ON THE GEOMETRY OF LINEAL ELEMENTS ON
A SPHERE, EUCLIDEAN KINEMATICS, AND
ELLIPTIC GEOMETRY

J. M. FELD

1. Introduction. The geometry of slides and turns of oriented lineal elements
in the plane was first studied by Kasner [10]. Slidesand turns generate whirls,
which constitute a three-parameter group W;. The product of W3 and M3, the
three-parameter group of Euclidean displacements in the plane, yields a six-
parameter group of whirl-motions' Gs. The geometry of turbines?, and also of
general series of lineal elements, under Gs was investigated by Kasner in [10]
and, in subsequent papers, by Kasner and DeCicco, particularly in [3], [4], [11],
[12]. The author investigated the geometry of series of lineal elements under
the seven-parameter group of whirl-similitudes Gy (of which G is a subgroup)
in [6], [7], [8]. Among other things, the author showed that G is isomorphic to
the group of collineations of the points in quasi-elliptic three-space, the geometry
of which had been previously studied by Blaschke [1], [2] and Griinwald [9]; he
also showed how the geometry of W3, G, and G can be interpreted kinematically
as the displacement of one plane over another.

In this paper we investigate the geometry of spherical whirls and whirl-
rotations of oriented lineal elements on a sphere. Some resultsin this field have
already been obtained by Strubecker [15], who mapped the points of elliptic
three-space E; one-to-one upon the oriented lineal elements of a unit sphere.
Using synthetic methods, Strubecker deduced, from the geometry of linesin Ej3,
theorems on spherical turbines and families of curves on a sphere, analogous to
others found by Kasner for the plane [10]. We pursue the geometry of whirls
and whirl-rotations on a sphere in other directions and by means of other
methods. With the aid of quaternions we shall investigate the differential
geometry of series of lineal elements on a sphere subject to two groups, W3
and ®&¢—analogous respectively to W3 and Gg in the plane—determining their
fundamental differential invariants and ‘“‘Serret-Frenet formulae.” Our princi-
pal objective is to present a characterization of the geometry of whirls and
whirl-rotations on a sphere in terms of the kinematic geometry of continuous
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1Slides and turns of non-oriented lineal elements in the plane had been previously used by
Scheffers [14] in an investigation of certain groups of contact transformations. Whirls are
not contact transformations.

®A turbine is a series of oriented lineal elements the points of which lie on a circle (which
may be a point circle), and the (oriented) lines of which are tangent to a concentric oriented

circle.
Turbines in space were studied by A. Narasinga Rao [13] and Feld [5].
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displacements of one unit sphere over another, similar to the kinematic in-
terpretation we gave in [8] of whirls and whirl-motions in the plane in terms of
continuous displacements of one plane over another. The use of quaternions
has the advantage of making it particularly easy to map oriented lineal elements
on a sphere into the points of E;. We indicate by means of this mapping how
the differential geometry under & of series on a sphere can serve as a model for
the geometry of curves in Ej.

2. Whirl-rotations and turbines. Let the unit sphere S have its centre at
the origin O of a right-hand orthogonal coordinate frame f,. Ifan oriented lineal
element ¢ is tangent to .S at the point P, we shall call the great circle through P
tangent to ¢ and oriented like e the great cycle of ¢. Let thelineal element ey have
its point at (1,0,0) and let it be directed so that its great cycle passes through
(0,1,0) and is oriented in the counter-clockwise sense, when viewed from the
point (0,0,1). We shall call ¢ the primitive lineal element on S, and {, its
assoctated frame.

Let e, €1, €2, €3 be the quaternion units such that

eei = €0 = €;, €1 = e = €

and let
X = Xo€o + X161 + xe€2 + Xse3, T = Xy — X161 — X263 — X3€3.
Then a rotation of .S around an oriented diameter is given by Hamilton’s formula
N(x)u* = Zux, N(x) = xZI,

where # and #* are unit vectors emanating from O. The components x; of x are
the homogeneous Euler parameters of the rotation. If ¢ is anv lineal element
on S and x is the quaternion of the rotation ¢y — ¢, we shall call the components
of x the homogeneous coordinates of ¢. For convenience, when no confusion will
result, we shall let the quaternion x designate both the rotation ¢y — ¢ and the
lineal element ¢. Evidently, if x designates ¢, so does kx, where % is a non-zero
scalar. If N(x) = 1, we shall call x a normalized quaternion and represent it
in bold type: x. To any quaternion x, N(x) 5 0, correspond two normalized
ones, namely = x/[N(x) ]*. If the rotation x rotates ¢, — ¢ around the unit
vector v through the angle 26, we can let

X = — cosf + vsin b
and
—X= —cos (r —0) + vsin (v — 8) T = —2).

The rotation x also rotates f, into another Cartesian frame f{, situated relative
to ¢ as fo is situated relative to ¢,; we shall call { the {rame associated with e.

A lineal element transformation x — x* given by the equation (in which we
suppress the factor of proportionality)
(2.1) x* = xa,

where
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a= —cosa+ usina : (1’ = — 1),

represents a rotation of all the lineal elements on S around the unit vector «
through the angle 2a. We shall call such transformations lineal element rotations,
and we shall let the quaternion a represent the lineal element rotation (2.1).
The lineal element rotations constitute a three-parameter group Jt;.

A lineal element transformation x — x* whereby every lineal element x is
rotated through the same angle 28 around a unit vector u,, situated relative to
the frame f associated with x as an arbitrarily given unit vector u, is situated
relative to fo, shall be called a (spherical) whirl.

Let the rotation around #, through the angle 28 be denoted by the quaternion
b where

b = — cos 8 + #gsin B.
Then x*% = xZb, so that the whirl x — x* is given within a factor of proportion-
ality by the equation
(2.2) x* = bux.

The whirls constitute a three-parameter group of lineal element transformations
W3, skew-isomorphic to M.

The product of a whirl and a lineal element rotation is commutative. A
transformation which is the product of a whirl and a lineal element rotation
shall be called a whirl-rotation. Whirl-rotations x — x* are given by the equation
(the factor of proportionality being suppressed)

(2.3) x* = bxa.

The whirl-rotations constitute a six-parameter group .
Let the symbol (x,y) represent the scalar product of two lineal elements x and
v, defined as follows:

(v,) = 3(x7 + y2).
Since g + y& = Ty + x, we also have
(v, y) = 3@ + ).
With the aid of this definition we obtain the following useful equalities:
(x,9) = (%), (v, x) = N(x) = 2,
(ax,y) = (x,ay) = a(x, y) (a a scalar),
(x,y+2) = (x,y) + (x,2),
(bxa, bxy) = (a, a)(b, b)(x, y).

Since N(xy) = 1, we can let Xy equal either — cosé -+ v sin § or — cos(w — 6)
+ osin(r — §), 2 = — 1. Therefore (X,y) = — cosé in the former case
and — cos(m — 48) in the latter. Thus cosé = + (x,y). We shall call § and
 — & (0 <6 < 7), the distances between x and y: x and y coincide only when
6 =0orm.

(2.4)
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Evidently

2
2.5 cos’ 6 = u(ul——
2.5) (x, %) (v, )
If (x,y) = 0, in which case § = 3, we shall say that x and y are orthogonal.
If we subject x and y to the whirl-rotation (2.3) we obtain, by virtue of the
last equation in (2.4),

(x*, %) = (a,a) (6,0)(x, y).
This yields

THEOREM 2.1. Under the group of whirl-rotations a pair of elements x and y
have an invariant cos?é, given by (2.5), & andw — & being the distances between
x and y.

Let the lineal elements x and y be distinct, that is, cos?§ # 1. The ! lineal
elements z defined by the equation

(2.6) 2z = ax + By (a, p real scalars, a* + 8° % 0),
shall be called a linear series of lineal elements. From (2.6) we obtain with the
aid of (2.4)

(x,2) = alx, x) + B(x, y),
»,3) = alx,y) + B, ),
(z,2) = alx, 2) + B(y, 2).

Eliminating a and 8, we obtain

KCEORCEINCED
(2.7) D= 1(x (y) 02| =0
(z x) (2, ) (2 2)
The following theorems can now be easily established.
THEOREM 2.2. T'wo distinct lineal elements determine a linear series.

THEOREM 2.3. A necessary and sufficient condition that three lineal elements
x,y and z lie on a linear series is that D = 0.

Let g, N(g) = 1, be a given lineal element, and let @ = — cos 8 + 7 sin 6,
where 7 is a constant unit vector and 6 is variable. The lineal element
(2.8) x =gqa, N(g) =1,

is obtained by rotating ¢ around the vector » through the angle 26. It will be
convenient hereafter to let a unit vector v designate also the point on .S that has
for its Cartesian coordinates the components of ». As 6 varies from 0 to m, x
describes a series of lineal elements, the points of which lie on a circle ¢ (which
may be a point circle) having its centre at 7, and the great cycles of which make
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the same angle with ¢. Such a series shall be called a spherical turbine; c shall
be called the circle of the turbine, and the points » and — 7 the centres of the
turbine. If we select three lineal elements (2.8) by assigning three arbitrary
values to 8, we find that their quaternions satisfy (2.7); consequently, spherical
turbines are linear series. :
Let us define
I = grq.
Evidently / is a constant unit vector. Since

xrk = (qa)r(ga) = q(ard)q = qrq = I,
the turbine T defined parametrically by means of (2.8) has the non-parametric

equation
(2.9) Tlx =r, (xz = 1).
But the equation of T can also take the form &( — l)x = — r; therefore, the

lineal elements of T are represented by those quaternions x which correspond
to the rotations of the unit sphere S that carry point / to », and point — / to
— r; that is to say, the quaternions x correspond to the rotations of S that
carry the oriented diameter — / — linto — r —r.

3. The kinematic representation of turbines. Let us consider two concentric
unit spheres S; (the left sphere) and .S; (the right sphere). Let the pair of dia-
metrically opposite points / and — / lie on .S}, and let the pair of points » and
— rlieon .S,. We can now map the turbine & upon two ordered pairs of points
on S; and S,, namely, /,» and the diametrically opposite pair — I, — r. We
shall call /,» (or, alternatively, — I, — r) respectively the left and right coordinates
of ¥, and let either of the symbols [/, 7] or [— [, — 7] represent . Let this
mapping whereby every turbine € on .S corresponds to two pairs of image points
on S; and S, be called the kinematic representation #. We can make ¥ one-
to-one by orienting the turbines on .S. With every turbine ¥ we associate two
oriented turbines £+ and I~ by assigning to T+ the centre 7 and to T~ the centre
— 7. A one-to-one kinematic representation of oriented turbines is brought about
by choosing the pair of points /,r as the image and [/, 7] as the symbol of £+, and
the pair — /, — r as the image and [ — /, — 7] as the symbol of £-. The simul-
taneous reflection of the points on S; and .S, in their common centre corresponds
to a reversal of the orientation of the turbines on S.

Let <: [, 7] be the turbine determined by the two lineal elements x and y.
The parametric equation (2.8) of ¥ vields

y = X(— cos § + 7 sin 6).

Since
Xy + yX = — 2cos b,

6 is a distance between x and y; moreover, since
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Xy — VX = 2rsin § = 2r sin 4,
where § is either distance between x and v, we obtain

THEOREM 3.1. The turbine determined by the lineal elements x, y (X # £ y), has
turbine coordinates I, r given by the formulae
] = —MTCSC 5, r= _gy;ﬂx_T csc 8,
2{(x, x) (v, ¥)1? 2{ (x, x) (3, )1

where 6 1s a distance between x and .

Evidently all turbines have the same “length’ 7.
Because equation (2.9) can be regarded as a necessary and sufficient condition
for the incidence of a turbine [/,7] and a lineal element x, we obtain

THEOREM 3.2. To the «©? oriented turbines I incident to a given lineal element x
on S correspond, by virtue of the one-to-one mapping H, «* left image points | on
S, and «©? right image points r on S,, so that the rotation of S, that corresponds to
the quaternion x brings the «? left 1mage points into coincidence with their 2
associated right image points.

The whirl-rotation (2.3) transforms [l, 7] into [I*, »*] where /* = b /D,
r* =ara.

The set of =2 lineal elements orthogonal to a given lineal element u shall be
called a planar field The elements x of this planar field {§ are given by the para-
metric equation

3.1) x=ua, a-+a=0, ada=1.
Eliminating ¢ we obtain the non-parametric equation of §:
(3.2) ax + Zu = 0.

The four components of « determine § and shall be called the homogeneous
coordinates of .

If the lineal elements y and z lie in the field #, x = ay 4+ 8z (a and B real
scalars) satisfies (3.2) identically. Therefore the turbine determined by y and z
lies in u.

By means of the whirl-rotation x — bxa the planar field « is transformed into
the planar field #* where

3.3) - u* = bua.
Hence we obtain

THEOREM 3.3. Wharl-rotations transform planar fields into planar fields.

We can regard (3.3) as the equation of & in planar field coordinates.

If the lineal elements y and z determine the turbine [/, 7], then, in order that
[/, 7] lie in the field %, it is necessary and sufficient that v and z satisfy (3.2).
Hence

uy = — gu, uz = — Zu,
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and therefore
Zy = uzju, 7z = uyzu;
consequently
Jz — 2y = u(vZ — zj)u.
Using the formulae for / and 7 given in Theorem 3.1 we obtain
(3.4) uu=—r

as a necessary and sufficient condition that the turbine [/, 7] lie in the field u.
We now have

THEOREM 3.4. By means of ¥ the «2 oriented turbines that lie in a planar
field u are mapped upon pairs of points 1, r on S, and S, respectively, so that a
symmetry (that is, an improper orthogonal transformation) will transform the left
1mage points into their corresponding right image points; the homogeneous Fuler
parameters of this symmetry are the coordinates of the planar field u.

The companion Theorems 3.2 and 3.4 justify calling -# a kinematic
representation.

Inasmuch as planar fields are transformed like lineal elements by whirl-
rotations, we define the angles ¢ and 7 — ¢, 0 < ¢ < , between the two planar
fields # and » by an expression dual to that used for the distances between two
lineal elements, namely,

s, (u, )?
3.5) cos” ¢ = @ u)w o)

Let the lineal element « be called the pole of the planar field #. The following
theorems are now easily established.

THEOREM 3.5. The angle between two planar fields is equal to the distance
between their poles.

THEOREM 3.6. Two planar fields u and v intersect in a turbine [l,r] where

/= (ud — vit) csc ¢ ;o (aw — bu) csc ¢
2{(u, u)(,v)} ¥’ 2{(u, u) (v, v)

and ¢ is either one of the angles between u and v.

If x, y and z are three linearly independent lineal elements, there exists a
unique lineal element # orthogonal to all of them. Since # must satisfy the
equations :

ax + Tu = uy + gu = uz + Zu = 0,
the components of # are given by

oty Ua s = |X1Ye8s] 1 — |xoyezs] ¢ |xoyzs| 1 — |Xoyizel.

This yields
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THEOREM 3.7. A planar field is determined by three linearly independent lineal
elements.

TrEOREM 3.8. If x, vy, and z are linearly independent lineal elements, the o ?

lineal elements
w=ax + By + vz (a, B, v real numbers)

constitute the planar field determined by x, v, and 3.
4. Differential invariants of series of lineal elements under %; and Iis.

A series of lineal elements on S is a one-dimensional extent of lineal elements

defined by
4.1) x = x()

where ¢ is a real parameter. We assume that dx/dt # 0in the interval {; < ¢ < £,
and that x(¢) has a continuous second derivative. We can, without loss of
generality, also assume that x(¢) is normalized, that is, that

(4.2) x()E@) = 1.

In addition we assume, as we may, that the quaternions ¢ and & that appear in
the lineal element rotation x — xa and whirl x — bx are normalized, so that
normalized series are transformed by these transformations into normalized
series.

Let the whirl b transform the series &: (4.1) into the series ©*: x*(¢). Then

do’ = didx = dz*dx*

rt —\1
dx dz \*
= 1. <d7 d7> &
the Ws-arc length of © measured from £, to 2. Let the equation of & be expressed
in terms of the invariant parameter ¢. Then, letting ¥’ = dx/do, we have

is invariant. We shall call

(4.3) i()x(c) =1, Tx =1.
Evidently

(4.4) Z = ix

is a differential invariant under 3;. Equations (4.3) vield

(4.5) ix + Tx =0, N(x) = N(x') = 1.

Therefore Z(o) is a unit vector. The three components of Z, namely

Z, (i =1,2,3) where S Z% = 1, are differential scalar invariants of & under 8.
We proceed to find geometric interpretations for ¢ and Z. Let us consider

the distance Aé between the lineal elements x(¢) and x(¢ + Ac) on &. Since

2 cos AS = E(0)x(c 4+ Ac) + Z(c + Ac)x (o)

(see §3), we obtain
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s\’ BT
2<d—0> = — (Ix + I x).
But differentiation of the first equation in (4.5) yields
4.6) x4+ Fx=—2.

Hence
do = =+ dd.

Next, let us consider the turbine T:[l,7] with centres at » and — 7, tangent to
& at o¢. By Theorem 3.1

7 =Alim 2Z(a0)x (00 + Ac) — E(o0 + Ac)x(00)] csc Ac.
L and ]

Since Zx’ is a unit vector, we obtain
r = 3E(00)x (00) — & (00)x(00)] = Z(00)x (00) = Z(00).

Therefore Z (o) and — Z(o) are the loci of the centres of the turbines tangent
to the series &.

Under the group 9¢; we obtain the same invariant parameter ¢ as under s,
and we assume again that & is expressed in terms of this parameter. Itisevident
that the unit vector

4.7 W=«%

is invariant under ;. The turbine tangent to & at gy has a left image vector I
which, by Theorem 3.1, is given by

[ = lim }[x (oo + Ac)E(co) — x(00)E(09 + Ac)] csc Ac
= x'(ao)f:(ao) = W(O’o).

Consequently we obtain a geometric interpretation of the differential invariant
W (e) of € under M3, namely, the locus of the left image point/of the turbines
tangent to &.

Differential invariants of & of higher order relative to ; [I;] result from
differentiating Z (o) [W (o) ] with respect to o.

To find kinematic interpretations for Z(s) and W (o), we proceed as follows:

Let S;and .S, be two unit spheres concentric at O; Sy is fixed in position but
S is mobile around O. Let ¢, be a primitive lineal element on .S; and let F, be
its associated rectangular Cartesian frame. Let e, be an arbitrary (primitive)
lineal element on .S,, and F,, its associated frame; ¢, and its frame F,, are mobile
with S,, relative to S;and e;. Lineal elements and points on S, will be referred
to e, and Fy, but lineal elements and points on .S,, will be referred both to ¢,, and
¢, or, what is equivalent, to their associated frames. Let the initial position
of e¢,, and therefore also of S, relative to e, be given by the quaternion xy,
namely, the quaternion of the rotation e;— e,. As.S, undergoes a continuous
displacement 9 around O, e, traces on S + a series © which, referred to e¢,, has
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the equation x = x (o), where xo = x(0¢) denotes the initial position of ¢,. & de-
fines completely the displacement Z. But Z can be defined as well by a
series ©* traced on .S, by any other lineal element ¢*,, on S,,. Let the quaternion
that determines the position of ¢*,, relative to e, be x*,; then, if x*y = bx, is the
whirl ¢,, — ¢*,,, this whirl also transforms © — &*,

Let P be a point on S, and let its coordinates, when referred to ¢,, be the
components of the unit vector v. Then, referred to e, on .Sy, P has for its co-
ordinates the components of the unit vector

(4.8) V = Zux,

because the rotation that transports ¢, — e, transforms v — V. During the
motion x (o) of S, the vector V describes a cone, the intersection of which with
S is the trajectory that the point P of S, traces on .S;. To find the poles (instan-
taneous centres of rotation) of the motion, we seek those points ¥ on .S, for which
17"(0) = O. From (4.8) we getxV’ + &'V = vx’. Consequently V = &'va’, and
thercfore x' Vi’ = v = xVZ. Hence

V=2zix Va'cx',
which implies that 17 is collinear with the vector &x’. Therefore the locus of the
pole on the fixed sphere (the fixed or space centrode) is &+ Z (o).

The locus of the pole on the mobile sphere (the mobile or body cenirode),
referred to e, is

(4.9) v=xVi=x(£ Z)f= £xix% = £x& = + W(s).

During the displacement 2 defined by the series &, the curve W(s) on S,
rolls without slipping on the curve Z(s) on Sy, while, of course, — W (o), dia-
metrically opposite to W(s) on Sy, rolls on — Z(s). The motion & is com-
pletely determined by the centrodes Z (o) and W(s), which, in turn, are de-
termined by 2. However, it should be observed that the equation of the
mobile centrode is referred not to ¢, but to any lineal element of &, say to
¢,:x(co). Therefore, if we replaced on S, the primitive element e, by another
primitive element ¢*,,: x*, the motion & that was defined by the series & traced
out on S; by ¢, would instead be defined by a series ©* traced out on S; by e*,,.
But now the mobile centrode would be referred to ¢*, and, according to (4.9),
would be given by W = = x*Z#*. Consequently the motion & is determined
by the fixed centrode + Z(¢) and an arbitrary primitive lineal element. If w
is the whirl ¢,, — ¢*,,, w transforms the series © generated by ¢, into the series
©* generated by ¢*,. Since © and &* define the same motion ¥, and D is
defined by =+ Z(s) and an arbitrary lineal element on S, Z(s) determines a
series within a whirl. We can therefore regard Z = Z (o) as the intrinsic equation
of a series relative to ;.

The motion defined by a turbine [/, 7] is a continuous rotation of .S,, around
the diameter (— [ — [), and therefore has for its fixed [mobile] centrode the pair
of diametrically opposite points = #[ 4= 1]. If Zis a displacement defined by
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a series & other than a turbine, the fixed [mobile] centrode of Z is the locus
of the right [left] image points & 7(s) [ = I(¢) ] of the turbines tangent to &.

5. Differential invariants of series under ;. Let the series © have the
equation
(5.1) x = x(¢), x(B)x() = 1,

where x(¢) has a continuous third derivative in the interval ¢, < ¢ < {2 in which
dx/dt ¥ 0. Subjecting & to the whirl-rotation

x* = bxa, N(a) = N(b) =1,
we obtain
dx*dz* = bdxaadi b = dx di.

We let the invariant dx dT = do? as before, but now we designate

’ dxdz)‘f
o = Jlo (EJ dt

as the Gg-arc length of & measured from f; to . Let the parameter ¢ in (5.1)
be expressed in terms of «; then the equation of & becomes x = x(¢) where

(5.2) x(0)i(o) = 1, x (o) (¢) = 1.
We shall consider only series x(¢) for which
(", 8y =10
in the interval o1 < ¢ < 02 The significance of this restriction will be ex-
plained later.
Let us associate with any lineal element ¢ of & in the interval (o102) a frame
composed of four mutually orthogonal lineal elements represented by the normal-

ized quaternions &; (7 = 1,2,3,4) in the following manner:
According to (5.2), x and x’ are normalized quaternions. Moreover,

(5.3) X% 4+ &% =2(x,x) = 0.

Therefore x and x’ are orthogonal lineal elements. Let

(54) fL=ux, £ =x.

The second equations in (5.2) and (5.3) yield

(5.5) (', x") =0, (x,x) = — 1.

Lety = x + ax’f where a is a scalar. We seek a value for o for which (x, ¥) = 0.
Since

(x! y) = (x: x) + a(x, x”) =1—aq,
we obtain « = 1. Therefore ¥ = ¥ + &/, and y is consequently orthogonal to
x and to x’. Now

NO)=G+x,c+2)=(x)+20x)+ & ,x)=@",x)—10.
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Let

(5.6) vt

& = [(.’XJ“, x/r) — 1];{
Thus £; is a normalized quaternion that represents a lineal element orthogonal
to £ and to &.

Let 2z be the pole of the planar field determined by the linearly independent
lineal elements x, x” and y. Then

(x,2) = (x,2) = (3,2) = 0.
Since (y,2) = (x,2) + (x”, z), we get (x”,3) = 0. Therefore

(57) Z2 = 1lX0 X1 X2 x'

Y EYi

Xo X1 X2 X3 ’
P

and
(x, x) (x, x) (% x) 10 -1 l
N@) = |, @&,2) «,x) =] 01 0 =@ -1
(") (&) (7 x) =10 (9»*)]
Let
z
(5-8) 54 = m

Thus £, is a normalized quaternion representing a lineal element orthogonal to
the lineal elements £, &, and £;.
Let b represent the determinant of the components of the four ¢. Then

¥ = | (&, £)] = 1.

Consequently the four normalized quaternions &; are linearly independent. They
therefore constitute a linear basis for arbitrary quaternions. Hence we can set
the four quaternions ¢;(= d¢,/do) equal to the linear combinations

(5.9) £ = aubi + ank + ants + aubs (1=1,2,34).
Since (Ei’ s,) =6{,’, we Obtain
(5.10) (. &) + (Eu &) = 0.

Scalar multiplication of the equations (5.9) by the ¢; vields
aij = (2/1, E;) = - (Ei, E;) = — ajj.

. + 1 . . .
Therefore the matrix ||a,-j1l is skew-symmetric. Furthermore, since §'; = &, we

find that
az = 1, a3 = ag = 0.
Let
1 e ’ 1
(5.11) i [(x,x ) — 1]
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Then (5.4) and (5.5) yield

, 1
=4+ ;Ea.
Consequently
, 1
ass = (&, &) = A and  a = 0.
It remains to find the value of ass = (¢35, £2) = — (&4, £3). Since
53 = p(x + x”)»

gs=px+px + px + px.
Scalar multiplication of ¢'; by £ = pz yields
(£, £) = pp (x,2) + p° (&', 2) + pp (¢, 2) + o (x

But z is orthogonal to x, x’ and x’’; therefore

rer

,2).

, e s A
(512) (Ely £4) =pr (x r“‘) 1= (xll’ x//)

where

Xo X1 X2 X3 l
(5.13) A= x %1 X2 X3

’ rr

Xo X1 X2 X3

rrr 11 e 111

Xo X1 Xo X3
Let
1 A

(5.14) E )

Then the system of equations (5.9) reduces to the following:

E; = 52
(5.9%) Bh=—b +%
L= -l + 1,
, P 1 4
£ = — 2%
T

This system of equations is the analogue for a series © under & of the Serret-
Frenet formulae for a curve in Euclidean space. We shall call 1/p and 1/7 the
e-curvature and Gg-torsion of & respectively. Given two arbitrary functions
p(e) and 7(0), a series is determined within a whirl-rotation by means of (5.9%).
We can therefore regard p = p(¢) and 7 = 7(¢) as the intrinsic equations of a
series relative to Us.

If & is a turbine, its parametric equation (see (2.8) ) may be expressed in
the form

x =gqg(—cost+rsint), g¢gj=1, = —1,
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where ¢ and 7 are constant quaternions. Since (dx/dt) (df/dt) =1, ¢t = + ¢
-+ const. Consequently, if x(¢) is a turbine,

(x,x)=1 and (', x)—=1=0

where x" and x”" denote differentiation with respect to ¢. Conversely, it can be
shown that a series ©: x(s), such that

(5.15) Ny) = ",x)—1=0,
is a turbine. For (5.15) implies that y = x’/ 4+ x = 0. Therefore x"" 4 &x = 0.
Consequently Zx"/ = — 1. But the fixed centrode of &, namely + Z = + Zx’.
Therefore

dZ_ —..” 1 ,—-'—’ —

i = Ix +xTx =0,

which implies that the fixed centrode of & is a pair of diametrically opposite
points and consequently, that < is a turbine. Thus (5.15) is a necessary and
sufficient condition that a series be a turbine; or, what is equivalent, a necessary
and sufficient condition that € be a turbine is that 1/p = 0. Torsion is not
defined for turbines.

Reverting to the original parameter ¢, we find the following expressions for
the differential invariants:

/ 3
1 / <dx dx>
* - @y Gr
(5-11%) ot O/ \didt,
and
(5.14%) Lo _ éwi
-
where

© =\ dt )\a’ dr dt’ di® dt'dt )’

A= | gy B0 Do A
1”! RAPTRRPTCNNT N

6. Kinematic and non-Euclidean interpretations of the differential in-
variants p and r. Let the displacement -#, defined by a series ©: x(s), have
+ Z(o) = =& Zx’ for its fixed centrode. We assume that & is not a turbine,

that is, that (x”, ") — 1 # 0. Let the unit vector

’

have its initial point at O, the centre of the fixed sphere S,. Let s be the Eu-
clidean arc-length of the fixed centrode Z(s) measured from ¢y to ¢. Then

ds’ = (Z', Z)de® = (¢1, £1)do”.

But Z/ = o' + &/x’ = 1 4+ &x”’. Therefore
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dst = [(x”, x”) — 1] de’® = l-do’2.

02

We orient Z(s) so that ds/de = 1/p > 0. Now

d ‘e N o
d—i—l = (Ix —}—;Ex)gg = pZ(x -+ x).
Let
g e
(6.2) {2 = C—i—g—l = pZ(x - x).

Evidently ¢» is a unit vector tangent to the fixed centrode at the point o.
Let {3 be the vector product of {7 and {;. Then

(6.3) =101 X & = Gifa

Therefore {3 is a unit vector tangent to .S, and orthogonal to {1 and {». The
three orthogonal unit vectors {; constitute a moving trihedral of the fixed
centrode considered as a spherical curve. The vectors {/; (¢ = 1,2,3) being
linearly dependent on the {;, we can let

(6.4) Ci= Baf1 + Buks + Busts ( =1, 2, 3; B4, real scalars).
Evidently the (Euclidean) scalar product ¢;-{; of the vectors ¢, {; is equal to
(o). Since {i¢; = 64,

Cofy 4 Ergy = 0.
Hence Hﬁz ;ll is skew-symmetric. From (6.2) we obtain

1
Bz = — Bar = —
p

We proceed to evaluate Ba3 = {'5-¢3 = ('3, {3). Since {3 and {. are orthogonal
vectors, (6.1), (6.2), and (6.3) yield

Gs= (il = 2 B 4 x).
Observing that Zx'Zx" = — 1, we obtain
g’:; = — p(:i:'x” + f'x').

Moreover,

’

co=p &0 4+ x) +p@x" + 3x)
and, since ({3, {3) = 0,
, frfa= ({0 00) = p(Fx + 3, £a).
This can be reduced, by virtue of (2.4), (5.2), and (5.11), to
—1 =@, 8x") + @, %))
To evaluate the scalar products in the square brackets, write

rre A Ay

1 ’ ’
p,-j=xix,- ——x,xi ,qijzx,-x,- ——-x,»xi, tij=xixj—xjxi.
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Observing that, by reason of (5.5), (x, x’”/) = 0, we obtain
Tx = er(por — pas) + e2(Poz — ps1) + e3(Pos — p12),
= 81(901 - 923) + 62(Q02 - 931) + ea({{oa - 912)-

8
®
I

Therefore
@, Zx") =2 pisges — 2. Pustin,

where 7,7 and k,l are complementary pairs of subscripts. But

Zpugu = | S5 @) =
x ,x)(x ,x — (x,x )x ,x
( )( ) ( ) ( )
and
EPH{J“ = A.
Therefore
@, Fx) = — (', %) — A
Similarly
(a':x ,Tx) = Z Dijti; — Z Dtk
But l
D Pty = (xl,x), (Ix, x)' = ! 0 N 1 l = (x',x")
(x ,x)(x ,x) —(x,x) 0
and
2 bite = 0.
Hence (Zx'", #x) = (x", x”’). Consequently
1
Bas = —‘,332=p2A—1= —1——;.

Substituting the expressions we have found for the 8;; in (6.4), we obtain
’ 1
b1 = —{2
p
* , 1
(647 §2=—1§1 ~<1+;>§3

p
¢ = (1 n 1)5*2
T

If we change from the parameter ¢ to s (Euclidean arc-length), the system
(6.4*%) becomes
diy
ds {2
d 1
(6.4%) - - p<1 + ;)ra
a{s

1
ds p<1 + ;>§-2
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The system (6.4**) is the set of Serret-Frenet formulae of Z(s) regarded as a
spherical curve.

Evidently K, = — p(1 4+ 1/7) is the geodesic curvature of the fixed centrode,
and represents the rate of turning (bending) of the plane tangent to the fixed
(space) cone as its point of tangency with the fixed centrode moves on it with
unit speed. If R is the radius of curvature of Z(s) regarded as a space curve,
R2 =K/ + 1.

In a similar manner, the Serret-Frenet formulae for the mobile centrode
+ W(s) on S,, can be found. Letting 7, be the unit vector W(s) = x'E at the
point ¢, 7, the unit vector tangent to W(s) at o, and 53 = 71X 72 = 7172, We

obtain

dm _

ds ke

dns 1
(6.5) dZ' = —mn + p(l - ;)ns

)

ds P 7

where s is the Euclidean arc-length of the mobile centrode. The geodesic
curvature of the mobile centrode is K,, = p(1 — 1/7).

The geodesic curvatures K (s) and K,(s) determine the fixed and mobile
centrodes on S, and S, respectively within rotations around O. Hence the
differential invariants p(o) and 7(¢) which determine a series © within a whirl-
rotation also determine, within rotations, the fixed and mobile centrodes of the
continuous motion -# defined by &. When K rand K, are constant, the two
centrodes are circles, and the motion -# becomes that of a circle of radius
(1 + K,,2)~* on S, rolling without slipping on a circle of radius (1 + K/)~* on.S,.

If we regard the four components x; of the quaternion x as the homogeneous
coordinates of a point in projective three-space, we obtain a continuous one-to-
one mapping of the lineal elements x on .S upon the points x in three-space. By
virtue of this mapping it is evident that to the «¢ whirl-rotations (2.3) on S
correspond the «8 displacements in elliptic space E;; indeed, to the whirls
correspond the left-translations in E; and to the rotations correspond the
right-translations. A series & as in (5.1) is mapped on a curve % in Ej,
turbines being mapped on the straight lines. If & is not a turbine, the moving
frame of lineal elements &; (¢ = 1,2,3,4) associated with & is mapped on a frame
of four points associated with . The invariants 1/p and 1/ can be interpreted
as the elliptic curvature and torsion respectively of %, and the equations
(5.9*) become the Serret-Frenet formulae for a curve in E;. A continuous
motion of S, over S; which corresponds within a whirl-rotation to a series & on
S therefore also corresponds within an elliptic displacement to a curve € in E;.
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