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TOTALLY DISCONNECTED, NILPOTENT,
LOCALLY COMPACT GROUPS

G. WILLIS

It is shown that, if G is a totally disconnected, compactly generated and nilpo-
tent locally compact group, then it has a base of neighbourhoods of the identity
consisting of compact, open, normal subgroups. An example is given showing that
the hypothesis that G be compactly generated is necessary.

It is known that every totally disconnected, locally compact group, G, has a com-
pact, open subgroup, see [2, 4] or [5]. The study of such groups would be greatly
simplified if there always existed a compact, open, normal subgroup in G. However
there are many totally disconnected groups for which that is not the case; the first
example was found by van Danzig, [2]. Work in [6] shows that this example is funda-
mental in the sense that, if G has an element ¢ which does not normalise any compact,
open subgroup, then G has a closed subgroup, containing z, which is very much like
van Dantzig’s example.

If G is nilpotent and compactly generated in addition to being totally discon-
nected, then it does have a compact, open, normal subgroup, (3], Théoréme 2, and this
fact has proved useful for the study of the representation theory of nilpotent groups,
[1). A stronger statement is proved below, where it is shown that such groups have
sufficiently many compact, open, normal subgroups to form a base of neighbourhoods
of the identity. This answers a question of Alan Carey. Also, an example is given of a
totally disconnected, nilpotent (not compactly generated) group which does not have
a compact, open normal subgroup. In the example every element, z, normalises some
compact, open subgroup but the subgroup depends on z.

The proof of the main theorem requires the following result from [6}.

LEMMA 1. Let G be alocally compact group, V be a compact, open subgroup of

G and z bein G. Then there is an integer, k, such that, putting U = [} z"Vz™",
ogngk
we have

U=K,K_=K_K,,
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where Ky = () z"Uz™™ and K_ = () 2 "Uz".
n20 n20

This lemma is the first step in the structure theory for totally disconnected groups
described in [6]. Note that, if it should happen that zUz~! = U, then K, =U = K_.
In general, K,z ! DK, and 27 'K_z D K_.

LEMMA 2. Let G be a nilpotent locally compact group and z be in G. Then
for each compact, open subgroup V of G there is an open subgroup U C V such that

Uz 1 =U.
PRrOOF: Choose U as in lemma 1. As in lemma 1, let K = [} z"Uz~™. Then
U=K;K_ and zK 2”1 D K,. n30

Suppose that zK,z~ !\ K; # 0 and choose z; € zKyz~ !\ K. Then z7'z;z €
K, and so 2, = z1z7 2]’z € 2K 27! \ K.. Now define elements z; inductively
by zj41 = zjz"lz;'z, 5 =1,2,3,.... Then z; € eKz7' \ Ky for every j. In
particular, z; # 1 for every j, which contradicts the fact that G is nilpotent. Therefore
zK,.z ' =K,.

By a similar argument we also have that zK_z~1 = K_ and so
eUz™! = (zK427)(zK_27') = K, K_=U. 0

We have then that each element z of a totally disconnected, nilpotent group G nor-
malises some compact, open subgroup but that subgroup may depend on z. However,
if G is compactly generated, then we can find a subgroup normalised by all elements
of G.

THEOREM. Let G be a compactly generated, totally disconnected, nilpotent group
and let V be a neighbourhood of 1 in G. Then V contains a compact, open, normal
subgroup of G. In other words, G has a base of neighbourhoods of 1 consisting of

compact, open, normal subgroups.

PROOF: Let
G=G">G' >--->G*>G" = {1}

be the lower central series of G. Let U, be a compact, open subgroup of G contained
in V. Since G™ C Z(G), we have

zUnz™ ! = U,, (z € U UG™).

We shall construct compact, open subgroups U;, i = n, n—1, ..., 1, 0, such that
Ui_1 CU; and
(1) zU;z™' = U; (zeU.UGY).
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Then U will be the desired compact, open subgroup of G contained in V.

Now suppose that U; satisfying (1) has been found for some ¢ > 1. Since G is
compactly generated, G*~! is compactly generated, see [3], and so we may choose 2,
22, ..., zp in G7! such that {Unzj};?:l covers a generating subset of G*~!. In the
next paragraph a recursive construction is given which yields compact, open subgroups
Wo = Ui, Wy, Wa, ... W, such that for j =1,...,p,

2) eWiz™! = W;, (zEUnUGiU{zl,...,zj}).

Then, since W, is normalised by every z in U, and by z;, 22, ..., 2z, and since
{Unz;}E_; covers a generating subset of G*~1, W, satisfies

eWpz™! = W, (z € U, UG).

Hence we may take U;_; = W,,.
We now give the construction of the W;’s. Suppose that, for some j, W;_,

satisfying (2) has been constructed. Since z; belongs to G*~!, we have, for every z in

G and every k, that :cz}‘ = z;-‘:cw, where w is in G*. Hence

—k, —1 _ _k ] “1,-1_~k _ _k_yr. .—1_—k
ST = zizwWi w27z = zjaWiae7 20,

k
z2; Wi_iz 5 3

because w belongs to G*, and this last is equal to z}‘W,-_l z; * for every z in U,UG'U

{z1,...,2j-1}. Hence for every m we have

m m
k kY. -1 _ k —k
:c(ﬂ z; Wj_lzj ):c = n z; W,-_lzj
k=0 k=0

for every z in U,UG*U{z1,...,2;—1}. By the argument of lemma 2 there is an m >0

such that
m m
zj(n Z;Wj_lzj_k)zfl = n szj_lzj_k
k=0 k=0
m & .
as well. Therefore there is a group W; = [ z;-‘W,'_l z; © satisfying (2). 0
k=0

We now give an example of a nilpotent, totally disconnected, locally compact group
which does not have a compact, open, normal subgroup. This example shows that the
bypothesis that G should be compactly generated is necessary.

Let F = (a,b,h : a> =1 =10% ab=ba; h* =1; and ha = bh). Then F isan
eight element group such that [F, F| = {1,ab} = Z, which is the centre of F. Hence
F is a nilpotent group.
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Now let G be the set of all functions g : N — F such that g(n) € {1,a} for all
but finitely many values of n. Then G becomes a nilpotent group when equipped with
the coordinatewise product and the sets

U("’ag)z{fGG:f(m)=g(m)v mSn, f(m)e {laa’}’ m>n}

form a base of a locally compact, totally disconnected topology on G.

Let H be an open, normal subgroup of G. Then there is an integer n such that H
contains the open subgroup U, = {g € G: g(m) =1, m < n; g(m) € {1,a}, m > n}.
Since H is normal, it follows that for each m > n H contains a function g such that
g(m) = b. Hence H cannot be compact and so G contains no compact, open, normal

subgroup. 0
REFERENCES

[1] A.L. Carey and W. Moran, ‘Nilpotent groups with T; primitive ideal spaces’, Studia
Math. LXXXIII (1986), 19-24.

[2] D. van Dantzig, ‘Zur topologischen Algebra III. Brouwersche und Cantorsche Gruppen’,
Compositio Math. 3 (1936), 408-426.

(3] Y. Guivarc’h, M. Keane and B. Roynette, Marches aléatoires sur les groupes de lie,
Springer Lecture Notes 624 (Springer-Verlag, Berlin, Heidelberg, New York, 1977).

[4] E. Hewitt and K. A. Ross, Abstract harmonic analysis (Springer-Verlag, Berlin, Heidel-
berg, New York, 1963).

[5] D.Montgomery and L. Zippin, Topological transformation groups (Interscience, New York,
1955).

(6] G.A. Willis, ‘The structure of totally disconnected, locally compact groups’, Math. Ann.
300 (1994), 341-363.

Department of Mathematics
The University of Newcastle
Newcastle NSW 2308
Australia

https://doi.org/10.1017/50004972700030604 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700030604

