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The Frobenius semiradical, generic
stabilizers, and Poisson center for
nilradicals

Dmitri I. Panyushev

Abstract. Let g be a complex simple Lie algebra and n the nilradical of a parabolic subalgebra of g.
We consider some properties of the coadjoint representation of n and related algebras of invariants.
This includes (i) the problem of existence of generic stabilizers, (ii) a description of the Frobenius
semiradical of n and the Poisson center Z(n) of the symmetric algebra 8(n), (iii) the structure of
8(n) as Z(n)-module, and (iv) the description of square integrable (= quasi-reductive) nilradicals.
Our main technical tools are the Kostant cascade in the set of positive roots of g and the notion of
optimization of n.

1 Introduction
1.1

Let G be a simple algebraic group with g =LieG, g=u®t®u” a fixed triangular
decomposition, and b = u @ t the fixed Borel subalgebra. Then A is the root system
of (g,t), A" is the set of positive roots corresponding to u, and 0 is the highest root in
A*. Write U, T, B for the connected subgroups of G corresponding to u, t, b.

Let P = L-N be a parabolic subgroup of G, with the unipotent radical N and a Levi
subgroup L. Then n = Lie N is the nilradical of p = Lie P. The unipotent radicals of the
parabolic subgroups provide an important class of non-reductive groups. For instance,
N is a Grosshans subgroup of G [11, Theorem 16.4]. Various results on the coadjoint
representation of n can be found in [9, 10, 19, 22]. Our main goal is to elaborate on
invariant-theoretic properties of the coadjoint representation (N : n*), but we also
consider actions of some larger unipotent groups on n*.

Without loss of generality, we may assume that p is standard, i.e.,p > b. Thenn c uis
a sum of root spaces and A(n) denotes the corresponding set of positive roots. Unless
otherwise stated, “a nilradical” (in g) means “the nilradical of a standard parabolic
subalgebra” of g. Let X = {1, ..., B } be the Kostant cascade in A*. It is a poset, and
p1 = 0 is the unique maximal element of K (see Section 2.2 for details). To each n,
we attach the subposet X(n) = K n A(n). Another ingredient is the optimization of
. By definition, it is the maximal nilradical, fi, such that K(n) = K(@1). If n = f, then
n is said to be optimal. An explicit description of #i via K(n) is given in Section 2.3.

Received by the editors June 6, 2023; revised October 12, 2023; accepted October 23, 2023.
Published online on Cambridge Core October 27, 2023.

AMS subject classification: 14130, 17B30, 17B20, 17B22.
Keywords: Coadjoint action, Kostant cascade, Frobenius semiradical, Poisson center.

Check f¢
https://doi.org/10.4153/50008414X23000718 Published online by Cambridge University Press Updates


http://dx.doi.org/10.4153/S0008414X23000718
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008414X23000718&domain=pdf
https://doi.org/10.4153/S0008414X23000718

2 D. I. Panyushev

Properties of the optimal nilradicals are better, and in order to approach arbitrary
nilradicals, it is convenient to consider first the optimal ones. Roughly speaking, the
output of this article is that to a great extent invariant-theoretic properties of n are
determined by X (n) and .

1.2

Let q = Lie Q be a Lie algebra. As usual, £ € q* is said to be regular, if the stabilizer
q° has minimal dimension. Then qreg denotes the set of all regular points and
ind q := dim ¢° for any &€ Greg- If indq = 0, then q is called Frobenius. Set b(q) :=
(dim q + ind q) /2. By definition, the Frobenius semiradical of q is F(q) = Leeqs, q
Hence, (q) = 0 if and only if q is Frobenius. Clearly, F(q) is a characteristic ideal of
g. This notion and basic results on it are due to Ooms [18, 19].

The symmetric algebra of g, S(q), is a Poisson algebra equipped with the Lie-
Poisson bracket { , }. The algebra of symmetric invariants 8(q)? is the center of

(8(a).{, 1) ie,
8(q)"=2(q) ={FeS(q) | {F.x}=0 Vxeq}={Fe8(q) | {F,P}=0 VPeS(q)}.

If the group Q is connected, then 8§(q)% = C[q*]?, i.e., the Poisson center Z(q) is
also the algebra of Q-invariant polynomial functions on q*. If P c §(q) is a Poisson-
commutative subalgebra, then trdeg P < b(q) [28, 0.2] and this upper bound is always
attained [25]. Therefore, if v c q is a Lie subalgebra, then b(t) < b(q). The passage
n ~ fi has the property that b(n) = b(f). This implies that Z () = §(/)" c 8(n) (see
[22, Proposition 5.5]).

An abelian subalgebra ac q is called a commutative polarization (= CP), if
dima = b(q). Then b(a) = b(q). A complete classification of the nilradicals with CP is
obtained in [22]. In Section 3.4, we use Rosenlicht’s theorem to provide simple proofs
of some basic properties of CP’s.

1.3

For n=p"", let n~ c u™ be the opposite nilradical, i.e., A(n") = =A(n). Then g =
p ®n~. Let g, denote the roots space of y € A and e,, € g, a nonzero vector. Consider
the space £ = @pegc(n) 9-p €1~ and { = Y pesc(n) €-p € £ Using the vector space iso-
morphism n* = g/p ~ n~, one can regard £ as a subspace of n* and { as an element
of n*. We say that € c n* is a cascade subspace and { € € is a cascade point. As usual,
& en” is called N-generic, if there is an open subset Q € n* such that £ € Q and the
stabilizer n’ is N-conjugate to n¢ for any & € Q. Any stabilizer n” with v € Q is said
to be N-generic, too.

In Section 4, we prove that the action (N :n*) has N-generic stabilizers if and
only if the stabilizer n® is generic (and the latter is not always the case!). Moreover,
N-generic stabilizers always exist if n is optimal. If n is not optlmal then one can
consider the linear action of the larger group N = exp(it) > N on n*. We prove that
the action (N : n*) always has an N-generic stabilizer, and @° is such a stabilizer.
Actually, the equality i® = n holds here. For any n, we give an explicit formula for n®
via X (n) and #, which shows that n¢ is T-stable. Using that formula and the criterion
for the coadjoint representations [27, Corollary 1.8(i)], one easily verifies whether
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Properties of nilradicals 3

the stabilizer n¢ is generic in each concrete example. For A,, the nilradicals having
a generic stabilizer for (N : n*) are explicitly described, while for C,,, all nilradicals
have a generic stabilizer (see Section 5). A general construction of nilradicals without
generic stabilizers is also provided.

We prove that F(n) is the b-stable ideal of n generated by n¢ (regardless of the
presence of generic stabilizers). Then our formula for né allows us to explicitly describe
F(n) for A, and C,,. For any g, we provide a criterion for the equality F(n) = n and
give the complete list of nilradicals with this property. Another observation is that if
ncn’ c,thenF(n') c F(n).

1.4

Since n is B-stable, one can consider the algebra of Q-invariants 8(n)? = C[n*]? for
any subgroup Q c B, and we are primarily interested in the unipotent subgroups U
and N = exp(fi) c U. In Section 6, we prove that

(L) SV =8(m)N =8(1)Y = 8(a)N

and this common algebra is polynomial, of Krull dimension #X(n). In particular,
for any optimal nilradical fi, the Poisson center of S(#) is a polynomial algebra. If
n # 1, then §(n)N does not occur in (1.1). This algebra is not always polynomial,
and its Krull dimension equals #X(n) + dim(fi/n). Nevertheless, 8(n)" shares many
properties with algebras of invariants of reductive groups. For instance, §(n)V is
finitely generated [12, Lemma 4.6], and we prove that the affine variety n* /N :=
Spec 8(n)™N has rational singularities.

Using results on K (n) and né, we describe the nilradicals having the property that
indn = dim 3(n), where 3(n) is the center of n. By [15], this property is equivalent to
that the Lie group N has a “square integrable representation.” Therefore, such nilpotent
Lie algebras are sometimes called “square integrable” (see [9, 10]). From a modern
point of view, the square integrable nilradicals are precisely the “quasi-reductive”
ones (see [, 7, 16]). Our description shows that all square integrable nilradicals are
metabelian.

As 8(n)Y is a polynomial algebra, we are interested in question whether 8(n)
is a free §(n)Y-module. Equivalently, when is the quotient map 7 :n* » n*JU =
Spec 8(n)V equidimensional? We prove several assertions for U or (what is the
same) N. i

« If n has a CP, then 8(n) is a free module over §(n)Y = §(n)". This includes all
nilradicals for g = sl,,41 or sp,,,.

o In particular, if n is the optimization of a nilradical with CP (any g) or any optimal
nilradical in sl,,4; or sp,,,, then 8(n) is a free module over its Poisson center Z(n). This
also implies that in these cases, the enveloping algebra U(n) is a free module over its
center.

1.5 Structure of the article

In Section 2, we recall basic facts on X and (optimal) nilradicals. In Section 3, the
necessary information is gathered on generic stabilizers, the Frobenius semiradical,
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and commutative polarizations. We also include invariant-theoretic proofs for some
properties of commutative polarizations. Our results on generic stabilizers and F(n)
for a nilradical n c g are gathered in Section 4, whereas Section 5 contains explicit
results for g = sl,.; or sp,,. In Section 6, we study various algebras of invariants
related to the coadjoint representation of n, and in Section 7, we classify the square
integrable nilradicals. Topics related to the equidimensionality of the quotient map
m:n* ->n*JU are treated in Section 8. The lists of cascade roots for all g and the
Hasse diagrams of some posets K are presented in Appendix A.
Main notation. Throughout, g = Lie (G) is a simple Lie algebra. Then:

- b is a fixed Borel subalgebra of g with u = [b, b].

- tisa fixed Cartan subalgebra in b and A is the root system of g with respect to t.

- A" is the set positive roots corresponding to u, and 6 € A* is the highest root.

- II={a,..., gy} is the set of simple roots in A*.

~ tg) is the Q-vector subspace of t* spanned by A, and ( , ) is the positive-definite
form on t§) induced by the Killing form on g.

- Ify € A, then g, is the root space in g and e,, ¢ g, is a nonzero vector.

- If ¢ c u* is a t-stable subspace, then A(c) c A* is the set of roots of c.

- b(q) = (dimq +ind q)/2 for a Lie algebra q.

- In the explicit examples, the Vinberg-Onishchik numbering of simple roots of g is
used (see [17, Table 1]).

2 Generalities on the cascade and nilradicals

2.1 The root order in A* and the Heisenberg subset

We identify IT with the vertices of the Dynkin diagram of g. For any y € A™, let [y : «]
be the coefficient of « € IT in the expression of y via IT. The support of y is supp(y) =
{aeIl|[y: a] #0}. As is well known, supp(y) is a connected subset of the Dynkin
diagram. For instance, supp(6) = Iland supp(a) = {a}. Let “<” denote the root order
inA*,ie,wesety <y'if[y:a] <[y : a]foralla € IT. Then (A*, <) isa graded poset,
and we write y <y if y <y"and y .

An upper ideal of (A*,<) is a subset I such that if y € I and y <9/, then y’ € I.
Therefore, I is an upper ideal of A™ if and only if t = @,; gy is a b-stable ideal of u,
ie,[b,t] cr

For a dominant weight A € tg, set Ay = {y € A[(A,y) =0} and A} = A, nA*,
Then A, is the root system of a semisimple subalgebra g** c g and IT, = IT N A} is
the set of simple roots in A7. Then:

« Py = g** + b is a standard parabolic subalgebra of g.
« The set of roots of the nilradical n = p}'' is A*\AZ. It is also denoted by A(n,).

If A = 6, then ny is a Heisenberg Lie algebra (Heisenberg nilradical) and 3(g := A(ng)
is called the Heisenberg subset (of A™).

2.2 The cascade poset

The recursive construction of the Kostant cascade in A* begins with ; = 6. On the
next step, we take the highest roots in the irreducible subsystems of Ay. These roots
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are called the descendants of f8;. The same construction is then applied to every
descendant of f3;, and so on. This procedure eventually terminates and yields a set
K ={p1, P2 --->Bm} c A*, which is called the Kostant cascade. The roots in X are
strongly orthogonal, which means that 8; £ 8; ¢ A for all i, j. We make X a poset by
letting that 8; covers f3; if and only if 3; is a descendant of ;. Then , is the unique
maximal element of K. We refer to [12, Section 2], [13], and [22, 2.2] for more details.
Let us summarize the main features of X.

+ X is a maximal set of strongly orthogonal roots in A*.

o Each f3; is the highest root of the irreducible root system A(i) c A with simple roots
supp (i)

o X is also a subposet of (A, <), which provides the same poset structure as above.

+ One has 8; < B; if and only if supp(;) & supp(B:).

+ fjand f; are incomparable in X if and only if supp(3;) nsupp(B;) = @.

o The numbering of X is not canonical. It is only required to be a linear extension of
(X, %), ie,if Bj < Bi, then j > i. In specific examples considered below, we use the
numbering of cascade roots given in Appendix A.

Using the decomposition A" = Aj Ly and induction on rkg, one obtains the
disjoint union parametrized by X:

1) AT = |Tl|}c,3,.,

where 3, is the Heisenberg subset of A(i)* and (g, = Hg. For1 <i < m,letg(i) c g
be the simple Lie algebra with root system A(i). The geometric counterpart of (2.1) is
the vector space sum u = @, h;, where h; is the Heisenberg Lie algebra in g(i) and
A(b;) = Hpg,. In particular, h; = ng. For each B; € K, we set ®(;) = IT n Hg,. It then
follows from (2.1) that IT = | | ®(f;). Note that #®(f;) < 2 and #®(f;) = 2 if and
BieX

only if the algebra g(i) is of type A, with n > 2. Our definition of the subsets ®(f;)
yields the well-defined map ®~' : TT — K, where @~ («) = f; if a € ®(3;). Note that
a € supp(®'(«)) and a € (D' (a)). We think of the cascade poset as a triple (K,
<, @). The corresponding Hasse diagrams, with subsets ®(f3;) attached to every node,
are depicted in [22, Section 6]. Some of them are included in Appendix A.

Obviously, #X <rkg, and #X =rkg if and only if each 8; is a multiple of a
fundamental weight for g{i). Recall that 6 is a multiple of a fundamental weight of
g if and only if g is not of type A,,, n > 2. It is well known that #X = rk g if and only if
ind b = 0. This happens exactly if g ¢ {A,,, D241, Es} and then ®~! yields a bijection
between X and IT.

2.3 Nilradicals and optimal nilradicals

Letp o bbeastandard parabolic subalgebra of g, with nilradical n = p"LIfII N A(n) =
T, then we write n = ng and p = p. Here, T is the set of minimal elements of the poset
(A(n), <) and IT\T is the set of simple roots for the standard Levi subalgebra [ c py.
Clearly, T #+ @ if and only if ny # {0}.
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The integer dg = Y 4.5[0 : ] is the depth of ng. Letting

A (i) = {y eAt| Z[V tal= i} and ny(i)= P g,

aeT yeAq (i)

one obtains the partition A(ng) = l_I?jl A (i) and the canonical Z-grading

ds
ng = @ Ilg'( i).
i=1
The following is well known and easy.

Lemma 2.1 If{n(;) }is1 denotes the lower central series of noy, then ngri) = @jsin7()).
The center ofng is 3(n) = ny(ds). Hence, ny is abelian ifand only ifdy = 1,i.e, T = {a}
and [0 :a] =1

Set KXo = KX n A(ng). Then 0 = f8; € X for any nonzero nilradical ns.

Lemma 2.2 [22, Section 2]  For any T c 11, one has
(1) Ko is an upper ideal of (X, <).
(2) Jc Uﬂjeng— q)(ﬁ]) and ng c @ﬁjeﬂcg— hj

A standard parabolic subalgebra p is said to be optimal if

T= U o).
BieXs
This goes back to [12, 4.10], and we also apply this term to ng. Then ny is optimal if and
only if ny = @g,cxc, h;. For a nonempty T c I, set T = Ug,exc, @(B;) and consider
the nilradical ns. Then Xg = X5 and ng c ns = Dpexcs bi. Hence, ns is optimal, it
is the minimal optimal nilradical containing ng, and it is the maximal element of the
set of nilradicals {n’ | A(n") n K = K5}.

Definition1 The nilradical ns is called the optimization of ny.

If T c I1 is not specified for a given nilradical n, then X(n) := X n A(n) and we
write fi for the optimization of n.

Proposition 2.3 (cf. [12,2.4] and [22,2.3]) Let i be the optimization of a nilradical n.
Then:

o indn = dim(i/n) + #X(n).

o indfl = #K (1) = #K(n) and b(n) = b(#).

Remark 2.4 The merit of optimization is that the passage from n to i does not change
K (n) and b(n). More generally, if two nilradicals n” and n have the same optimization,
then K(n') = K(n) and b(n") = b(n). For instance, this happens if n c n’ c fi.
Example 2.5 (1) If g = sl,,,;, then u is the set of strictly upper-triangular matrices,
a;=¢ —¢&41 A<i<n),and KX ={f1,..., B}, where t =[(n+1)/2] and f; = a; +
coot+ Qpy1-i = € — Exya—i. Here, (K, <) is a chain and ®(B;) = {a;, aps1-i }-

(2) Take T = { a3, a6 } and the nilradical ny c sl;. Then g = {1, 2} and there-
fore T = {a;, ay, s, a6 } (cf. the matrices below).
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The cells with ball represent the cascade, and the thick lines depict the Heisenberg
subset attached to an element of the cascade. By Proposition 2.3, we have ind i = 2,
indn = 6,and b(n) = b(f1) = 10.

Example 2.6 For a square matrix A, let A denote its transpose with respect to the
antidiagonal. Choose the skew-symmetric form defining g = sp,,, c sl,, such that

A M N "
5p2n:{(M, _A)|M:M&MI:MI},

where A,M,M’ are nxn matrices. Then u (resp. t) is the set of
symplectic ~ strictly upper triangular (resp. diagonal) matrices. Hence,
t={diag(er,...,€n>—€n>...,—€1) | & € C}. Recall that a;=¢ - (i<n)
and a, = 2¢,. Then X = {B,..., B} is a chain, where f8; = 2¢; and ®(8;) = {a;}

. 0 M
for all i. Here, ng4 .y = {(0 0
subalgebra with 7= {a,}. It is the only (standard) abelian nilradical in sp,, and
X c A(nyq,y) corresponds to the antidiagonal entries of M.

) |M=M } is the nilradical of the maximal parabolic

3 Generic stabilizers, the Frobenius semiradical, and commutative
polarizations

Let Qbe a connected algebraic group with q = Lie Q. If p : Q - GL(V) isarepresenta-
tion of Q, then the corresponding Q-action on V is denoted by (Q : V). For g € Q and
v € V, we write g-v in place of p(q)v. Likewise, (q : V) correspondsto dp : q — gl(V).

3.1 Generic stabilizers

Let (Q : V) be a linear action. We say that v € V is Q-generic, if there is a dense open
subset ) c V such that v € Q) and the stabilizer q* is Q-conjugate to q* for any x € Q.
Then any q* (x € Q) is called a Q-generic stabilizer for the representation (q : V), and
we say that (q: V) has a Q-generic stabilizer. (One can consider similar notions for
non-connected groups, for arbitrary actions of Q, and for stationary subgroups Q* c
Q, but we do need it now.) By semi-continuity of orbit dimensions, the set Q-generic
points is contained in the set of Q-regular points

(3.1) Vieg = {v € V| dim Q-v is maximal},
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but usually, this inclusion is proper. By a result of Richardson [24], if Q is reductive,
then Q-generic stabilizers exist for any action of Q on a smooth affine variety. But
this is no longer true for non-reductive groups, and one of our goals is to study (the
presence of) generic stabilizers for the coadjoint representation of a nilradical in g.

A practical method for proving the existence of Q-generic points and finding Q-
generic stabilizers is given by Elashvili [8, Lemma1]. Let T, (Q-v) = q-v be the tangent
space of the orbit Q-v at v and V% the fixed point subspace of " in V. Then

(3.2) v € Vis Q-generic if and only if V = g-v + V.

The main case of interest for us is the coadjoint representation of Q, when V = q*. For
the coadjoint representation, we usually skip “Q” from notation and refer to “generic”
and “regular” points (in q*) and “generic” stabilizers (in ¢). Translating Elashvili’s
criterion (3.2) into the setting of coadjoint representations and taking annihilators,
one obtains the following nice formula (see [27, Corollary 1.8(i)]). Given & € q*, the
stabilizer qE is generic (i.e., & is a Q-generic point) if and only if

(33) [9.9°]nq* = {0}.

The reason is that (g-&)* = and ((q*)%)* = [q,q°], where (-)* stands for the
annihilator in the dual space.

3.2 The Frobenius semiradical

For the Q-module V = q7, the set of Q-regular (or just “regular”) points g, consists
of all £ € q* such that the stabilizer q* has the minimal possible dimension. If £ ¢ Ureg>

then ind q := dim q° is the index of (a Lie algebra) q. The Frobenius semiradical F(q)
of a Lie algebra q is introduced by Ooms (see [18, 19]). By definition,

Fa@)= Y. q°

edreg

Obviously, F(q) is a characteristic ideal of g, and F(q) = 0 if and only indq = 0 (i.e.,
q is a Frobenius Lie algebra). Note that if (q: q*) has a generic stabilizer, then any
Q-generic point in the sense of Section 3.1 is regular, but not vice versa.

Lemma 3.1 (cf. [19, Proposition 1.7])  If (q: q*) has a generic stabilizer and & € q* is
any generic point, then F(q) is the q-ideal generated by the sole stabilizer q°.

Proof By [19, Lemma 1.2], if ¥ is open and dense in gy, then F(q) = ¥,cp q".
Applying this to the set of generic points Q c g7, we obtain F(q) = ¥,qq" =

Y gcQ %%, Clearly, the last sum yields the ideal of q generated by qt. ]

If q is quadratic, i.e., q ~ q* as Q-module, then F(q) = ¥, 9" Since x € g* for
any x € ¢, we see thathere F(q) = q (cf. [10, Theorem 3.2]). In particular, this is the case
if q is reductive. Following Ooms, ¢ is said to be quasi-quadratic if F(q) = q. Another
interesting property of the functor F(+) is that ind q < ind F(q) and F(F(q)) = F(q)
[19].
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3.3 Commutative polarizations

If a is an abelian subalgebra of g, then dim a < b(q) (see [28, 0.2] or [18, Theorem 14]).
Ifdima = b(q), then a is called a commutative polarization (=CP) of g, and we say that
q hasa CP.If ais a CP and also an ideal of ¢, then it is called a CP-ideal. If q is solvable
and has a CP, then it also has a CP-ideal (see [10, Theorem 4.1]). More generally, a
similar argument shows that if q is an ideal of a solvable Lie algebra v and ¢ has a CP,
then g has a CP-ideal that is t-stable. A standard nilradical n is an ideal of b. Therefore,
if n has a CP, then it also has a CP-ideal that is b-stable. Henceforth, “a CP-ideal of n”
means “a b-stable CP-ideal of n”

Basic results on commutative polarizations are presented in [10]. It is also shown
therein that if g is of type A, or C,,, then every nilradical in g has a CP. A complete
classification of the nilradicals having a CP is obtained in [22]. By Lemma 2.1, ny is
abelian if and only if T = {a} and [0 : a] = 1. The abelian nilradical ny,} play a key
role in our theory. By Theorems 3.10 and 4.1 in [22], a nilradical n has a CP if and only
if at least one of the following two conditions is satisfied:

(1) n =np = b is the Heisenberg nilradical. In this case, if a is any maximal abelian
ideal of b, then a N n is a CP-ideal of n, and vice versa.

(2) There is an abelian nilradical n,} such that n is contained in n,}, the optimiza-
tion of ny4y. (There can be several abelian nilradicals with this property, and, for
a “right” choice of such & € T, n N ny4, is a CP-ideal of n (cf. also Section 8)).

If g has no parabolic subalgebras with abelian nilradicals, then the Heisenberg
nilradical ng = b, is the only nilradical with CP. This happens precisely if g is of type
G,, F4, Eg. Another result of [22] is that n has a CP if and only if i has.

3.4 The role of commutative polarizations

If a is a CP of a Lie algebra g, then:

(1) F(q) c a [18, Proposition 20] and thereby F(q) is an abelian ideal. (However, it
can happen that F(q) is abelian, whereas q has no CP (see Example 7.3).)

(2) Since a is abelian, b(a) =dima=b(q). Therefore, the Poisson center
Z(q) =8(q)? is contained in 8(a) [22, Proposition 5.5]. Hence, if a is a
CP-ideal of g, then 8(q)% = 8(a)9.

(3) Thus, if ay,...,a are different CP in ¢, then F(q) cNi_;a; and 8(q)9 c
S(MELy ).

In many cases, the presence of a CP in n allows us to quickly describe the Frobenius
semiradical for n (see Sections 5.1 and 5.2). For the reader’s convenience, we provide
an invariant-theoretic proof for two basic results on abelian subalgebras mentioned
above.

Proposition 3.2 Let a be an abelian subalgebra of q. Then:

(1) dima < b(q).
(2) Ifdima = b(q), then q° c a for any & € Ureg i-€, F(q) c a.

Proof We show thatboth assertions are immediate consequences of Rosenlicht’s the-
orem [4, Chapter 1.6]. Let A c Q be the connected (abelian) subgroup with Lie A = a.
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For the A-action on q*, let C(q*)# denote the field of A-invariant rational functions
onq”.
(1) Since a is abelian, we have C[q*]* = 8(q)* o 8(a); hence, trdegC(q*)% >
dim a. By Rosenlicht’s theorem,
trdeg C(q*)* = dimq - I?axA-E = dimq - dim a + min dim a®.
eq*

eq*
Therefore,

2dima < dimq + rEnindim a® <dimq +indq = 2b(q).
eq*
(2) If dima = b(q), then ming,+ dim a® = ind q. For & € Jreg> ONeE has dim q° = indq.
Thatis, a® = q* c aforany & € Greg: [

The proof above also implies that if dima = b(q), then trdegC(q*)* = dima.
Therefore, C[q*]4 = 8(a) and C(q*)4 is the fraction field of §(a).

4 Generic stabilizers and the Frobenius semiradical for the
nilradicals

In this section, we study the Frobenius semiradical, F(n), of a nilradical n c g and
the existence of generic stabilizers for the coadjoint representation of N = exp(n). We
also say that “n has a generic stabilizer,” if the coadjoint representation (N : n*) has.
Let n = p"! be a standard nilradical and n~ = (p~)™' the opposite nilradical, i.e.,
A(n™) = —A(n). Using the vector space sum g =p & n~ and the P-module isomor-
phism n* ~ g/p, we identify n* with n~ and thereby regard n~ as P-module. In terms
of n7, the p-action on n* is given by the Lie bracket in g, with the subsequent
projection to n™. In particular, the coadjoint representation ad;, of n has the following
interpretation. If x € nand & € n™, then (ad;x)-& = pr__([x, £]), where pr,_ : g - n~
is the projection with kernel p.
Recall that K(n)=XKnA(n). Set €=@pexm)g-pcn =n" and (=
Y pex(n) €-p € €. We say that € is a cascade subspace of n* and { is a cascade
point of n*. Clearly, { depends on the choice of nonzero root vectors e_g € g_g, but
all such points { form a sole dense T-orbit in ¢, which is denoted by £,. That is,
o = {Xpexc(n) ape-p | ap € C\{0}}. It was proved by Joseph [12, 2.4] that upon the
identification of n~ and n* as P-modules and hence B-modules, B-( is dense in n*
and B-{ c ny,. In particular, & c nf,.
Proposition 4.1 Let n be an arbitrary nilradical and { € n* a cascade point. Then:
(i) F(n) is the b-stable ideal of n generated by n®.
(ii) (n:n*) has a generic stabilizer if and only if the stabilizer n® is generic.
Proof (i) Since B-( is dense in nr*eg, a result of Ooms [19, Lemma 1.2] implies that

F(n) = Xpep nP¢. Clearly, the last sum is the smallest b-stable ideal containing né.
(ii) If ¢ is not generic, then [n,n¢] N né # {0} and hence [n,n?¢] N nb¢ = {0} for

any b € B. Therefore, neither of the points b-{ (b € B) can be generic. Since B-{ is dense

in n*, this means that generic points cannot exist in such a case. u

https://doi.org/10.4153/50008414X23000718 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000718

Properties of nilradicals 11

The point of Proposition 4.1(i) is that the existence of a generic stabilizer for n is not
required (cf. Lemma 3.1). We use instead the action of B on n*.

Proposition 4.2 If n is an optimal nilradical, then:

(i) n¢is a generic stabilizer for (n: n*). o
(ii) The N-saturation of £ is dense in n*, i.e., N-€ = n*.

Proof (i) For an optimal nilradical n, one has nd = D pesc(n) 9p [12, 2.4]. Since the
roots in K(n) are strongly orthogonal, condition (3.3) is satisfied for & = {.

(ii) Recall that indn = #X(n) = dim¢ and codim y«(n-§) = indn for any & € £,.
Furthermore, n-£ n £ = {0} for any & € £. (Use again the strong orthogonality.) Hence,
n-&@t=n* for any & € £,, which implies that N-¢, is open and dense in n* (cf. [8,
Lemma 1.1]). [ ]

Recall that @i denotes the optimization of n. Then K(n) = X (i), ind i = #X(n),
and

(4.1) indn = dim(fi/n) + ind fi = dim(fi/n) + #K(n).

The cascade subspaces and cascade points associated with n or @i are the same, if
regarded as objects in u~. But one has to distinguish them as objects in n* or ft*. For
this reason, working simultaneously with n and fi, we write ¢ for a cascade point in
the cascade subspace £ c fi*. Note that, for the natural projection 7 : i* — n*, one has
7(8) = t and 7({) = . Since T is B-equivariant, this allows us to transfer some good
properties from the coadjoint action (N : i*) to the coadjoint action (N : n*).

If n is not optimal, then it may or may not have a generic stabilizer. To see this, we
provide an explicit description of n’ for an arbitrary nilradical n, which generalizes
Joseph’s description for the optimal nilradicals.

Because € nj,, and e fifeo, it follows from (4.1) that dim n® = dim(@/n) + dim il

Since 7 is B-equivariant, we have n > il = @pexc(n) 9p- HK(n) = {B1, ..., i}, then
nch= @;?zl hj and n= EB;-‘zl(hj nn) (see Section 2.3). For any y € A(h;)\{B;} =
A(b;j), we have B; —y e A*.

Lemma 4.3 Under the previous notation, if n#f and y € A(h;)\A(n) =: Cy(j) c
A(b;), then the root space gg, ., belongs to nt,

Proof Assume that §; —y ¢ A(n). Then [y:a]=[fj-y:a]=0 for all xeT =
A(n) NI Hence, [f; : a] = 0. However, since f3; € A(n), there is an a’ € T(n) such
that 8; > o', ie, [B;: '] > 0. This contradiction shows that y" := ; — y € A(n).

Let us prove that g, c né. Since y’ € A(h;) and hence supp(y’) c supp(B;)
properties of X imply that §; is the only element f3; of X such that 3; -y’ is a root.
Indeed,

« if B; and B; are incomparable, then supp(;) N supp(B;) = &;

« if Bi < B, then supp(B;) < supp(B;)\®@(B;), while supp(y’) n ®(B;) * &;
o if B; > Bj,then (B, ") = 0 and y’ does not belong to the Heisenberg subset of A(i).

Therefore, ' — B; = —y is the only root that might occur in [e,, {]. But y ¢ A(n), i.e.,
-y ¢ A(n*) and therefore ad} (e, )({) = 0. o
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Theorem 4.4  Let v be an arbitrary nilradical and { € ¥y c n* a cascade point. Then:
(i) n® is T-stable and

k . k
nt = (69 S, gﬁjy) ol = (@ S gﬁ,-y) 69( S5, g/s)-
j=1 ye€u(j) j=1 ye€u(j) BeX(n)
(i) Am) = {Bj—y[1<j<k & yeCu(j)}UX(n).
(iii) For any & € &, we have né =nf.

Proof The number of roots in |_|;.‘:1 Cn(j) equals dim(fi/n) = dimn® — dim ¢, and

each such root yields a root subspace in n¢ (Lemma 4.3), hence (i). Clearly, (ii) is just
a reformulation of (i). The last assertion follows from the fact that n¢ is T-stable and
T{ = {,. ]

The advantage of { € £ is that n is a sum of root spaces. Therefore, Eq. (3.3) is
easily verified in practice. It is convenient to restate it as follows.

Condition 4.5 'The stabilizer n® of { € €y c n* is generic (equivalently, (n: n*) has a
generic stabilizer) if and only if the difference of any two roots in A(n®) does not belong
to A(n).

Example 4.6 (1) If g = sl; and T = {a, a6}, then n = ng, is not optimal and @ =
ns, where T = {ay, &y, a5, a6 } (see Example 2.5). Here, K(n) = {B1, B2} = {ay + -+ +
&g, Ay + -+ + a5} and the matrices therein show that dim(fi/n) = 4. More precisely,

Ca(1) = A(B)\A(n N by) = {au},

Cn(2) = A(B)\A(nNhy) = {as, a4 + as, a3 + ay + as = [3,5]}.
Therefore, A(n®) = {ay, ay + a3, [2,4],[2,5],[2,6],[1,6]}. Since [2,6]-a,=
[3,6] € A(n), Condition 4.5 is not satisfied for {, and (n : n*) does not have a generic
stabilizer.

(2) If g=sl; and T, = {a1, a2, a6}, then ny, has the same optimization i as
ng,, but now dim(fi/ng,) = 3 and A(ngz) = {0y, 00 + a3,[2,4],[2,5],[1,6]}. Here,
Condition 4.5 is satisfied and ngz is a generic stabilizer.

Thus, the action (N : n*) does not always have N-generic stabilizers. A remedy is
to consider the action of the larger group N on n*.

Theorem 4.7  For any nilradical n and the cascade subspace € c n*, we have:
(i) dim N-¢ = 2dimn — dim#, i.e., codim n Nt = dim(fi/n);
(ii) the N-saturation of tis dense inn*, i.e., N =n*;

(iii) 7% = n® is a generic stabilizer for the linear action (N : n*).

Proof Recall that dim¢ = ind fi and maxge,+ dim N-& = dim N-{ = dimn - indn.
(i) Since T¢(N-¢) =n-{ = (n‘v)L, it follows from Theorem 4.4(iii) that all tangent
spaces n-&, & € &y, are the same. Therefore, using the differential of the map

k:Nxt—> Ntcn®
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at (1,{), we obtain dim Nt = dim(Im dk;,¢)) = dim(n-{ + £). Because the roots in X
are strongly orthogonal, we have n-{ n £ = {0} and hence

dim(n-¢ + ¢) = dimn - indn + indfi = 2dimn — dim @.

(i) Sin~ce N-Eis dense in /* (Proposition 4.2) and 7 is B-equivariant, we conclude
that 7(N-£) = N-tis dense in 7(/*) = n*.

(iii) Let us first prove that
(4.2) Iglaxdim N-&= rglax dim N-¢ + dim(a/n).

en* en*

Clearly, inequality “<” holds. By Eq. (4.1), the RHS equals dimfi —indn = dimn -
dim €. On the other hand, part (ii) implies that dimn = dim N-£ < maxge, dim N-& +
dim ¢. This proves Eq. (4.2) and also shows that almost all £ € ¢ satisfy this relation.
Moreover, since £ is T-stable and €, = T-( is dense in &, we obtain that

dim N-¢ = dim N-& + dim(#i/n)

for every & € £,. Hence, ¢ = n® for every & € ). Combining this with Theorem 4.4(iii)
and part (ii), we conclude that i = n¢ is a generic stabilizer for the action (N : n*). m

Using Theorem 4.4, we describe certain nilradicals that do not have a generic
stabilizer.

Proposition 4.8  Let B; be a descendant of B; € X and a € ®(f;). Suppose that « ¢ T
and [B; : v] > [Bj: v] > 0 for some v € T. Then v = ng does not have a generic stabilizer.

Proof Recall that f; is the highest root in A(i)* and f; is a maximal root in
A(i)"\A(b;). If (i) = {a}, then a + ;e A(h;) c A(i)*, because f3; is not the
highestroot of A(i)*. If®(B;) = {a, a’}, then A(i) is of type A, and hence both ; + «
and B; + a’ belong to A(b;). In any case, if & € ®(f;), then f; —a - fj € A*.

Since veT and [Bj:v] >0, we have ;€ A(n) and also B; € A(n). That is,
Bi, Bj € K(n).Because a € A(h;)\A(n), we have B; — a € A(n®) (see Theorem 4.4(ii)).
The assumption on v implies that [B; — a — ;: v] > 0. Thus, we have f; - a, 8j €
A(n%) and B; — a - Bj € A(n). By Condition 4.5, this means that n has no generic
stabilizers. ]

Example 4.9 For applications, it suffices to consider the case in which §; = 0, i.e,,
i=1

(1) If g is exceptional, then #®(B;) =1 and f3; has the unique descendant §3,.
Although f3; — 5, is notaroot, its support is defined as in Section 2.1. Then Proposition
4.8 applies to any v € supp(f1 — B2)\©(p1) and T = {v}.

For instance, let g be of type Es. Then ®(f;) = {as}, supp(Bi-p2)=
{a2, a3, a4, a6}, and supp(B2) o {az, a3, as} (see formulae for K in Appendix A).
Hence, one can take v = a; with i€ {2,3,4}. More generally, if ag ¢ T and Tn
{az, a3, a4} # @, then ny has no generic stabilizers.

(2) This method also works for g = s0,, with n > 7, where ®(81) = {a2}.

- If n 8, then fB; = & + &, has two descendants, 3, = & —¢&;, and S35 =¢e3+ &4
(e4 = 0,if n = 7) (see Appendix A). For (B, B3), Proposition 4.8 applies, if one takes
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T = {a3}. While for (S, 82), we can take T such that a, ¢ T and T > {a;, @} with
iz3.
-If n = 8, then B, has three descendants, and we can take T = {a;, a; } with 7, j # 2.

Proposition 4.10 Ifncn and it =, then F(n') c F(n) cn.

Proof Let £ (resp. ') be the cascade subspace of n* (resp. (n’)*). Take { € £ and { €
€. Since A(n) ¢ A(n’) and K(n) = K(n"), we have Cp(j) o Cn/(j) for all B € K(n).
Then Theorem 4.4 shows that n® 5 (n’)¢". By Proposition 4.1, this yields the required
embedding. ]

Our description of A(n%) yields a criterion for n to be quasi-quadratic.

Theorem 4.11  For a nilradical n = ng, the following assertions are equivalent:

o F(n) =n, i.e, nis quasi-quadratic.
o For each o € T, one of the two conditions is satisfied:
- either a € X;
- or®(®(a)) = {a, &'}, and if C is the chain in the Dynkin diagram that connects
a and o', then CnT = {a} (in particular, a' ¢ T).

Proof Since F(n) is the b-ideal generated by n® (Proposition 4.1), it is clear that
F(n) = nifand only if & € A(n®) for each a € T.

() IfaeTnX,then d(a) =« and a € A(7%) c A(n?).

(2) Ifa € T\K and @' (a) = B; € K, then a # f3; and there are two possibilities.

- ®(f;) = a. Then the whole Heisenberg algebra b ; belongs to n and hence C, () =
@. Then it follows from Theorem 4.4(ii) that A(h; nn®) = {B;}, ie., a ¢ A(nf).

- ®(B;) = {a, a’}. Here, f; is the highest root in a root system of type A, (p > 2).

Therefore, if C = {& = a1, &3, ..., &, = &'} is the chain connecting a and ', then f3; =
ap +ay +--+ap Thena € A(né) ifand onlyif fj — a = ay + -+ + & ¢ A(n),and this
is only possible if supp(B;) N T=CnT = {a}. [

Using Theorem 4.11, one readily obtains the list of all quasi-quadratic nilradicals.

Proposition 4.12  The quasi-quadratic nilradicals are as follows.

(1) Ifgis not of type Ay, D2ys1, and Es, then F(ng) = ng if and only if T c K.

(2) Ifgisof type Ay, then F(ng) = ng ifand only if T = {a;}, i =1,2,...,n.

(3) If g is of type Dyy 1, then F(ng) =ng if and only if Tn{az, o4,..., 0042} =@
and #(Tﬂ {0(2,1_1, Xons (X2n+1}) <L

(4) If g is of type Eg, then F(ng) = ny ifand only if T = {a;}, i # 6.

Proof (1) In this case, @' is a bijection; hence, ®(® ' («)) = {a} for any « € 1.

(2) Here, each n has a CP [10]; hence, F(n) is abelian. That is, F(n) = n must be an
abelian nilradical.

(3) In this case, TN K = {ay, &3, . .., a2,-1 | and there is a unique € X such that
#®(B) = 2. Namely, ®(B2,-1) = {21, ®2441} (see Appendix A). The chain connecting
&2, and ay,41 in the Dynkin diagram is C = {2, @21, ®2n41 }- Hence the answer.

(4) Here, II NnK = {063} = {ﬁ4}, (D(ﬁ_?,) = {0(2,0(4}, (D(ﬁz) = {061,0(5} (see
Appendix A). Since a1, &2, &3, &4, a5 form a chain in the Dynkin diagram, the result
follows. [
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5 Generic stabilizers and the Frobenius semiradical in case of
5l,41 OF 55,

First, we explicitly describe the nilradicals in s,,4; or sp,, having a generic stabilizer.
To state the result for sl,.;, we need some notation. Recall that, for sl,,;, the
poset K isa chain 8; > 5 > -+ > B¢, where t = [(n +1)/2] and ©(f;) = {as, dps1-i }-
Let n=ng c sl,,; be a nilradical. Then X(n) = {Bi,...,Bx} for some k<t (cf.
Lemma 2.2). Therefore, T c {a,..., 0, @py1-k>--->%n} and TN {ag, app1x} # 3.
SetT' =T n{ag,...,051}and T =T N {ap12-p>--->An}-

Theorem 5.1 Suppose that g = 61,41 and K(n) = {Bi1, ..., Bk} Then

ntis a generic stabilizer < o(T') =T", where o is the symmetry of Dynkin diagram A,.

(That is, 0(a&;j) = Ans1-j.) In particular, if 0 (T) = T, then ng has a generic stabilizer.

Proof 1°. Fork=1,wehave 7' =J" =@andnc . IfT ={a;,a,}, thenn=bh; is
optimal. If T = {a; }, then n is abelian. In both cases, there is a generic stabilizer for
(n:n*), as required.

2°. Suppose that k > 2 and the symmetry of 7" and T” fails for some j <k -1.
W.lo.g, we may assume that «; € 7', whereas a,,1j ¢ T”. Then B — api1-j = Bje1 +
aj € A(n?). Since fj41 € K(n) c A(n®) and a; € A(n), Condition 4.5 is not satisfied.

3°.1f ¢(T") = T, then one can directly describe n® and see that Condition 4.5
is satisfied. It is necessary to distinguish two cases: (a) ak, a,+1-k € T and (b) only
A € 7.

(a) Here, 0(T) =T and ®(fx) c A(n). Hence, hx c n and C,(k) = @. Theorem
4.4(ii) shows that né c N{a} NNq,,, ,}> the last intersection being the north-east
k x k square of (n+1) x (n+1) matrices in sl,,;. More precisely, if T" U {ax} =
{ai, iy oo, = ag }, then An®) =Tyu---u I'j, where

Ni={e—¢|1<i<i, n+2-i;<j<n+1},

L={ei—¢j| i1 +1<i<iy n+2-i <j<n+1-1i},etc

Here, {I5}!_, is a string of square blocks located along the antidiagonal in the k x k
square (see Figure 1a). The size of the sth square is i — i;_;, where iy = 0. It is readily
seen that if y and y’ belong to different blocks, then y — y’ is not a root, while if y
and y’ belong to the same block, then y —y’ is either not a root or a root of the
standard Levi subalgebra corresponding to n. Thus, y — y’ ¢ A(n) and Condition 4.5 is
satisfied.

(b) Here, n is smaller than in part (a), but K(n) remains the same. Now only
“half” of b belongs to n. Therefore, C, (k) # @, and the subsets C, (s) with i;_; <s <k
become larger than in (a). Hence, A(n®) becomes larger and, along with I; U--- U T},
it also contains the strip of roots

T={ei—¢jlija+1<i<ij=k k+1<j<n+1-k}
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Figure I: 'The generic stabilizer n’: cases (a) and (b).

attached to I'; (see Figure 1b). The new feature is that the difference of roots from T;
and T can be a root in Uf:,.j_l A(bhs). But such a difference belongs to the parts of sets

A(bs) that are missing in A(n). Thus, Condition 4.5 is still satisfied here. |

The symmetry condition of Theorem 5.1 means that the matrix shape of n c sl,,1;
must be “almost” symmetric w.r.t. the antidiagonal. That is, the symmetry may only
fail in case (b) for roots in A(h) with i;_; <s <ij =k (if o € T, but ot 1_x £ 7).

Remark 5.2 Using Theorem 5.1, one easily computes the number of nontrivial
(standard) nilradicals with generic stabilizers. For Ay, j, it is 2"*! = 3; for A, it
is 3(2" —1). Hence, the ratio #{nilradicals with generic stabilizer} /#{all nilradicals}
exponentially decreases.

Theorem 5.3 If g = sp,,,, then a generic stabilizer exists for every nilradical n.

Proof For an appropriate choice of a skew-symmetric bilinear form defining sp,, c
s34, a Borel subalgebra of sp,,, b(sp,, ), is the set of symplectic upper-triangular
matrices (see Example 2.6). Then the matrix shape of any (standard) nilradical in
5p,, is symmetric w.r.t. the antidiagonal, and the approach in the proof of 3°(a) in
Theorem 5.1 applies to any nilradical in sp,,,. If n = ny and T = {a;,, ..., «;; }, where
i <ip<---<ij=k, then né belongs to the north-east k x k square in the abelian
nilradical n,,y. Here, the blocks T inside this square represent matrices that are
symmetric w.r.t. the antidiagonal (cf. Figure 1a). ]

For these two series, we explicitly describe F(n) for any n. This also demonstrates
the role of commutative polarizations.
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5.1 The Frobenius semiradical F(n) for g = s[,,,,

Let n = ng be a nilradical such that minX(n) = {Bx}. Then X(n) = {B1,..., Bk}
Tc{ag, . s 0, Apy1ks--->n ), and O(Bx) N T + @. We may assume that oy € T
and then, as in the proof of Theorem 5.1, there are two possibilities.

(@) 41k € T. Then ng, y and ny,,  y are CP-ideals of n [22, Example 3.8], and
hence F(n) c ngy,y Ny, .,y (cf. Section 3.4(3)). Here, 5 := ngy,y Ny, .y is the
north-east square of size k in sl,,,;. On the other hand, né c 5 (see Theorem 5.1) and
b-n® = 5. Hence, F(n) = s and dim F(n) = k? (see Figure 2). For the special case of
n = u, the description of F(u) is obtained in [19, Theorem 4.1].

Actually, here, a; :=ny, y Nnnisa CP-ideal of n foranyjsuch thatk < j<n+1-k
(see Example 4.8 in [22]).

(b) atp1-k ¢ T. Then only N{qy is a CP-ideal and F(n) c ny,,3. On the other
hand, supp(Bx — ax) = {@ks1--.» &ni1_k . Hence, By — ax ¢ A(n) and oy € A(n?)
(see Theorem 4.4(ii)). By Proposition 4.1(i), this implies that Mgy C F(n). Thus,
here, F(n) = ny,,y and dim F(n) = k(n + 1~ k). Since F(n) appears to be a CP, we
conclude that ng,, , is the only CP for n.

It follows from the descriptions above that for g = sl,,,;, F(n) is always equal to the
intersection of all CP-ideals of n. But this is not true for other simple Lie algebras.

5.2 The Frobenius semiradical F(n) for g = sp,,,

Let n = ng be a nilradical such that minX(n) = {fx}. Then X(n) = {B1,..., Bk}
T c{ay,...,ar} and ay € T. The abelian nilradical n,, is identified with the space
of n x n matrices that are symmetric w.r.t. the antidiagonal (see Example 2.6). Then
n¢ belongs to the north-east k x k square in N(q,}> and the south-west corner of this
square, g, lies in né. Hence, F(n) = b-n‘ is equal to this k-square and dim F(n) =
k(k +1)/2. In this case, a:=ng,,; Nn is the only CP-ideal of n and the inclusion
F(n) c ais proper unless k = n (see the following picture).
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T(n): C =aCMNyg,}

n—-k k

Remark 5.4 'The series A, and C,, are easily handled, because X is a chain for them
and any nilradical has a CP. Therefore, F(n) is an abelian ideal of n, and there is a
natural upper bound on F(n). However, it can happen that n does not have a CP, but
F(n) is abelian (see Example 7.3).

6 The Poisson center and U-invariants

Recall that P = L-N is a standard parabolic subgroup of G and p = [@ n. Since N is
connected, onehas §(n)Y = §(1n)", and this algebra is the center of the Poisson algebra
(8(n),{, }). Because n is a P-module, one can consider algebras of invariants in
8(n) for any subgroup Q c P. Specifically, we are interested in the groups U and N,
where Lie N = fi is the optimization of n. We also wish to compare the algebras of
Q-invariants in 8(n) and 8(fi). The algebras of interest for us are organized in the
following diagram:

SV < SN
(6.1) U U
S(mV c 8N c 8wV

If an algebra §(n)Q = C[n*]< is finitely generated, then we also consider the associ-
ated quotient morphism 7q : n* — n*/Q := Spec (C[n*]Q).
For any nilradical n, one can form the solvable Lie algebra

fn:fﬁ:tnEBﬁCb,

where t, = ®gex(n)[98> 9-p] € t. By [22, Proposition 5.1], the corresponding con-
nected group F,, ¢ B has an open orbit in §, i.e,, f, is a Frobenius Lie algebra. For
this reason, f,, is called the Frobenius envelope of n. Note that the unipotent radical of
Fyis N.

Lemma 6.1 'The four algebras of invariants forming the square in (6.1) are polynomial.
In particular, for any optimal nilradical #, the Poisson center S(?)N is polynomial.

Proof 1°. For any nilradical n, the action (B : n*) is locally transitive and B-{ is the
dense orbit in n* [12, 2.4]. Therefore, $(n)Y is a polynomial algebra and trdeg §(n)Y
equals the number of prime divisors in n*\B-{ (see [21, Theorem 4.4]). Hence, the
algebras in the first column of (6.1) are polynomial.

2°. More generally, the F,-equivariant embeddings n — @i — f,, yield the F,-
equivariant projections f;, — * — n*, which implies that F, has a dense orbit in n*,
too. Therefore, arguing as in [21, Section 4], one proves that §(n)" is also a polynomial
algebra. Thus, the algebras in the second column of (6.1) are polynomial, too. [ ]

https://doi.org/10.4153/50008414X23000718 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000718

Properties of nilradicals 19

If n # fi, then the Poisson center §(n)" is not always polynomial (see examples
below).

Lemma 6.2 For any nilradical n, we have S(n)N = S(ﬁ)N

Proof It is clear that S(n)N c S(ﬁ)N. On the other hand, by [22, Proposition 5.5],
the equality b(n) = b() (see Proposition 2.3) implies that 8(f)N c 8(n). Hence,
S(A)N c §(n)N. ]

Lemma 6.3  For any nilradical n, we have S(n)N =8(n)Y.

Proof 1°.Letus first prove that trdeg § ()N = trdeg §(n)Y. Since N is unipotent, the
field of invariants C(n* )N is the quotient field of the algebra of invariants C[n*]N =

8(n)N [4, Chapter 1.4]. Furthermore, by Rosenlichts theorem [4, Chapter 1.6], one
has

trdeg(C(n*)N + r{naxdim N-& = dimn,
en*

and the same holds for U in place of N. Therefore, since

max dim U-¢ » maxdim N-£,

Eenx Een*
it suffices to prove that one has equality here. By Theorem 4.7, N-¢ is dense in n*.
Hence, U-t is dense in n*, too.

Now, u = (unT) @ #i, where [ is the standard Levi subalgebra of  := normg(#).
Since # is optimal, un[ stabilizes any e c &. Hence, u® = (uni) ® i’ and
dim U-£ = dim N-£&. Therefore, Mmaxge,+ dim U-€ = maxge,» dim N-£, and we are done.

2°. By the first part, the extension C[n*]N = §(n)" c §(n)V is algebraic. But the
algebra of invariants of a connected algebraic group Q acting on an affine variety X is
algebraically closed in C[X] (see [14, p. 100]). ]

Combining previous lemmas yields our main result on diagram (6.1).

Theorem 6.4 The four algebras of invariants that form the square in (6.1) are equal,
ie.,

S(n)Y = 8(#)V = 8(n)N = 8(/)V.

These algebras are polynomial, and their common transcendence degree is #X(n) =
ind fi. Ifn # fi, then trdeg S(n)N = trdegS(n)N + dim(fi/n) > trdegS(n)™. Thus, there
are at most two different algebras of invariants in (6.1).

Proof (1) By Lemma 6.1, these four algebras are polynomial.

(2) By Lemmas 6.2 and 6.3, these four algebras are equal. (Note that Lemma 6.3
applies also to fi in place of n.)

(3) Since both N and N are unipotent, it follows from the Rosenlicht theorem
that trdegS(@)N = indfi and trdegS(n)Y =indn. Hence, the last relation is just
Eq. (4.1). [ ]
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Remark 6.5 'The algebra of U-invariants in $(t) is polynomial for an arbitrary b-
stable ideal v of u. That is, if t c u and [b,t] c ¢, then 8(t)Y is a polynomial algebra.
The reason is that B has an open orbit in t* (see [21, Section 4] for details).

Corollary 6.6  For any nilradical n and a cascade point { € €y c n*, we have:
(1) #XK(n) = #{the divisors in n*\B-{} = #{the divisors in n*\F,-{};
(2) B'( = Fn'(~
Proof (1) It is known that:
o #X(n) =indf = trdegS(ﬁ)N;
« #{the divisors in n*\B-{} = trdeg8(n)Y [21, Theorem 4.4];
o #{the divisors in n*\F,-{} = trdegS(n)N.
The last equality relies on the facts that the orbit F,,-{ is open in n* and N is the
unipotent radical of F,,. Hence, [21, Theorem 4.4] applies also in this case.
(2) Since B and F,, are solvable, the orbits B-{ and F,-{ are affine. Therefore, both
n*\B-{ and n*\F,-{ are the union of divisors and the assertion follows from (1). =

If n is not optimal, then §(n)" is not always polynomial (see Example 6.10). Actu-
ally, there are Lie algebras q such that §(q)< is not finitely generated! A construction
of such q utilizing the Nagata counterexample to Hilbert’s 14th problem is given by
Dixmier in [5, 4.9.20(c)]. Nevertheless, we demonstrate below that, for the nilradicals
in g, the algebra §(n)" is as good as the algebras of invariants of linear actions of
reductive groups. Recall that a commutative associative C-algebra A equipped with
action of an algebraic group Q is called a rational Q-algebra if, for any a € A, the linear
span in A of the orbit Q-a is finite-dimensional and the representation of Q on {Q-a)
is rational (see, e.g., [11, p.1]).

Theorem 6.7 Let n be an arbitrary nilradical in g. Then:
(i) the algebra S(n)N = C[n* N is finitely generated;
(ii) the quotient variety n* [N has rational singularities.

Proof (i) Let p be the parabolic subalgebra with n = p"”. Let [ be the standard Levi
subalgebra of p and L the corresponding Levi subgroup of P = Normg(n) c G. Since
[I,n] c n, the algebra 8(n)" is a rational L-algebra. Set U(L) = U n L. It is a maximal
unipotent subgroup of L, and U is a semi-direct product of U(L) and N. By Theorem
6.4, 8(n)V = (8(n)N)V™) is a polynomial algebra. Now, we can apply Corollary 4
from [23, Section 3], which asserts that if A is a rational L-algebra, then A is finitely
generated if and only if AY(!) is. In our case, A = 8(n)N and AV is a polynomial
algebra, with #J(n) generators. Hence, S(n)¥ is finitely generated.

(ii) Let (P) be a so-called “stable property” of local rings of algebraic varieties (see
[23, Section 6] for the details). By [23, Theorem 6], A has property (P) if and only if
AY() has. Since rationality of singularities is such a property, we obtain the second
assertion. u

Remark 6.8 (1) Part (i) of Theorem 6.7 appears in [12, Lemma 4.6(ii)], with another
proof. Namely, in place of reference to [23], one can provide the following simple
argument for the implication:

AYD) s finitely generated — A is finitely generated.

https://doi.org/10.4153/50008414X23000718 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000718

Properties of nilradicals 21

Let fi,..., fi be a set of generators for AU("), We may also assume that each f; is
a T-eigenvector. Then the C-linear span of L-f; c A is a simple finite-dimensional L-
module, say V;. It is easily seen that the C-algebra generated by 1_, V; is L-stable and
contains all simple L-modules from A. Hence, the finite-dimensional space ¥'}_, V;
generates A.

(2) There is also an alternate approach to part (ii). By a result of Kostant, the algebra
C[n*]" is a multiplicity free L-module (see [12, 4.5]). Being the algebra of invariants
of a linear action, C[n*]" is also integrally closed. Therefore, n* /N is a spherical L-
variety. By [23, Theorem 10], this implies that n* /N has rational singularities.

Remark 6.9 (1) The general treatment of “stable properties” is due to Popov [23],
but the assertion that relates rationality of singularities for A and AY(?) goes back to
Kraft and Luna (see exposition in Brion’s thesis [2, Chapter I(c)]). It is worth noting
that, for a rational L-algebra A, the equivalence

A is finitely generated <> AY() is finitely generated

holds over an algebraically closed field of an arbitrary characteristic (see [11, Theorem
16.2]).
(2) A list of “stable properties” is found in [23, Section 6].

Example 6.10 (1) Take g=sls and n=ng with T={a3,as}. Then dimn=7,
K(n) =X ={p1, B2}, and it = u. Hence, indn =5. Let {e;; [ 1<i<j<5,j=4,5} be
the matrix units corresponding to n (i.e., a basis for n). We regard them as (lin-
ear) functions on n~ ~n*. Here, e;5 € gg, and ey4 € gg,. Obviously, e;s and f; =

?4 :15 belong to 8(n)Y. For the standard Levi subalgebra [ of p = normgy(n), one
24 €25

has [I,[] = sl3; hence, §(n)V is an sl;-module. Taking the sl;-modules generated by
e;s and fj,, one obtains six functions that generate §(n)":

€25

€14 €15 €24
> ﬁ3 = > f23 = .
€24 €25 €34 €35

€155 €25, 635,f12 =

€14 €15
€34 €35
Since fi, ¢ C[ess, €25, €35] and a minimal generating system can be chosen to be SL3-
invariant, the set of generators above is minimal. These generators satisfy the relation
e1sf23 — €25 fi3 + €35 fiz = 0; hence, n* [N is a hypersurface. Under passage to N or U,

the situation improves, because $(n)Y = §(n)V = Cless, frz]-
(2) More generally, for g = sly and T = {ay_k, ..., an-1 } with k < N/2, one has

dimng = §(2N—1— k), Kg={B1....Pfx}> and indng = §(2N+1—3k).

Here, [I,[] =sly_x and S8(ng)Y = C[F,,...,Fi], where F; is the “anti-principal”
minor of degree i, i.e.,

€L,N-k+1 °° €LN
€,N-1 €1L,N

Fi=enN, F»=
’ €2,N-1 €2,N

T o

€k,N-k+1 "°° €kN
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The SLy_x-module generated by F;, (SLy_x-F;), is isomorphic to A'V, where V is
the standard SLy_g-module. It is also easily seen that F; does not belong to the C-

algebra generated by Z{;ll (SLy_iF;). Therefore, the minimal number of generators
of Z(ng) is

My = Zdlm/\ V= Z(N k)
j=1 j=1 ]
If k = 1, then nq is abelian and Mg = indngy = N - 1. If k > 2, then My > indng and
the equality holds only for k = 2, N = 4.
(3) For Es and T = {a, }, one has dim ny = 25, K5 = {4, 82, 83}, and ind ng = 13.
Here, [I,[] = s, ® sls and 8(ng )Y = C[F,, F,, F3], where deg F; =1,2,4 for i = 1,2,3,
respectively. Using the [-modules generated by F; and F;, one can prove that My > 15.

7 On the square integrable nilradicals

Recall that any nilradical n=ng is equipped with the canonical Z-grading
n= GB (i), where dg = Y. 5[0 : a] and n(dg) = 3(n) is the center of n. Accord-
ingly, one obtains the partition A(ng) = %7, 7 Ag (i) (see Section 2.3).

Clearly, indn > dim 3(n) and 8(3(n)) c 8(n)". Following [9, 10], we say that n

is square integrable, if indn = dim3(n). Then n® = 3(n) for any & ¢ 1/, and hence

F(n) = 3(n) is abelian. Since trdeg S(n)" = dim 3(n), the extension 8(3(n)) c §(n)¥
is algebraic. This implies that §(n)Y = 8(3(n)) and hence 8(n) is a free S(n)N-
module. It is easily seen that a Heisenberg algebra b is square integrable, withind f = 1.
Using K (n) and our description of n¢, we classify all square integrable nilradicals.
Recall that X = K(ng) is a poset.

Lemma 7.1 For any n = ng, we have min K5 c (Ag(1) U A7 (2)).

Proof Take e minXy and a € ®(B) N T. Then there are the following possibili-

ties:

o f=a.Then e Ay(1).

o B+ aand ®(PB) = {a}. Recall that § is the highest root in the root system with basis
supp(pB). Since f is a minimal element of K, we have supp() N T = {a}. Then
[B:a]=2and B € Ax(2).

« O(B) ={a,a’}. Here, supp(B) is a basis for the root system A, (p>2)
and supp(B) nT = {a,a’}. Then either &’ € T and B e Ax(2), or a' ¢ T and

BeAq(l). n
Theorem 7.2 Let n = ng be an arbitrary nilradical. Then
n is square integrable <= dg <2 and KXg c Ax(ds) = A(3(n)).

Proof (1)Let{ € £y bea cascade point. Then no® pesc, 9. If nis square integrable,
then n® c n(dy). Hence, X ¢ Ag(dy). By Lemma 7.1, this is only possible, if dg < 2.
Thus, the implication “=" is proved.
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(2) If dg =1, then the assumption on K is vacuous and n is abelian, hence square
integrable. Therefore, to prove the implication “<=,” we may assume that dy = 2. Then
3(n) =n(2) = [n,n] and K5 c A5(2). Now, there are two possibilities for 7.

« Suppose that 7= {a} and [0 : a] = 2.

Set B; = ®!(«). Since B; € K3 c Az(2), we have [B; : a] = 2. Let us prove that
Bi is the unique minimal element of Xg. Assume that f; ¢ minXq, i.e., there
is B’ € X7 such that 8’ < . Then supp(p’) c supp(B:)\{a} and supp(B’)nT
@. A contradiction! Hence, §; is minimal in K. Assume that there is another
minimal element of K, say . Then supp(f;) and supp(f) are disjoint, and we
must have supp(f) N T # @, which is impossible. This contradiction shows that
minXKq = {f;}.

Since B-(isdenseinn*,B-{ cn

*

reg> and n(2) is B-stable, it suffices to prove that n c
n(2) (and then, actually, né = n(2)). Recall that n = ®g;cxc, (hj nn). For the unique
minimal element f; € X, we have h; c n and hence h; n né = gp.- If Bi < B, then
[B; : @] = 2 and the contribution from h; N n to n’ is

bj nnf = 9p; @ ( @ gﬁj‘)’)
y€Cu ()

(see Theorem 4.4). Since K c A5 (2), we have g, © n(2). The very definition of
Cn(j) says that y ¢ Ag. Hence, [y: a] = 0and [f; —y: a] = 2. Thus, ; -y € Ax(2)
and h; nn’ c n(2).

« Suppose that T = {a, 0’} and [0 : ] = [0 : &'] = L.

The argument here is similar to that in the previous part. Set f = ®~!(a) and
B’ = ®7'(a’). Using the hypothesis that K c Ag(2), one first proves that =
(hence ®(f) = {&, a'}) and that f is the unique minimal element of K. Then the
use of Theorem 4.4 allows us to check that né c n(2). [ ]

Using Theorem 7.2, it is not hard to get the list of square integrable nilradicals in
all simple Lie algebras. For dy = 1, ny is abelian and these cases are well known. If
dy =2, then [ng, [ng, ng]] = 0. The condition that X belongs to the highest graded
component of ng is quite strong. Therefore, not all nilradicals with ds = 2 are square
integrable.

Example 7.3 (1) The list of square integrable nilradicals with ds = 2 is given below.

oA, T ={ak, apy_k} with e C,, T ={ay} with k < n;

2k < n+l;
e B,, T = {ay} with 2k < n; oD, T = {a } with k < [n/2]-1;
e Dyuit, T = {azn, 2ni1 }s oEs, T={a} or T={ar,as};
oE;, T={ag}orT={ay}; oEs, T={a}orT={ay};
oFy, T={as}orT={a1}; ¢ Gy, T={ay}.
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(2) The list contains all the cases in which n = b; is the Heisenberg nilradicals. For
the exceptional algebras, this corresponds to 7T indicated first, whereas for the classical
series, this corresponds to the cases with k = 1.

(3) Using [22], one verifies that ny has no CP for B,, with k > 2, (Es, ), and

(F4, (Xl).
(4) For Dy, and T = { a1, 2y }, o is not square integrable. Indeed, here, dg = 2,
K = {1, B3>-- > Ban-3>Pan-1, Ban }» and min Ky contains two elements, az, = 2,1

and ay,-1 = B2,. (We use the notation of Appendix A.) Hence, 2,1, f2n € Ag(1),
while the other elements of Ko belong to Ay (2). Here, indngy = 2n*-3n+3 and
dim 3(ng) = 2n*-3n+1. (Of course, there are other nilradicals with d = 2 that are
not square integrable.)

Remark 74 A real nilpotent Lie group Q has a unitary square integrable repre-
sentation if and only if indq = dim3(q) [15, Theorem 1]. For this reason, Elashvili
applied the term “square integrable” to the nilpotent Lie algebras q satisfying that
equality, over an algebraically closed field of characteristic zero [9] (cf. also [10]).
Afterward, the theory of square integrable representations was extended to the setting
of arbitrary Lie groups [6]. The relevant notions are those of a quasi-reductive Lie group
and a coadjoint orbit of reductive type (see [7]). Therefore, Theorem 7.2 provides a
classification of the quasi-reductive nilradicals in g. Various results on quasi-reductive
seaweed (= biparabolic) subalgebras of g are obtained in [1, 16].

8 When is the quotient morphism equidimensional?

It is well known that if a graded polynomial algebra A is a free module over a graded
subalgebra B, then B is necessarily polynomial. Furthermore, if B is a graded polyno-
mial subalgebra of A, then A is a free B-module if and only if the induced morphism
7 : Spec (A) — Spec (B) is equidimensional, i.e., dimn~!(n(x)) = dim A — dim B
for any x € Spec (A) [26, Proposition 17.29]. By a theorem of Chevalley, dominant
equidimensional morphisms are open. Therefore, in the graded situation, 7 is also
onto (see [29, 2.4]).

In this section, we point out certain nilradicals n in g such that A = $(n) = C[n*]
is a free module over B =8(n)Y = C[n*]Y. The last algebra is always polynomial
(Lemma 6.1); hence, our task is to guarantee that the quotient morphism

m:Spec (A) =n* - n*JU = Spec (B)

is equidimensional. Since $(n)V = §(n)" (Lemma 6.3), the optimal nilradicals of
such type provide examples, where 8(n) is a free module over its Poisson center
Z(n) = 8(n)N. We begin with a simple observation.

Lemma 8.1 If#X(n) <3, then 8(n) is a free S(n)Y-module.

Proof By Theorem 6.4, we have n* JU ~ A**(")_Since eg € $(n)Y is an element of
degree 1, the hyperplane ng = {£ e n* | £(eg) = 0} is U-stable and ng JU ~ A®, where
s = #J(n) — 1 < 2. By aresult of Brion [3] on invariants of unipotent groups, 7o : ng —
ng /U is equidimensional, and this implies that 7 is equidimensional, too. ]
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Theorem 8.2 Let 0y, be an abelian nilradical, i.e., [0 : a] = 1. Suppose that a nilrad-
ical n is contained between n(,y and its optimization niyy. Then:

(1) nyqy is a CP-ideal of n;
(2) 8(n) is a free module over S(n)V = §(n)V.

Proof (1) By Remark 2.4, we have dimn,, = b(ng,y) = b(n).
. 9

n — n?a}

(2) Consider the commutative diagram l s l T{a}  corresponding

* oy
U = ni,JU

to the U-equivariant inclusion ng, < n.Since nand ny,, have the same optimization,
Theorem 6.4 implies that S(n)V = 8(n4y)Y, ie, /U is an isomorphism. By a
general result on U-invariants for the abelian nilradicals [20, Theorem 4.6], S(n{ a})
is a free module over 8(ng,)Y. Hence, the morphism 7, is equidimensional
and onto. Because the projection ¢ is also onto and equidimensional, 7 must be
equidimensional, too. Since n* JU is an affine space, the morphism 7 is flat and C[n*]
is a free C[n*]Y-module. [

Corollary 8.3  For the optimal nilradical s = W(,,, the algebra 8(#) is a free module
over Z(i).

Theorem 8.2 implies interesting consequences for some types of simple Lie alge-
bras.

Proposition 8.4  For every nilradical w in sl,,.,, there is an « € II such that Mgy cnc
(o). Therefore, $(n) is a free module over $(n)Y for any n.

Proof We use the notation of Example 2.5(1). Recall that [0 : a] = 1for each « € 1. If
n=ngand minXK(n) = {fi} (k < [(n+1)]/2), then Tn {ay, ayy1-k } + @. Then any
« in this intersection will do. (The construction of such a simple root « is essentially
contained in the proof of Theorem 6.2 in [10]. For, then ny,, is a CP-ideal of n. But
our approach that refers to X (n) is shorter.) ]

Of course, the first assertion of Proposition 8.4 appears to be true because all simple
roots of sl,,; provide abelian nilradicals. Nevertheless, the second assertion can be
proved for the nilradicals in sp,,,, although the proof becomes more involved.

Proposition 8.5  For any nilradical n in sp,,,, S(n) is a free module over S(n)Y.

Proof Here, ny,,} is the onlyabelian nilradical and K(n,,y) = K. Hence, i,y = u.
(1) Ifn = ngy and a,, € T, then ny,,y c nand Theorem 8.2 applies. In particular, this
shows that here §(u) is a free module over §(u)Y = Z(u).
(2) Suppose that a, ¢ T. Then KX(n) = {Bi,..., Bk} for some k < n, ay € T, and
a:=nnng,; is a CP-ideal of n. If ny,,} is identified with the space %n of nxn
matrices that are symmetric w.r.t. the antidiagonal (see Example 2.6), then
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a= 7 5 Cn{an}

Since a is a b-stable ideal of u, $(a)Y is a polynomial algebra (see Remark 6.5). Let us
prove that 8(a) is a free $(a)Y-module, i.e., that 77 : a* - a* JU is equidimensional.
Consider the commutative diagram

*
ﬂ{an} —> a

N

np, U LA a*Ju

Ty

corresponding to the U-equivariant inclusion a = ny,,;. Here, $(n)V = 8(a)Y¥ (cf.
Section 3.4(2)), ie., dima*JU =dimn*JU = #K(n) = k. Upon the identification
of nf, » with ng, = {(g 8) | C= C}and thereby with the dual space S/yr\n:,

the algebra (C[nf{*a"}]U is freely generated by the principal minors of C. Let f;

be the principal minor of degree i; see the figure €= . Then
7
N——
12

S(nfa,y)? = (C[n’{*an}]U =C[fi,...> fa]and my, (M) = (i(M), ..., fo(M)). On the
other hand, f; c 8(a) for i <k and hence 8(a)V = C[f;,..., fx]. Furthermore, if
M =y(M) € a*,then f;(M) = fi(M) for i < k. Then yJU takes (L(M), ..., fn(M))
to (i(M),..., fx(M)) and thereby v/ U is surjective and equidimensional. Since
we have already proved that 7,, is onto and equidimensional, this yields the same
conclusion for 7.

Once it is proved that 7 is onto and equidimensional, an argument similar to that
in Theorem 8.2 can be applied to the embedding a — n. Consider the diagram

* ¢ *

n — a
(8.1) lﬂ lf[ .
wgu M o u

Since a is a CP-ideal of n, we have §(n)Y c 8§(a) [22, Proposition 5.5]. Hence, $(n)~ =
8(a)" and thereby 8(n)V = 8(a)Y, i.e., ¢/ U is an isomorphism. This implies that 7
is equidimensional, and we are done. [ ]
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The proofs of Propositions 8.4 and 8.5 exploit the fact that every nilradical in s,
or sp,,, has a CP (and hence a CP-ideal). Using Theorem 6.4, we get a joint corollary
to these propositions:

(8.2)
if n = fi is an optimal nilradical in s\,,,1 or sp,,,, then S(1) is a free Z(i)-module.

For n # i, one cannot even guarantee that Z(n) is a polynomial algebra (see Example
6.10). It might be interesting to characterize non-optimal nilradicals having a polyno-
mial algebra Z(n).

By [22], if n c W4y with [0 : «] = 1, then n has a CP. However, to point out a CP-
ideal of n, one needs some precautions:

M) I O(O'(«)) = {a}, then n N nyy,y is a CP-ideal of n.

QI O(0'(a)) = {a, '} and g # sl,41, then at least one of n N ny,y and nN g
is a CP-ideal of n.

(3) If g = sl,41, then one should choose the minimal n,, containing n. More
precisely, since n c y,}, we have K(n) c X(ny,} ). Here, one has to take & such that
K(n) = K(ngqy). Then item (2) applies.

In any case, nNng,; is a CP-ideal of n for a “right” choice of « €I, and the
hypothesis that ng,} c n is not required for the presence of CP. That is, Theorem 8.2
does not apply to all nilradicals with CP. Nevertheless, using a case-by-case argument,
we can prove the following.

Theorem 8.6 Ifn = ng has a CP, then 8(n) is a free 8(n)Y-module.

Proof By the preceding discussion, we may assume that n c T,y and a:=nnng,,
is a CP-ideal of n. As in the proof of Proposition 8.5, one has the commutative diagram
(8.1), where ¢/ U is an isomorphism. Therefore, it suffices to prove that 77 : a* — a* JU
is equidimensional. Consider all simple Lie algebras having abelian nilradicals.

(1) The algebras sl,,,; and sp,, have been considered above.

(2) For 50,41, the only abelian nilradical corresponds to a; = &) — &, and K(ng, ) =
{B1, B2} Therefore, #X(n) < 2 and Lemma 8.1 applies.

(3) For s0,,, the abelian nilradicals correspond to «;, a1, and &, = €, + &,.

o For ay = ¢ — &, the situation is the same as for g = 50,,,41.

+ Since Ny, ) ~Nyg4,}, We consider only the last possibility. The case of
(5024, a0y ) is similar to (sp,,,a,), which is considered in Proposition 8.5. The
distinction is that now ny,, consists of # x n matrices that are skew-symmetric w.r.t.
the antidiagonal, and the basic U-invariants are pfaffians of the principal minors of
even order. The embedding a c ny, ) can be described by the figure in the proof of
Proposition 8.5, only now k must be even and the matrices should be skew-symmetric
w.r.t. the antidiagonal.

More precisely, ifn = 2p + 1, then a,, ¢ Kand @' (a,) = B2p-1.1fn =2p,then a, =
B2p-1. In both cases, K(na,3) = {B1, B3> ... Pap-1}- f n cTy,y and nygy ¢ 1, then
K(n) = {B1,B3s-..>Pas_1}> where s < p = [1n/2]. Then trdeg8(a)V = s and $(a)V is
generated by the pfaffians of order 2,4, ...,2s. The fact that these pfaffians form a
regular sequence in 8(a) = C[a*] can be proved as in Proposition 8.5 for sp,,,.

(4) For Eg, the abelian nilradicals correspond to «; and as. In both cases, we have
#X(ng4,1) = 2 and hence Lemma 8.1 applies to any n c fiyg, i = 1, 5.
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(5) For E;, the only abelian nilradical corresponds to «;. Here, K(ng4) =
{B1, B2, B3} (see Appendix A). Therefore, Lemma 8.1 applies here. ]

Our computations suggest that Theorem 8.6 holds in the general case.

Conjecture 8.7  For any nilradical v in a simple Lie algebra g, 8(n) is a free $(n)Y-
module. In particular, for any optimal nilradical i, S(1t) is a free Z(1)-module.

So far, this conjecture is proved for (i) the square integrable nilradicals (Section 7),
(ii) the nilradicals with CP, (iii) the series A,, and C,;, and (iv) if rk g < 3. It is not hard to
check it for Dy. Perhaps, the first step toward a general proof is to verify the conjecture
for n = u. Since u has a CP only for A, and C,,, some fresh ideas are necessary here.

A The elements of X

We list below the cascade roots (elements of X) for all simple Lie algebras. The
numbering of IT = {a, ..., &y 4} follows [17, Table 1] and, for roots of the classical
Lie algebras, we use the standard e-notation. The numbering of cascade roots yields
a linear extension of the poset (X, <), i.e., it is not unique unless X is a chain. In all
cases, 1 = 0 and

O(Bi)={acll|B;i—aecATu{0}}.

In particular, if f € KX NIl then ®(B) ={pB} and B is a minimal element of X.
Conversely, if 8 is a minimal element of X and ®(f) = {a}, a sole simple root, then

a=p.

The cascade elements for the classical Lie algebras:

. +1
Ann22Bi=¢ —€epin- i:06i+"'+06n+1—i(1:1,2,.-->["T]);

Coon21f;=2¢;=2(a;+ - +ayq)+a, (i=12,...,n-1)and 8, = 2¢, = a,;
B2is Do Doyt (12 2) Baicy = €2im1 + €24 B2i = €2im1— €2 =t (1 = 1, 2,...,n);
By,+1, 1 2 1here B, ..., B2, are as above and f2,41 = €2141 = Q2p11-

For all orthogonal series, we have 85; = a2;_1, i =1,..., n, while formulae for f,;;
via IT slightly differ for different series. For example, for D,, one has 35,1 = az;_1 +
2(0p; + -+ 0gpep) + Aap-1 + A2 (i=1,2,...,n—1) and Brp-1 = azy.

The cascade elements for the exceptional Lie algebras:

G2 ﬂl = (32) =301 + 25, ﬁz = (10) = Ky,

Fy B1 = (2432) = 2oy +4a,+3a3+ 204, B2 = (2210), B3 = (0210), By = (0010) = as;
E6ﬁ1: 12321’ﬁ2: 11111,/33: 01(1)10,ﬁ4: 00(1)00 = as;

E7ﬁ1 123432 ﬂ — 122%10 ﬂ — 100800 = a, ﬁ4 001?10,[35: 001800 —
as, ﬁG 000010 — “5,ﬂ7 000(1)00 = ay;

Eg ﬂlz 2345642 ﬁ — 0123432’ ﬁ3: 0122210, ﬁ4: 0100000 _ o, ﬂSZ

3 > P2 2 1 0
0001%10)[36 _ 0001800 — o, = 0000810 ~ ag, By = 0000000 _ g
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For the reader’s convenience, we provide the Hasse diagram of the cascade posets
for D, and E,,. The node “i” in the diagram represents 8; € X, and we attach the set
®(B;) cMtoit.

1 {az} 1 {az}
far} 2 / 3 {aa} far} 2 3 {aa}
{as} 4/-~|- fas} 47
Dy - | 2n|—5 {@2n-4} | D JY TR | 2n|—3 {a2n_2}
{@an-s} 2n—4/2n|—3 {@an-2} {@2n-3} 2n—2/2n|—1 {@2n, @2ne1}
{@an-3} 2n-2 {(mn}>1> 2n{azm-1) {@an-1} 2n
1 {a1}
1 {as} {as} 1 \2 {a7}
l {ay, as} {a2} 2/ 3{{3}
e | /N B /N
3 {az, 4} {asa} 4 3{ai} 5{ast 4 {az}
Jt {as} {03}5/ {c>}6 {ar} 7 6é4}% 8 {as}
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