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Abstract

In this note, we propose an extension of the compactness property for Kihler-Einstein metrics to critical
metrics of Weyl functional on compact Kihler surfaces.
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1. Introduction

We will consider the following quadratic Weyl functional

SW(g) = / Wl dizg
M

on a closed Kihler 4-manifold M. The critical metrics on M are defined to be the
critical points of SW. Then all metrics which are conformal to Einstein metrics are
critical metrics. In particular, all Kédhler-Einstein metrics on M are critical metrics
for SW. On the other hand, Tian proved that the space of Kihler-Einstein metrics
on a compact Kihler surface M has a certain compactness property ([8, 9]). In this
article, we will give some results about the compactness of certain critical metrics of
SW on M which are served as a generalization of Tian’s results on compactness of
Kihler-Einstein manifolds. Our results read:

THEOREM 1.1, Let W(M) be the set of isometry classes of all smooth critical
metrics of SW on a compact Kahler 4-manifold M such that
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(i) f,IRcldu <H,
(i) Re(g) = -Kg,
(ili) iy =iy > 0,

@iv) diamy <d,

Jor fixed positive constants H, K, d, iy. Then W (M) is compact in the C*-topology.

Furthermore, we have

THEOREM 1.2. Let W’(M ) be the set of isometry classes of all smooth critical
metrics of SW on a compact Kihler 4-manifold M such that
@) f,IRcPdp<H,
(i1) diam(S,) < dp,
(i) iy > iy > 0,
for fixed positive constants H, d, iy. Here S, is the geodesic sphere.
Then W (M) is compact in the C*-topology.

On the other hand, if we replace the lower bound on the injectivity radius by a local
volume bound, and then follow Tian’s arguments as in [8], we obtain

THEOREM 1.3. For any positive constant H, K, d, V, let {(M;, g')} be a sequence
of compact critical Kahler 4-manifolds satisfying
(i) f,IRcl*du <H,
(i) Re(g) = —Kg,
(iii) Vol(M) >V,
(iv) diamy < d.
Then a subsequence of {(M;, g')} converges to a critical Kiihler 4-orbifold {(M,, g*)}
with finitely many isolated singular points S,,. More precisely, we may take a sub-
sequence of {(M;, g")}, say {((M:\S;, g)} for S; = {xi1.. xin), which converges to
a critical Kdhler surface {(Mx\Sx, )} in the following sense: for any compact
subset K C M \S, there exists anr > O such that there exist diffeomorphisms ¢;
from M\ UJI.V=1 B, (x;;) into M\ S such that
(v) (¢7')*g" converges to g% uniformly on K,
(vi) (¢i)e o Ji o (¢ Y, converges to J uniformly on K, where J;, J, are the
almost complex structures of M;, M, respectively.

Moreover, we have

THEOREM 1.4. For any positive constant H,d, let {(M;, g')} be a sequence of
compact critical Kihler 4-manifolds satisfying

@ f,IRcPdu<H,
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(ii) there is a local Sobolev constant C, bound, that is, for fixed small p > 0

IFIZ < ClVEl  f e C(By),

(ili) diam(S,) < dp,

then a subsequence of {(M,, g')} converges to a critical Kiihler 4-orbifold with finitely
many isolated singular points in the sense of Theorem 1.3.

The organization of this article is as follows: In Section 2, we use critical equations
as in [2] to obtain local curvature estimates. In Section 3, based on the hypothesis (ii)
of Theorem 1.1 and Lemma 3.1 and the volume growth property of a small geodesic
ball, we give a diameter estimate on this geodesic sphere ([5]). Finally, in Section 4,
we study the tangent cone metric by a blowing up argument; this and the diameter
estimate yield that this tangent cone metric is the flat Euclidean metric (cf. [9]), and we
then obtain the maximal volume growth property. Thus we are able to apply results in
[1] to finish the proof of our Theorem 1.1 and Theorem 1.2 under the lower bound of
injectivity radius, and the arguments as in [8, 9] to complete the proof of our Theorem
1.3 and Theorem 1.4.

2. Critical equations and local curvature estimates on Kéhler surfaces

For a critical metric g of SW on a compact Kéhler surface M, the Bach tensor must
be identically zero, that is, B(g) = 0. Then we have ([3])

LEMMA 2.1. On a Kihler surface (M, g), the following are equivalent:

() B(g) =0,
(i) 2V,V,R = (R*/4 + AR/2)gi; — RR;j, where R is the scalar curvature of g.

From Lemma 2.1, we have the following critical equations on the compact Kéhler
surface M :

LEMMA 2.2. For a critical metric g of SW on M, the Ricci curvature tensor R;;
satisfies the following:

1 R? 1
*2—AR,'J' - <—2— + AR) 8ij + 2RR,~j - Rpi ijpk - Z 'RC'Z 8ij = 0.

PROOF. From [3], we have the Bach tensor

1
Bij == VquWpijq + ERPqu,‘jq = O
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Now the second Bianchi identity implies the following divergence formulae:

—VPRpijxe = ViRij — V; Ry
) _VPR,, = —%V,-R

—VPWyijx = Vi Pij — V; Py,
where P;; = (n — 3)[R;; — Rgi;/(2n — 2)]/(n — 2). Then, for n =4,

12VPVIW,j, = 6VPViR;, —~ 6VPV, R, — ViV, R + ARgy;.
On the other hand, (1) and the Ricci identity imply
VPViR;, = VPV;Ry,.
This implies
B = V°V;R,, — %ARU —R°;R,; + % IRc|? gi;
+ ER,-,- - lv,-v,.R + iARg,-,- ~ ikzg,.,
3 3 12 12
=0.

This and Lemma 2.1 imply Lemma 2.2.

COROLLARY 2.3. For any critical metric g of SW on M, we have
ARc+Rmx*Rc =0,

where we write A x B for any linear combination of tensors A, B by contraction using
gv.
From Corollary 2.3, for the critical metric g;; of SW on a Kihler surface M, we get

LEMMA 2.4. There exists a constant C > 0 such that —Af < bf, where f =
|Rc|, b = C|Rm|.

Furthermore, for higher order derivatives of the critical metric, we have

LEMMA 2.5. For any positive integer | and the critical metric g on M, we obtain

i
A(V'Rc) = ) V*Rm*V'*Rc.
k=0
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Now we are ready to get the local curvature estimates. Let B, (xp) be a geodesic
ball in M with center x;, such that the local Sobolev constant C; bound, that is,

&) IAIE < CAVAl;,  f € C5(By(xo)).

Then, from [2], based on Lemma 2.4 and (2), integration by parts and Moser iteration,
we have

PROPOSITION 2.6. ([2, Theorem 3.3.]) For any critical metric g on M and any
0 < n < 1, there exists k; > O such that, if [, |Rm >du < i, then

Sup |RC|§C(pynaK19C:)’ l=0’1,21"'

B(l—n)ﬂ
PROOF. We will sketch the proof; for details, see [2]. Define ¢, : [0, p] — [0, 1]
to be a C*-function given by
¢, (t) =p(t/p), ¢, <0, I¢,| < cale)/p.

where ¢ : (—o00, 00) — [0, 1] is a C*-function with ¢(#) = 0, fort > 1, ¢() =1
fort <1—e.

Let f = |Rc|, B, = B(xop, p), and set u(x) = ¢,(r(x)) and r(x) = d(x, xp). We
may assume f > 0, take p > 1, and u? f2»~! as a test function; then, integrating by
parts, one obtains

/ (Afo P dp = — f (V1. VG P dy
B, B,

=(p— 1)/2192/ (Vu, V) du — 2p - 1)/p* | IV@fP)Pdp

B, B,
+@p -1/ [ 1Vl
BP
Thus, combining Lemma 2.4 and Holder’s inequality, we obtain

2p —1
p?

/ Vs’ du
Bﬂ

2p—1
p?

p—1
2p?

< f b’ P dp + f (Vi V) dy + / Va2 £ dy
B, B, B,

—1 2p—1
5/ bl f dp — 2 fuzAfZ”du—i— P fIVu|2f2Pdp,
B, 2p B, 4 B,

2p—1 2p—1
<2 [ wprans 22 [ ivup s an
p B, p B,

2p—1 12 2 2p—1
<2 ( f bzdu) ( (uf”)“du) + 22 / IVul2 7 dp.
14 B, B, p B,
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This implies

12 12
/ |V<uf")|2du5p(/ bzdu) (f (uf”)“du) 4 / Va2 d.
B, B, B, B,

We have the following Sobolev inequality for n = 4:

1/2
( [ (ufpr‘du) <c / Vuf?)P dp.
Then

172 1/2 2 o
(/ (ufp)4du) <Cp (/ bzdu) (/ (uf”)“du) +_2f 7 du.
B, B, B, p B,

1/2
If ( Js, b?d u) is small, then we have

(]

Set (1 —€)> =1 — p; then

1/4 1/2
( / " du) <c ( for du> _
Bi-pe B,
For p = 1, we have
1/4 172
(ron)"se(fra)”
B(l—n)p B,

Now using Moser iteration, we obtain

1/2
(f”)“du) <C / 7 du.
Bﬂ

(1-6)2p

sup |Rc| < C(p,n, k1, Cy).

B(xo,(1-m)p)

In order to estimate the higher order covariant derivative of Ricci curvature tensor,
we need the existence of harmonic coordinate on the ball with small L?-norm of
curvature.

LEMMA 2.7. ({6, Lemma 1.1.]) Given 0 < n < 1, there exists a small constant k =

k(H,V, D,n,n) > 0such that, for any Riemannian manifold (M, g) of dimension n,
X0 € M with |Rc| < H, Vol(M) > V, diam(M) < D,

f |[Rm |"*du < k.
B(xo.p(1+2n))
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Then, forany 0 < 8 < 1/3, and x € B(xo, p(1 +2n)), so that d(xg, x) < 1 =8 —2n,
there exist harmonic coordinates F with domain D(F) O B(x,d8p) and ImF D

B(5(1 — n)p) = {x € R*||x| < 8§(1 — n)p), such that

() FY(BGU—np) D Bx, 81 —np)
Let hyj = (Vh;, Vh;) be the metric tensor in such harmonic coordinates,
F=(hy, - ,h), n>4
(i) |hi; — 8ijlco < 1*/100n.
(i) |dhijlc« <C(H,V,D,n,n,p), O<a<l
av) Ilhilles <C(H,V,D,n,n,p), p>n.

PROPOSITION 2.8. ([2, Theorem 3.9.]) For any critical metric g on M, let x, be
small. Then, forany0 < n < 1, ifpr IRm |>du < «,, we have

sup |[V'Re| < C(p, 1, k2, Cy).

B(],,HZHZ,,

PROOF. We have proved the case [ = 0. For ! = 1, firstly, from Lemma 2.4 and
integration by parts, we have fB , IVRe |*du < C(H, V, D, n,n, p).
(1-m<p
Now again, integrating by parts, one obtains

/(AVRc,u2VRc|VRc|2”‘2)du
B,

0

= —/ uZIVRc|2P‘2|V2Rc|2du—f u*(V2Rc, VRe V|VRe |7 2 du
Bﬂ

B,

—/ uVu(V?Re, VRe [VRe 227 du
B,

< —/ u2|V2Rc|2|VRc|2”‘2d,u+2/ u|Vu||V*Re ||[VRe |7V du.
B,

= A
This and 2ab < €a® + b*/e imply

/u2|v2Rc|2|VRc |2P—2du5/ [{AVRc, u’VRc |[VRe ?77%) | dp
B, B,

1
+e/ W |V2Re *|VRe | 2du+ - | |VRc|?dp,
B €

(4 BP

choosing € small enough, we have

f u |V Re [*|VRe |#2du
B,

< [ HavRe w2 VReIVRe )+~ [ [VRePPd
5, cd—eo /s,
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On the other hand, from Lemma 2.5

f [(AVRc, u’VRc|VRe P7%) | du
B(l~n)p
C
SC] uzIRmIIVZRc|IVRc|2”‘2du+—/ u|Rm||VRc | du
B, P Js,

+ C/ uw?|Rm||VRc|?? dpu,
B,

0

which implies

(1—€C) u?|V*Re |*|VRc [?2du
Bi-ne
C 2p 2 2p

< 1 IVRc |"Pdu + C w | Rm||VRc|?du
€(l—¢) Bi-mp B_np
C 2p—1 C 2 2 2p-2

+ — u|Rm||VRc | du+ — u’|Rm |“|VRc [P du.

Ba-np Ba-mp
It follows that

1/2
(u|VRe I”)“du)

(/

(1-n)2p

sc(/B

C
< cf u?|V*Re *|VRe P2 dp + — IVRc |? du
B P

a-m2p B a2,

< cf |VRc|2”du+C/ u?|Rm |*|VRc [ du
B, B,

a-n2p (1-n2p

< (C + 1)/ IVRc | dp
€) Js

(1-m2p

1/2
+Ce</ |Rm|8du) (f
By_p2, B

From Lemma 2.7, if € is small enough, we obtain

(/

Using Moser iteration again, this implies Theorem 2.8 for / = 1. Then by induction,
based on Lemma 2.5 and Lemma 2.7, the theorem follows easily. For details, see
Theorem 3.9 of [2].

W?|V|VRc P2 du +/

|Vul?|VRc |? du)
B,

a-m2p 1-m2p

12
u*|VRc |* du,) .

-mlp

1/2
(uchV)“du) < c/ [VRe | dp.
B

-nytp a-m2p
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Moreover, we have
ARm = Rm*Rm+V*Re

and

1
AV Rm = Z V¥ Rm *V'* Rm +V"**Rc.
k=0

This implies

PROPOSITION 2.9. ({2, Theorem 3.12.)) For any critical metric g on M, let k5 be
small. Then, forany 0 < n < 1, iffBﬂ |Rm |?du < k3, we have

sup |[V'Rm| < C(p,n,43,C,), 1=0,1,2,...

B\ _pas2,
3. The diameter estimate of the small geodesic sphere

In this section, we will give the diameter estimate on the small geodesic sphere.
Consider the geodesic ball B, (xo); rewrite the metric g as g = dr’+) _ g;;(r, 0)d6°d6/,
where r = d(x, xp). Then

P 2

y 9 1

’

4

where G = det(g;;). We have the following lemma:

LEMMA 3.1. ([5]) Suppose that, for some positive constants K , iy,
(i) Re(g) > ~Kg, and
(i) iy =iy > 0.

Then

2

dr < C(K,ip)p.

2.8
T g

p
[
0 d

It easily follows from I.emma 3.1 that

LEMMA 3.2. ({7, Proposition 1.11]) There exists a positive constant C (K, iy) such
that

e—C(fZ/rl)g(rl) <g(rn) =< eC(rz/rl)g(rl)

forO <ry <r, < p/2 where g(r) =Y g;(r,0)d6'd6/ is the induced metric on the
geodesic sphere S, (xp).
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From Lemma 3.2, and the Theorem 4.14. of [5], we obtain

COROLLARY 3.3. ([5]) For K > 0, there exist a constant C = C(K, iy) > 0 such
that for any Riemannian manifold (M, g) with

(i) Rc(g) = —Kg,
(1) iy = io,

and, for small iy > p > 0, we have diam(S,(xy)) < Cp.

4. Proofs of the theorems

In this section, we will prove the compactness property of critical metrics on
compact Kahler surfaces.

Let g;; be a smooth metric on a closed 4-manifold M. The Gauss-Bonnet formula
says

8n2x(M)=/ }lezdu-4/ |Rc|2du+/ R*du.
M M M
Thus, if f,, |Rc|*du < H, one obtains

3 / |Rm dyu < C(x(M), H).
M

Now consider the class W (M) of Theorem 1.1, as we proved in Section 2. We
have curvature uniformly bounded on the ball with small L? norm of curvature. On
the other hand, if the ball B, (v) does not meet the hypothesis of Proposition 2.6, then
we still have

LEMMA 4.1.
IRm| <e(r)/r*, €r)—>0 as r—0,
where r(x) = dist(x, v).
PROOF. For each small p > 0, define the metric g = p~*g. We have
@ IRm| = p?|Rm|.

Now fix xo with r(x;) = p < po; the local Sobolev constant on B(xo, 1) is still
uniformly bounded, that is,

1/2
©) ( / f“dﬂ) =C f VfPdR,  f e CEB).
B B
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Next, consider

(6) f IRm[2dji =f |IRm |2 dp.
B(xp.1/2)

B(x0.0/2)

For p > 0 small, in view of (3), we have |, B0/ | RID |2du < ki, using Proposition
3.1. It follows that

(7) IRm| < C(p, «, H, x(M))
on f?(xo, 1/2). From the local Sobolev constant bound, we have, for small p > 0,
Vol(B(xo, p/2)) > Cp?

for C independent of p. By scale invariance,

(8) Vol(B(xp, 1/2)) = C.
From (6), (7) and (8), one obtains [Rm| — 0 as r(x) — 0. This and (4) yield Lemma
4.1.

Set

A(p, p) = By, (v) — B(v) = {x e M, p <r(x) <2p}.

Consider p~'A(p, p) as a Riemannian manifold with A(p, p) with the metric p~2g.
Then, by blowing up at this point, from Lemma 4.1, and Corollary 3.3, we have the
following theorem:

THEOREM 4.2. ([2, Lemma 5.3]) (0~ 'A(p, 0), x,) converges to (D* — {0}, e) in the
C2-topology, where D* = {w € R*; |w| < 2} is the Euclidean ball of radius 2.

First, from Theorem 4.2, we have r 'S, — $3(1) C R*, where S3(1) is the standard
sphere of radius 1 in R*. Then, in the Hausdorff metric, we take r, small such that,
for r < ry, we have ([4))

H(r™'S,) < 2HY(8*(1)) < C(4)
which implies
Q) H(S,) <Cr.
This implies that

(10) Vol(S(r)) < Cr®, for smallr.
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Then, studying the tangent cone metric at each singular point by blowing up this point,
we obtain a complete Riemannian manifold (M, k) such that

i) Vol(B,) < crt
(ii) /_Ilezdu<oo
M
(b (i) [Rm()| =1, for some z € 7

(iv) iz — 00

(v) |Rm|r! — Qasr — oo.

By Proposition 6.1 and Corollary 6.7 of [1], (1), (ii), (iv), (v) of (11) imply this tangent
cone metric is the flat Euclidean metric. This leads to a contradiction with (iii) of (11)
(cf. Lemma 5.8 and (5.15) of [2]). Hence the curvature tensors of critical manifolds
at each singular point are uniformly bound. Then, applying the Gromov compactness
theorem, we obtain Theorem 1.1.

On the other hand, from (10), Lemma 4.1 and Theorem 4.2, combining the argu-
ments as in Section 3 and Section 4 of [8], Theorem 1.3 follows easily.
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