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Abstract. In this paper, we provide a general framework for counting geometric structures in
pseudo-random graphs. As applications, our theorems recover and improve several results on
the finite field analog of questions originally raised in the continuous setting. The results present
interactions between discrete geometry, geometric measure theory, and graph theory.

1 Introduction

Let IF; be a finite field of order g where q is an odd prime power. The investigation
of finite field analogs of problems originally raised in geometric measure theory has
a long tradition, for instance, the Erdds—Falconer distance problem [6, 7, 18], sum-
product estimates [4, 10], the Kakeya problem [8, 33], frame theory [16, 17], and
restriction problems [15, 23, 24, 28, 29]. Studying these problems over finite fields
is not only interesting by itself, but it also offers new ideas to attack the original
questions. Some of these problems can be proved by using results from graph theory.
For instance, in [18], Iosevich and Rudnev proved the following theorem on the
distribution of distances in a given set.

Theorem 1.1 (Iosevich-Rudnev [18]) Let E be a set in IE‘Z. Assume that |E| > g%,
then

A(E) = {llx = yll = (1 = y1)* + -+ + (x4 = ya) s,y € E} = Fy.

It is well known that this theorem can be reproved by using the famous expander
mixing lemma, which helps describe the behavior of (n,d, A)-graphs. We say G is
an (n,d, A)-graph, if it is a regular graph with n vertices, each of degree d, and
all eigenvalues of its adjacency matrix are bounded in absolute value by A (with
the exception of the largest eigenvalue, which will be d, as the graph is regular).
Specifically, the expander mixing lemma states that for such a graph, the number of
edges in a given vertex set U, denoted by e(U), is bounded from both above and below
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by the inequality
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To derive Theorem 1.1 from this estimate, for o € Fy, one just needs to define the

distance graph DG, with the vertex set IF‘; and there is an edge between two vertices
x and y if and only if ||x — y|| = a. It is not hard to check that DG, is a regular Cayley
graph with q? vertices, of degree (1 + 0(1))g%™!, and the second eigenvalue is bounded
by Zq% by using Kloosterman sums [19, 32]. So, for any « # 0, the expander mixing
lemma implies directly that any vertex set U of size at least Zq% spans at least one
edge.

We observe that the argument above only made use of the pseudo-randomness
properties of the graph, and once the eigenvalues were calculated ignored anything
about F, or the distance function. Because of this observation, this machinery
provides a unified proof for a series of similar questions, for example, one can replace
the distance function by bilinear forms [12], Minkowski distance function [13], or
other functions [31].

From this observation, it is very natural to ask what kinds of finite field models can
be extended to the graph setting? That is, what “geometric structures” can we guarantee
in a general graph with some pseudo-randomness condition? The main purpose of this
paper is to provide three such configurations, and the three topics we present here can
be viewed as generalizations of the Erdés—Falconer distance conjectures, which have
been studied intensively in the literature. Our theorems imply several results found
previously as special cases. Moreover, as they rely on the pseudo-randomness of an
underlying graph, they can be applied in a straightforward manner to other settings,
such as modules over finite rings.

Throughout the paper, we say that G is an (n, d, A)-colored graph with color set D
if it is a graph edge-colored with | D| colors such that the subgraph of any fixed color
isan (n,d, 1)-graph.

1.1 Cartesian product structures

We first start with the following question about finding rectangles in ]F‘;.

Question 1.2 Let E be a set in IFZ and a, p € F;. How large does E need to be to
guarantee that there are four points w, x, y, z € E such that they form a rectangle of side
lengths o and B, i.e.,

ey)

(w=x)-(x=»)=0,(x-y)-(y-2)=0, (y-2) - (z-w) =0, (z=w)(w-x) =0,
and

) lw—x|l=1ly-zll=a |lx-yll=z-wl| =B

Lyall and Magyar [26] proved that for any & € (0,1), there exists an integer qo =
qo(0) with the following property: if g > qo and E c ]Féd with |E| > 8¢¢, then E
contains four points a, b, ¢, and d satisfying (1) and (2). This is the finite field model
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Geometric structures in pseudo-random graphs 3

of a result in the same paper which states that for any given rectangle R in R, if
S c R?? has positive Banach density, then there exists a threshold 19 = 1¢(S, R) such
that S contains an isometric copy of AR for any A > Ay. Notice that the result in [26]
was actually proved in a more general form, for d-dimensional rectangles, though we
state it here for two-dimensional rectangles.

In the first theorem of this paper, we extend this result to a general graph setting.

For two graphs G and H, the Cartesian product of G and H, denoted by G 0O H, is the
graph where V(GO H) = V(G) x V(H) and (u3,v;) ~ (42,v2) if and only if either
u; = up and {v1,v,} € E(H) or v; = v, and {uy, us} € V(G). We use S(x) to denote
the indicator function of the set S.

Theorem1.3 Let G; be (n;,d;, A;)-graphs with1 < i < 2. Set G = G; O G,. Forany 0 <
0" < 8 <1, there exists € > 0 such that forany S c V(G 0 G,) with |S| > §|V(G, O Gy)),

; M A
zfmax{dl,dz}<£, then

N = > S(up,v1)S(ur, v2)S(uz, v1)S(uz, vy) > 8'dnynydid,.
(u1,u2)€E(G1),(v1,v2)€E(G2)

Theorem 1.3 recovers the theorem on rectangles in FZ by Lyall and Magyar
(Proposition 2.1 in [26]) which we now state.

Proposition 1.4 (Proposition 2.1in [26]) Forany 0 < § < 1, there exists an integer qo =
qo(8) with the following property: if q > qo and ty, ..., ta € Fy, then any S € Ffid with
S| > 8q** will contain points {xy1, X2} x -+ x {Xa1, X42} € Vi x -+ x Vg with |xj, -
xj1|* = tj for1 < j < d where we have written Féd =WVix - x VagwithV; = IE% pairwise
orthogonal coordinate subspaces.

To see this, let G; and G, be the graphs each with vertex set IFZ where a ~ b in
G, if [[a-b|| = a and x ~ y in G, if ||a - b|| = B. Then G; and G, are graphs with g*
vertices, degree asymptotically g% 1. We next appeal to a result from Vinh in [31] that
puts together work from [1, 22] in a form useful for us. Specifically:

Theorem 1.5 (Theorem 10.1in [31]) Let Q be a nondegenerate quadratic form on IE‘Z.
For any a € F, the graph whose vertices are F‘; and whose edges are the pairs of distinct
vertices x,y]FZ satisfying Q(x — y) = a, is a (g%, (1+ 0(1)) g%, 2q(*~V/)-graph.

This gives us that A < 2q(*~D/2 here. Note that if ||u; — u|| = & and ||jv; - v,|| =
B, then letting w = (uy,v1), x = (u3,v2), ¥ = (42, 1), and z = (uz, v,), we have that
w, X, ¥, and z form a rectangle in Féd with side lengths « and 3. Applying Theorem 1.3
to these specific graphs shows that for g large enough, any subset of Iﬁ‘éd of size at least
8q*¢ contains Q(q*?72) rectangles, giving a quantitative strengthening of Lyall and
Magyar’s result. Another application of Theorem 1.3 is on the number of rectangles
in Fé with side lengths in a given multiplicative subgroup of F,; precisely, given a
multiplicative subgroup A of F,, we define G; = G, being the graph with the vertex
set IF; and there is an edge between x and y if x — y € A. This is clear that this is a
Cayley graph with g vertices, of degree |A|, and it is also well known that A < g"/? (see
[20, (1)] for computations). Applying Theorem 1.3, we recover Theorem 1.1 from [20].
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Theorem 1.6 (Theorem 1.1in [20]) For any 0 < § < 1, there exists an integer qo with
the following property: if q > qo and A is a multiplicative subgroup of F; with |A| >
q*, then any set S c Fz with S| > 8q* contains at least Q (%) rectangles with side
lengths in A.

1.2 Distribution of cycles

Our motivation of this section comes from the following question.

Question1.7 Let E be a set in IFZ, and let m > 4 be an integer. How large does E need to
be to guarantee that the number of cycles of the form (x1,. .., X ) with ||x; — x;41|| =1
foralll<i<m-—1, and||xy — x1]| = 1, is close to the expected number |E|"q~™?

Tosevich, Jardine, and McDonald [14] proved that the number of cycles of length
m, denoted by C,,(E), is close to the expected number if E is sufficiently large. Here,
we record their result, which is Theorem 1.2 in [14].

Theorem 1.8 (Theorem 1.2 in [14]) Given E IE‘Z, we have that

(3) Cm(E) = (1+o(1))|1;1:l,

whenever
E|> q%(d+2—%+5) :m =2k, even
- q%(‘”z*%*‘s) :m=2k+1, odd
where

0<d<

2|2

In the continuous setting, this is a difficult problem, and there are only a few partial
results. For instance, as a consequence of a theorem due to Eswarathasan, losevich, and
Taylor [9], we know that if the Hausdorftf dimension of E, denoted by s, is at least %,
then we know that the upper Minkowski dimension of the set of cycles in E is at most
2s — m. If we consider the case of paths, then Bennett, Iosevich, and Taylor [3] showed
that there exists an open interval I such that for any sequence {t;}!", of elements
in I, we always can find paths of length m +1 with gaps {¢; }; between subsequent
elements in E as long as the Hausdorft dimension of E is greater than %. We refer
the reader to [25] for the recent study on this problem. It is worth noting that in the
discrete setting, results on distribution of paths also play a crucial role in proving (3).

In the graph setting, we have the following extension. We note here that we are
counting any sequence of m vertices (vy,...,Vy) with v; ~ v, and v ~ v,, asa cycle
of length . That is, we are counting labeled cycles and we include degenerate cycles
in the count. One could combine Theorem 1.9 for various values of m and lemmas
used to prove it to obtain results about nondegenerate cycles as well, but we do not
do this explicitly here. In what follows, when two quantities X(#) and Y (n) vary
with respect to some controlling parameter n, we write X (n) <« Y(n) to indicate that
X(n) =0(Y(n)).
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Theorem 1.9 Let G be an (n,d, A)-graph, and let U be a vertex set with A - 5 = o(|U]).
Let C,,(U) denote the number of (labeled, possibly degenerate) cycles of length m with

vertices in U. Then we have

nm

Cm(U) -

nm-1 n

m-1_ym-1 m—2 2
=O(}L|U| dmt A |U|d)‘

The error term cannot be improved for m = 4. For instance, we define a graph with
the vertex set Ffl where two vertices (a, b) and (¢, d) are adjacent if and only if ac +
bd = 1. Using the geometric facts in IF; that any two lines intersect in at most one point
and there is only one line passing through two given points, we can see that this graph
contains no Cy, even though itis a (q%, 4,./9) graph (if one includes loops).

We also remark that as a corollary of the following result due to Alon, we know that
the number of cycles in U is close to the expected number as long as |U| > A(n/d)?.
Here, we state a version of this result given as [21, Theorem 4.10].

Theorem 1.10 Let H be a fixed graph with r edges, s vertices, and maximum degree
A, and let G = (V,E) be an (n,d, ))-graph, where d < 0.9n. Let m < n satisfy m >

A (%)A . Then, for every subset V' C V of cardinality m, the number of (not necessarily
induced) copies of Hin V' is

(1+o(1))|Au’ZZﬂ|(j)r.

The statement about cycles implied by this result is of course weaker than Theorem
1.9. We now discuss how Theorem 1.9 implies and improves previous, more specific
results. In [14], counting results for cycles are proved in both the distance graph and

prod
t

the dot-product graph over ]FZ. Formally, let G35t and G?™ be the graphs on vertex

setIE‘Z where u ~ vin G3tif |y — v|| = tand u ~ v in Gf’md ifu-v = t. As each of these
graphs is approximately q?~! regular and with second eigenvalue bounded above by
2q4D/2 Theorem 1.9 can be applied. In [14], the same quantitative results are proved
for both graphs but with different methods, and the authors write the following:

“We note that in this paper, we obtain the same results for the distance graph and
the dot- product graph. While the techniques are, at least superficially, somewhat
different due to the lack of translation invariance in the dot-product setting, it is
reasonable to ask whether a general formalism is possible”

Theorem 1.9 answers this question in a strong way, as it may be applied in a much
more general setting than just distance or dot-product graphs. Furthermore, Theorem
1.9 implies the estimate (3) with an improved threshold on the size of the subset,
namely we may remove the § in the exponent that appears in Theorem 1.8, from [14].
The proof of Theorem 1.9 requires estimates on the number of paths in our graph, for
example, Proposition 3.5. This is again done in a general way for (n, d, 1)-graphs. We
also note that colorful versions of Theorem 1.9 and the lemmas required to prove it
can be proved with only minor modifications to the proof. That is, given an (n,d, 1)-
colored graph and a fixed coloring of a path or cycle, one can obtain the same estimates
on the number of such colorful subgraphs that appear. For ease of exposition, we only
prove an uncolored version of Theorem 1.9, but Theorems 1.15 and 1.16 (see below)
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are stated and proved in a colorful way as proof of concept. It is possible through this

general setup to recover Theorem 1.1 of [2] and Theorem 6 of [5], both of which we

explicitly state below, for the sake of completeness.

Theorem 111 (Theorem 1.1of [2]) Let E € F%, whered > 2 and |E| > %q% . Suppose

thatt; # 0, for1 < i < k. Then

|E|**Y| 2k aa |E|F
< —_.

—_ 2

qk “In21 qk

H(xh . ox¥) € Ex - xE: |x' —x™ = t;,1<i <k}| -

Theorem 1.12 (Theorem 6 of [5]) Let E ¢ F%, where d > 2, a,B e, and E is large

enough so that for all € > 0, there exists a positive constant Cy so that |E| > g7 *¢. Then
() € Ex Ex Bt = a2 = )| = (1 o(0) o
X, x%,x ix e xt=a,xtx” =Y = 0 2

Finally, we prove Theorem 1.9 in two different ways. The second approach is quite
specific to counting cycles, but more straightforward (it is also slightly weaker: we
obtain the same quantitative results for m > 5 but for m = 4 only prove the result up to
a multiplicative constant factor). The first approach passes the problem to counting
structures in the tensor product of two (n,d, A)-graphs. We note that the tensor
product of two (n,d, 1)-graphs is itself an (n?, d*, d1) graph, and so one may try to
use pseudo-randomness of this graph to count subgraphs. However, this is not good
enough for our purpose, and we must prove a version of the expander mixing lemma
that applies specifically to tensor products of graphs. This result (Proposition 3.2) is
significantly stronger than directly applying the classical expander mixing lemma to
the tensor product graph, and we believe it is of independent interest, as the second
approach along with Proposition 3.2 could be used to count other structures in tensor
products of pseudo-random graphs.

1.3 Distribution of disjoint trees
The last question we consider in this paper is the following.

Question 1.13  Let E be a set in Fg, and let T be a tree of m vertices. How large does
E need to be to guarantee that the number of vertex disjoint copies of T in E is close to
|E|/m?

That is, we are asking for a threshold such that any set of large enough size has
an almost spanning T-factor. We now to introduce the notion of the stringiness of a
graph, T, denoted o(T), which is defined as (d; + 1) [17., d; whered; >d, > --- > d,
is the degree sequence of T in nonincreasing order. Using this concept of stringiness,
Soukup [30] proved a result about trees. While his result holds in more general
settings, we state the relevant version, using our notation, here.

Theorem 1.14 (Theorem 6 in [30])  For any tree T of m vertices with stringiness o (T),
and for any E c ]Fg, if |[E| > a(T)q%, then the number of disjoint copies of T in E is at
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least
ul
a(T)

e

In this section, we provide improvements of this result.

Theorem 1.15 Let G be an (n, d, A)-colored graph with the color set D. Let T be a tree
with edges colored by D. Forany U c V(G), with|U| = r - Ad—",for somer > 1, the number
of disjoint copies of H in U is at least

Ul An

o(T) d’°

where o (T) is the stringiness of T.

Theorem 1.15 directly generalizes Soukup’s result in [30] to pseudo-random graphs.
However, the stringiness of a tree may be exponential in the number of vertices. Using
a different method, we prove a theorem which for most trees does much better.

Theorem 1.16  Let G be an (n, d, A)-colored graph with the color set D. Let T be a tree
of m vertices with edges colored by D. For any U c V(G) with |U| > m(m —1) - A” , the
number of disjoint copies of T in U is at least

U] _An
m d’
2 Proof of Theorem 1.3

Set V; = V(G;) and E; = E(G;) for 1< i <2. If i satisfies ' = max{% d—z} then

throughout the proof we will use E to denote 2 +

2.1 Square-norm
For functions fi, f, f3, fa: Vi x V, = [-1,1], we define

N(ffos f3, fa) =B apea  fi(a,c) foa,d) f3(b, ) fa(b,d)

(a,b)eEy,(c,d)eE,

1
S WVildivild, a,¢)fa(a,d)f3(b,c) fa(b,d
i L2, N@0R@RG.Of0.)
(a,b)eE,(c,d)eE,

and
M(fl,fz,fs,f4) =Ea,p,c.afi(a,c)f2(a,d) f3(b,c) fa(b, d)

|V1|2‘V2|2 a;dﬁ(a s¢)fa(a,d) f3(b, ) fa (b, d).

Let S be any subset of V; x V,. Recall that when context is clear, we use S(-) to
denote the characteristic function xs on the set S. We now prove two simple but useful
facts about M using Cauchy-Schwarz.
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Proposition 2.1

NERY
M(S,S,S,S) z( ) )
Al[Va]

Proof We write the definition of |S| as a sum and apply Cauchy-Schwarz twice to
get

aeVy beV, aeVy aeVy \beV,

NEDND s(a,b)g(z 12); > (Z s(a,b))2 %

vy T s<a,b>s<a,c>)

beV, ceVy aeVy

<[z (Z le);(Z 2, (Z S(M)S(a,c))2 %

beV, ceV, beV, ceV, \aeV;

o=
-

= w2 IVzl(Z D S(a,b)S(a,c)S(d,b)S(d,c))

beV, ceVy aeVi deVy

)Z,

Comparing this to |S| yields the desired result. [

which, upon rearranging and renaming variables, becomes

VA2 Va2 ([ViP|Va* M S, 8,8, 8))* .

For any function f: V; x V, - [-1,1], we define

llauevs) = MCF S f O
Lemma 2.2 For functions fi, f2, f3, fa: Vi x Vo = [-1,1], we have

M(f, fo, f3, fa) < IniianiHD(VlXVz)’

Proof We apply Cauchy-Schwarz to the definition of M to get

M(foforfifi) = = S filarc)folard) fs(by ) fa(b,d)

|Vl|2| V2|2 a,beVy,c,deV,
1

= VAR 2 (Z fl(a,C)fa(b,C))( > fz(a,d)ﬁx(b,d))

a,beVy \ceV, deV,

1 2\ 2
: W (a,hze:v1 ( Z fl(a’c)f3(b>c)) )

ceV,
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1

> ( > fz<a,d>f4<b,d>)

a,beVy \deV,

= (M(fis fis fr ) - (M(for foo i f2))? -

A similar calculation using Cauchy-Schwarz and reversing the roles of V; and V; gives
that

M(fis for fo fa) < (M(fis foo fis E))2 - (M S, fao for fu)) V2.

We finish by combining these inequalities and using the fact that M(f;, fi, fi, fi) <1
fori=1,2,3,4. ]

2.2 A weak hypergraph regularity lemma

Let B be a g-algebra on V;, and let C be a o-algebra on V,. We recall here that a o-
algebra on V; is a collection of sets in V; that contains V;, @, and is closed under finite
intersections, unions, and complements.

The complexity of a ¢g-algebra B is the smallest number of sets (atoms) needed
to generate B, and we denote by complexity(B). Notice that |B| < 2comptexity(B),
We denote the smallest o-algebra on V; x V, that contains both B x V; and V; x C by
BvC.

For a function f:V; x V, > R, we define the conditional expectation E(f|B v
€): V — R by the formula

1
E(f|BvE)(x) = BV )] yé((Bé)(x)f(y),

where (B v €)(x) denotes the smallest element of B v C that contains x. We note
that an atom of B v € has the form U x V where U and V are atoms of B and C,
respectively.

The following lemma is a special case of the weak hypergraph regularity lemma due
to Lyall and Magyar (Lemma 2.2 in [26]). We refer the reader to [26] for a detailed
proof. Rather than stating their lemma in its full generality, which would require a
substantial amount of additional background, we state the following special case of
their result, which will suffice for our purposes. As before, we let S denote a subset of
Vl X Vz.

Lemma 2.3 (Lemma 2.2 in [26] (special case)) For any € > 0, there exist o-algebras
B on V; and C on V, such that each algebra is spanned by at most O(e™®) sets, and

IS =E(SIBV C)lla(vixvy) <&
We recall that

SN (BxC)|

E(SIBY €)(x) =

>

where B x C is the atom of B v € containing x.
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2.3 A generalized von-Neumann-type estimate

Lemma 2.4  For functions fi, f2, f3, fa: Vi x V3 = [-1,1], we have

. /\1/4
NG o S < 0 v+ (57

To prove this lemma, we recall the following result, often called the expander
mixing lemma, which was proved at least as early as 1980 by Haemers in his Ph.D.
thesis [11, Theorem 3.1.1].

Lemma 2.5 Let G=(V,E)bean (n,d,A)-graph, and let A be its adjacency matrix.
For real f, g € L*(V), we have

(f> Ag) = dIVIE(N)E()] < Al fl2]g]2

where

E(f) = 2 f0) R = 2 1F (W)

|V| veV veV

Proof of Lemma 2.4 Set 0;(x, y) = |V;|/d; if (x, y) € E; and 0 otherwise, and let
Ey yev, = ﬁ Yx,yev;- Then, for f,g:V; — [-1,1], by using the expander mixing
lemma, one has

> f(x)g(y) = (f, Ag) < 2

x~y
Dividing both sides by d;|V;| and using || f||2]| g2 < | Vi| gives

1 SS@80) + kil gl

Ex yev, f(x)g(y)oi(x, y) (|V|2 > f(x)g( }’)) - —Ex,yf(x)f()’) + %

Thus,
2

Eny f(DE()0 1) = (B SIS ()(0)) + 27 By F(2IE () + 2
SEe,f(0)f(7) + 32—

where we have used the fact that E. ,g(z)g(t),Ex,, f(x)g(y) < 1. In other words, for
functions f, g: V; - [-1,1], we have

) By f(2)g(3)0i (2, ) < Eay f(2) f () + 32*

1

The same holds when we switch between f and g:

5) [Eay f()8(3)0i(%, 9P < B yg(x)g(y) + 32*

In the next step, we want to show that

N(fi> 2> 5> fa) < | Allavixvy) + O (%)
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Using the definitions, we have

N(fis f2 f3 f1) = Eap,c.afi(a, ¢) f2(a, d) f3(b, ) fa(b, d)01(a, b)oa(c, d).

For a fixed pair (¢,d), set f. 4(a) = fi(a,c) f2(a,d) and g. 4(b) = f3(b,c) fa(b,d).
Then we have

1 2
N TAAC (2; Gz(c,d)) (Z; o2(c, d) g;fc,d(a)gc,d(b)m(a,b)\ )

= (E;q02(c, d)) (Ec,dJZ(C’d)‘Ea,bfc,d(a)gc,d(b)al(a> h)|2)
=Ee,a0(c, d)|Ea,p fea(a)gea(b)o(a b)l,

) 1 i
IN(fi, f2» f3» f4)l =(V|2|V|2uz fc,d(a)gc,d(b)al(ﬂ>b)fh(c,d))

b,c,d

(V| |V |2 Z\/W \/02(72](5 d(a)gc d(b)J]

where the first inequality uses the triangle inequality and rearranging, the second
inequality is Cauchy-Schwarz, the next line is rearranging, and the last equality

uses the fact that E; j0,(c,d) = |Vlz|2 . %‘ -|V| - dy = 1. Therefore, the inequality (4)
implies

©) INGisfo o PO < Eear(d) (Enifoa(@) foa(b) + 32—)

- Bupea02(6rd) foa(a) foa(b) + 3 (Beaoa(c,d)) 2—
= (Eap,cafi(a.c)fi(b,c) fr(a,d) f2(b,d)ox(c,d)) + 32—1.

By another similar argument with f,,(c) = fi(a,c)fi(b,c) and g,,(d) =
f2(a,d) f2(b, d) for each fixed pair (a, b), we have

A
NG oo SO < (Baneafoa©fus(@onesd) +52)
< (Ea,b,c,dfa,b(c)gu,b(d)UZ(C’d)) +15—,
using that Ea,b,c,dﬂ,b(c)gu,b(d)oz(c,d) <land },/d; < 1. Now

(Ea,h,c,dfa,b(c)ga,b(d)al(c’d)) |V ‘4|V |4 (Z 1 Zfa b(c)ga b(d)o'l(c d))

a,b c,d

1

|V1‘2 Z ( |V |2 Zfa b(C)gu b(d)(fz(c d))

N . 12
WP (E“df“*b(“)f“”’(d) =2)

=Eap (Ec,dfl(aw)fl(b»C)fl(a,d)fl(b’d) " 3%)’
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by Cauchy-Schwarz and (4), respectively. As a consequence, we obtain

IN(fis fos fos f)|* < EBapcafila,c) fi(b,c)fila,d) fi(b,d) + 15% i3t

d,
= M(fi, fir fir i) + O (f? " ?7)

Notice that the same holds when f; on the right-hand side is replaced by f; for
2 < i < 4.In short,

. /11/4
NG o o0 i sy O e )

This completes the proof. ]

With Lemmas 2.3 and 2.4 in hand, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3:

For any ¢ > 0, by Lemma 2.3, we can see that there exist o-algebras B and C on V;
and V;, respectively, with complexity bounded above by O (8’8) , so that

(7) IS —E(SIB v C)llo(vixw) <&
Let g denote E(S|B v ©), and define

h(x) = 8(x) - g(x).
Therefore, (7) gives us that

(8) IAlla(vixvs) < e

Both g and h are functions from V; x V; to the interval [-1, 1]. Recalling the definition
of N above, we see that

N(S.S,S,S)=N(g.2.8.8) + N(h,h,h,h) + R,

where R is a sum over all expressions of the form

N(fi, fo f3, fa),

where the f; in each term are either g or h, but not all the same. Specifically,
set Q:={g,h}*\{(g.8.8.8), (h,h,h, h)}, denote a quadruple of functions by F =
(fi> f2> f3> fa) € Q, and write

R= Z Eop.c.afi(a,c)fa(a,d)f3(b,c)fa(b,d)E(a,b)Ey(c,d),

FeQ

where E;(x, y) is the indicator that xy € E(G;). Combining Lemma 2.4 and (8) gives

/11/4 /\1/4
|N(h, h; h; h)| < ||h||D(V1><V2) +0 (dl/‘l) <e+ O (dl/‘l) .
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Similarly, for any other choice of F € (), we must have / in at least one entry, so we get
1/4

. 2 A1/4 /\1/4
NG < minl e + O (i ) < s+ 0 (G5 <0 (3 )

Putting these together, we get that

©) IN(S,S,S,S)—N(g,g,g,g)I:O(8+;Z)-
Similarly, by Lemma 2.2, we know that

M(F) < min|lfillaguesa),
so we get that

(10) IM(S,S,S,8) - M(g, 8.8 8)|=0(e).

By definition, g is a linear combination of indicator functions of atoms of the o-
algebra B v C. By Lemma 2.3, we know that there is some positive constant ¢ > 0 so

that the number of terms in this linear combination is no more than 2°¢ . So we can
write N(g, g, g, g) as a linear combination of terms of the form
N(Bl X Cl,Bz X Cz,B3 X C3,B4 X C4)

=Ea,p,c,d (B x C1)(a,¢) - (B2 x C2)(a,d) - (B3 x C3)(b,¢) - (Ba x Cs)(b,d)a1(a, b)az(c,d),
for some atoms B; x C; (and their indicator functions) in B x C. Here as before we
use 0;(x, y) equals |V;]/d; if {x, y} € E; and 0 otherwise. However, if we split this up
by variables, we get that

N(B] X C],Bz X Cz,B3 X C3,B4 X C4)

= Eu,b,c,d(Bl N Bz)(a) . (Bs n B4)(b) . (C] N C3)(C) . (C2 N C4)(d)01(a, b)O’z(C, d)

= (Eu,b(Bl n Bz)(a) . (B3 N B4)(b)01(a, b)) (Ec,d(C1 n C3)(C) . (Cz N C4)(d)02(€,d)) .

By applying the expander mixing lemma as in the proof of Lemma 2.4, we see
N(B1 x C1, B2 x Ca, B3 x C3, By x Cy)

= (]Ea,,,(Bl NBz)(a)-(BsnBg)(b)+ 0 (%)) (Ec,d(cl NC3)(c) - (C2nCq)(d) +0 (%))
1 2

A
= M(By x C1, By x C2, B3 x C3, By x C4)+O(E)’

where the last line uses the definition of M and that each expectation is at most 1. Since
g is a linear combination of at most e terms, we see that

CIS—SA
IN(g.8.8.8) ~M(8:8 8 8)| = 0(2 E),

for some positive constant ¢’. Using (9) followed by the previous estimate and (10), we
get that for some constant k > 0, we have
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1/4
N(S’S’S’S) 2 N(g:g)g:g) - kf— kﬂ
C’S_S/" A1/4
>M(g,8,8,8) — k2 S ke ko
s A A1/4
2 M(S,S,S,S) —ke - k2“ E — ke - km

Now applying Proposition 2.1 to this estimate gives us

4
N A A4
1 N(S,S,S,S) > —2ke— k2 — —k——.
( ) ( ) (|V1|V2| € d di/4

Recall that by assumption, |S| > 8| V;|| V3|, so to guarantee that N = N(S,S, S, S) is
positive, we just need to pick ¢ so that the right-hand side of (11) is bigger than 6’4, or
equivalently,

Ny} \1/4
4 ! ce
0" —84>2ke+ k2 E+km

3 Proof of Theorem 1.9

To prove Theorem 1.9, we present two approaches based on two counting lemmas.
While the second counting lemma is a direct consequence of the expander mixing
lemma for a single graph, the first counting lemma is a stronger and more practical
variant for tensor of two pseudo-random graphs, which is quite interesting on its own.

3.1 The first counting lemma for cycles

Let us briefly describe the ideas of counting cycles here. Assume that we want to count
the number of cycles of length 2k for some integer k > 2. Given four vertices x, y, z, w,
if x and y are connected by a path of length k — 1, and the same happens for z and w,
then we will have a cycle of length 2k of the form x — yw — zx (Figure 1) when there are
edges between x and z, and between y and w. Thus, the problem is reduced to counting
the number of pairs of edges between the endpoints of pairs of paths of length k — 1.

To this end, we make use of the notation of tensor of two pseudo-random graphs.
For two graphs G; = (V4, E;) and G, = (V3, E,), the tensor product §; ® G, is a graph
with vertex set V(G; ® G;) = V; x V,, and there is an edge between (u,v) and (1, v")
if and only if (u,u") € E; and (v,v") € E;. Suppose that the adjacency matrices of
91 and G, are A and B, respectively, then the adjacency matrix of §; ® G, is the
tensor product of A and B. It is well known that if y1, . .., y, are eigenvalues of A and
Yi>--+» ¥m are eigenvalues of B, then the eigenvalues of A ® B are y;y; with1<i <n,
1< j < m (see [27] for more details).

It is not hard to use the expander mixing lemma to get the following.
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Figure I: Counting pairs of edges xz and yw.

Proposition 3.1 Let G be an (n,d, 1)-graph. For two nonnegative functions f, g: V x
V - R, we have

2

> feaw) - Sl

(x,z)€E,(y,w)€E

< dA||fll2Igll2-

Our first counting lemma offers better bounds as follows.

Proposition 3.2 (First counting lemma) Let G be an (n,d, A)-graph. For two non-
negative functions f, g:V x V. — R, wedefine F(x) = ¥, f(x,y), G(2) = ¥,, g(z, w),
F'(y) =%, f(x,y), and G'(w) = ¥, g(z,w). Then we have

2. f(x,y)g(z,W)—%I\f\lngHl <A[|fllallgll2

(x,z)€E,(y,w)€E

d\
+ —= (IFILlIG]z + [ F2lIG"ll2) -

Proof Suppose G is a d-regular graph on vertex set V with |V| = n, and let A denote
its adjacency matrix. For two real-valued functions f, g: V x V — R, we define

(fr8)= > fvva)gviva)

(v1,v2)eVxV

and

113 = (. f)-

We denote the set of all real-valued functions on V x V by L*(V x V). For the remain-
der of the proof, we will assume that f, g € L*(V x V') are nonnegative functions.
We define

A®Af(V1,V2) = Z f(ul,uz).
(ur,u2):(u1,v1)€E,(u2,v2)€E
That is, A ® A is the adjacency matrix of § ® G. In the remainder, we denote A® A
by B.

Let A; > A, > --- > A, be the eigenvalues of A corresponding to eigenfunctions
e1. .., en. Without loss of generality, assume that the e; form an orthonormal basis of
R". Then the eigenfunctions of B are exactly e; ® e; for all 1< i, j < n corresponding
to eigenvalue A;; := A;A;.
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‘We observe that

f = Z(f,e,- ® €j>€,‘ ® €j.

ij
So

Bg = Z(Bg,e,- ® €j>€i ®ej= Z A,-j(g,e,- ® 6]')6,' ® ej.
L]

ei®e;
We note that A has a constant eigenfunction that will be denoted by ¢;, i.e.,
e(v) =1//n, Vv e V.
This means that B also has constant eigenfunction defined by
e1®e(u,v)=1/n V(u,v) e VxV.
We have

> fey)gaw) = (f.Bg) = Y Lijlgei ®ej){f,ei @ ;).
3

(x,z)€E,(y,w)€E

Define
S 1=A11<g, e ® €1>(f, e ® 61);
n
Sz = lej(g, e ® ej)<f> e1 ® ej)a
j=2
n
S3:= Y (g, ei ®@er)(frei ®ey),
i=2
n
S4 = Z )Lij(g,e,» ® €j><f,€i ® €j>.
i,j=2
And so

> f(x,y)g(z,w) = 81 =82 + 83 + S4.
(x,z)€E,(y,w)€E

We now estimate each S;. Since A; = d and e, is constant, it is easy to see that

“au (5 ) (e 20} = gl

For Sy, if i, j > 1, we have that 1;; < A* and hence

1]—

I/\

1/2 1/2
n n n
VS (gei®e)fiei®e) <A D (g ei®e;) S (f.ei®ej)
i,j=2 i,j=2 i,j=2

. 2, 1/2
SAZ(Z(g,ei@)ej)z) (Z_: (f.ei®ej) )

i,j=1 j=1
= £l llglla

where the second inequality follows by Cauchy-Schwarz.
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To estimate S,, note that A,; < Ad, and

e ®ej(v,v2) =

%ej(vz).

Using Cauchy-Schwarz, we have that

N

[
N

. . 2, 1/2
Zg,el®e] (fre1®ej) <Ad(z g,el®ej)2) (qu@e] )

=
SM(
j

1/2
(ge1®e;) ) (
j
To estimate this quantity, note that

(ge1®¢ej) = Zg(u v)er®ej(u,v) Zg(u v)ej(v) = \;%;G'(v)ej(v)

™=
Mx

12
(f, el®ej) ) .

I
—
I
—_

and similarly (f, e; ® e;) = F'(v)e;(v). Therefore, we have that

Ly,
n n 1 , , n
Z(g,q@ej Z ZG (u)G' (v)ej(u)e;(v) = Z(G (u)G (V)Zej(u)ej(v)).
j=1 = v j=1

Now notice that because the e; form an orthonormal basis, we have that

;e] u)ej(v) = {O u;v’

bl
Hence, we have

lgas o) —ii((c’(u)fiej(uf) + 2@ W) = G
j=1 j=1 u=1

u=1

3

Similarly, ¥7_,(f, e1 ® ¢;)* = +||F'||3. Combining everything, we have that

Ad
§2 € NG IIF 2.

A symmetric proof shows that
Ad
S3 < 7||G||2||F||2

3.2 The second counting lemma for cycles

Assume that we want to count the number of cycles of length 2k for some integer k > 1.
Our second strategy for cycles can be explained as follows. Given three vertices x, y,
and z, if x and y are connected by a path of length k, and x and z are connected by a
path of length k — 1, then we have a cycle of length 2k of the form x — yz — x ifand only
if y and z are adjacent (Figure 2). So the problem is reduced to counting the number
of edges between the endpoints of pairs of paths pinned at a vertex.
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Figure 2: Counting edges yz.

Proposition 3.3 (Second counting lemma) Let G be an (n,d, A)-graph. Let U be a
set of vertices in G. For any two vertices x and y, let py(x, y) be the number of paths of
length k between x and y with vertices in between belonging to U. Then we have

<A pr(x,y)?

x,yeU

czkH(U)—%Z (Zpk(x’y))

xeU \ yeU

and

1/2
ay (zpku,yf)

xeU \ yeU

Ca (V) - % > (Z pk(w)) : (Z Pk—l(x@)

xeU \ yeU zeU

12
(Z pk_l(x,z)z) .

zeU
Proof We first observe that the number of odd cycles of length 2k + 1in U is equal
to the sum

2 Pk(x>)/)Pk(x,Z).

x,y,2€U3,(y,2)€E(G)

Given x € U, set f(y) = U(y)pr(x, y), then the above sum can be rewritten as

> 2 ff@).

*€U (y,2)<E(G)

Applying Lemma 2.5, the first statement is proved.
For the second statement, as above, the number of even cycles of length 2k in U is
equal to the sum

Z Pi(%, ) pr-1(x,2).

x,y,2€U3,(y,2)€E(G)

Given x € U, set f(y) = U(y)pi(x,y) and g(z) = U(z) pr-1(x, z), then the above
sum can be rewritten as

> 2 [

x€U (3,2)€E(G)

Applying Lemma 2.5, the proposition is proved. [ ]
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Using the facts that

> (Z pk(x,y)) = Py (U),
xeU \ yeU

> pr(x, )% = Co(U),

x,yeU

> (ZPk(xay))'(ZPk 1(%, Z)) Py (U),

xeU \ yeU zeU

and the following application of Cauchy-Schwarz,

1/2 1/2
> (Z Pk(x,y)z) (Z Pk—l(xaz)z) < (Co (V) Caxa(UN?,

xeU \ yeU zeU
one derives the following corollary.

Corollary 3.4 Let G be an (n,d, A)-graph. Let U be a set of vertices in G. Then

d
Cok1(U) - szk(U)

<AC%(U)
and

Cot(U) = £ Paica ()] € A (Car(U)Car2(U)

3.3 Distribution of paths

We have seen that to apply the two counting lemmas, we need to have estimates on
the paths of a given length in a vertex set. We now provide relevant results on paths.

Proposition 3.5 Let G be an (n,d, \)-graph, let k > 1 be an integer, and let U be a
vertex set with A - % = o(|U|). Let Py (U) denote the number of paths of length k in U.
Then we have

| |k+1dk

Pr(U) = (1+0(1))

Proof We first prove the following two estimates:

2
(12) Py (U) - @ < APy (U)
and
(13) Py (U) - <A Py (U) Py, (U).

For u € U, let f(u) be the number of paths of length k of the form (uy,...,ug, u)
where u; € U. Similarly, for v € U, let g(v) be the number of paths of length k of the
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form (vy,...,vg,v) where v; € U. To use Lemma 2.5, we need to estimate the norms
and the inner product. We have that the adjacency matrix A acts on g by the formula

Agu)= Y g(v),
(u,v)€E(S9)

which is the number of paths of length k + 1 of the form (v, . . ., vk, v, u). For the inner
product, we have

(frAg)= ), flwAg(u)= >, f(u)Ag(u)=Paun(U)

uev(9) uev(9)
It is clear that

E(f) =E(g) = 77 - Px(U)

1
\4
and

I£112 = llgll3 = Pax (V).
Applying Lemma 2.5, we have that

Py (U) - d|V|( Pk(U)) < APy (U),

which is equivalent to (12). The estimate (13) also follows from a similar argument
with the same f and g(v) defined to be the number of paths of length k — 1 of the form
(Voo Vi1, V)

We now proceed by induction on k. The case k = 0 is trivial, and the case k =1
follows from Lemma 2.5 and the estimate (13).

Suppose that the statement holds for all 2k > 1. We now show that it also holds for
2k +1and 2k + 2. Indeed, it follows from the estimate (12) and induction hypothesis
that we have

Pyt (U) <4 P (U)? + APy (U)

d |U|2k+2dzk n 2 |U|2k+1d2k n
<——|1+0 A 1+0| —
ST “U\aoy)) T e “U\au

|U|2k+2d2k+l An

whenever |U| > 1%. The lower bound follows in the same way.
For the case 2k + 2, it also follows from the estimate (13) that

dP,.(U)P, U
Pysa(U) < w + A/ Pak (U) Pagsa (U).
Solving this inequality in x = \/P,x,(U), we obtain

2
40P, (0) P, (U)
/P (U) + /2Py (U) + *n*)
: .

3

P2 (U) < (
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Using the induction hypothesis and that %" = 0(]U|), we have that

dP(U)Pa(U) An
n ' d|U|)

APy (U) = 0(

and that

dPi( U)Pk+1(U) |UPk3g2k+2 - A
Wh(U) "o\ e )

Hence, the entire expression is bounded above by
U 2k+3 d2k+2 A
W2 o (22 ).
n2k+2 d| U|

Using lower bounds of the estimates (12) and (13) and an identical argument also gives

k
P(U) > [1— 0 (;{]')] Uk (%) ,

under the condition A% = o(|U|). This completes the proof of the proposition. ]
Proof of Theorem 1.9 using the first counting lemma

Proof of Theorem 1.9 We proceed by induction on m.
We first start with the base case m = 4.
Let f,g: U x U — R defined by

fory) = {1, if (x, y) € E(S),

0, otherwise

and

0, otherwise.

gow) = {1, if (2, w) € B(9),

Itis clear that C4(U) = X4 2y, (y,w)eE(9) f (%, ¥)§(2, w). To apply Proposition 3.2, we
need to check the norms of functions f, g, F, G, F’, and G'.
Using Proposition 3.5, we have

Ifl="> flxy)= 1’1(U)—(1+0(1))|U|2

x,yeU

’ 1/2 1/2 y
||f|z:(z f(w)z) ( ) f(w)) =(PI(U>)”2:(1+0<1>>|U|\/;,

x,yeU x,yeU

using the Taylor series for v/1 + x and the assumption that %" = o(|U]). Similarly,

lglh = -+ 0(1) U2, and]lgll = (1+ (1) |U|\/f.
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For functions F, G, F’, G’ defined as in Proposition 3.2, we have that

1/2

11l = (2 F<x>2)l/2  (Py(U))? = ('U'3"2 1+ <1>>)

xeU

Similarly,

|U|3d2

1/2
Gl = IF'l: = 1G]k = ( (1+o(1>>) .

Substituting these estimates into Proposition 3.2, we have that

V|UPPd An 20| UPd? An
(o)) (o)

Using the assumption that 28 = 0(|U|) completes this case.

Assume that the statement holds for any cycle of length smaller than m — 1, we now
show that it holds for cycles of length m.

We fall into two cases:

Casel: m =2k + 1.
As above, for x, y € U, we define

Ca(V) -~ (14 o) U125 <

f(x, y) = the number of paths of length k between x and y
and
g(x, y) = the number of paths of length k — 1 between x and y.
Then

dk
1/l = Pe(U) = (1+0(1)) *IUI"*‘)

2k 2k 2k-2 2
115 = Ca(V) = 1+ o) U2 +o(A 'U'd),

n
k
IFIl; = IF']I2 = P (U) = (1+0(1)) |U|2 o

where we left an error term out of our estimate of C,; (U) because it is dominated by
the main term by our assumption that ’1‘7" = 0(|U]). Similarly, we have
gkt
l1glh = Per(U) = (1+0(1)) 1015
2 _ _ |U| if —
Il = C2(U) = (1+ o) L2 ifm=s,
2k-2 72k-2 2k—4|77]2
U*k-2d ‘0 (/\ |U|*d

I8l = Caka(U) = (+ o) T2

2k72
IGII; = IG"l2 = Pak—2(U) = (1+0(1)) ey L

) ifm>7,
n
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Applying Proposition 3.2,

< e (D)Cara(U) + 2%(\/P2k(U)P2k_2(U)).

(/\2\/|U6d5 AZ|U|4d2 Ad4IUI4)
n* )

) due to our assumption that 42 = o(|U|). If |U| < Ad”s/z ,

Can(0) - S B(0)PA(D)

When m = 5, we have

cs(v) - (o)LL -

Note that
then the second term in the square root is bigger than the ﬁrst, and hence

AZ\/|U|6d5 | MUl (Rupd
ns n2 n '

If|U| > 2 d"3 7> then the first term is bigger than the second and we have

Ad \U\“ [UPd®
=o| =5

nd° n2

|USd>  A2ntd? (/\2|U3d5/2)
+ =0 .
1572

. UupPd®? _ Autat |upPd®
g1ves that = -7— < == 57— =o( =5 ) byour

n

Using the assumption that |U| > d3 /2

assumption that 2 < = o(|U]). In either case, the inequality is satisfied. For m > 7, we
have

| |2k+1d2k+1
Czk+1(U)—(1+0(1))W =

n2k n n2k72 n n2k

2k 12k 2k-2|172 2k-2 J2k-2 2k—-4|77]2 2k 72k
OAZ\HM @% A |U|d][|U| @% ) |Ud]+/\|U| d

First, note that
may ignore this term. Hence, if each of the four terms

|U|4k72d4k72 /\2k72 | U|2kd2k71 A2k74| U|2k+2d2k+l /\4k76 | U|4d2
n4k-2 > n2k-1 > n2k+1 > 2

n
U 4kd4k /\4k76 Ul4d?
0 (|| or of AUl
AZ 1’l4k 1’12
then we are done. The fourth term trivially satisfies the inequality. The first term is
|U|4kd4k
o (W) and

A U 2k d2k U 2k+ld2k+l .
| r‘le (‘ | T ) by the assumption that %” =0(|U)), so we

is either

)L2k72|U|2kd2k71 ()LZk 4| U|2k+2d2k+1 )

nZk—l n2k+1
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(2k-1)/(2k-2)

by the assumption that 2 = o(|UY). Finally, if |U| > 1 (%) , then

AZk_4|U|2k+2d2k+1 |U|4kd4k

n2k+1 = A2ptk
Otherwise,
A2k74|U‘2k+2d2k+1 . A4k76|U|4d2
n2k+l = n2 :
Case 2: m = 2k.

For this case, we want to apply Proposition 3.2 again, so we need to define suitable
functions f and g, namely, for x, y € U,

f(x,y) = g(x, y) = the number of paths of length k — 1 between x and y.

Then, by inductive hypothesis and Proposition 3.5, one has
dk-1
1/l = llglh = Pe-s(U) = (1+0(D) =lul
| [2k=2 g2k=2

U _4d
118 = gl = Cok-2(U) = (14 0(0) 5 w0 (W12 jup),

d2k
\W@=HGM:HFM=WﬂB:BbKU):U+NU)szWMI

By applying Proposition 3.2 and the estimates above, we get that

2

d Ad
CM(U)—;EU%A(U)Y SAQCMJ(U)+27:P%4(UL

and hence
| |2kd2k |U|2k 2d2k ZAZ Azk 2|U| d /\|U|2k 1d2k 1
Co(U) = (1+0(1)) ey ” eTe .
2k-1 ;2k-1 2k-2 32k-242 2k 2k
Since A‘U‘nz,(_'f and Y nzkd—z A" are both o (‘ I ) because of the assumption that
%” =0(|U|), we are done. [

3.5 Proof of Theorem 1.9 using the second counting lemma

Proof of Theorem 1.9 Using the second counting lemma, we are able to prove
Theorem 1.9 for all m > 5, i.e.,

|U|mdm (/\|U|m—ldm—1

C (U) pm-1

+/\’”‘2d|U|2),
n

but for m = 4, the result becomes slightly weaker, namely,

|U|*d*  A?|UJ*d
_ .
n4 n

CAU):O(

We proceed by induction.
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Casel: m = 2k.
For m = 4, by Corollary 3.4 and Proposition 3.5, we have that

<o) e 0,

d|U)?
n

|U|4d4

(14) Cs(U) - (

using that C,(U) = P,(U) and P,(U) = (1+ 0(1)) by the assumption that %” =
o(]U]). Hence, we may set up a quadratic in \/C4(U) to obtain

Vo) ERL (14 o(1)) ERE | 4[U" (4 5(1)) ’

Cys(U) <
(V) X
Ul*td* NYU*d
i (| fat | Rlupd)
n4 n
This gives the desired estimate for Cy. If one wishes to have the main term ‘Urll44d4

instead of ¢ ‘Ul d , for some positive constant ¢, with this approach, then it can be

pushed further as follows.
Using the above upper bound for C4 and the estimate (14) gives us

ci(w)-LE o) - (\/|U|;7i4d2+|U|6/\2d5).

nd

This gives

C4(U) =

|U|*d* (A2d|U|2 MUPd? |U|3)Ld5/2)
+0 + + .
n* n n3 ns/2

Note that this gives the estimate (3) under the more restrictive condition that
ds/z =o(|U]).
Assume that the upper bound holds for all cycles of length at most m — 1. We now
show that it also holds for cycles of length m. Indeed, if m = 2k, then we can apply
Corollary 3.4 to have

QU

Cok(U) < ZPy 1 (U) + A (Cox (U) Cag o (U)) 2.

S

Solving a quadratic in \/C, (U) gives

2
A\/ Czk_z(U + \/AZCZk_z(U) + 4%P2k_1(U)
2

Cor(U) <

Using Proposition 3.5 gives that

2k g2k
e () - A (o - 0 (AZCZk_z<U> 1o 4 §c2k_2<U)P2k_1<U>).
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By the inductive hypothesis and the assumption that %" = 0(|U]), we have that

MU 2k—1d2k—1 AZk—Z U Zd
N Cara(U) = o( | |n2k71 + ;l | )

and hence we are done as long as

d MU 2k71d2k71 /\2k72 U 2d
l\/czk—z(U)sz—l(U) = O( o 2k—1 + o )
n n n

By the inductive hypothesis and Proposition 3.5, we have

d A2|Uj#k-2d4k-2  3|U|tk-3gtk=3  \2k=2|[[2k+242k+1
A\/ECZk—z(U)sz—I(U) =0 (\/ k-2 + k=3 + n2k+l )

. An A3‘U‘4k_3d4k_3 /\2|U|4k_2d4k_2
Since 7 = o(|U]), we have that i =0 ( = ) Therefore, because

N[U[Hk-2g4k2  )|UPk-142k-1
k-2 = n2k1 )

/\k—l ‘ U‘kﬂd(ZkH)/z

kD2

A (2k=3)/(2k=4)

we are done as long as is small enough. If U] > “i5=7G=-» then

Ak—1|U‘k+1d(2k+1)/2 )L|U|2k—1d2k—1
n(2k+1)/2 s n2k-1

Otherwise, we have

/1k_1|U‘k+ld(2k+l)/2 AZk_Z‘UPd
n(2k+1)/2 S n >

and the upper bound is complete. An analogous calculation gives the corresponding
lower bound, and we omit the details.

Case2:m =2k +1.
This case follows directly from Corollary 3.4 and the case m = 2k above. L

4 Proofs of Theorems 1.15 and 1.16

4.1 Technical lemmas

To prove Theorems 1.15 and 1.16, we use the following results, which are direct
consequences of the expander mixing lemma. The first result guarantees that vertex
sets bigger than An/d will have an edge of each color.

Lemma 4.1 Let G be an (n,d, A)-colored graph with color set D, and A,B c V(G)
with |A| = |B| > Ad—”. Then, for each color c € D, there exists an edge uv of color ¢ with

u € Aandv € B. In other words, every vertex set of size greater than %” determines every
color.
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Proof For each color cin D, let G, be the induced graph on ¢, then G, isan (n,d, A)-
graph. Applying Lemma 2.5 with

1, ifuceA,
u)=
fu) {0, otherwise
and
1, ifv e B,
Vv =
g(v) {0, otherwise,
we have

(f.Ag) = e(A,B) = [{(a,b) € Ax B: ab e E(G,)}|.

It is clear that
A B
a()= 2, k(g - 2

n n

and

1£12 = 1AL lgl2 = V1BI.

Then we have

< WIAB|.

d
e(AB) - |AllB

So
d
e(A,B) > |A|[B| - \/JATB]

- A
Since |A| = |B| > ~F,

d d d A
e(A,B) > ZJAP - 2|Al 2 A (f Al —)L) S 14 (f An —)L) >0,
n n n o d
Which means that there exists at least one edge of color ¢ between A and B. ]

The next technical lemma uses the previous result to give an upper bound on the
number of vertices with small degree of a given edge color.

Lemma 4.2 Let G be an (n, d, A)-colored graph with color set D, and let U c V(G),

with |U|=r- %",for some r > 1. Then, for any fixed color ¢ € D, s € N, there are at most

s %” vertices of U for which each of them is incident with fewer than s edges colored by

C.

Proof Let H be the induced graph on color c. Consider the subgraph H* of H
generated by only those vertices of degree less than s, so H* can be s-colorable. That is,
we have a vertex partition into s independent sets. Using Lemma 4.1, an independent
set in H (and thus in H*) has size at most Ad—”. Otherwise, by Lemma 4.1, every
vertex set of size greater than %" determines every color, which means there exists
two vertices connected by a c-color edge, contradicting the independence. As a result,
|V(H*)| <s- A, proving the lemma. ]
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The next lemma develops this further by giving lower bounds on the number of
disjoint copies of star graphs.

Lemma 4.3 Let G be an (n, d, A)-colored graph with color set D, and let U c V(G)

with |U|=r- %”, for some r > 1. Then the number of vertex disjoint copies of the
r=m  An
m+l  d

nonempty star graph Ky ,, with any fixed edge-coloring from D is at least

Proof Let T be the maximal set of copies of Kj ,, in U, and let H be the union of all
copies in T. Then U — H will have no copies of Kj .

Suppose the set of color of Ki, is {c,¢z,...,¢c;} with multiplicities
{ml, My,y..., mt}. Using Lemma 4.2, for each i, there are at most m; - %” vertices

that are incident with fewer than m; edges colored by ¢;. Summing over i, we get that
there are at most

Zt: An An

mi-—— =m-—

PR B

vertices of U — H which are not colored c¢; from at least m; other vertices of U — H
for every i. If vertex v € U — H is incident with at least m; edges color ¢; for every i,
then v is the singleton bipartition set of an instance of Ky,,,. Thus, |U - H| < m - %".
By disjointness,

|H| 7"%"—”1'%” r—-m An

|T| = > =

m+1- m+1 m+1 d’

as required. ]

Our final technical lemma is a simple application of Lemma 4.2 that gives a lower
bound on the number of disjoint edges of a given color in a vertex set.

Lemma 4.4 Let G be an (n,d, A)-colored graph with color set D, and let U c V(G)
with |U| > 2%7”. Then, for each color ¢ € D, the number of disjoint c colored edges in U is

An

U]
at least = - i

Proof We partition the vertex set of U into two sets, A and B, such that|A| = [B| = |2£|
Choose as large a matching of color c as possible between, say, A’ € A and B’ € B. We
have that the two sets A\A" and B\ B’ both have size at most %". Otherwise, by Lemma
4.1, we could increase the size of our matching. As a result, the number of disjoint ¢
colored edges in U is at least
’ ’ ‘ U| An
|A|=|B|27—7’
as required. [ ]

4.2 Proof of Theorem 1.15

The proof proceeds by strong induction on the number of edges in T. If T contains no
edges the theorem is clearly true; if T is a star graph Kj ,,,, then 0(G) = m + 1 and the
theorem is Lemma 4.3.

Now assume T is not a star graph. Let T’ be the graph produced by deleting all
leaves of T. Since T is not a star graph, T’ is a tree which has at least two leaves,
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we can choose v be a leaf of T such that there exists another leaf of T', say w, such
that deg, v < deg, w. Suppose the set of leaves of T connected to vis {vy,v2,...,v,}.
Define the graph T* to be T\{vy,v,,...,v,}. By construction, T* is a tree with fewer
edges than T'and (T) = o(T*) - (y +1). Define r by the relation |U| = r - %”. By the
inductive hypothesis we have the number of disjoint copies of T* in U denoted by Cr+
is at least (U(T*) - 1) . %".

We are building our tree T out of stars instead of edges. Let W be the set of
copies of v in U. By disjointness |[W| = |Cr«|. Let Ky, be the star graph generated by

Wi/ 4ty

{vivi,va, ..., v},} where the root is v. Using Lemma 4.3, there exist at least P

’17” disjoint copies of Kj,, in W. For each copy of Kj,,, we can build our tree T by
adding the copies of T* that correspond to v. These are disjoint copies of T because of
the disjointness of T* and the disjointness of K ,.. So there are at least

(WI/G =y An _[Crl/F -y An
y+1 d y+1 d

Z(U&*)‘l)‘y
y+1

An
q
An
(uaww* )d

:@&>Qd

disjoint copies of T as required.

4.3 Proof of Theorem 1.16

The proof proceeds by induction on the number of edges on T. If T contains no edges,
the theorem is clearly true. If T is an edge, then |V (T)| = 2, the theorem is Lemma 4.4.

So assume T is a tree with m vertices. Consider the subgraph T* of T produced by
deleting one leaf on vertex x. Let us say the edge we are just removing has color c. By
construction, T* is a tree with fewer edges than T. By inductive hypothesis we have

the collection of disjoint copies of T* in U is at least rlnill - %".

Choose I%I copies of them arbitrarily, and let this set of vertices be called S. This is
possible since [U| > m(m — 1)

So S has size (m —1) - % Now, in these copies of T*, denote by A the set copies
of x to which we will be trying to add an edge of color , so |A| = % Let B=U\S, so
1B = U] = (m ~1)- 5 = L.

m
Choose as large of a matching color ¢ as possible between, say, A’ € A and B’ ¢ B,

each matching creates a copy of T. Let C and D be the sets of vertices in A\A" and
B\B’, respectively. Then we have that |C| = |D| < Ad—”. Otherwise, using Lemma 4.1, we
can find at least one ¢ colored edge between C and D, which would increase the size
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of our matching. So the number of disjoint copies of T is

Ul _An

Al =|Al-]|C| > = ,
4= |Al-ICl 2 - =

as required.
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