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AN Z> SATURATION THEOREM FOR SPLINES 

G. J. BUTLER AND F. B. RICHARDS 

1. Let An : 0 = x0
(n) < *i(n) < . . . < xn

w = 1 be a subdivision of [0, 1], and 
let S^ki^n) denote the class of functions whose restriction to each sub-interval 
[OCi—i , Xï

 (w)) is a polynomial of degree at most k. Gaier [1] has shown that for 
uniform subdivisions An (that is, subdivisions for which Xi(n) = i/n) 

\\f - yk(An)\\P = o(n-*-i) 

if and only if/is a polynomial of degree at most k. Here, and subsequently, \\-\\p 

denotes the usual norm in Lp[0, 1], 1 ^ p ^ co , and we should emphasize that 
functions differing only on a set of Lebesgue measure zero are identified. 

One of the authors [4] has recently characterized those functions/ for which 

\\f - y*Ml = 0(tr*->). 
In this paper we solve the corresponding problem for the Lv norms, 1 ^ p < oo . 
Let 

Lip(l, Z,*) = {/ : ( J ] ' |/(* + ») -/(x)|^x)1/2? = 0(5)} 

( / assumed to be identically zero outside [0, 1]) and define 

<&P* = lf-f € CMO, l ] , / ( *- 1 } is absolutely continuous, /<*> G Lip(l ,L p)}. 

Our main result is the following 

THEOREM. Let f be a real-valued function on [0, 1] and let {An}n=i be uniform 
subdivisions. Then 

(1) \\f-y*^)\\v =0(n~«-i), 

if and only if f G Jèf / . 

Acknowledgement. The authors wish to thank Professor Z. Ditzian for some 
helpful comments. 

2. In this section we shall demonstrate the sufficiency part of (1) ; in fact we 
shall establish the following more general result, namely, 

LEMMA 3. Let f Ç Jzf P
k. Then, given any sequence of arbitrary subdivisions 

{An}ST=i, there exists a sequence of spline functions {Sn}™=-\ of degree k with knots 
at the points of An (i.e., Sn £ « ^ ( A j C\ CA-1[0, 1]) satisfying 

(2) \\f-Sn\\P=0(\\An\\^), 

where \\An\\ = m a x i ^ n (*,<*> — *<-i(n))-
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We must first prove two other lemmas. 

LEMMA 1. If f G Lip(l ,Lp) , then 

(3) | | / - ^o (A j | | , =0 ( |K | | ) 

Proof. We first remark t h a t / G Lip(l, Lv) implies via the Holder inequality 
t h a t / G Lip(l, L1), so t h a t / is of bounded variation [2] and hence/ G Lp[0, 1]. 
Let us define 

J»l|An | | TO—1 pxi+i—xi 

E \f(t + xt) -f{x + xt)\
vdxdt. 

0 i=0 »/0 

With the change of variables 

U = X + Xt, V = t — X, 

and s ince/ G Lip(l, Z/), we have 

w-l /•! |An11 nxi+i 

4=0 « / - | | A „ | | • / « 

^^iiAoir1, 
where X is independent of ^. Thus there exists rn, 0 ^ rn ^ ||AW||, such that 

£ f,+1 * i/(r» + *,) - / (x + *«)r<** ^ ^iiA„ir. 
i=o */o 

Choosing cw to be the step function taking the value f(rn + xt) on [xiy xi+i), it 
follows that 

\\f - an\\P = o(\\An\\). 

LEMMA 2. Letf G £p[0, 1] and v be a natural number. If sn G J^„_i(Aj H C>_2, 
n = 1, 2, . . . , and <j> is a positive function on the natural numbers such that 

(4) \\f ~ sn\\„ = 0(<t>(n)), 

then there exists a sequence {Sn}™=i, Sn G S^v(An) C\ Cv~l, satisfying 

(5) \\F - Sn\\P = 0(\\An\\<l>(n)) 

where 

F{x) = ff(t)dt. 

(C_1 is interpreted to be the space of all real-valued functions.) 

Proof. Consider the B-spline Mi(x) of degree v — 1 for the subdivision 
An, i = 0, 1, . . . , n — v, defined in [6]. It is known [6] that Mt(x) is a non-
negative function having support in [xu xi+v]9 Mt G S^v-i ^ C"-2 and 

(6) Mt(x)dx = 1 
«/o 
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Following [3], define 

pxi + i 

Ai= \ (/(/) - sn(t))dt, i = 0, 1, . . . , n - 1, 

J
lXi+1 

1/(0 - sn(t)\dt, i = 0, 1, . . . , » - 1, 
* * • 

and 

sn(t)dt + T, At \ Mi(t)dt. 
0 i=0 *^0 

Suppose that #* ^ x ^ # i+i . Then 

F(%) - sn(%) = r (/(o - 5n(0)& - z ^ r^(o& 
• / 0 .7=0 • / 0 

= r (/(*) - 5.(0)*+£ ^ J. - E ^ r Mfyyt. 
By (6), 

J
»x r*x 

M3(t)dt = 1 for j ^ i - v and Md\t)dt = 0 for j ^ i + 1. 
o */o 

Thus 

î (x) - sn(x)\ g r (/(o -5n(o)* + z ^ / i - r ^ ( o ^ ) 
1 *Jxi I I j=i—v+l \ «/0 / I 

^2,+ £ K l ^ i d X 2/ 
.7=1— y+1 L j=i—p-\-l 

1/p 

for some constant K = i£(^). Hence 

(7) f+1 \F(x) - Sn(x)\pdx ^ Kv £ A»(Xi+i ~ xt). 
*J Xi 3=i—v+\ 

But by Holder's inequality, 

A? < (*m - x}f-
1 f'+1 1/(0 - sn(t)\'t 

< HA îr1 p+1 1/(0-5,(01'*; 

'dt 

thus 

f \F(x) - Sn(x)\vdx 
Jo 

^K'WAnir1 £ £ (xi+1 - *o f,+1 i/(o - 5„(on 
t = 0 j"=i— v+1 V J ; J 

'^ 
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and by reversing the order of summation, we obtain 

(8) f \F(x) - Sn(x) \pdx 5i Kv\ | A, | r 1 £ (xj+v - x}) f " \f(f) - sn(t) \
vdt 

^mAn\\p f M® - s„(t)\pdt 
t / 0 

for some constant Ki = Ki{v). The lemma follows on applying (4) in (8). 

Lemma 3 is an easy consequence of Lemmas 1 and 2. 

3. We now seek to establish the necessity part of (1). In this section, all 
subdivisions An are assumed to be uniform. 

It will be convenient to state at this point the Lp version of Markoff's in­
equality and of two inequalities due to Gaier. 

LEMMA 4 (Markoff [1]). Let P be a polynomial of degree k on [a, b] and 
0 S j ^ k- Then there exists a constant K = K(p, k,j) such that 

(9) [ f \Pu\x)\pdx I IV ^ K(b - a)-j[ j " \P(x)\pdx 
i / p 

LEMMA 5 (Gaier [1]). Suppose P is a function on [ — a, b] which reduces to a poly­
nomial of degree k on each of [ — a, 0] and (0, &], and define h = P ( 0 + ) — P(0 —). 
Then there exists a constant K = K(p, k) such that 

(10) \h\ ^K(mm (a, b))-i,p\ \P(x)\pdx "*[ £ ^ 
l /P 

LEMMA 6 (Gaier [1]). Let Tj £ S^k(Aj), j = n, n + 1, and let ht
{v) denote the 

jumps of Tn^
v) atxt = i/n,i = 1 , . . . ,n — l,i.e.,h+v) = Tn

(v)(Xi+) — Tn^(xt — ) . 
Let 0 < e < 1/2. Then there exists a constant C = C(e) such that 

(11) \h^\ ^ Cnv+1/P[ 
/»(*+l)/(n+l) 

1 \Tn+i — Tn\
pdx 

if e ^ i/n ^ (1 - e). 

Next we prove 

LEMMA 7. Let 

\lv 

(12) \\f ~ Sn\\v = 0{n~^) 

for some sequence Sn Ç 5^(AW), n = 1, 2, . . . 
Then 

(13) f £ C ^ O , 1],/ (*~1) is absolutely continuous 

and 

(14) ||/(fc) -S^\\p = 0(2^). 
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Proof. Since 5 G S^^Azn+i), we may apply (9) to obtain 

(15) 1152»» — «SVi+i||p ^ K{2 ) \\S2n — 52»+i||p 

^ Kë-****1-*, v=l,2,...,k, 

where K = K(p, k, v), Kx = Ki(p, k, v) are constants. 
Hence there are functions/,, £ Lp[0, 1] satisfying 

(16) S2n — fv\\p ^ K22 -n(k+l—v) 

for some constant K2 = K2(p, k, v). 
Therefore S2J

v) —>/„a.e.on[0, 1] and so for almost all e in [0, 1],we have 

(17) ^ " W ^ / ^ . W . 

Let h^ denote the jump of 5 V 0 at x( = i2~n, and let 

0 (l,x à; 0, 
X+ \o, x < 0. 

For x G [e, 1 — e], we define 

(18) P*(x) = J Sg(t)dt 

= s£-n(x) - sSr-%) - E ' M^I* - */2"]+°. 
i 

where 2Z / means that we sum over those i for which e ^ i2~n ^ 1 — e. 
By (11), 

(19) 

Let 

(20) 

Then, 

(21) 

E itf ( " -D IP 
1/P 

^(y—1+1/2?) 1 

•n ( f c + 2 - y - l / p ) 

^ C ( * ) 2 " ^ J + 1 / W | | 5 S - - 52»-M|IP 

=2 Ci(e)2 

fix) = fMQdt+f^ie). 

^ !!/„_! - ^r1'!!, + [ f * isl^ix) -P2»(X) -f^(e)\pdx 
iiv 

is: 
= «i + a2 + «3 , say. 

+ I )o |P2»(*) + / , - i ( e ) - / ( x ) | ^ x 
i / p 
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From (17)-(19), 

(22) «2 •4r SSTl'(e) -f^(e)\vdx 
î/v 

+ E IA^I" 
1/p 

• 0 as n —» oo . 

Using (16), (18) and (20), we have 

(23) a? è [ J J \S&\t) -fv(t)\
vdtdx 

iiv 

(v) < 11 ç ^ / 
^ | | 0 2 » ~ Ji 

0 as n —> oo . 

Hence, letting n —> oo in (21) and using (16), (22) and (23), we obtain 

/_i(*) = /(*) = fjv(t)dt +/_i(€) 

a.e. on [e, 1 — e], v = 1, 2, . . . , fe, for almost all e in [0, 1]. Since / 0 = / , it 
follows that/ ,(x) = / (v)(x) a.e. on [0, 1], and this together with (16) establishes 
(14). If k = 0, (13) is redundant. If k = 1, we have 

/(X) = fj^t)dt +/W a-e' on [e' l ~ el 

for almost all e in [0, | ] , and from (16),/! Ç Lp[0, 1], and hence/x 6 Z^O, 1]. 
Thus we may find x0 £ (0, 1) and a sequence ci > e2 > . . . —> 0 such that 

(*0) = / l ( 0 * +/ (€ , ) • 

It follows that /(et) —> #0, say, as i —> oo and defining 

we have/(x) = #(x) a.e. on [0, 1], and s o / is equivalent to an absolutely con­
tinuous function on [0, 1], which is (13). 

Essentially similar arguments enable us to establish (13) for general values 
of k. This completes the proof of the lemma. 

LEMMA 8. Let £*, i = 1, 2, . . . , m, be rational numbers with a common denomi­
nator a such that min(£f, 1 — £*) = 1/4, i = 1, 2, . . . , m. Let hu i = 1, 2, . . . , m, 
be real numbers such that 

(24) L MY'1 ^ N > o, 
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and let n be any integral multiple of a. Then there exists an integer I with 
n + 1 ^ / ^ 2n, such that 

m 

(25) Z \ht\'\p(ii, à,)r+1 ïè cNl-"ik+1) 

1 = 1 

for some absolute constant c, where p(£u At) = inf0^;_z |£* — j/l\. 

Proof. Assume first that 1/4 ^ £i > £2 > . . . > U è 1/g. Define tt to be 
n£iti = 1, 2, . . . , m. Then tt is a natural number no greater than w/4. Fix i and 
let r be a natural number with 1 ^ r ^ n. Then either we have (i) h/£t ^ r < 
(* + è)/£* f° r some natural number h, or we have (ii) (A — J)/£f ^ r < A/£* 
for some natural number h. 

If case (i) applies, then, since £* = ^ / « , we have hn/ti ^ r < (h + \)n/tu and 
so 

0 <b _ tj + h _ **r — Aw < 1 
w n + r n(n + r) 2(n + r) ' 

Thus 

(26) p(f <f A„+r) = (ftr — hn)/(n(n + r)) = f iV(w + r)> where s = r — hn/ti 

If case (ii) applies, we have 

(A — i ) 7 = f < T~ » a n d s o 

0 £i + ft __ /j = few — ttr < 1 
w + r » n(n + r) 2{n + r) 

Hence 

where s = hn/ti — r- Therefore we have 

In n 

E [P(«<. A,)]*^1 = E [p(*<, K+r)fV+1 

r=n+l r=\ 

= E E> Mi* K+r)]kv+1 

h=0 hn I tiSr<(h+\)n I ti 
kp+1 

. . . . \P\KU <-*n+r) I 
h=l (h—\)n I tiSr<hn I ti 

kp+1 

+ E . ,. E [p(̂ > A„+r)] 

K - l [Jn/X] / > A 

i 2 S S fe) 
where we have used (26) and (27) to estimate the sums over r. 

Using the integral test to estimate the inner sum above, we obtain 
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Since n/2tt = l /2£, ^ 2, we have n/2tt - 1 è n/étt. Hence 

(28) g [pfo, Are+r)f
+1 è (*/> + 2)-12-8w-4<<^j ( | J 

= Cin"**. 

Thus from (24) and (28), 

2w m m In 

E E |A«r[p(li. A,)]^1 = E E lAil'W^, Ar)f
+1 

^ ClNn-kpq1-p. 

Hence there exists / with n + 1 S 1 ̂  2n such that 

m 

X) Ihil'MZt, A,)]*"1 ^ CiNfT^q^ 

^ cNrv{k+l) 

for some constant c, since q < I ^ 2n. It is obvious that the proof may easily be 
modified for the slightly more general statement of the lemma. 

< &" f c _ 1 

LEMMA 9. Suppose 

(29) [ Jo \f - Sn(t)\"dt^ 

for some sequence Sn Ç <5^(An), n = 1, 2, . . . . 77&en //&ere is a constant C such 
that for n = 1, 2, . . . , 

E i*?)r»p-1 ^ c, 
i=l 

where hi{k), i = 1, 2, . . . , n are the jumps of Sn
(k). 

Proof. Applying Lemma 6 with Tj = Sjyj = n, n + 1, and with v = k, e = 1/4, 
we deduce that 

E ' \hf\vn-x~vk g K f |SK+1 - 5„|p g K 
i t / 0 

!» Ptt+1> 

for some constants i£, i£i. If Lemma 9 is to be false, we may suppose, without 
loss of generality, that given N > 0, there exists a natural number q such that 

m 

E I^V^èiv, 
where 1/4 è &» > &»-i > . . . > £i = 1/q are the points of [0, 1/4] H Afl and 
hi(lc\ i = 1, 2, . . . , m, are the corresponding jumps of Sq

(k). By Lemma 8 there­
fore, we can find / with 2q + 1 ^ I ^ 4g satisfying 

(30) E |M*T[pfe, A()f
+1 è civr -p(fc+i) 
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Let £i Ç [rt/l, (r / + 1)//] = Iri, where rt is an integer. Applying Lemmas 4 and 5 
to the function Sq(x) — 5,(x) on Iri, we have 

'dt 

i/p 

\hf\ è KMit, A,)r1A,[ J \S™ - S<?\'i 

so that, since the intervals Iri are pairwise disjoint, 

^ K,Nrv{k+1) 

by (30). Thus 

11/-5,||, è 115,-5,11, -11/-5,||, 
^ KsNl-*'1 - Kq-*-1 

which contradicts (29) if N is sufficiently large. This proves the lemma. 

We are now in a position to prove the necessity part of the theorem which we 
state as 

(3D 

LEMMA 10. If \\f - yk\\p = CKrr*-1), then f G i f / . 

Proof. Suppose K > 0 and Sn £ <S^(AJ satisfy 

[£\f-sn\*dt ^Kn~ n = 1,2, 

By Lemma 7 , / G C*_1[0, 1], /<*-1> is absolutely continuous on [0, 1], and 

~\I/P 

(32) [J: | / w - a2n\
pdt ^ K'2~n, n = 1, 2, . 

where ern = 5W
W. Let 0 < Ô < 1 and choose n such that 2-"-1 ^ ô < 2~n. Let 

hi<v\i = 1 ,2 , . . . , 2 W - l b e t h e j u m p s o f 5 V I V = 0,1, . . . , k. If 0 ^ i g 2W - 2, 
we have 

(33) 

and 

(34) 

|<r2„0 + 8) - <rt«(t)\pdt ^ 2-"|iS!i|*. 
Ï 2 - » 

J *l—Ô (/ + ô) - c72»(or^ = o-
1— 2~» 
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Hence 

(35) [/; (*)/ \fw(f + 6)-fw(t)\>dt 
i / p 

+ [/; Wv>(t + Ô) - 0-2»(0 |^ 

Û2\\fw{t)-<r»(t)\ 

1/p 

^ K'2l~n + 2 -n/p E [*?>r 
i / p 

by (32)-(34). We now apply lemma 9 to (35) and find a constant C such that 

[f. If'Q + è) -fw(f)\'dt 
l/V 

Hence 

^ (2K' + C1,v)2-n 

g (4K' + 2C1/P)Ô. 

[J: |/w(f + * ) - / w ( O I * 
1/P 

= 0(5) 

and so f{k) Ç =£V. This completes the proof of the theorem. 

Remark. Other characterizations are possible, using the result [2] t h a t / (E ££/ 
if and only if f(k) is of p-bounded variation on [0, 1], i.e., the supremum over all 
subdivisions dn : 0 = x0 < Xi < . . . < xn = 1 of the sum 

£ i/w(xi+1) -/<*>(ar<)r(*«.i-*<)1^ 
i / p 

if finite, and, for p > 1, the result [5] t h a t / i s of ^-bounded variation on [0, 1] 
if and only if/ is absolutely continuous a n d / ' £ £p[0, 1]. 
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