forr = 2*2(5) <
q < 0o. In addition, the sup of u is estimated as follows:

’
tor

lllzece) < Ca IVl guatey Null 2+ rp

where t(, is the Holder conjugate to ty and Cq is a constant depending on the
homogeneous dimension.

Proof. We begin by recalling a few basic facts which are crucial for working with
appropriate test functions in the weak formulation of the nonlocal equation (2.5).
First, using Holder’s inequality and the definition of the homogeneous fractional
Sobolev space D*2(G), we can take ¢ € D*?(G) in the weak formulation (2.6). For
a globally Lipschitz function F' defined on R and a function u € D*?(G) we have
from (2.3) the inequality

[Foulso < | F'|| poo m)[uls,2,

hence F owu € D*2(G). Assuming, in addition, that F is of the form F(t) =

fot G'(7)%dr, then from Jensen’s inequality we have for any nonnegative numbers
a < b the inequality:

() = (o) st [ e

which gives

(b—a) (F(b) = F(a) > (G(b) — G(a))*. (2.8)
Applying the Sobolev inequality (1.18) to the function G o u, and using (2.8), we
find
2 |G ou(g) — Gou(h)?
G oul|? 2. o) S5 / ; |h 7 g|Q+26 dgdh (2.9)
2 )(FOU( ) — Fou(h))
<5s / / e dgdh

52/v 9)(F ou)(g)dg,

where in the last inequality we have used (2.6) with the choice ¢ = F o u as a test
function.

For the proof of parts (a) and (c) see for example [20, Lemma 10.2] and [40,
Theorem 4.1], but one has to use the fractional Sobolev inequality (1.18) rather
than the Folland—Stein inequality. We give the proof of part (c) below taking into
account also [3, Proposition 3.3] which dealt with the Euler-Lagrange equation of
the fractional p-Laplacian in the Euclidean setting.

To prove (b) in proposition 2.1 we will show that for any 0 < o < 1 we have that
u € L") (G). From part (a) and the fact that 2*(s)/2 < 7(1 + a) < 2r = 2*(s)
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12 N. Garofalo, A. Loiudice and D. Vassilev

the claim of part (b) will be proven. The details are as follows. For € > 0 and
0 < a < 1, consider the functions:

¢
F.(t) = /0 GL(7)%dr, where G.(t) = t(t +¢)@~V/2,

Notice that F. is nondecreasing by definition. A simple calculation shows that
1 14+«
(t+e)6-a7 | 2

where we have used that « < 1. This shows in particular that F/(t) = GL(t)? <
e>~1 therefore F. is a globally Lipschitz function. We thus find from (2.9):

1 1

1y —
0<GL(t) = (t +2)1-a)/2 < 2(1—a)/2’

(2.10)

t+e} <

|G ol ey < 5 [ IVIuF-(ud. (2.11)

In order to estimate the right-hand side in (2.11) we will use the following
inequalities, which are valid for u > 0:

1 1
F.(u) < —u® and uF.(u) < —
« a

Ge(u)?. (2.12)
The former is easily proved by noting that:

u —a
Fu(u) </ dt < (u+e) < lua_
o (t+e)t—« « @

This estimate trivially gives uF; (u) < u Wt =€ and therefore from the definition

of G we see that the latter inequality in (2.12) does hold provided that

(u+e)*—e*< (u+e), e (ut+e)* !t —e*t<o.

Su+te
The latter inequality follows from the trivial inequality
(1+z)">>1

valid for z 2 0 and 0 < o < 1.

Keeping in mind definition (1.19) of the exponents r and r/, using now in (2.11)
the first inequality in (2.12) and Holder inequality, we easily obtain for a fixed
0> 0:

1
IG: o u”if‘(s)((@) <52 (/ V|ultodg —|—/ |V|uF€(u)dg> (2.13)
& J{|V|>3} {IvI<s}

] 1/r 1/r
< 52 - (/ |V|T/dg> </ ur(1+a)dg>
@ {IV|>é} {IV[>0d}
/7’ 1/r
+ 52 / V| dg / (WF. (u))"dg
{IVI<s} {IVI<s}
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Optimal decay for solutions of nonlocal semilinear equations 13

Next, we use the second of inequalities (2.12) to obtain the estimate:

1/r 1/r
1 . 1
| wrwyi) <o @) <ilGouln e,
{Ivi<s} @ \Hvi<sy @

(2.14)

By Lebesgue-dominated convergence one has f{\V|<f5} |V|T,dg — 0 as § — 0T,
Therefore, we can choose § > 0 so small that

1/7"'
2 , 1
‘i/ virdg] <t (2.15)
a \ Jyvi<ey 2

Combining (2.15) with (2.14) we can absorb in the left-hand side the second term
in the right-hand side of (2.13), obtaining the inequality:

1/r! 1/r
252 /
||Gsou||ia*<s)(@<< / vrdg> ( / uf<1+a>dg> . (216)
« {|V|>6} {V|>5}

Notice that the hypothesis V € L™ (G) and Chebyshev inequality imply that the
distribution function of V satisfies for every § > 0:

1 ,
w(6) =g € G [ [V(g)l >} < y/ [V["dg < o0 (2.17)
{IvVI>d}

Since (1 + «) < 2r = 2*(s), Holder inequality thus gives

< ][ ur(lJra)dg) < ( ][ 2 (s)dg> ’
{IV[>é} {|V|>6}

or equivalently, recalling that 2r = 2*(s):

1 1+
v 27 (5)
</ ur(Ho‘)dg) < ,LL((S)%fl%x (/ uz*(s)dg> (2.18)
{lV[>d} {lvV[>d}
dta
1-a * 27 (e
= p(d) 2 (/ u? (S)dg> .
{lvi>é}

Using (2.17), (2.18), and r'/r =1/(1 —r) in (2.16) we obtain:

I+ 5%
252 H ||LT’?f(C; ' 1+a

1Ge o ul2an ) < lall24%

(0% 62(1,

Letting & go to 0, noting that lim. o G- (u) = u19)/2 gives:

1/r
</ u(1+a)r> < 00,
G

which, taking into account also part (a), completes the proof of part (b) of
proposition 2.1. O
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14 N. Garofalo, A. Loiudice and D. Vassilev
3. Proof of theorem 1.1

The proof consists of several steps detailed in the following sub-sections.

3.1. The localized fractional Sobolev inequality

The proof of theorem 1.1 will use the following version of a localized fractional
Sobolev inequality. For an open set 2 C G we denote by D*?(Q) the completion of
C§°(92) with respect to the norm:

~ ~ 1/2
ol = j(g) — 5(n)*\ "/
PO = \Je Jo To nj@v2s 7

where v denotes the extension of v to a function on G, which is equal to zero outside
of Q.

LEMMA 3.1. Let 0 < s <1 and 2s < Q. There exists a constant C = C(Q, s) > 0
such that, for any ball Bg of radius R, r < R, and v € D*%(Bg) with suppv C B,
we have

) 2/2*(s)
R
)|2 1 ( R >Q+2S/ )
——————~—dgdh + v|*dh|. (3.1
/BR /;R |Q+25 R2s \ R—r BR| | ( )

Proof. The proof is essentially contained in the Euclidean version [4, Proposi-
tion 2.3]. We will use the trivial extension and then apply the fractional Sobolev
inequality (1.18). Since v has compact support in Bp its extension by zero on
the complement of the ball is a function © € D*?(G). Furthermore, due to the
assumption on the support of v, we have

h)‘2 / 2 1
b —2— —~ 2~ dgdh + 2 v(g ——————dhdg (3.2
g ”D 2(6) X / / |g—1 h|Q+2s [v(9)] \ lg=t - h|@+2s ( )

r

s ez | it [,
—=———=—dgdh + 2 su 7(1}1 d
/BR /BR |g ! thjLQS G\BRr gEé)r |g ! h‘QJrZS | 7

[v(g) = v(h)|? R\ 1 / >
— 2 dgdh+C [ —— da.
/BR /BR lg=t - h|@+2s + R—r R> [y, lv(g)["dg

In order to see the last of the above inequalities we used polar coordinates as in
identity (2.2) to obtain the following inequalities, where o¢ is the area of the unit
sphere:

1 1 1
sup _7€dh < / 7sdh + / _7€dh
/G\BR gEB, |g . h|Q+2( Bar\Br (|h| - T)Q+2 G\Bz2r ‘g L h|Q+2(

2R Q-1 ) Q+2s
t 2
o [ [ (B
Q[R (t —r)9t2s 2r \1
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Optimal decay for solutions of nonlocal semilinear equations 15

since [g7t - h| = |h| —r > |h|/2 when r < R, |g| < r, and |h| > 2R. Therefore, we
have

)

1 RC 1\ 12042
/ SUp 3 ors. d () o5 R
G\Bg 9B, |97 - Al Q+2s \ R 2s R

which gives (3.2). The latter implies trivially (3.1). O

—-Tr

3.2. Caccioppoli inequality

We begin by stating the adaptation to our setting of the Caccioppoli inequality
for the fractional p-Laplacian in Euclidean space [4]. For 5 > 1 and 6 > 0 define
the following functions for ¢ > 0:

1/2
o(t) = (t+9)°, / ¢/ ()2 dr = 25 S+ (33)
For our goals, the precise value of ¢ is given in (3.9). Suppose ' € G and
¥ € C§°(G) is a positive function with suppy C . Let u be a weak nonnega-
tive subsolution to the equation Lyu = F with F € L2 (®))". Then, we have for
some constant C' = C(Q), which is independent of (', the inequality:

// ‘é T’;Zg) d)(h)‘ <C/G|F|¢(U(g))t/f2(g) dg

(ﬁ+ 1) / / h|Q+3l2 (((P(U(g))2 +<1>(u(h))2) dgdh  (34)

u(g)]
+C sup / 7dg / d(u)p* dg.
<h€supp¢ G\ ‘g h|Q+2S

The proof of the above formula follows from the proof of the localized Caccioppoli
inequality [4, Proposition 3.5] after letting p = 2, replacing the ambient space with
the considered homogeneous group and using its homogeneous dimension instead
of the Euclidean dimension.

We now fix gg € G, and for 0 < r < R, we take a nonnegative smooth bump
function ¢ € C§°(G) such that

C
VB =1, Suwpp¥ € Buya(go),  [¥(91) = ¥(92)| < 7—lov " - g2l-
(3.5)

In order to achieve (3.5) we take a cut-off function 1 (g) = n(|gy " - g|), where 7 is
a smooth bump function on the real line, such that, n(¢) =1 on |¢t| <r, n =0 on
t > (R+r)/2 and for some constant K > 0 we have [n'(t)] < K/(R— r) for all t.
Hence, for any p1, p2 € R we have

K
In(p1) —n(p2)| < ﬁlm — pal-

Furthermore, if we let p(g) = |g7! - go|, then from the triangle inequality (1.13) it
follows that p is a Lipschitz continuous function with respect to the gauge distance,
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16 N. Garofalo, A. Loiudice and D. Vassilev

with Lipschitz constant equal to 1:

Ip(g1) = plg2)| < lgi ' g2, 91,92 €G

Therefore, for g; € G and p; = p(g,), j = 1, 2, we have

K K
[0(91) = $(g2)] = [n(p1) = n(p2)| < T—lp1 = pol < ﬁlgfl - gal.

For the remainder of the proof, for any r > 0 we will denote by B, the ball B,(go)

with the understanding that the centre is the fixed point gg.
If u is a nonnegative weak subsolution to

Lsu = Vu,

then, with the above choice of 1) and F' = V'u, (3.4) implies the following inequality:

[ [ @) )
Br J Br

g Bl ()

<Op

B8 R ? 1 B
2y dn — / an
BRw e + -, R . Uy

R \9 1 5
+ (R—T) }%ZST(u;gO’R)/BRU(Sdh )

where us = u 4 ¢ and T'(u; go, R) is the tail (1.23). The proof of (3.6) is contained
in [4, Theorem 3.8 and (3.29)], except that we have to use the Lipschitz bound in
(3.5) for the term [1(g) — 1 (h)|? in (3.4).

Next, we apply to inequality (3.6) the localized Sobolev inequality (3.1), with r
replaced with (R 4+ r)/2 and v with 1 u((56+1)/2, taking into account

R 2 R Q+2s
<
<R—r> (R—r)

and also that by the choice of 1) we have supp (¢ ugﬁﬂ)/z) € B(r4r)/2 € Br . As
a result, we obtain:

2/2%(s)
/ T S 1 <Cp [/ PV dh (37)
Brye bn

Q+2s Q+2s
R ]. B+1 R ]_ / 8
dh ——T(u; g0, R dh| .
+<R_7«) R2s /BRU6 + R—r R2s (uagOa ) BRU(S
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Optimal decay for solutions of nonlocal semilinear equations 17

3.3. Use the assumptions on V'

This is the core of the new argument leading to our result. By Holder’s inequality
and supp Y € B(rr)/2, we have

1/t s\ 2°(9)
V2V dh < ( / Vtodh) / (ww) dh
BR BR B#

1/t

1/k
g1\ 2
X / (1# ug® ) dh ,
Bryr
2
where
28t0 d 28t0
—_— an K= ————
Q — 2s 28!f0 — Q
so that
1 1 1 2% 2 1
—+-+-=1 and L)/+,:1’
to t K t K

which is possible due to the assumptions in theorem 1.1. Next, we use Young’s

inequality ab < 5“’; + En%lb: in the right-hand side of the above inequality to
conclude:

51\ 2@
/wQVu(;ﬁ“dh < % /B (wu(g ) dh
R+T
2

1 Ii/tg
+ oot ( / vito dh) / P2 ut dh
Br Bag

Hence, taking into account k’/t = 2/2*(s), k/to = 255)7542 and the above inequality

together with the properties of 1, we obtain from (3.7) the following inequality:

K/t

25’%75—@
+ (5 / vtodn / uy ™t dh
e 1x \Upg Br

R Q+2s 1 a1 1 5
dh T (u; dh| ;.
+C(R—r> [R?s /BR“‘S = (“’QO’R)/BR o }

=@
/ P O gy
Bryr
2
2
2% (s)
Ce x +1) 25
<8 k! /B v? (S)ut(sﬁ 2 dn
g
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18 N. Garofalo, A. Loiudice and D. Vassilev

Cef _ 1

Choosing € such that === = 5, we absorb the first term on the right-hand side in

the left-hand side, and then reduce the domain of integration, taking into account
that ¢ = 1 on B,., which brings us to the following inequality:

2
2% (s) 2% (s)
4l
B,

25%7'1@ R Q+2s ﬁ
" Viedh
Hr)” ) e

R Q+2s /6 s

<C

/ uytt dn
Br

Since u’g < u? + /0, the above inequality allows us to conclude:

s Q+2s
2stg—Q R 1
Viodp
(L) (75)

/ uy T dh.
Br

We recall that in the latter inequality we have radii 0 < r < R and all balls are
centred at the fixed point go. Suppose, in addition, that 2Ry = |go| and 0 < R < Ry.
Then, we have

2
2% (5) T (5)
U Ok dh] <Cpr
B,

R Q+2s
+<R—r> mT(U;QO,R)

Br = B(go,R) C B(go,Ro) cG \ B(O,Ro),

taking into account the triangle inequality (1.13). Therefore, for Ry > 2Ry the decay
assumption of V', cf. theorem 1.1(ii), and the above inclusions imply that for some
constant C'= C(Q, s, Kp) we have the bound

2s/(2sto—Q) 2s/(2sto—Q)
( / v dh) < / vt dh
Br B,

25/(25t0—Q)
< (/ Vtﬂdh> <<
{l91>Ro} Rg® R

after using 0 < R < Ry for the last inequality. Therefore, also observing that
R/(R —r) > 1, we have proven that there exists a constant C' = C(Q, s, Ky), such

that for any 8 > 1, g such that Ry = @ > Ry, and radii 0 < 7 < R < Ry we have

. 2 Q+2s
(1) 2L 27 (3) cpr R T(u; go, R) / B+1
* dh < 14 —————— dh.
[/ s :| R \R—r - o Br K

' (3.8)
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Optimal decay for solutions of nonlocal semilinear equations 19
3.4. Moser’s iteration

By proposition 2.1(c) we have that u € L1(G) N L>°(G) for any ¢ > 2*(s)/2, hence

u e L (G) for gy > 2. In fact, for the proof of the theorem we can assume ¢y = 2,

but the argument is valid for any qo > 2. We also let = ¢p — 1.
Recalling that the exponent r = 2*(s)/2 = Q/(Q — 2s) > 1, see (1.19), we define
the sequence

gj+1=rq; >qj, J=0,1,2,....

From (3.8) we have with B,, = B(g, r;), r; = 2(1+277), j=0,1,2,... the
inequality:

1/qj+1 1/q; K/a; 4257 1/ a5 1/q.
</ ug]+1 dh) j - C qu J |:(r 7] >Q s:| j |:1 N T(u,go,?“j)] /4a;
B,

r?s/qj J T+ é

1/q;
x </ ugidh> .
B

The definition of the tail (1.23) gives for a fixed R > Ry and R/2 < r; < R the inequality:

u(h)
lg~1 - h|Q+2s

j+1
"i

T(u;go,75) = TjQS/ dh < 2*°T(u; go, R/2)

lg=1-h|>r;
while a simple estimate shows
) Q+2s
( " ) < 20 +2)(Q+2s)
Ty = Ti+1

Hence, letting

ol

we have with some constants Cy and C7 depending on ) and s the inequality:

1/q5+41
) T(u; 2
ug ™t dh) and T=1+ 7(% 95, E/2)

J+1

Col/‘lj C£j+2)/q-7 (qj)ﬂ/‘h'

Mj1 < 5T T4 M;.
Therefore, for
6 =T(u;g,R/2), (3.9)
we have T'= 2 and we obtain the inequality:
Ci+2)/a; (qj)n/qy'
Mj < e i

Therefore, recalling that ¢;41 = 7 qo, we obtain

1 %Ziﬁorij 1 % (j+2)rd s
sup (u+9) < C’( ) Cio 2 j=o+2)r H(qj)ﬁ/qj M,.

B(9,R/2) R s
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20 N. Garofalo, A. Loiudice and D. Vassilev

From the definitions of the exponents r and its Holder conjugate r’ = Q/(2s) we

have
1 1 r 7 @
Wi qwr—1 a 2sq0
and
- Kk/q : S 1Og(q])
H(qj) i < oo since 27 < o0
§=0 - b
Thus, we find:

1/q0
sup (u+4d) < C ][ (u+96)% dh .
B(go,R/2) B(go,R)

If we let ¢o = 2 and take into account the definition of § we have shown that there
is a constant C, depending on ) and s, such that the inequality

1/2
sup  u < Cy ][ u? dh + CoT(u; 9o, R/2). (3.10)
B(g0,R/2) B(go,R)

holds for any gy € G with |go| = 2Rp = 2R and 0 < R < Ry, where Ry is the radius
in the assumptions of theorem 1.1.

3.5. Lowering the exponent

To lower the exponent in the average integral in the above inequality we follow
the standard argument, see for example [22, p. 223, Theorem 7.3], except that we
need to account for the tail term similarly to [31, Corollary 2.1]. In view of the
eventual use of the sought estimate in obtaining the asymptotic behaviour of the
solution, it is also important to keep the constant in the inequality independent of
R as in (3.10). For any p > 0, let:

M, def sup  u.
B(go,p)

First, we will show the following slight modification of (3.10). There is a constant
(4, depending on @ and s, such that, for all gy € G with |go| = 2Ry = 4Ry and
0<r < R< Ry we have

R Q 1/2
M, < Cy ( ) ][ u?dh +T(u; g0, R) | - (3.11)
R—r B(g0.R)

Letting 7 = r/R, 0 < 7 < 1, the above inequality is equivalent to showing, with the
same constant C7, that we have

1/2
C
9o,
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Optimal decay for solutions of nonlocal semilinear equations 21
We turn to the proof of (3.12). Let g1 € B(go, TR) and p be sufficiently small, in
fact,
_(1-7)R
p - 4 )
so that,

B(g1,p) C B(g1,2p) C B(go, R) and sup w= sup u.
B(go,TR) B(g1,p)

Notice that by the triangle inequality we have lg1| = 2Ry, which follows from |go| =
2Ry > 4Ry, cf. the line above (3.11), hence we can apply (3.10) to the ball B(g1, p),
which gives

1/2
M.r= sup u< Cp ][ u?dh + CoT (u; g1, p) (3.13)
B(g1,p) B(g1,2p)

1/2
-Q/2 R e 2 /
< Cp2 = w?dh |+ CoT(u; g1, p)
P B(go,R)

1/2
Cp29/?
= O—OW (é( " u2dh> + CoT'(u; g1, p),
go,

taking into account that by the definition of p we have R/p = ﬁ. We will estimate
the tail term in the last line by using the tail term centred at gy and radius R, and
the average of u over the ball B(go, R). For this we split the domain of integration
of the integral in the formula for the tail,

T(u; g1, p) = p** / =5 dh,
G\B(g1,p) [P71 - g1]|@F2s

in two disjoint sets
G\ B(g1,7) = (G \ B(go, R)) U (B(go, R) \ B(g1,p)) -

The integral over the second of the above sets is estimated by using h ¢ B(g1, p),
followed by Hélder’s inequality, to obtain
p2s/ U(h)
Blgo, R\B(gr,p) 1171 0 91972
2s

p
g pQ+25

dh

/ udh (3.14)
B(go,R)\B(g1,p)

Q Q 1/2
<wg (R) ][ udh < wg (R) ][ w?dh
p B(go,R) p B(go,R)

1/2
49%q 2
( T) B(g0,R)

where wq is the volume of the unit gauge ball.
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22 N. Garofalo, A. Loiudice and D. Vassilev

In order to estimate the integral in the tail over G \ B(go, R), we use the triangle
inequality, h ¢ B(g1, p) and g1 € B(go, TR), which give

1 1 -1
|h 90|<|h o g1| + |91 90\<1+ﬁ:1+ dar _ 1437 4 _ R
|[h=1 - g1] |h=1 - g1] P 1—7 1—7 1—7 7

Hence, we have

h R\ 92 h
pQS/ 771“( )QHS dh < p** () / 771”( >Q+25 dh
6\B(go.r) [P7" - g1 p 6\B(go,r) |h"1 - 90l

(3.15)

Inequalities (3.13)-(3.15) give

1/2
029/? Cp4@
M.p < —2 <][ u? dh) + —2 _T(u; g0, R)
B(go,R) (

(1—T)Q/2 1_7_)Q
1/2
4Q
+ L“’g ][ w?dh (3.16)
(1-1) B(go,R)
1/2
49 49
< % ][ W dh |+ CoiQT(u;go,R)
(1-71) B(g0,R) (1—-1)

since 0 < 1 — 7 < 1. The proof of (3.11) is complete.
Let us note that for r and R as in (3.11) satisfying, in addition, Ry/2 < r < R <
Ry we have R/(R —r) < 2 and

2s
T(u; go, R) < 2% (;:) T'(u; go, %) < 25T (u;gm };0> :
0

Therefore, inequality (3.11) implies that for all gy € G with |go| = 2Ry > 4R and
Ro/2 < r < R< Ry we have

1/2
R
M, < 29720, ][ u?dh +T <u; 90, 0) (3.17)
B(g0,R) g

1/2
1
< Ml,l%/2 2@+2s ( 7o / udh) +29+2soy (u; 4o, B;O) .
wQ B(g0,Ro)

Inequality (3.17) implies, using ab < %(a2 +b?) and R — r < R, the inequality

1 A
Mr g 7MR+
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Optimal decay for solutions of nonlocal semilinear equations 23

where

1
A= 4Q+28012*/ wdh and B =29%2CT (“; 90, RO) '
wQ JB(go,Ro) 2

Therefore, by a standard iteration argument, see for example [22, p. 191, Lemma
6.1], there exists a constant cg so that M, < cg[A(R —r)~% + B]. Hence, for any
Ry = 2Ry, and go € G with |go| = 2Rg, we have

sp <O\ udht Tuign, Ro/2)
B(go,R0/2) B(go,Ro)

This completes the proof of theorem 1.1.

4. Proof of theorem 1.2

Recall that here we are considering a nonnegative subsolution u to the Yamabe
type equation Lgu = u? (®)=1,

4.1. The optimal Lorentz space regularity

The first step is to obtain the optimal Lorentz space regularity of u. For this we
can adapt to the current setting [3, Propositions 3.2 and 3.3], which gives

ue L™(G) N L®(G), (4.1)

recalling that r = 2*(s)/2, cf. (1.19). Notice that in the cited results from [3], valid
in the Euclidean setting, the authors do not assume that the solution is radial, but
the radial symmetry is used ultimately to obtain the rate of decay of the solution
of the fractional Yamabe equation.

For the sake of completeness and self-containment of the proof, in the setting of a
homogeneous group, and right-hand side of the equation modelled on the fractional
Yamabe equation, we include a proof of the sharp Lebesgue space regularity (4.1),
relying on proposition 2.1. First, proposition 2.1 implies that v € L4(G) N L*>(G),
for any ¢ > r = 2*(s)/2. Indeed, if V = 42 (*)=2 then since u € L? *)(G) it follows
that V € L" (G). Hence, by proposition 2.1(b) it follows u € L?(G) for all ¢ such
that 27(8) < ¢ < co. Hence, part (c) gives that we also have u € L*°(G). Finally,
we can see that u € L2 (9)/2°(G) as follows. Take Fj(u) = min{u, t}. Using the

equation and the fractional Sobolev inequality we have
| EY Ou||2L2*(S)(G) < C/ VuF(u)dg, (4.2)
G
where V = 42 (9)=2, Using first that F(u) < t and then the definition of V we have

/ VuF(u)dg < t/ Vudg < t/ u? 7 dg < 0o (4.3)
G G G
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24 N. Garofalo, A. Loiudice and D. Vassilev

since u? ()= € L(G) noting that 2*(s) — 1 > 2*(s)/2. Let u(t) be the distribution
function of w. From the definition of F; we have trivially:

/ (Fo(w)* ©dg = 12 C)p(t) + / WO > Ou).  (44)
G {u<t}

Therefore, bounding from above the left-hand side of the above inequality using
(4.2) and then using (4.3) we have

2*(5)/2
2 u(t) < (C/ VuFt(u)dg) < OtF /2,
G
which shows that u € L ()/2:(G).

4.2. Asymptotic behaviour of the tail term

We shall reduce the problem to a question of LP regularity of certain truncated
powers of the homogeneous norm, which we define next. For R > 0 and a > 0, let:

- >R
p(g) = pa,R(g) = {l)g| Izi < R.

LEMMA 4.1. For Q/p < « the Lorentz norms of pa,r are given by the following
formulas:

00 . o dt 1/o Coq
pon@line = | [~ (B w) | = S22 s

Proof. Let pu(s) = |{g | pa,r(g) > s}| be the distribution function of p,, . From the
representation of the Haar measure in polar coordinates (2.2), we have

0, s> p(R)
pls) =429 (s*Q/“ — RQ> , 0<s<p(R).
Q
The corresponding radially decreasing rearrangement is

Q —a/Q
pr(t)=inf{s >0 pu(s) <t} = <0Qt + RQ)

since s = p*(t) is determined from oo /Q(s~?/* — R?) =t > 0. A small calculation
shows then that for some constant Cg , we have (4.5). O

Next, we use the optimal Lorentz space estimate and lemma 4.1 to bound the
tail.

LEMMA 4.2. With the standing assumption, i.e. u € D*?(G) is a nonnegative sub-
solution to the Yamabe type equation (1.24), we have that the tail has the following
decay:

_ s u(g) —(Q—2s)
T(u; g0, R) = R? / ——>———dg <CR
&\B(go,R) |97 - 9ol

with C' a constant depending on the homogeneous dimension Q.
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Optimal decay for solutions of nonlocal semilinear equations 25
Proof. By Holder’s inequality we have
u(g) 2
T(u; go, R) = RQS/ o723 99 < B |lullr~llpqras.rll s (4.6)
G\B(go.R) 197" - 90]@F2 7 S

recalling the definition of 7 in (1.19) and using the weak L™ regularity of u that we
already proved. Hence, the claim of the lemma follows by lemma 4.1 which shows
that for some constant C' = C(Q) we have

1 <COR™. (4.7)

pQ+2s,RI

As a consequence, taking into account that r’ = Q/(2s) we obtain (4.7). O

4.3. The slow decay

The proof of theorem 1.2 will also use a preliminary ‘slow’ decay of the solution
u, see [44, Lemma 2.1] for case of the Yamabe equation on a Riemannian manifold
with maximal volume growth.

LEMMA 4.3. If u € D*%(G) is a nonnegative subsolution to the Yamabe type
equation, then u has the slow decay |g|(Q=29)/2u € L=(G).

Proof. The key to this decay is the scale invariance of the equation, i.e. the fact
that

ur(g) = M2 2y(5,59)

is also a subsolution to the Yamabe type equation and the scale invariance of the
D*?(G) and the L?"*)(G) norms. In order to show the slow decay, it is then enough
to show that there exist constants A\, and C, depending only on @) and s, and the
invariant under the scaling norms, such that for all gy with A = |go|/2 > A¢ we have
on the ball B(hg, 1) with hg = Jy-190, the estimate:

<C. 4.
hegl&)j,l)u)‘(h) C (4.8)

Indeed, (4.8) implies:

1901\ “ 777 g\ @727
= u(gy) < | = sup u(g) = max wux(h) <C,
( 2 ) (90) ( 2 ) B(go,\) (9) B(ho,1) A(h)

which gives the desired decay. Bound (4.8) will be seen from the local version of
proposition 2.1(c) in the case V = ui*(s)d by showing that the local supremum
bound is independent of A. To simplify the notation let v = uy,. We follow the
argument in the proof of theorem 1.1 with V' = v?"(*)=2_ Furthermore, for 1 <r <

R < % we take a bump function v, so that,
Y|, =1,  suppy € Bryx,

where here and for the remainder of the proof, for any r > 0 we will denote by B,
the ball B(hg, r) with the understanding that the centre is hg.
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26 N. Garofalo, A. Loiudice and D. Vassilev

In particular, we have (3.7) with wus replaced by vs, but now we can absorb the
first term on the right-hand side in the left-hand side for all sufficiently large .
Indeed, applying Hélder’s inequality we have

1/r 2/2*(s)
/ Vit dh < /B v dh /B P2 @BV /2 gy
e 5

(4.9)
Since V = v2"()=2 the first term can be estimated as follows:

/ Vdh = / v2 () dh < / wX D dh -0 as A — oo,
B# B# B(go,\)

using the scaling property of the L2*(*) norm and u € LT(S)(G). Therefore, we have
the analogue of (3.8), i.e. for all A > \g there exists a constant C' = C(Q, s, Ko),
such that, the following inequality holds true:

(=)

A Moser type iteration argument shows then the existence of a constant C' such
that for all A > Ry, ho = dx-190 and |g| = 2\ we have the inequality

2
2% (s) 2% (s) C K
[/ T dh] < 9P
B,

T .
< T {I—F(U’hO’R)]/ Wt dn,
Br

)

(4.10)

1/2*(s)
sup v< C ][ 02 ) dh + T(v; ho,1/2) (4.11)
B(ho,1) B(ho,2)
) 1/2°(s)
<C (/ v?2" () dh) + T(v; ho, 1/2)
G
< C [llullp=2@e) + llull L2 (@) llP@ras,ill p2ri ] < C,

after using the fractional Sobolev inequality, Holder’s inequality, (4.5), and the
invariance under scalings of the D*2(G) and L? *)(G) norms. O

4.4. Conclusion of the proof of theorem 1.2

We begin by noting that, from what we have already proved, theorem 1.1 can be
applied to the potential V = 42 (¥)=2_ Indeed, the slow decay of u, cf. lemma 4.3,
gives that for some constant C' we have

u(g) < Clg| (@272,
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Optimal decay for solutions of nonlocal semilinear equations 27

which together with (2.2) implies the needed assumptions on V', in particular, for
to > 1" = Q/(2s), cf. (1.19), we have

/ vtodh = / uo@ (=2 qp
lgI=R lgI>R

4stq
dstg UQC Q—2s 1

< Ca=s “2sto dp = :
h /|g|>R 7 28ty — Q RPto=@

Therefore, theorem 1.1 gives that for all g € G and 2R = |g| sufficiently large we
have (1.22), i.e. there exists a constant C' independent of g, such that

sup u < C u+ CT(u; g, R/2). (4.12)
B(g,R/2) B(g,R)

Furthermore, the weak L2 (*)/2 regularity (4.1) shows that for r = 2*(s)/2 we
have the inequality

r 1 C
udh < —— ————||ul| 2= (5)/2.00 = == ||u]|Lr.os, (4.13)
]i(g,R) r— L[B!/ E R@-2s

taking into account that for 1 < p < oo the LP1(G) norm of the characteristic
function of the gauge ball By is p|Br|"/?.

Now we are ready to conclude the proof of theorem 1.2 since by (4.12), (4.13),
and lemma 4.2 we can claim the following estimate for all sufficiently large 2R = |g],

c C

R N

with a constant C' independent of g.
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