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BIGNESS OF THE TANGENT BUNDLE OF A FANO THREEFOLD
WITH PICARD NUMBER TWO

HOSUNG KIM®, JEONG-SEOP KIM® AND YONGNAM LEE

Abstract. In this paper, we study the positivity property of the tangent
bundle T'x of a Fano threefold X with Picard number 2. We determine the
bigness of the tangent bundle of the whole 36 deformation types. Our result
shows that T is big if and only if (—Kx)? > 34. As a corollary, we prove that
the tangent bundle is not big when X has a standard conic bundle structure
with non-empty discriminant. Our main methods are to produce irreducible
effective divisors on P(T'x ) constructed from the total dual VMRT associated to
a family of rational curves. Additionally, we present some criteria to determine
the bigness of T'x.

81. Introduction

Throughout this paper, we will work over the field of complex numbers. Let X be a
smooth projective variety. We say that the tangent bundle T'x of X is pseudoeffective (resp.
big) if the tautological class Op(7,)(1) of the projectivized bundle P(T’x) is pseudoeffective
(resp. big).

In general, it is difficult to give a numerical characterization of pseudoeffectivity or bigness
of the tangent bundle, even in low dimension with low rank of the Picard group. It has been
shown by Hsiao [6, Cor. 1.3] that the tangent bundle of a toric variety is big. Horing, Liu,
and Shao [5, Th. 1.4] give a complete answer to del Pezzo surfaces: If X is a del Pezzo
surface of degree d, then

(a) Tx is pseudoeffective if and only if d > 4,
(b) Tx is big if and only if d > 5.

Also in the paper [5], they solve these problems for del Pezzo threefolds. In [4], Horing and
Liu consider Fano manifolds X with Picard number one, and they prove that if X admits a
rational curve with trivial normal bundle and with big T'x, then X is isomorphic to the del
Pezzo threefold of degree five. These all results indicate that assuming bigness should lead
to strong restrictions on Fano manifolds and lead us to consider naturally Fano threefolds
with Picard number 2. In this paper, we prove the following main theorem. The details are
given in Table 1 in the introduction.

THEOREM 1.1. We determine the bigness of the tangent bundle Tx of whole 36
deformation types of Fano threefolds X with Picard number 2. In particular, the tangent
bundle Tx is big if and only if (—Kx)? > 34.

We show the main theorem by using the common property of all elements in the
deformation family. Therefore, the property of bigness of Tx does not depend on
deformations.
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2 H. KIM ET AL.

Table 1. The bigness of Tx for Fano threefolds X with Picard number 2.

No. (-Kx)® X Big Tx
1,3,5,10, 4,8,12,16, Blow-ups of a smooth del Pezzo threefold V; of degree i x (3.3)
16, 19 22, 26 where i = 1,2, 3,4

2 6 A double cover of P? x P! whose branch locus is a divisor of x (5.5.1)
bidegree (4,2)

4 10 The blow-up of P with center an intersection of two cubics x (4.4)

6 12 (6.a) a divisor on P? x P? of bidegree (2,2) (6.b) a double  x (5.4.1)
cover of W whose branch locus is a member of | — K|

7 14 The blow-up of smooth quadric threefold Q@ C P* with x (2.9)
center an intersection of two members of |Og(2)]

8 14 A double cover of the blow-up V7 of P? at a point whose x (5.4.2)

branch locus is a member B of | — Ky | such that (8.a)
BN D is smooth (8.b) BN D is reduced but not smooth,
where D is the exceptional divisor of the blow-up V7 — P3

9 16 The blow-up of P with center a curve of degree 7 and x (5.3.2)
genus 5 which is an intersection of cubics

11 18 The blow-up of a smooth cubic threefold V3 C P* with x (5.3.1)
center a line on it

12 20 The blow-up of P? with center a curve of degree 6 and x (4.4)
genus 3 which is an intersection of cubics

13 20 The blow-up of a smooth quadric threefold Q C P* with x (5.2.1)
center a curve of degree 6 and genus 2

14 20 The blow-up of a smooth del Pezzo threefold Vs C P of x (2.7)

degree 5 with center an elliptic curve which is an
intersection of two hyperplane sections
15 22 The blow-up of P? with center an intersection of a quadric ~ x (4.4)
A and a cubic B such that (15.a) A is smooth (15.b) A4 is
reduced but not smooth

17 24 The blow-up of a smooth quadric threefold Q C P* with X (4.4)
center an elliptic curve of degree 5 on it

18 24 A double cover of P? x P! whose branch locus is a divisor of x (5.2.2)
bidegree (2,2)

20 26 The blow-up of a smooth del Pezzo threefold Vs CP® with ~ x (5.1.1)
center a twisted cubic on it

21 28 The blow-up of a smooth quadric threefold Q C P* with x (3.7)

center a twisted quartic, a smooth rational curve of
degree 4 which spans P4, on it

22 30 The blow-up of V5 C PS with center a conic on it X (4.4)

23 30 The blow-up of a smooth quadric threefold Q C P* with x (4.6)
center an intersection of A € |Og(1)| and B € |Og(2)]
such that (23.a) A is smooth (23.b) A is not smooth

24 30 A divisor on P? x P? of bidegree (1,2) x (5.1.2)

25 32 The blow-up of P? with center an elliptic curve which is an  x (4.4)
intersection of two quadrics

26 34 The blow-up of a smooth del Pezzo threefold Vs C PS of O (3.4)
degree 5 with center a line on it

27 38 The blow-up of P? with center a twisted cubic O (3.5)

28 40 The blow-up of P? with center a plane cubic O (3.5)

(Continued)
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Table 1. (Continued).

No. (—Kx)? X Big T'x

29 40 The blow-up of a smooth quadric threefold @ C P* with O (4.6)
center a conic on it

30 46 The blow-up of P? with center a conic O (3.5)

31 46 The blow-up of a smooth quadric threefold Q C P* with O (3.4)
center a line on it

32 48 A divisor on P? x P? of bidegree (1,1) O (2.5)

33-36 54-62 Smooth toric varieties O

We also note that Fano threefolds of (—Kx)? > 34 (Nos. 26-36 in [13, Table 2]) have
infinite automorphism groups [17, Th. 1.2]. As a corollary, we give a complete answer for
the bigness of the tangent bundle Ty when X has a standard conic bundle structure.

COROLLARY 1.2. Let X be a Fano threefold with Picard number 2. We suppose that X
has a standard conic bundle structure. Then Tx is not big if and only if X has a standard
conic bundle structure with non-empty discriminant.

Our method and explicit description of total dual VMRTs are also applicable to some
general cases other than the case of Fano threefolds. Besides our main theorem, we obtain
the following.

MAIN THEOREM. Let X be the blow-up of P? along a smooth nondegenerate curve I'.
Assume that I' has at most a finite number of quadrisecant lines on P3. Then T is big if
and only if I" is a twisted cubic curve.

A Fano threefold X is called primitive if it is not isomorphic to the blow-up of a Fano
threefold along a smooth irreducible curve. Due to Batyrev’s classification of toroidal Fano
threefolds [1] and Mori-Mukai’s classification of Fano threefolds with Picard number 2,
No. 32 in [13, Table 2] (a divisor on P? x P? of bidegree (1,1)) is the only non-toric case
which has a conic bundle structure with empty discriminant. In this case, Tx is big (see
Remark 2.5). We note that if X is a primitive Fano threefold with Picard number 2, then
X has a standard conic bundle structure [13, Th. 5].

A conic bundle is a proper flat morphism 7 : X — S of nonsingular varieties such that it
is of relative dimension 1 and the anticanonical divisor —Kx is relatively ample. A conic
bundle 7 : X — S is called standard if for any prime divisor D C S, its inverse image 7*(D)
is irreducible. If X is a Fano threefold with Picard number 2 admitting a conic bundle
7:X — S, then § is the projective plane P? and 7 is standard. Let 7 : X — P? be a conic
bundle structure over P? with the discriminant curve A C P? of degree d = degA. By [10,
§1] and [16, Cors. 3.3.3 and 3.9.1], A has only normal crossings in P? and d > 3. Also,
from [16, Lem. 3.6], b3(X) = 2b3(P?) + 2ba(X) — 2b2(P?) + 2p,(A) — 4 = 2p,(A) — 2
= d? — 3d.

Assume that X is a Fano threefold with Picard number 2, which has a standard conic
bundle structure with non-empty discriminant. Then according to [13, Table 2], 3 <d <8
and d # 7, and there are 9 deformation types (Nos. 2, 6, 8, 9, 11, 13, 18, 20 and 24 in [13,
Table 2]).

Let P(T'x) be the projectivized bundle IT: P(Tx ) — X of the tangent bundle T'x of X. We
will denote by ¢ = Op(ry)(1) the tautological class of P(T'x). Here, we use Grothendieck’s
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notion for P(7x). We note that —Kp(r,) = 3¢. Our main strategy of the proof of the main
theorem is to find two irreducible effective divisors él and CVQ on P(T'x), which are the total
dual VMRTSs associated to families of rational curves, and express a positive multiple of
as a combination of [Cy], [C2] and « - (effective divisor) with o € Z.

In particular, if X has a standard conic bundle structure 7 : X — P2, we have a natural
irreducible effective divisor C on P(Tx) induced from the fibers of 7: X — P? according
to [5, Cor. 2.13], and [C] ~ ¢ +1I*(Kx — n*Kp2). To find irreducible effective divisors C
constructed from the total dual VMRT associated to a family of rational curves, we use
explicit descriptions of Fano threefolds with Picard number 2 in [13, Table 2]. Especially,
we describe irreducible effective divisors C induced from the total dual VMRT associated
to a family of rational curves when X are imprimitive Fano threefolds. Additionally, we
provide some criteria to disprove the bigness of Tx when X is the blow-up of a smooth
curve on P or a quadric hypersurface @ in P* or the quintic del Pezzo threefold Vs.

The organization of the paper is as follows.

In Section 2, we briefly introduce the theory related to the total dual VMRT and present
some criteria to disprove the bigness of T'x. Proposition 2.6 provides a criterion to disprove
the bigness of T'x by making use of two rational curves on X not belonging to a given family
which associates a total dual VMRT on P(T'x). In Proposition 2.8, we prove that T'x is not
big when X has a del Pezzo surface of degree d < 4 fibration.

Section 3 presents some criteria to determine the bigness of Tx when X is an imprimitive
Fano threefold, i. e., X is isomorphic to the blow-up f: X =BlprZ — Z of a Fano threefold
Z along a smooth curve I'. We first observe a relation between the bigness of Tx and Tz,
and then investigate the cases when Z is P2 (Remark 3.5) or a quadric hypersurface @ in
P* (Proposition 3.6) or the quintic del Pezzo threefold Vs (Proposition 3.8).

Section 4 describes irreducible effective divisors C on P(Tx) induced from the total dual
VMRT associated to a family of rational curves when X is isomorphic to the blow-up of a
smooth curve I' on P? (Proposition 4.1 and Proposition 4.2) or a quadric hypersurface @ in
P* (Proposition 4.5). We consider the family of the secant lines of I on P? and the family
of the lines meeting at one point of I on P3 and Q. Our explicit description of total dual
VMRTs in Proposition 4.1 and Proposition 4.2 gets Theorem 4.3 as a corollary.

In Section 5, we treat mainly Fano threefolds X with Picard number 2 which admit a
standard conic bundle structure with non-empty discriminant.

In this present paper, we determine the bigness of the tangent bundle Tx of Fano
threefolds X with Picard number 2. We also study the pseudoeffectivity of T'x and expect
our methods to give some answer on Fano threefolds with higher Picard numbers. Based
on the result of Fano threefolds with Picard number one [4, Cor. 1.2] and our result for
Fano threefolds with Picard number two, we expect the anti-canonical degree determines
the bigness of Tx for Fano threefolds. Hence, we raise bravely the following conjecture.

CONJECTURE 1.3. Let X be a Fano threefold. Then there is a constant Cy depending
only on the Picard number of X such that Tx is big if and only if (—Kx)? > Cp.

Table 1 summarizes the bigness of the tangent bundle Tx of Fano threefolds X with
Picard number 2. In the table, the numbers in the first columns correspond to the
deformation types in [13, Table 2|, and those in the last columns indicate the remark or
subsection of each case. As a by-product of the proof, we can see that the tangent bundle
of a general element in the families of Nos. 21, 23, and 24 is Q-effective and not big.

https://doi.org/10.1017/nmj.2024.24 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.24

BIGNESS OF THE TANGENT BUNDLE OF A FANO THREEFOLD WITH PICARD NUMBER TWO 5

§2. Total dual VMRTSs and some criteria to disprove bigness

In this section, we briefly introduce the theory related to the total dual VMRT, which
is first introduced by [8] in a study of Hecke curves on the moduli of vector bundles on
a curve. Later, [15] generalizes the theory to the case of minimal rational curves, and [5]
develops explicit formulas in the case where a variety has zero-dimensional VMRTSs in a
study of the tangent bundles of del Pezzo manifolds.

Let X be a smooth projective variety. Let RatCurves™(X) be the normalized space of
rational curves on X (see [11, Chap. II]). We mean by a family of rational curves on X an
irreducible component K of RatCurves" (X).

We say a rational curve £ on X is unbendable if its normalization v : P! — ¢ C X satisfies

v*Tx & Op1 (2) @Op1(1)@r ®Op1®* for some 7, s >0 with 7+ s+ 1 = dim X.

An irreducible component K of RatCurves"(X) is called a family of unbendable rational
curves on X if its general member [¢] € K is unbendable.

In the rest of this section, we consider a family I of unbendable rational curves on X.
Let ¢ : U — IC be the normalization of the universal family and e : U/ — X be the evaluation
morphism.

Uu—=--=Xx.

|

K

It is known that the evaluation morphism e : U — X is dominant. We denote by I, the
normalization of g(e~!(z)) C K. For a general point x € X, there exists a rational map
Tz Ky -+ P(Q2x]2), which is called the tangent map, sending a curve which is smooth at
x to its tangent direction at z, and we define the variety of the minimal rational tangents
(VMRT, for short) C, of K at x to be the closure of the image of 7, in P(Q2x|5).

For an unbendable rational curve ¢ on X, a minimal section of £ is defined by a rational
curve £ on P(Tx) with the normalization

7P 0 CP(Tx|e) CP(Tx)

associated to a trivial quotient v*Tx — Op:.

Unless X = P" a general member [¢] € £ is unbendable with s # 0, so there exists
a minimal section ¢ on P(Tx). Let K be a family of rational curves on P(Tx), which
contains [Z] . Then, for the normalized universal family ¢ U — K and its evaluation morphism
¢:U — P(Tx), we have the following commutative diagram (see [15, §4]).

K<—1—U—>P(Tx)
L
K——U—F7—X.

We denote by C the closure of the image E(Z/N{ ) in P(Tx). The next proposition is essentially
proved in [15, Prop. 5] under the assumption that I is locally unsplit, i.e., IC, is proper for
general z € X.
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PRrROPOSITION 2.1 (cf. [15, Prop. 5]). Let K be a family of unbendable rational curves
on X. Then, for general x € X, C|, CP(Tx|,) is the projectively dual variety of the VMRT
C: CP(Qx|z)-

Due to the proposition above, Cis called the total dual VMRT associated to K. As there
exists a member [¢] € K which satisfies (.£ =0, we can observe that C is

dominated by a family of rational curves ‘ satisfying ¢ £=0on P(Tx). (1)

Notice that for such ¢ with ¢.¢ =0, II() is a curve on X as ( is relatively ample on P(Ty)
over X.

Our main strategy to disprove the bigness of T’y is to find an effective divisor D on P(T'x)
that attains the property (f) and apply the following lemma.

LEMMA 2.2. Let D=>""_, D; for some irreducible and reduced effective divisors D; on
P(Tx). Assume that D; satisfies (1) for alli=1,2,...,n. If D ~k(+11*H for some k>0
and effective divisor H on X (possibly H =0), then ( is not big on P(Tx).

Proof. Suppose that ¢ is big. We can write D; = k;{ 4+ II* H; for some k; > 0 and divisor
H; on X. Let A be an ample divisor on X such that A—i—Zi:l H; is also ample for all
1 <1< n. Then there exists the smallest integer m > 0 such that m{ —II* A4 is effective by
Kodaira’s lemma. Let & ~ m({ —II*A be an effective divisor. For a general curve €~1 in the
family whose members cover the divisor Dy, we have

Eoly = (m¢ —TT*A).0y = —ATI(41) < 0.

Thus & — D1 > 0, and we can find an effective divisor £ = &y — D;. For a general curve [2
in the family whose members cover the divisor Dy, we also have

1.y = (m— k1) — (IT" A+ 11" Hy)).lo = —(A+ Hy).I1(62) < 0,

as A+ H; is ample by the assumption. Thus, we are again able to take an effective divisor
&y = &1 —Ds. By iterating the process, we arrive to obtain an effective divisor

En=En1-Dp=-=E—-D= <m2ki> ¢— (H*A+ZH*H¢) =(m—k)(—TI"A-II"H
i=1 =1
on P(Tx). In particular, (m — k)¢ — II*A is effective, and it contradicts the
minimality of m. O

Now we want to find the explicit linear class of the total dual VMRT. Let K be a family of
unbendable rational curves on X. Let K be the normalization of the closure of X considered
as a subscheme of Chow(X) and g:U — K be the normalization of the universal family
over IC which associates the evaluation morphism e: U — X.

Q|
-
]
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- v 1 :
We denote by T /K the dual QH o T7;. Then there exists the exact sequence
0Ty —=eTx —>G—0
for some coherent sheaf G on U.

PROPOSITION 2.3 [5, Cor. 2.10, Rem. 2.12, and Cor. 2.13]. Let X be a smooth projective
variety and K be a family of unbendable rational curves which is locally unsplit. Assume
that IC has zero-dimensional VMRTs and G is locally free in codimension 1. Then the linear
class of the total dual VMRT C on P(Tx) is explicitly given as follows.

[C] ~ deg(e) - ¢ —TT*E. (1 Tz x0))-

Moreover, the condition on G is verified when 7'g/f is locally free and e : Uy — X is
immersed for general [(] € K. In particular, if X admits a conic bundle structure m: X —Y
over a smooth projective variety Y, then the total dual VMRT C on P(Tx) associated to the
fibers of w satisfies

[é] NC—FH*(KX —W*Ky).

REMARK 2.4. Let m: X =P(E) — P? be the ruled variety associated to a vector bundle
E of rank 2 on P2 whose normalization has negative degree. That is, H*(E® L) # 0 for some
line bundle L with det(E® L) < 0. After normalization, we may assume that H°(E) # 0 and
det E = Opz(—a) for some a > 0. Then, by Proposition 2.3, we obtain an effective divisor

[C] ~ C+ ¥ (Kx — 7" Kp2) = ( + 11" (—2H — ah)

on P(Tx) for h = m*Op2(1) and the tautological class H = Opg)(1).
Then we can write ¢ by a positive linear combination

.

¢~ [C]+2II"H +all*h
of three effective divisors on P(Tx) which are linearly independent in N*(P(Tx)). As a
multiple of ¢ lies in the interior of the cone Eff(P(Tx)) of effective divisors, ¢ is big on
P(Tx). That is, T'x is big.
However, when X is a Fano threefold given as above (Nos. 35 and 36 in [13, Table 2]),
the bigness of T'x follows from [6] as such Fano threefolds are toric.

REMARK 2.5. Let 7: X = P(Tp2) — P? be the ruled variety associated to the tangent
bundle Tp> of P2. This is the Fano threefold X isomorphic to a (1,1)-divisor on P? x P?
(No. 32 in [13, Table 2]). Then X has two P!-fibration structures m; : X — P? for i =1, 2.

X -2op2
]P>2

We denote by h; =7 Op2(1). Then —Kx ~ 2hy + 2hs.
Let C; be the total dual VMRT on P(T'y) associated to the family of fibers of m; : X — P?
for ¢ =1, 2. Then, by Proposition 2.3, we have
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8 H. KIM ET AL.
[C1] ~ ¢+ 11 (K x — 78 Kp2) = € + 11" ((—2hy — 2ha) — (—3h1)) = ¢ +11*hy — 21T* hs,
[Ca] ~ ¢+ 1T (K x — 15 Kp2) = ¢+ 11 ((—=2hy — 2ha) — (—3hy)) = ¢ — 211" hy + 1T .

So we can write a multiple of { by a positive linear combination of effective divisors on
P(Tx) as

2¢ ~ [C1] + [Co] +11% (hy + ho).
Thus ¢ is big on P(T’x ). That is, T’x is big.

In the case where a Fano threefold X has Picard number 2, the following proposition
provides a criterion to disprove the bigness of Tx by making use of two rational curves on
X not belonging to a given family which associates a total dual VMRT on P(Tx).

PROPOSITION 2.6. Let X be a smooth projective threefold with Pic(X) = ZH, ®ZH, for
some effective divisors Hy and Ho. Let C be the total dual VMRT associated to a family
K of unbendable rational curves on X. Assume that C is a divisor on P(Tx). Moreover,
assume that there exist two smooth rational curves ¢1 and {2 on X such that

o for each i = 1,2, there exists a point x; € {; where the VMRT C,, CP(Qx|s,) of K at x;
is defined and C|,, is the projective dual of C,,. Moreover,

Tl s ¢ sz

for the tangent direction 1o, 5, € P(Qx|s,) of i at z;,
e the normal bundle of £; in X is given by

Ny, ix = Opi(ai1) ® Opi(ai2) for some aiz < a1 <0,
e and the intersection numbers satisfy
H.l, =0, Hy .ty >0, Hyly >0, Hy .0y =0.
Then Tx is not big.
Proof. Let
[é] ~ k¢ +b111" Hy + boIT" Hy

for some k£ > 0. Once we show that b; > 0 for i = 1, 2, the assertion follows from Lemma 2.2
because C satisfies ().

Let # = 1 be the point where the first condition holds for £ = ¢;. Let H =P(Ny x|.) C
P(T'x|,) be the hyperplane projectively dual to the point 74, € P(2x|;). Then, from the
first condition, we have

0 # H\Cl. CP(Tx|s).

Hence, there exists a section ¢ C P(Tx|s) C P(Tx) corresponding to a quotient Tx|s —
Op1(a) for a = a1 in a factor of Nyx passing through a point w € H\é|z over z, 1. e.,
w={|, ={NP(Tx|,) (see Figure 1). Thus, we have ¢|,NC|, =0 on P(Tx|s), and it implies
that ¢ is not contained in C.

https://doi.org/10.1017/nmj.2024.24 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.24

BIGNESS OF THE TANGENT BUNDLE OF A FANO THREEFOLD WITH PICARD NUMBER TWO 9

C(',‘
L] L]
Te,x
L]
P(Qx]x)
/ *

X
Figure 1.

The total dual VMRT (f\z at z when the VMRT C, is finite.

From the second condition, we can observe that every section ( CP(Tx|e) CP(Tx) which
corresponds to a quotient T'x |, — Opi(a) in a factor of Nyx satisfies (£ =a=a;; <0 in

P(Tx). Therefore, for such ¢; = ¢, we have

bo(Ha l1) > k(C.07) + by (I Hy 01 + by (I Hy 0y) = [C].41 >0,

as €~1 is not contained in €. Thus, by > 0. By the same argument, we can show that
by > 0. U

REMARK 2.7. Let f: X = BlrV5 — V5 be the blow-up of the smooth del Pezzo threefold
Vs C PS of degree 5 along a smooth curve I' of degree 5 and genus 1 (No. 14 in [13, Table
2]). We have another extremal contraction p: X — P! whose general fiber is a smooth del

Pezzo surface of degree 5.
X
SN
Vs Pl

We denote by Hy = f*Ops(1), Hy = p*Op: (1), and D; the exceptional divisor of f: X — V5.
Then

—Kx ~H\+Hy=2H,—D,, Hy~ H—D;s.
We have the following three families IC; of unbendable rational curves on X:

e [C; contains the strict transforms ¢; of some lines [; on V5 not meeting I',
e [C contains the strict transforms £5 of some conics lo on V5 meeting I' at two points,
e [C3 contains the strict transforms ¢3 of some conics 3 on Vi meeting I'.

We denote by C; , the VMRT of K; at z € X, C; the total dual VMRT on P(Tx) associated
to K;, and l; C P(Tx|e,) CP(Tx) a minimal section of [¢;] € K; for i =1, 2, 3.

We can observe that dim Ky = dimKy =2 and dim K3 = 3. Thus C; ,, and Cs , consist of
a finite number of points, whereas Cs3 , is a curve on P(Tx|,) for general z € X.

We first show that Cs , is irreducible. It is known that the space of conics on V5 is
isomorphic to Gr(4,5) = P* [9, Prop. 1.2.2], and the subspace of conics passing through a
fixed point of V5 corresponds to a codimension 2 linear subspace of P4. Since two general
planes in P* meet at a single point, there exists a unique conic passing through a general
pair of points of V5. Moreover, as there are only finitely many conics passing through a fixed
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point of V5 and meeting ' at two points with multiplicity, for general x € X, we have a
rational map I' --» P(Qx|,) sending general y € I to the tangent direction at z of the conic
passing through z and y € I', and the closure of its image is Cs ;. Thus, C3 , is irreducible.

We next show that Cs , is not linear. Note that Cs ,, contains all the tangent directions at
z of conics | C Vs with 2 € [ and [.I' = 2. Let X, be the fiber of p: X — P! with € X;. Then
P(Qx,|.) is a line in P(Qx/|,) =2 P2. Any rational curve C in X; with z € C and K)}tl.C =2
is the strict transform of some irreducible conic [ C V5 with z € [ and [.I' = 2. Therefore, the
number of the intersection points C3 , NP(Qx,|;) is greater than or equal to the number of
tangent directions of rational curves C' in X; with x € C and K;{tl.C = 2, which is greater
than 1, because we have several conic bundle structures on the del Pezzo surfaces of degree
five. Thus, degCs , > 1.

By the previous arguments, we can now say that the total dual VMRT Cs is a divisor on
P(Tx). Due to the irreducibility of Cug », we have C; lo 53|x for general z € X since C; | is a
union of a finite number of lines on P(Tx|;) for i =1, 2. Thus, C; Z C3, and we can conclude
that Cg E > 0 as the minimal sections ¢; cover C for 1 =1, 2. Now, let

[C3] ~ kC 4 by Dy +bo Hy

for some k > 0 and by, by € Z. Then we have
v o~ 1. ~
bQ = 63.61 Z 0 and b1 = §C3.€2 Z 0.

Thus by Lemma 2.2, Tx is not big.

PROPOSITION 2.8. Let X be a smooth projective threefold. Assume that there exists a
morphism p: X — C onto a smooth projective curve C whose general fiber is a smooth del
Pezzo surface of degree d < 4. Then Tx is not big.

Proof. We first prove the following claim.

Claim. If S is a smooth del Pezzo surface of degree d < 4, then H°(S,Sym™Ts(Kg)) =0
for all m > 0.

Assume that d = 4. Suppose that H°(S,Sym™Ts(Kg)) # 0 for some m > 0. Then we can
take the smallest m > 0 with H°(S,Sym™Ts(Ks)) # 0. Let D be an effective divisor on
P(Ts) such that D ~mé+ A*Kg for the tautological class £ = Op(ryg) (1) of A:P(Ts) — S.
Following the proof of [5, Prop. 3.5], there exist 5 pairs |¢;1| and |¢;2| of pencils of conics on
S such that

[0ia] + [liz] ~ —Kg and [Ci1] + [Cia] ~ 2¢,

where (i-l and éig are the total dual VMRT's on P(Ts), which are, respectively, associated to
the pencils |¢;1| and [€;2] for i =1, ..., 5. Then, for a minimal section £;; CIP(T'x|¢,;) CP(Tx)
of £;;, we have

Dﬁw (m§+A Ks) flj:Ks.gij<0.

So Cvij are contained in the support of D for all i=1,...,5 and j=1,2 as Z} cover CUU
Thus, there is an effective divisor

5
(m—10)6+A"Ks =D~ (Ci1+Cin)
i=1
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on P(Ts), and it contradicts the minimality of m > 0. This proves the claim for d = 4.
Assume that d < 3. Then, by [5, Th. 1.2], T’s is not pseudoeffective, so H%(S,Sym™Ts) =0
for all m > 0, and hence H°(S,Sym™Ts(Ks)) =0 for all m > 0 because —Kjg is effective.
This proves the claim for d < 3.
Let S = X; be a general fiber of p: X — (', which is a smooth del Pezzo surface of degree
d < 4. By twisting Og(Kg) after taking the symmetric power to the exact sequence

0—>Ts—>Txls—>Os—>0,
we obtain the following exact sequence on S.
0 — Sym"Ts(Kg) — Sym™Tx|s(Ks) — Sym™ 'Tx|s(Ks) — 0.

Note that H°(S,Ks) = 0. Then, by induction on m > 0, it follows that H°(S,Sym™Tx|s
(Kg)) =0 for all m >0 due to the claim. Thus, Tx|s is not big.

Suppose that T'x is big. Consider the family {P(Tx|x,)}+ec of codimension 1 subvarieties
of P(T'x) which cover P(Tx), i. e. P(Tx) = U, P(T'x|x,). Notice that £ = (|x, is the
tautological class of P(Tx|x,). Since ( is big, |m(| gives a birational map P(Tx) --+ PV
for m > 1, so |m&| induces a birational map P(Tx|x,) --» P, and hence Tx|x, is big for
general t € C, a contradiction. Therefore, T’x is not big. 0

REMARK 2.9. Let f: X =BIrQ — @ be the blow-up of a smooth quadric threefold
Q C P* along a smooth curve I' of degree 8 and genus 5 (No. 7 in [13, Table 2]). Then the
other extremal contraction of X is given by a fibration p: X — P! whose general fiber is a
smooth del Pezzo surface of degree 4. By Proposition 2.8, Tx is not big.

83. Strict transforms of total dual VMRT's

In this section, we present some criteria to determine the bigness of Tx in the case when
X is an imprimitive Fano threefold, i. e., X is isomorphic to the blow-up f: X =BIlpZ — Z
of a Fano threefold Z along a smooth curve I'. We first observe a relation between the
bigness of Tx and T, and then investigate some cases when Z is P3, a smooth quadric
threefold Q@ C P*, or the smooth del Pezzo threefold Vs C IPS of degree 5.

Let @ : P(Tz) — Z and & : P(f*T;) — X be the natural projections. We denote by
n = Opr,)(1) and 7 = Op(s+7,)(1). Then 1) = f*n for the natural morphism f: P(f*Tyz) —
P(Ty) induced by the blow-up f: X — Z.

Note that we have an exact sequence

0—=Tx = f"Tz = 1.Tp/r(D)—0

on X where Tp/p(D) is a locally free sheaf on the exceptional divisor D with the embedding
t:D— X.
Maruyama’s description of the elementary transformation [12] yields the exact sequence

0—=>n®Zs —n— 0s(n) =0
on P(f*Ty) where

D, (FRIs)=Tx, ®.7= [Ty,
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and S = Pp(Tp,r(D)) is the subvariety of P(f*Tz) defined by the quotient f*Ty —
t«Tpr(D). Let B be the blow-up of P(f*Tz) along S. Then there exists the commutative

diagram
, BlsP(f*Tz)
. / X
P(Tz)<——P(f*Tz) - - - - —-—— ~P(Tx) (3.1)
oo, |
Z X X

where o is the blow-down of BlgP(f*T) along the strict transform of ®*D. So, if we denote
by R the exceptional divisor of 3, then

Brn—R~a’(
on BlgP(f*Tz). Therefore, we have the following linear equivalence.
a8~ (+11"D.

LEMMA 3.1 (cf. [5, Cor. 2.3]). Let E be a vector bundle on X. Then E is pseudoeffective
if and only if EQ Ox(H) is big for every big Q-divisor H on X.

Proof. Let ¢ = Op(g)(1) be the tautological class of P(E). Assume that ¢ +1II*H is big
for every big Q-divisor H on X. If H is a big Q-divisor on X, then ¢H is big for any ¢ > 0.
So we can observe that ( is given by the limit of a family of big Q-divisors ( +¢II*H as
g€ — 0. Thus,( is pseudoeffective.

Conversely, assume that ¢ is pseudoeffective, and let H be an arbitrary big Q-divisor on
X. Then H ~ A+ N for some ample divisor A and effective divisor N. Because ( +mlIl*A
is ample on P(Tx) for sufficiently large m > 0, we can write

m(C+11"H) = ((+mIl*A) + mII*N + (m — 1)¢,

as the sum of a big divisor (¢ +mII*A)+mIl*N and a pseudoeffective divisor (m —1)¢ on
P(T). Thus, ¢ +II*H is big. 0

LEMMA 3.2 (cf. [5, Cor. 2.4]). Let f: X — Z be the blow-up of a smooth projective variety
Z along a smooth subvariety. If T'x is big, then Tz is big. Moreover, if T'x is pseudoeffective,
then Tz is pseudoeffective.

Proof. We continue to use the notation above. Note that «, 8, and f are birational
morphisms in (3.1). Thus, we have the following implication.

(isbig & «a"Cisbig = a*(+R~(fof)™nisbig < nis big.

Now, assume that T’y is pseudoeffective and let H' be a big Q-divisor on Z. By Lemma 3.1,
Tx @ Ox(f*H’) is big as f*H’ is big on X. Then we can show that T, ® Oz(H’) is big on
Z using the same argument as before. Since H' was arbitrary, by Lemma 3.1 again, T is
pseudoeffective. 0
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REMARK 3.3. Let f: X =BIrV; — V; be the blow-up of a smooth del Pezzo threefold
V; of degree i for i =1, 2,3, 4. Due to [5, Th. 1.5], Ty, is not big. Thus by Lemma 3.2, T'x
is not big. There are 7 deformation types of such Fano threefolds: No. 1, 3, 5, 10, 11, 16,
and 19 in [13, Table 2].

REMARK 3.4. Let f: X =BIpV5s — V5 be the blow-up of the smooth del Pezzo threefold
Vs of degree 5 along a line I' (No. 26 in [13, Table 2]). Then the extremal contractions
of X are given by the blow-ups fi : X — Z; and fs: X — Z5 along smooth curves where
Z1 = Q is a smooth quadric threefold and Zy = V5. We denote by H; = f;"Oz,(1), and D;
the exceptional divisor of f; : X — Z;. Then, from [14, Th. 5.1],

Kx ~—-Hy—Hy=—-3H,+Dy=—-2Hy+ Dy, Di~2H|—H>, Dy~ —H;+ Hs.

Let oy, B, ﬁ-, ®;, n; be defined as before. As D; = 2 —2970¢(1) on P(Ty) and
Dy =312 — P50y, (1) on P(TYy,) are effective (for Dy, see [18, Th. 5.8] or Proposition 3.6,
and for Dy, see [5, Th. 5.4]), & = al*ﬁffl*Dl and & = ag*ﬁg‘fg*Dg are effective divisors
on P(T'x), whose linear classes are given by

[51] ~2¢ —2I1"Hy 4+ 2I1* Dy = 2¢ 4+ 211" H, — 211" Ho,
[52] ~ 3¢ —1II"Hy + 311" Dy = 3¢ — 311" Hy + 211" H>.

So we can write a multiple of ( by a positive linear combination of effective divisors on
P(Tx) as

5¢ = [E1] + [Eo] + 1T Hy.

Thus, ¢ is big on P(T’x). That is, T'x is big.

Let f: X =BIrQ — @ be the blow-up of a smooth quadric threefold Q@ C P* along a line
I' (No. 31 in [13, Table 2]). We denote by H = f*Oq(1), and D the exceptional divisor
of f: X — Q. By [20], X is isomorphic to the ruled variety m: X =P(E(1)) — P? for the
vector bundle E of rank 2 which fits into the exact sequence

0—-0Opr—>FE—T,—0
for the ideal sheaf Z, of a point z on P2. Then, for h = 7*Op2(1),
Kx~3H—-D=2H+h, h~mH—D, D~ H—h.

Let C be the total dual VMRT associated to the family of fibers of 7: X — P? and
E=a.B*f*D for D=2n—29*Og(1) on P(Ty) as in the previous case. Then, by Proposition
2.3, we have

€] ~ ¢ +TT* (K x — 7" Kpa) = ¢ — 211" H 4 21T,
[€] ~ 2¢ — 211" H + 211" D = 2¢ — 2IT*h.

So we can write a multiple of ( by a positive linear combination of effective divisors on
P(Tx) as

3¢ = [C] + [£] + 21T H.

Thus, ¢ is big on P(T'x). That is, T'x is big.
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REMARK 3.5. Let f: X = BIpP? — P2 be the blow-up of the projective space P? along a
smooth curve I'. We denote by H = f*Ops (1), and D is the exceptional divisor of f: X — P3.
From the exact sequence

0— OIP’(f*TPL;)(kﬁ_kH*H) ®IS — OP(f*TP:),)(kﬁ_ ]CH*H) — Os(k/‘?]— kJH*H) —0

on P(f*Tps), we can observe that there exists an effective divisor &y ~ ki —kH on P(f*Tps)
which vanishes on S for some k > 0. Indeed, h°(S*(Tps(—1))) = O(k?) is observed from the
exact sequence

k42 k+3

0= Ops (—1)857) 5 055 @(F) 5 5% (Ths (—1)) - 0,

obtained by taking symmetric powers to the Euler sequence, whereas h°(Og(kn—kII*H)) =
O(k?) as Og(kij— kII* H) is a line bundle on the surface S = Pp(Tp,r(D)). Thus, we obtain
an effective divisor

€] ~ ko, 87 — KIT* H — mIT* D = k¢ — KIT* H + (k — m)IT* D

on P(T'x) for some m > 0, which is the strict transform of & from P(f*Tps) to P(T'x).

If " is degenerate (No. 28 and 30 in [13, Table 2| for instance), then H — D is effective
on X. So we can write a multiple of ¢ by a positive linear combination of effective divisors
on P(Tx) as

k¢ =[]+ KIT*(H — D) +mlIl*D

for some k£ >0 and m > 0. Thus ( is big on P(Tx). That is, Tx is big.

If ' is a twisted cubic curve (No. 27 in [13, Table 2]), then, by [20], X is isomorphic to
the ruled variety 7 : X = P(E(1)) — P? for the vector bundle E of rank 2 which fits into
the exact sequence

0— Op2(—1)%% = 0p%* — E(1) = 0
on P2. Then, for h = 7*Op=(1),
—Kx~4H—-D=2H+h, h~2H—-D, D~2H —h.

Let C be the total dual VMRT on P(Tx) associated to the family of fibers of 7 : X — P2,
Then, by Proposition 2.3, we have

[C] ~ ¢+ 1% (Kx — 7% Kps2) = ¢ — 2I1* H + 2IT*h = ¢ + 2IT* H — 211" D.

So we can write a multiple of { by a positive linear combination of effective divisors on
P(Tx) as

3k¢ = k[C) 4 2[€] + 2mIT* D
for some k>0 and m > 0. Thus, ¢ is big on P(Tx). That is, Tx is big.

ProproOSITION 3.6. Let f: X =BIrQ — Q be the blow-up of a smooth quadric threefold
Q CP* along a smooth curve I'. Then there exists an irreducible and reduced effective divisor

[C] ~ 2¢ — 2IT* H + 211* D
on P(Tx ) which satisfies (1) for H= f*Og(1) and the exceptional divisor D of f: X — Q.
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Proof. Let M be the family of lines [ on @, which is known to be M = P3. Then
Nijg =2 Op1(1) ® Op1, and M is a family of unbendable rational curves on Q. Let D be the
total dual VMRT on P(Ty) associated with M. As @ is homogeneous and the VMRT D,
of M at z € Q) is irreducible and reduced, so is 75] . for all z € Q, and hence D is irreducible
and reduced.

Let H' = Og(1) and 7 = Op(1,)(1) be the tautological class of ®: P(T) — Q. It is known
that

[D] ~ 2n— 28" H'
(see [19, Proof of Prop. 3.1] for instance). Therefore, we can write
[/*D] =2f*n—20*H,
where f : P(f*Ty) — P(Tg) and D P(f*Ty) — X are the natural morphisms induced by
f: X —=Qand ®:P(Tg) — Q.

Let K be the family of rational curves on X containing the strict transform [¢] of [I] for
general [I] € M. Since a general member [I] € M does not intersect with the blow-up center
I', K is a family of unbendable rational curves on X.

Let C be the total dual VMRT on P(Tx) associated to K. Because the total dual VMRT
D is given by the union of minimal sections of rational curves of M, C|y and D|y coincide
under the isomorphism P(Tx () 2 P(Tq|z) over U = X\D and V = Q\I'. As the closure is
uniquely determined by a subset out of codimension 1, C is the strict transform of D from
P(Tq) to P(Tx). Moreover, C is the strict transform of F*D from P(f*Tq) to P(Tx). As D
is irreducible and reduced, so is its strict transform C.

Let m > 0 be the order of vanishing of f*D on § = Pp(Tp/r(D)) CP(f*Tq). Then the
strict transform C of f*D from P(f*Tq) to P(T’x) satisfies

[C] ~ @, 3*(27] — 20" H) — mII* D = 2¢ — 2I1* H 4 (2 — m)IT* D.
We will complete the proof by showing that m = 0, which is equivalent to showing that
S¢ fD.

Let z € T. Then P(f*Tg|s-1(»)) = P(Tql:) % f~(z). Moreover, P(Tp,r(D)|f-1(,)) is a
subvariety of P(f*Tq|f-1(.)) whose image is f(}P’(TD/F(D)]f_l(z))) =P(Nrjglz) in P(Tg|.).
Since the line P(Np|g|.) is not contained in the conic D], CP(Tpl.), F*D|.. does not contain
P(Tp/r(D)|f-1(2)) = S|f-1(») (see Figure 2). Thus, we can conclude that S ¢ /D, 0

REMARK 3.7. Let f: X =BIr@Q — @ be the blow-up of a smooth quadric threefold
Q C P* along a smooth curve I' of degree 4 and genus 0 (No. 21 in [13, Table 2]). Then the
extremal contractions of X are given by two distinct blow-ups f; : X — @ for i =1,2. We
denote by H; = ffOq(1) and D; the exceptional divisor of f; : X — @ for ¢ =1, 2. Then

—-Kx~H+Hy=3H,—D1=3Hy— D>y, Dy ~2H,—Hy, Dy~—H)+2H,.

Let C; be the total dual VMRT on P(Tx) given by Proposition 3.6 for i = 1, 2. Then the
sum of two effective divisors

€] = 2¢ — 211" Hy + 211" Dy = 2¢ + 21T Hy — 211" H,,
[Ca] = 2¢ — 211" Hy + 211" Dy = 2¢ — 211* H; + 211" Hy
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P(Tp (D)l f-1(z))

P(f*Tgly-1(2))

D

Figure 2.
The restriction f*D|, C P(f*Tol.) of f*D CP(f*Tg) over x € D.

yields an effective divisor on P(T’x) satisfying (). Thus by Lemma 2.2, ¢ is not big on
P(Tx).

ProproSITION 3.8. Let f: X = BIpVs — V5 be the blow-up of the smooth del Pezzo
threefold Vs of degree 5 along a smooth curve I' contained in an intersection of two
hyperplane sections, which is not a line on V5. Then there exists an irreducible and reduced
effective divisor

[C] ~ 3¢ —1I"H + 311" D
on P(Tx) which satisfies (1) for H = f*Oy, (1) and the exceptional divisor D of f: X — V5.

Proof. Let D be the total dual VMRT on P(Ty;) associated to the family of lines on V.
Then, according to [5, Th. 5.4],

[D] ~3n—®*H'

for H' = Oy; (1) and the tautological class n = Op(r,, (1) of © : P(Tv;) — V5.

Let C be the total dual VMRT on P(T'x) associated to the family of the strict transforms
of lines on V. Then C is the strict transform of D from P(Ty,) to P(Tx). By the same
argument in the proof of Proposition 3.6, the proof is completed once we show that S ¢ f*lv)

The VMRT of the family of lines on V5 at a point z € V5 is the union of three points on
P(Qy, |.) with multiplicity [3, Lem. 2.3(1)]. So D|. is the union of three lines on P(Ty.,). If
there is a point z € I' such that every line passing through z is not tangent to I' at z, then
P(Nrjvs|2) € D|. on P(Ty,|.), and it implies that S ¢ f*D. Thus, it suffices to show that
there are only finitely many lines on V5 which is tangent to I'.

We consider Vs as the subvariety of P® and fix a 4-dimensional linear subspace L of P°
containing I'. Then LN V5 is a union of finitely many curves on Vs. If a line [ on P% is
tangent to I', then [ C L, and if [ is also contained in V5, then [ C LN V5. Therefore, we can
conclude that there are only finitely many lines [ on V5 which is tangent to I'. O

84. Total dual VMRTSs on blow-ups

In this section, developing the idea of [5, Lem. 5.3], we present some formulas for total
dual VMRTSs on P(Tx), which are distinctly constructed from the ones in the previous
section, in the case when X is an imprimitive Fano threefold.
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PROPOSITION 4.1. Let f: X = BIpP3 — P3 be the blow-up of the projective space P3
along a smooth nondegenerate curve I' of degree d and genus g. Assume that I' has at most
a finite number of quadrisecant lines on P3. Then there exists an irreducible and reduced
effective divisor

(3(d—1)(d—2)—g)C+(d+g—1)II*H — ((d—1)— $(d—2)(d—3) + g) II*D
if I' has a trisecant line

C]~% . ) )
(3(d=1)(d—2)—g) ¢+ (d+g—1)IT*H — (d—1)II*D

otherwise

on P(Tx) which satisfies (1) for H = f*Ops(1) and the exceptional divisor D of f: X — P3.

Proof. Let K be the family of unbendable rational curves on X containing the strict
transforms of general secant lines of I' on P3. Note that N, 11 x = Op1 @ Op for general [/] € K.
We can observe that K =2 S°T". Indeed, S°T is smooth, and there exists a finite morphism
from S2T to the locus of secant lines of I' in the Grassmannian Gr(2,4) of lines on P3.
Let g, : Uy — K be the universal family of the secant lines of I' on P? and €y : Uy — P3 be
its evaluation morphism. Note that g, : Uy — K is a P!-fibration and Uy = Pz(V) for some
vector bundle V of rank 2 on K, where V is given by the pull-back of the universal bundle
via the induced morphism K — Gr(2,4).

As a general hyperplane meets a general secant line at 1 point on P23, we take
V= aO*éQ*OPS (1) so that OIP’E(V) (1) = éQ*O[FW (1)

We first prove the case where I' has a trisecant line. Let §: U/ — IC be the normalization
of the universal family of curves on X with the evaluation morphism :% — X. Then
G:U — K is a conic bundle over K whose discriminant locus is the locus of trisecant lines
of I' on P3. Moreover, U is obtained by the blow-up o : U — Uy along some curve in Uy over
the locus in K of trisecant lines.

Ke—"'—U—F—x
| T
K a270219%(1/)€ P3.

Let § =0 Op_(v)(1) and E be the exceptional divisor of o :U — Uy. Then we can write

Let C be the total dual VMRT on P(Tx) associated to K. Then C is irreducible by
its construction, and it is reduced as a general VMRT C, of K is reduced for general
x € X. Moreover, as K is locally unsplit, we can apply Proposition 2.3 to obtain the linear
equivalence

[C] ~ k¢ +1T"e. (K7 /%)

on P(T'x) for k = deg(€). From the commutativity, we have £ = 0*€y*Ops (1) =€ f*Ops (1) =
e*H, and

e(Ky ) =—2e{+eq a(V)+e.=-2kH+eq (V) +e.kE.
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First, let
e.qc1(V)=aH+bD
for some a, b € Z. We know from blow-up formulas (e. g. see [14, (4.3)]) that
H>=1, H2.D=0, H.D?=—d.
Thus,
Wl =g e (V).H =7 (V).€ =7 (V)@ (e~ TaV) =a V)
and ¢, (V) = kH? + ¢5(V) due to

KH? =8 =7'ci(V)E =T co(V)E=T ar(V) (@ er(V)E=T (V) =T ca(V)E
=1 (V) =ea(V).

Then the number r := co(V) can be calculated by the number of points of the degeneracy
locus of a general member of |Op_(v(1)|. That is, r = #{[(] € K|£ C P} for general P € |[H]|.
On the other hand,

bH.D?* =e.q%c;(V).H.D =q"c;(V).£&*D = (6> + G co(V)). "D = kH>.D+q c2 (V)& D
= 202(‘/),

as a general secant line meets T at 2 points on P3 so that €D = 2¢ in N*(U/K).
Moreover, we can deduce that

e.lL =mD

for some m > 0 from the observation that the image €(E) lies on the exceptional locus of
f: X — P3 and the multiplicity m is given by the number of trisecant lines of I' on P3
passing through a general point of I'.

By the projection 7, from a general point z in P3, it gives a one-to-one correspondence
between the number of secant lines of I' through z and the number of nodes of the curve
7,(T) in P2, which is k. Also, by the projection m, from a general point y € I', it gives a
one-to-one correspondence between the number of trisecant lines of I' through y and the
number of nodes of the curve m,(I') in P2, which is m. Then the genus-degree formula for
plane curves gives k and m. The number r can also be computed (cf. [5, Lem. 5.3]). That is,

k = (the number of nodes in a general hyperplane projectionI’ — P?)

= S@-1)d-2)-g,

7 = (the number of choices of two points among I'NP? for a general hyperplane P? C P3)

()

m = (the number of nodes in the projection I' — P? from a general point of T)
1

=5(d=2)(d=3)~g.
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Then we obtain the formula in the statement after plugging in the numbers to the equation

2
kC+1I"(—2kH +e.q*c1(V)+e.E) = k( —2kII"H + {(r—l— E)IT*H — C;H*D} +mlIl*D

2
= kC+ (r— k)" H — (; —m> I D.
The proof for the second case is similar to the first case except o = Idzz;, and hence
m = 0. 0

PROPOSITION 4.2. Let f: X = BIpP? — P3 be the blow-up of the projective space P>
along a smooth nondegenerate curve I'. Then there exists an irreducible and reduced effective
divisor

[C] ~ k¢ —KIT*H +bIT* D for some b > k—2

on P(Tx) which satisfies (1). Here, k > 0 is the degree of the dual curve of a plane curve
which is the image of I' under the projection from a general point of P3, H = f*Ops(1), and
D is the exceptional divisor of f: X — P3.

Proof. Let K be the family of unbendable rational curves on X containing the strict
transforms of general lines on P meeting I'. Note that Nyy = Op:(1) @ Op: for general
[¢] € K. We denote by C, the VMRT of K at 2 € X and C the total dual VMRT on P(Tx)
associated to K.

Let z € X\D and z = f(x). We define C, CP(Qps|,) to be the plane curve parametrizing
the tangent directions of lines on P? passing through z and a point of I', and denote
by C, C P(Tps|,) the projectively dual curve of C,. Notice that C, is isomorphic to the
plane curve which is the image of I under the projection P3 --» P? from z By the natural
isomorphism P(€x|.) 2 P(Qps|.), we have the identifications C, = C, and C|, = C, for
general x € X\D. As C, is irreducible and reduced, so is C | for general x € X, and hence
C is irreducible and reduced.

Let

[C] ~ k¢ + all* H + bIT* D

for some k£ >0 and a, b € Z. Then £ is equal to the degree of C..

Let [{] be a general member of K and £ C P(T'x|,) CP(Tx) be its minimal section. Since
the members of the family K of rational curves on P(Tx) containing [¢] dominates C, we
have

dimK = 3> —Kg.l+dimC — [Aut(PY) | = (3¢ — (k¢ + all*H 4 bIT* D)).0 + 1.

We note that the dimension of K is 3 and £ is uniquely determined by ¢, and hence we have
dimK = 3. Therefore, b > —a — 2.

Let Iy be a general line on P? and ¢, be its strict transform on X. Note that Nygix &
Nigjps = Opr (1) @ Opa (1). Let o C P(Tx|e,) CP(T'x) be the section of ¢y corresponding to
a quotient T'x |g, — Ngy x — Op1(1). We will complete the proof by showing that

C.ly=k+(aH~+bD)Ly=k+a=0,

and it is sufficient to show that C N ¢y # 0 if and only if ¢, C C.
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Assume that CﬂEO # (). That is, €0|w € C]x for some x € £y. Then it is enough to show that
lol. €Cl. for all € £o. Let lo CP(Tps|y,) € P(Tps) be the image of £y under the isomorphism
P(Tx|g,) = P(Tps;,). So it is reduced to prove the following claim.

CLAIM. ZA{)|Z € C, for some z € ly implies that l~0|z e C, for all z € .

Notice that lT) is a section of ly corresponding to a quotient Tps|;, — Ny ps — Op1(1). Let
P be a plane containing o on P3. Then it determines a quotient

T3 |1, — Nigps — Npjps |1, = Opr (1), (4.1)

and vice versa. That is, given Iy on P3, there is a 1-to-1 correspondence between a plane P
containing [y and a section Iy of I corresponding to a quotient Tps|;, — Njyps — Op1 (1),
both are parametrized by P2.

Let z € lp. As the kernel of the quotient (4.1) is Tp|;,, the line L, :=P(Q2p|,) C P(Qps|,)
parametrizes the tangent directions of P at z. Thus, the line L, is tangent to C, C P(Qps|,)
if and only if the point P(Npps|.) is contained in C., C P(Tps|.) as L, = P(Qpl.) and
P(Nppps|.) are projectively dual. This is equivalent to say that P is tangent to I' on P3
because C, and L, are linear projections of I' and P, respectively, after identifying P3 --»
P(Qps|,) to the projection from z. If we choose a plane P that contains [y and tangents to
I', then any point z € [y satisfies the above. Therefore, we have the claim. U

THEOREM 4.3. Let f: X = BIpP? — P2 be the blow-up of the projective space P? along a
smooth nondegenerate curve I'. Assume that I' has at most a finite number of quadrisecant
lines on P3. Then Tx is big if and only if T is a twisted cubic curve.

Proof. Let d and g be the degree and genus of I. If d = 3, then Tx is big by Remark 3.5.
Otherwise, if d > 4, then let C; and Cs be the total dual VMRTS on P(Tx), respectively
given by Propositions 4.2 and 4.1. Then, for general, x € X, Cv1|z is projectively dual to
a plane curve of degree d with § = 3(d —1)(d —2) — g nodes, hence the degree of Cile is
given by

d(d—1)—25=d(d—1)—2- G(d—n(d—z)—g) —2d+2g—2.

So él and CJQ satisfy
[C1] ~ (2d+29—2)¢ — (2d+2g — 2)IT* H + ((2d+2g — 4) 4+ ¢) II* D,

[Co] ~ (;(d— 1)(d—2) —g) C+(d4+g—1)II*H — ((d—l)— ;(d—2)(d—3)+g> 1*D

for some ¢ > 0 where H = f*Ops(1) and D is the exceptional divisor of f: X — P? (the
second formula is valid even in the case d =4 and g =1 where I' has no trisecant line on
P3). Then they yield an effective divisor

[C1]+2[Ca) = k¢ + ((d—1)(d—4) + ) IT* D

on P(Tx) satisfying (f) for some k£ > 0 and ¢ > 0. Thus by Lemma 2.2, ¢ is not big on
P(Tx). O

REMARK 4.4. Let X be a Fano threefold given by the blow-up f: X = BIpP? — P3 of
the projective space P? along a smooth nondegenerate curve I' of degree d and genus g.
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No. in [13, Table 2] 4 9 12 15 17 19 22 25
(d.g) 910 @5 (63 (64 G (52 (0 G

Then I has no quadrisecant line on P3. Indeed, if I' has a quadrisecant line, then X is not
Fano because the strict transform ¢ of a quadrisecant line satisfies —Kx -£ = 0.
By Theorem 4.3, T is not big in the above cases.

PROPOSITION 4.5. Let f: X =BIr@Q — @ be the blow-up of a smooth quadric threefold
Q CP* along a smooth curve I' of degree d. Assume that T' has at most a finite number of
trisecant lines on Q). Then there exists an irreducible and reduced effective divisor

[C] ~d¢+ (m—2)II*D

on P(Tx) which satisfies (1). Here, m >0 is the number of secant lines of I' on @ passing
through a general point of I', and D is the exceptional divisor of f: X — Q.

Proof. We continue to use the notation in the proof of Proposition 4.1. The proof
is similar to the proposition. Let I be the family of unbendable rational curves on X
containing the strict transforms of lines meeting I' on ¢ and C be the total dual VMRT on
P(T'x) associated to K. From the diagram

Ke—"'—U—F" X

|

c quOgPE(V), Q,
0 €0

we have the formula
[C] ~ k¢ +TT"e. (K i) = k¢ — 2T €, L + T8, q 1 (V) + T8, E

for k = deg(e).
As a general hyperplane section meets a general line at 1 point on @, we take V =g, e*H
so that { =e"H for the tautological class £ = Op_(1). Then €,§ = kH. Let

e.qgc1(V)=aH+bD and e.E=mD

for some a,b € Z and m > 0. In this case, H®> =2, H?>.D =0, and H.D? = —d. Thus from
the same calculation in the proof of Proposition 4.1,

1 1 1
a=ga(V) =kt b=—e(V)eD= —r
for r:=co(V) as a general line is chosen to meet I' at 1 point on @ so that €D =¢ in

NYU/K).
Thus, we obtain the formula in the statement using the following correspondences.

k = (the number of lines on @ joining I" and a general point of Q)
r = (the number of lines on @ meeting I' and contained in a general hyperplane section of Q)
= 2d,

m = (the number of secant lines of I' on @) passing through a general point of T").

0
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REMARK 4.6. Let f: X =BIr@Q — @ be the blow-up of a smooth quadric threefold
Q C P* along a smooth curve I'. We denote by H = f*Og(1), and D is the exceptional
divisor of f: X — Q.

If T is a quartic elliptic curve (No. 23 in [13, Table 2]) given by the intersection of () with
A €|Ops(1)| and B € |Op4(2)| on P%, then the number of secant lines of I' on @ passing
through a general point of I is m = 2.

Indeed, in No. 23.a, a secant line of I' on @) corresponds to a rule in the quadric surface
QNACA=P? and I' = QN AN B corresponds to a (2,2)-divisor on the quadric surface
QN A. Then the number of secant lines of I' on @ passing through a general point of I is
m = 2. In No. 23.a, the locus of secant lines of I' is two disjoint lines which is parametrized
by two rulings in @ N A. In No. 23.b, the locus of secant lines of I' is a double line which
is also parametrized by the ruling in a quadric cone surface QN A. So we have the same
m=2.

Let C be the total dual VMRT on P(Tx) given by Proposition 4.5. Then it yields an
effective divisor

.

[C]~4¢

on P(Tx) satisfying (f). Thus by Lemma 2.2, ¢ is not big on P(Tx).

If I' is a smooth conic (No. 29 in [13, Table 2]), then there is no secant line of I" on @
because the plane spanned by I' and () have I' as their intersection.

Let C; be the total dual VMRT on P(T) given by Proposition 4.5. Then it yields an
effective divisor

[C1] ~2¢—2IT*D

on P(Tx). Together with the total dual VMRT C, on P(Tx) given by Proposition 3.6, we
can write a multiple of ¢ by a positive linear combination of effective divisors on P(T'x) as

4¢ = [C1] + [Co] + 21T H.
Thus, ¢ is big on P(T’x). That is, Tx is big.

85. Conic bundles with non-empty discriminant

In this section, we disprove the bigness of Tx in the case when a Fano threefold X
admits a standard conic bundle structure 7 : X — P? with non-empty discriminant A C P?
of degree d = degA. When the discriminant is empty, i. e., X admits a P!-fibration, we
have proved the bigness of T’x from a number of remarks in previous sections except No. 24
in [13, Table 2], which admits another conic bundle structure with non-empty discriminant
(see 5.1.2).

5.1 Degree 3
There are two deformation types of standard conic bundle 7 : X — P? with d = 3: No. 20
and 24 in [13, Table 2].

5.1.1. No. 20

Let f: X — V5 be the blow-up of the smooth del Pezzo threefold V5 of degree 5 along a
smooth curve I' of degree 3 and genus 0.
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X =BIrVs 15 .
W:W|H7D|\L
IP)Q
We denote by H = f*Oy, (1), and D the exceptional divisor of f: X — V5. Then
Kx~2H-D=H+h, h~H-D, D~H—h.

Let C; be the total dual VMRT on P(Tx) associated to the family of fibers of 7 : X — P2,
Then we know from Proposition 2.3 that

[Ci] ~ C+ 1T (K x — " Kp2) = C+ 11" ((=H — h) — (=3h)) = ¢ — II* H + 2IT*h.

On the other hand, let Cy be the total dual VMRT on P(T’x) associated to the family of
the strict transforms of lines on V5. Then, by Proposition 3.8,

[Ca] ~ 3¢ —TI*H + 311" D = 3¢ — IT* H + 3IT* (H — h) = 3¢ 4 2IT* H — 31T*h.
So 5¢ can be expressed as
2(C,] 4 [Co] = 5C+ TR
on P(Tx) satisfying (1). Thus by Lemma 2.2, ¢ is not big.

5.1.2. No. 24

Let X be a (1,2)-divisor on P? x P2, Then X is not only a conic bundle 7; : X — P2 but
also a ruled variety 7o : X = P(E) — P2 for some vector bundle E of rank 2 on P2.

X s p2
ﬂll
]P>2

We denote by h; =7} Op2(1) for i =1, 2. Then —Kx ~ 2h; + ho.
Let C; be the total dual VMRT on P(T'y) associated to the family of fibers of m; : X — P?
for ¢ =1, 2. Then we know from Proposition 2.3 that
[C] ~ C+ T (Kx — i Kp2) = C4+ 11" ((—2hy — hy) — (—=3hq)) = (+ 11" hy — T* Ry,
[Co] ~ C+IT* (K x — 3 Kp2) = C+1IT%((—2hy — hy) — (—3hs)) = ¢ — 2IT*hy + 20IT* hy.
So 3¢ can be expressed as
2(C1] +[Ca] = 3¢
on P(Tx) satisfying (f). Thus by Lemma 2.2, { is not big.

5.2 Degree 4
There are two deformation types of standard conic bundles 7 : X — P? with d = 4: No.
13 and 18 in [13, Table 2].
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5.2.1. No. 13
Let f: X =BIrQ — Q be the blow-up of a smooth quadric threefold Q@ C P* along a
smooth curve I" of degree 6 and genus 2 [2, §5.2].
f
X =BlrQ —=Q
T=@Y|2H-D| \L
]P)2

We denote by h = 7*Op2(1), H = f*Og(1), and D the exceptional divisor of f: X — Q.
Then

—Kx~3H—-D=H+h, h~2H—-D, D~2H —h.

Let C; be the total dual VMRT on P(T'y ) associated to the family of fibers of 7 : X — P2,
Then we know from Proposition 2.3 that

[Ci] ~ ¢+ T (K x — 7" Kp2) = C+ 11" ((—H — h) — (=3h)) = ¢ — IT* H + 2IT*h.

On the other hand, let Cy be the total dual VMRT on P(T'x) associated to the family of
the strict transforms of lines on @. Then, by Proposition 3.6,

[Co] ~ 2¢ — 2IT* H 4 2IT* D = 2¢ — 211" H + 211* (2H — h) = 2¢ + 211" H — 2IT*h.
So 3¢ can be expressed as
[C]+[Co] =3¢ +IT"H
on P(Tx) satisfying (f). Thus by Lemma 2.2, { is not big.

5.2.2. No. 18
Let f: X — P2 x P! be the double cover branched over a (2,2)-divisor B on P? x P1.

P2 P

We denote by h =7*Op2(1) and H = p*Op:1(1). Then —Kx ~ f*(—Kpzxp1 — 1 B) = H +2h.
Let C; be the total dual VMRT on P(Tx) associated to the family of fibers of the conic
bundle 7 : X — P2. Then we know from Proposition 2.3 that

[C1] ~ ¢+ T (K x — 7" Kp2) = ( + 1T ((—H — 2h) — (—3h)) =  — IT* H + IT*h.

Note that p: X — P! is a del Pezzo fibration whose general fiber X; is isomorphic to a
smooth quadric surface whereas a singular fiber is isomorphic to a quadric cone (cf. [14, p.
109]). Let

e C be the family of rational curves on X containing a rule ¢ of X; = P! x P!,
and Cy be the total dual VMRT on P(T'x) associated to IC, whose linear class is given by
[Ca] ~ kC + IT* H 4 dIT*h
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for some k£ > 0 and c, d € Z. Because there are two families of rules in each smooth fiber
X, K may parametrize both of the families in X;, or parametrize only one of the families
in X;.

The second case does exist: if X parametrizes only the lines of one ruling, then we can
choose a section s of the fibration. The curves in K meeting the section s form a divisor
D C X such that the restriction to the general fiber is Opiyp1(1,0). This contradicts to
p(X/PL) =1.

When K parametrizes both of the families of rules in each smooth fiber X, it is obvious
that k = 2. Let K be the normalization of the closure of K as a subscheme of Chow(X)
and g :U — K be the normalization of the universal family with the evaluation morphism
e:U — X. Note that §: U — K is a P'-fibration over IC, and from its construction, there
exists a rank 2 vector bundle V on K such that U = Px(V). Indeed, from a fixed embedding
X — P3 x P! with the second projection being a quadric fibration, V is given by the pull-
back of the universal bundle over the Grassmannian Gr(2,4) via the induced morphism
K — Gr(2,4) x P! — Gr(2,4). Then, by Proposition 2.3, the linear class of Cy satisfies

[Ca] ~ 2¢ + 1T (K /i)
We take V' =7g,e"h so that { =€"h for the tautological class § = Op_(v)(1). Then
e(Kg ) =e(—26+q"c1(V)) = —dh+e.q"ci (V).
Let
e.qc1(V)=aH+bh
for some a, b € Z. Then
2a=aHh =e.q7ci (V)R =7 c1(V).E =Tc(V)([@a(V)E=T (V) = 1 (V)2

From ¢ (V) — co(V) = €3 = 2h3 =0, we have a = 301 (V)= 3¢2(V). We can find r := co(V)
as the number of indeterminate points of a rational section of §: U — K linearly equivalent
to £ =¢€*h.

We fix a general member hg € |h|. Then hg = *L for some line Ly on P2. Recall that
a smooth fiber X; is isomorphic to the double cover 7; : X; — P? branched over a conic C
and ho N Xy =7 1(Lo). Then hoN X; is a union of two rules in the fiber X; if and only
if Lo is tangent to Cy on P2. Here, a singular fiber (two-dimensional quadric cone) of p is
not affected due to a general choice of hg: a singular fiber is obtained by a double cover P?
branched over a union of two lines. Since we have only finitely many singular fibers of p,
we can choose a line hg which is not one of the lines of the branch loci of the singular fibers
of p.

As the condition of being tangent to L corresponds to a hypersurface of degree 2 in the
space of conics, there are only four conics C; for t =1, 2, 3,4 such that hoN X; = 7rt_1(L0)
is a union of two rules. Thus, the total number of g-fibers contained in &, = €*hy on U is
r=2x4=8, and so a =4.

On the other hand,

20 =bH.h? =€, G c1(V).Hh=G"c,(V).,.e*H
= (4T (V) e*H =¢*e"H =e*(H.h*) =2H.h* = 4,
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as £ does not meet H on X for general [¢] € K so that e H =0 in N*(Z//K). Thus b= 2,
and we have

[Ca] ~ 2¢ +4IT* H — 21T* h.

So 3¢ can be expressed as
2[C1]+ [Co] = 3¢+ 20" H
on P(Tx) satisfying (f). Thus by Lemma 2.2, { is not big.

5.3 Degree 5
There are two deformation types of standard conic bundles 7 : X — P? with d =5: 7
corresponds to odd (No. 11), or even theta characteristic (No. 9 in [13, Table 2]).

5.3.1. No. 11

If 7 corresponds to odd theta-characteristic, then X is isomorphic to the blow-up BlpV3
of a smooth cubic threefold V3 C P4 along a line I'. We know that Ty is big only if Ty, is big
by Lemma 3.2, but Ty, cannot be big by [5, Th. 1.4]. Thus, Tx is not big (see Remark 3.3).

5.3.2. No. 9

If m corresponds to even theta-characteristic, then X is isomorphic to the blow-up f :
X = BIrP? — P? of the projective space P? along a smooth curve I' of degree 7 and genus
5 [2, §5.1].

X =BIP? L. p3,
W:‘PSH—D\L

]P)2

We denote by h = m,0Op2(1), H= f*Ops(1), and D is the exceptional divisor of f: X — P3.
Then

—Kx~4H—-D=H+h, h~3H—D, D~3H—h.

Let C be the total dual VMRT on P(Tx) associated to the family of the strict transforms
of secant lines of I' on P3. Then, by Proposition 4.1,

[C] ~ 10¢ + 111" H — II* D = 10¢ 4 8IT* H + IT*h,
and C satisfies (1). Thus by Lemma 2.2, ¢ is not big on P(Tx) (see also Remark 4.4).
5.4 Degree 6

There are two deformation types of standard conic bundles 7 : X — P? with d = 6: No. 6
and 8 in [13, Table 2].
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5.4.1. No. 6
We first treat the case where X is isomorphic to a (2,2)-divisor on P? x P? (No. 6.a).

X s p2
Tl'll
]P>2

We denote by h; =7 Op2(1) for i =1,2. Then —Kx ~ h; + ho.
Let C; be the total dual VMRT on P(T’x) associated to the family of fibers of the conic
bundle 7; : X — P2 for i = 1, 2. Then we know from Proposition 2.3 that

[C1] ~ C+ T (K x — 7 Kp2) = € 4 (IT* (—hy — hy) —IT*(=3hy)) = ¢ + 211" hy — [T*hy,
[Co] ~ C+ T (K x — w5 Kp2) = € 4 (I1* (—hy — hy) —IT*(=3hy)) = ¢ — I1*hy + 20T*hy.
So 2¢ can be expressed as
[C1] + [Ca] = 2¢ +IT* (hy + hy)

on P(Tx) satisfying (f). Thus, by Lemma 2.2, { is not big.
We next deal with the case where X is isomorphic to the double cover of a (1,1)-divisor
W on P? x P2, which is branched over a smooth member B € | — Ky/| (No. 6.b).

X
>
P2 w P2

We denote by h; = m;Op2(1). Then —Kx ~ f*(—Kpzxp2 — 3B) = hi + ho.
Let C; be the total dual VMRT on P(T'x) associated to the family of fibers of the conic
bundle 7; : X — P2 for i = 1, 2. Then we know from Proposition 2.3 that

[C1] ~ ¢+ 1" (Kx — 75 Kp2) = + (II*(—hy — ho) —II*(—3h1)) = ¢+ 211" hy — 1T ho,
[Co] ~ ¢ +1T* (K — 75 Kp2) = ¢+ (IT*(—hy — hg) — 11 (=3h3)) = ¢ — IT"hy + 21T*ho.
So 2¢ can be expressed as
[C1] +[Co] = 2¢ + 11" (hy + ha)
on P(Tx) satisfying (f). Thus, by Lemma 2.2, ¢ is not big on P(Tx).

5.4.2. No. 8

Let f: X — V7 be the double cover branched over a smooth member B € | — Ky, | where
Vz is the blow-up g : V7 = BLLP? — P3 of the projective space P? at a point z € P3. Note
that V7 is also given by the ruled variety ¢ : V; = P(Op2 @ Op2(1)) — P2 over P2,
Vi =BLPP —L - P3.

~

X

T=$|H—-D ¢\L -7

IP’Q/

A
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We denote by H = (go f)*Ops (1), h =7*Op2(1), D = f~1(D’) for the exceptional divisor
D' of g:V; —P3, and By = g(B) the image of B on P3. Then

~Kx~2H-D=H+h, h~H—D, D~H—h.

Note that By is a quartic surface with one ordinary double point at the center of the blow-
up z € P3. Let K be the family of rational curves on X, which parametrizes the irreducible
components of preimages ¢ of bitangent lines [ to By on P2, and C be the total dual VMRT
on P(Tx) associated to K.

Let K be the normalization of the closure of K as a subscheme of Chow(X) and g: U — K
be the normalization of the universal family with the evaluation morphism €:2 — X. Note
that :U — K is a P'-fibration over K, and from its construction, there exists a rank 2
vector bundle V on K such that U = Px(V). Indeed, from the morphism X — V; —P3, V
is given by the pull-back of the universal bundle over the Grassmannian Gr(2,4) via the
induced morphism U — Gr(2,4). Then, by Proposition 2.3, the linear class of C satisfies

[C] ~ k¢ +TT"e. (K %)

for k = deg(e). We take V' =g,e"H so that { =e"H for the tautological class £ = Op_(v)(1).
Then

e (Kgx) =e(=26+q c1(V)) = —2kH +e.q e (V).
Let
e.qc1(V)=aH+bD
for some a, b € Z. Then
20 =al® =2,7°c)(V).H> =7°c1(V).& =7 c1 (V)@ e1(V)E =T (V) = ea (V).

From ¢ (V) = co(V) = €3 = kH3 = 2k, we have a = %cl(V)2 =k+1ca(V). We can calculate

7 :=co(V) as the number of indeterminate points of a rational section of §:U — K linearly
equivalent to £ =¢"H.
On the other hand,

20 =bD? =€, c1(V).D?* =G, (V).(*D)? = 0,

as a general bitangent line [ of By does not pass through z on P3| its strict transform ¢
does not meet D on X for general [¢(] € K so that €D =0 in N'(Z//K). Thus, b = 0.

In this case, k = deg(€) and r = #{l is a bitangent line to By on P3|l C P} for general
P € |Ops3(1)] correspond to

k = (the number of bitangent lines of By C P? passing through a general point)
=12,

r =2 x (the number of bitangent lines of B4NP? contained in a general hyperplane P? C P?3)
=56

(for the first equality, see [7, Th. 1.1]). So 12¢ can be expressed as
(] ~12¢ + (g — k) II"H = 12¢ + 161" H

on P(Tx) satisfying (f). Thus, by Lemma 2.2, ¢ is not big on P(Tx).
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5.5 Degree 8
There is one deformation type of standard conic bundle 7 : X — P? with d = 8: No. 2 in
[13, Table 2].

5.5.1. No. 2
Let X be the double cover f: X — P? x P! branched over a (4,2)-divisor B on P? x P

P2 P

We denote by h = m*Op2(1) and H = p*Op1(1). Then —Kx ~ f*(—Kp2yp1 — 3B) = H+h.

Note that p: X — P! is a del Pezzo fibration whose general fiber X, is isomorphic to the
double cover m; : X; — P? branched over a smooth plane quartic B;. Recall that X; is a
del Pezzo surface of degree 2, which is also isomorphic to the blow-up p; : X; — P? of the
projective plane P? at 7 points in general position. Therefore, we can conclude that Tx is
not big by Proposition 2.8.
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