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ABSTRACT

Let W = C[t,t~1]0; be the Witt algebra of algebraic vector fields on C* and let Vir
be the Virasoro algebra, the unique nontrivial central extension of W. In this paper,
we study the Poisson ideal structure of the symmetric algebras of Vir and W, as well
as several related Lie algebras. We classify prime Poisson ideals and Poisson primitive
ideals of S(Vir) and S(W). In particular, we show that the only functions in W* which
vanish on a nontrivial Poisson ideal (that is, the only maximal ideals of S(W) with a
nontrivial Poisson core) are given by linear combinations of derivatives at a finite set
of points; we call such functions local. Given a local function xy € W*, we construct the
associated Poisson primitive ideal through computing the algebraic symplectic leaf of
X, which gives a notion of coadjoint orbit in our setting. As an application, we prove a
structure theorem for subalgebras of Vir of finite codimension and show, in particular,
that any such subalgebra of Vir contains the central element z, substantially generalising
a result of Ondrus and Wiesner on subalgebras of codimension one. As a consequence,
we deduce that S(Vir)/(z — {) is Poisson simple if and only if { # 0.
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1. Introduction

Let G be a connected algebraic group over C with Lie algebra g, and consider the coadjoint

action of G on g*. This is a beautiful classical topic, with profound connections to areas from

geometric representation theory to combinatorics to physics. Algebraic geometry tells us that

coadjoint orbits in g* correspond to G-invariant radical ideals in the symmetric algebra S(g).
These can also be defined using the Kostant-Kirillov Poisson bracket on S(g):

{f.9) = Zaf O leives),

where {¢;} is a basis of g. Recall that an 1deal I of S(g) is a Poisson ideal if I is also a Lie ideal
for the Poisson bracket. A basic fact is that I is G-invariant if and only if I is Poisson.

Thus, to compute the closure of the coadjoint orbit of x € g*, let m, be the kernel of the
evaluation morphism

evy : 5(g) — k,
and let P(x) be the Poisson core of m,: the maximal Poisson ideal contained in m,. By definition,

an ideal of the form P(x) is called a Poisson primitive; by a slight abuse of notation, we refer to
P(x) as the Poisson core of x. The closure of the coadjoint orbit of y is defined by P(x):

G x=V(P() ={veg"|ev(P(x)) =0}, (1.0.1)

and so x,v € g* are in the same G-orbit if and only if P(x) = P(v). In the case of algebraic Lie
algebras over C or R, coadjoint orbits are symplectic leaves for the respective Poisson structure.

In this paper, we investigate how this theory extends to the Witt algebra W = C[t,t~1]0; of
algebraic vector fields on C*, and to its central extension the Virasoro algebra Vir = C[t,t=1]0; ©
Cz, with Lie bracket given by

[f@t,gﬁt] (fg - f 9)81& + Reso(f/g” g,f//)«% z is central.

(We also consider some important Lie subalgebras of W.) These infinite-dimensional Lie alge-
bras, of fundamental importance in representation theory and in physics, have no adjoint group
[Lem97], but one can still study the Poisson cores of maximal ideals and, more generally, the
Poisson ideal structure of S(W) and S(Vir). Motivated by (1.0.1), we say that functions y,
v € Vir* or in W* are in the same pseudo-orbit if P(x) = P(v). These (coadjoint) pseudo-orbits
can be considered as algebraic symplectic leaves in Vir* or W*.
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Taking the previous discussion as our guide, we focus on prime Poisson ideals and Poisson
primitive ideals of S(Vir) and S(W). Important questions here, which for brevity we ask in the
introduction only for Vir, include the following.

(i) Given x € Vir*, can we compute the Poisson core P(x) and the pseudo-orbit of x7 When
is P(x) nontrivial?

(ii) How can we understand prime Poisson ideals of S(Vir)? Can we parameterise them in a
reasonable fashion, ideally in a way which gives us further information about the ideal?
How does one distinguish Poisson primitive ideals from other prime Poisson ideals?

(iii) It is known, see [LS08, Corollary 5.1], that S(Vir) satisfies the ascending chain condition
on prime Poisson ideals. The augmentation ideal of S(Vir), that is, the ideal generated by
Vir € S(Vir), is clearly a maximal Poisson ideal. What are the others? Conversely, does any
nontrivial prime Poisson ideal have finite height?

(iv) Do prime Poisson ideals induce any reasonable algebraic geometry on the uncountable-
dimensional vector space Vir*?

We answer all of these questions, almost completely working out the structure of the Poisson
spectra of S(Vir) and S(WW).

Let us begin by discussing the idea of algebraic geometry on Vir*. A priori, this seems
completely intractable as Vir* is an uncountable-dimensional affine space; little interesting can
be said about S(a) where a is a countable-dimensional abelian Lie algebra. However, Vir and
W are extremely noncommutative and so Poisson ideals in their symmetric algebras are very
large: in particular, by a result of Iyudu and the second author [[S20, Theorem 1.3], if I is a
nontrivial Poisson ideal of S(W) (respectively, a noncentrally generated Poisson ideal of S(Vir)),
then S(W)/I (respectively, S(Vir)/I) has polynomial growth. This suggests that we might hope
that a Poisson primitive ideal, and, more generally, a prime Poisson ideal, would correspond to
a finite-dimensional algebraic subvariety of Vir*, which we might be able to investigate using
tools from affine algebraic geometry. We show that this is indeed the case.

From the discussion, it is important to characterise which functions x € Vir* have nontrivial
Poisson cores. One striking result, proved in this paper, is that such y must vanish on the
central element z. Further, the induced function ¥ € W* is given by evaluating local behaviour
on a proper (that is, finite) subscheme of C*. We have the following result.

THEOREM 1.1 (Theorem 3.3.1). Let x € Vir*. The following are equivalent.

(1) The Poisson core of x is nontrivial: that is, P(x) 2 (z — x(2)).
(2) We have x(z) = 0 and the induced function Y € W* is a linear combination of functions of

the form
fOh = aof(x) + -+ + anf ™ (@),

where x € C* and «y, ..., qa, € C.
(3) The isotropy subalgebra VirX of x has finite codimension in Vir.

We call functions x € Vir* satisfying the equivalent conditions of Theorem 1.1 local functions
as by condition (2) they are defined by local data.

Motivated by condition (3) of Theorem 1.1, we investigate subalgebras of Vir of finite
codimension. We prove the following.

THEOREM 1.2 (Proposition 3.3.3). Let € C Vir be a subalgebra of finite codimension. Then
there is f € C[t,t~']\ {0} so that € D Cz + fC[t,t~!]0;. In particular, any finite codimension
subalgebra of Vir contains z.
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As an immediate corollary of Theorem 1.2, we show the following result.

COROLLARY 1.3 (Corollary 3.3.5). If 0 # ¢ € C, then S(Vir)/(z — () is Poisson simple: it has

no nontrivial Poisson ideals.

We then study the pseudo-orbits of local functions on Vir, W and related Lie algebras;
we describe our results for Vir in the introduction. If x € Vir* is local, then by combining
Theorem 1.1 and [IS20, Theorem 1.3], S(Vir)/P(x) has polynomial growth and we thus expect
the pseudo-orbit of x to be finite-dimensional. We show that pseudo-orbits of local functions in
Vir* are, in fact, orbits of a finite-dimensional solvable algebraic (Lie) group acting on an affine
variety which maps injectively to Vir*, and we describe these orbits explicitly (Section 4.2).
This allows us to completely determine the pseudo-orbit of an arbitrary local function in Vir*
(Theorem 4.3.1) and thus also determine the Poisson primitive ideals of S(Vir) (Remark 4.3.9).
We also classify maximal Poisson ideals in S(Vir) (Corollary 4.3.18): they are the augmentation
ideal, the ideals (z — () for ¢ € C*, and the defining ideals of all but one of the two-dimensional
pseudo-orbits.

Through this analysis, we obtain a nice combinatorial description of pseudo-orbits in W*:
pseudo-orbits of local functions on W and, thus, Poisson primitive ideals of S(W), correspond to
a choice of a partition A and a point in an open subvariety of a finite-dimensional affine space A*,
where k can be calculated from A. (See Remark 4.3.3.) In Theorem 5.2.8 and Remark 5.2.13, we
expand this correspondence to obtain a parameterisation of all prime Poisson ideals of S(W') and
S(Vir). We also study the related Lie algebra Ws_; = C[t]0;, and prove (Corollary 5.2.14) that
Poisson primitive and prime Poisson ideals of S(WW>_;) are induced by restriction from S(W).

Our understanding of prime Poisson ideals allows us to determine exactly which prime
Poisson ideals of S(Vir) obey the Poisson Dizmier—Moeglin equivalence (PDME), which gen-
eralises the characterisation of primitive ideals in enveloping algebras of finite-dimensional Lie
algebras due to Dixmier and Moeglin. The central question is when a Poisson primitive ideal of
S(Vir) is Poisson locally closed: that is, locally closed in the Zariski topology on Poisson primitive
ideals. (If dim g < oo, then a prime Poisson ideal of S(g) is Poisson primitive if and only if it is
Poisson locally closed [LL19, Theorem 2].) We show (Theorem 5.3.1) that (z) is the only Poisson
primitive ideal of S(Vir) which is not Poisson locally closed. We further prove (Corollary 5.4.2)
that S(TW') has no nonzero prime Poisson ideals of finite height.

One part of the proof of Theorem 1.2 is to show that, given a subalgebra € of finite codimen-
sion in W, there are a finite collection of points S (the ‘support’ of ) and n € Z> such that all
vector fields in ¥ vanish at all points of S and so that £ contains all vector fields vanishing to
order > n at every point of S. Based on this result, we classify subalgebras of Vir of codimension
< 3 in §6.

Our original motivation for studying Poisson ideals of S(Vir) was to study two-sided ideals in
the universal enveloping algebra U(Vir), and we turn to enveloping algebras in § 7. In the finite-
dimensional setting, Kirillov’s orbit method gives a correspondence between primitive ideals of
U(g) and coadjoint orbits in g*. We conjecture that a similar correspondence exists for Vir and
related Lie algebras, and in § 7.1 we show that pseudo-orbits of dimension two in Vir* quantise to
give a family of primitive ideals, kernels of well-known maps from U(Vir) through U(W) to the
localised Weyl algebra. We end the paper with some conjectures about (two-sided) ideals of
the universal enveloping algebra U(Vir) which are motivated by our work on S(Vir); these are
the subject of further research.

To end the introduction, let us briefly discuss the classical (continuous) version of the theory
of coadjoint orbits of the Virasoro algebra. If one considers the real Lie algebra of continuous
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vector fields on the circle and its central extension the real Virasoro algebra Virg, then the group
of diffeomorphisms of the circle acts on Virg and its continuous dual. There are, of course, notions
of coadjoint orbits in this context, see [Kir81, Wit88]. However, it happens that the corresponding
orbits do not define an interesting (Poisson) ideal in the symmetric algebra S(Virg); in fact, this
can be viewed as a somewhat informal result of our paper. Note that the local functions which
appear in Theorem 1.1 and which we study in this paper can be thought of as a product of a
point-based distribution with a vector field and, hence, are very far from being continuous.

2. Poisson ideals and pseudo-orbits

In this section, we recall the general notions of Poisson algebra, Poisson ideal and Poisson
primitive ideal. We then consider how these concepts behave for the symmetric algebras of
the infinite-dimensional Lie algebras in which we are interested.

Throughout, let k be an uncountable algebraically closed field of characteristic zero. Let us
define the Lie algebras of interest in this paper. The Witt algebra W = k[t,t~1]0 is the Lie algebra
of vector fields on k* :=k \ {0}; here 0 = 9, = d/dt. It is graded by setting deg¢”d = n — 1. Then
Ws_1 is the subalgebra k[t]0 of W and W1, sometimes called the positive Witt algebra, is the
subalgebra t?k[t]d; W stands for tk[t]0.

The Virasoro algebra Vir is isomorphic as a vector space to k[t,t~1]0 @ kz. It is endowed
with a Lie algebra structure by the formula

[fO+ c12,90 + c22] = (fg' — ['9)0 + Reso(f'g" — ["d)=.

(Here Resg(f) denotes the algebraic residue of f at 0, i.e. the coefficient of t~! in the Laurent
expansion of f at 0.) It is well-known that Vir is the unique nontrivial one-dimensional central
extension of W. There is a canonical Lie algebra homomorphism Vir — W given by factoring
out z.

Let V be a k-vector space. We use S(V) to denote the symmetric algebra of V; that is,
polynomial functions on V*. For x € V* we denote by ev, the induced homomorphism S(V') — k
defined by ev, (f) = f(x)-

Let g be one of the Lie algebras Vir, W, Wx_; or Wx;. Our assumption on the cardinality
of the field k means that the following extended Nullstellensatz applies to S(g); see [MRS87,
Corollary 9.1.8, Lemma 9.1.2].

THEOREM 2.0.1 (Extended Nullstellensatz). Let A be a commutative k-algebra such that
dimyg A < |k|. Then:

e A is a Jacobson ring: every radical ideal is an intersection of a family of maximal ideals;

e ifm C A is a maximal ideal, then the canonical map k — A/m is an isomorphism;

o if A=S(V) for a vector space V. with dimV < |k|, then the maximal ideals of A are all of
the form m, = ker ev, for some x € V*.

Let A be a commutative k-algebra. (Note that we make no noetherianity or finiteness assump-
tion on A.) Denote by MSpec A the set of maximal ideals of A, which we consider as a (potentially
infinite-dimensional) variety. We denote by m, the maximal ideal corresponding to a point
x € MSpecA. As usual, MSpec A is a topological space under the Zariski topology. Given an
ideal N of A, we denote the corresponding closed subset of MSpec A by

V(N) :={m e MSpec A|N C m}.
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Given X C MSpec A, we denote the corresponding radical ideal of A by

I(X) = (] m,.

zeX

As we have enlarged the class of varieties somewhat beyond the usual, we make the convention
that for us an algebraic variety is a classical variety: a (nonempty) integral separated scheme of
finite type over k, as in [Har77, p. 105]. If A, B are commutative k-algebras which are domains,
an algebraic map or morphism of varieties ¢ : MSpec A — MSpec B has the usual meaning: a
function so that the pullback ¢* defines an algebra homomorphism B — A.

Let {-,-}: Ax A— A be a skew-symmetric k-bilinear map. We say that (A4,{-,-}) is a
Poisson algebra if {-,-} satisfies the Leibniz rule on each input and the Jacobi identity. An
ideal I of A is Poisson if {I, A} C I. It is clear that the sum of all Poisson subideals of any ideal
I of A is the maximal Poisson ideal inside I; we denote this ideal by Core(I) and refer to it as
the Poisson core of I. Note that if I is radical, respectively prime, then Core(I) inherits this
property; see [PS20, Lemmata 2.6 and 2.8].

A Poisson ideal I is called Poisson primitive if I = Core(m) for a maximal ideal m of A;
Poisson primitive ideals are prime. We denote the set of Poisson primitive ideals of A by
PSpec,im A, and the set of prime Poisson ideals by PSpec A. Both are given the Zariski topology,
where the closed subsets are defined by Poisson ideals of A.

Consider a Lie algebra g with dimg < |k|. It is well-known that S(g) possesses a canonical
Poisson algebra structure, induced by defining {u,v} = [u,v] for any u,v € g. As dimg < |k|,
then by the Nullstellensatz MSpec(S(g)) can be canonically identified with g* :

X € g° < m, := kerev, € MSpec(S(g)).

Thus, any Poisson primitive ideal of S(g) is equal to Core(m,) for some x € g*. Set P(x) :=
Core(m, ). For any Lie algebra g, the ideal my = Core(mg) = P(0) (the augmentation ideal) is
the Poisson core of 0 € g* and so is Poisson primitive.

Even in the absence of an adjoint group to g, the Poisson primitives P(x) give analogues of
coadjoint orbits.

DEFINITION 2.0.2. Let g be any Lie algebra. The pseudo-orbit of x € g* is
O(x) :={v eg"| P(v) =P()}-

The dimension of O(x) is defined to be GKdimS(g)/P(x). (Here if R is a k-algebra, then
GKdim R denotes the Gelfand-Kirillov dimension of R; see [KL00].)

Remark 2.0.3. If g = LieG is the Lie algebra of a connected algebraic group and x € g*, then
O(x) is the coadjoint orbit of . In our setting, g is not the Lie algebra of any algebraic group.
However, we show that we can still define algebraic group actions on pieces of g* that allow us
to recover pseudo-orbits as actual orbits.

Part (b) of the next result is an analogue of (1.0.1) for pseudo-orbits.
LEMMA 2.0.4. Let g be a Lie algebra with dimg < |Kk|.

(a) Any radical Poisson ideal in S(g) is equal to an intersection of Poisson primitive ideals.
Explicitly, given a radical Poisson ideal I we have

I=({P()|x€g" evy(I) =0}
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(b) Assume now that dim g is countable and let x € g* be nonzero. Then

P(X) = ﬂ my.

ve0(x)

Proof. Part (a) is well-known, but we give a proof for completeness. As I is radical and Poisson,

I g m{P(X) | X € g*v eVX(I) = 0}7

and this is contained, by definition, in )
is equal to I.

For part (b), set R :=S(g)/P(x). Thanks to the proof of [L.S08, Theorem 6.3], which uses
only that g is countably generated (see also [BLLM17, Theorem 3.2]), there is a sequence of
nonzero Poisson ideals L1, Lo, ... of R such that if u € g* with P(p) strictly containing P(y),
then P(u)/ P(x) contains L; for at least one i.

This is equivalent to the following statement: there is a sequence f1, f2,... € R\ {0}
such that if P(u) strictly contains P(x) then f;(u) =0 for at least one i. Therefore, R’ =
(S(a)/ POO)Ifi Y, f2 1, .. ] is Poisson simple. On the other hand, R’ is clearly at most countable-
dimensional and, hence, (0) C R is an intersection of a family of maximal ideals of R’ by the
Nullstellensatz. The definition of R’ and f] guarantees that P(u) = P(x) for each p € g* defining
such an ideal. We thus obtain a family of maximal ideals of S(g) contained in the pseudo-orbit
of x whose intersection is P(x). This implies the desired result. O

xEg*, evy(I)=0 M- By the Nullstellensatz, this last part

2.1 Some results on pseudo-orbits
We now give several results which are well-known for finite-dimensional algebraic Lie algebras,
but require proof in our setting. Throughout this subsection, let g be a Lie algebra with dim
g < |k|.

For every x € g* define the skew-symmetric bilinear form B, (z,y) := x([z, y]). The kernel of
B, is a Lie subalgebra of g, which we denote by gX. Observe that gX is precisely {v € g|v - x = 0};
that is, g¥ is the isotropy subalgebra of x under the (coadjoint) action of g on g*. As B, induces
a nondegenerate skew-symmetric form on g/gX, we have rk B, = dim g/g*.

LEMMA 2.1.1. The dimension of O(x) is at least rk B,, i.e.
GKdim(S(g)/ P(x)) > rk By.

Before proving Lemma 2.1.1, we establish some notation, which we need for several results.

For wy,...,up, v1,...,0y € g set D(uy,...,up;v1,...,0,) € S(g) to be the determinant
[Ul,vl] T [Uhvn]
(2.1.2)
[U/n,’Ul] T [unavn}

Proof of Lemma 2.1.1. Pick r € Z>o such that r <tk B,. Then there is an r-dimensional
subspace V' of g so that rk(By|y)=r; that is, if w,...,u, is a basis of V, then
evy(D(ui,...,up,u1,...,u,)) # 0. We show that wui,...,u, are algebraically independent in
S(g)/ P(x); that is, that GKdim(S(g)/ P(x)) > r.

Assume to the contrary that the u; are not algebraically independent modulo P(x). This

means that there is some nonzero P € kluy, ..., u,] N P(x), and we may assume P is of minimal
degree among such elements. As P(y) is Poisson,
{ui, P} = {ui, u;}0; P € P(x), (2.1.3)
J

where 0;P = 0P/0u;.
939
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Let @ be the field of fractions of S(g)/ P(x) (recall that P(x) is prime). We may rewrite (2.1.3)
as the matrix equation

o P

I
=11

({ui )i
orP

P

over (). By minimality of deg P, the vector ( : > € Q" is nonzero. Thus, ({ui, u;})ij € My (Q)
orP

is singular, so D(uq,...,ur;u1,...,u,) € P(x) € m,. This contradicts the first paragraph of the
proof. O

It is not necessarily easy to calculate P(x), but we can sometimes use GK dimension to show
that a Poisson ideal contained in m, is, in fact, equal to P(x). This is given by the following
lemma.

LEMMA 2.1.4. Let g be a Lie algebra and A a commutative k-algebra that is a domain. Let
¢ :S(g) — A be an algebra homomorphism so that ker ¢ is Poisson. Let x € g* be such that

kero Cm, and rkB, > GKdim A. (2.1.5)
Then ker ¢ = P(x) and, thus, is Poisson primitive; further, rk B, = GKdim A = dim O().
Proof. Certainly ker ¢ C P(x). If the containment is strict, then as A is a domain,
GKdim(S(g)/ P(x)) < GKdim A < rk B,,
contradicting Lemma 2.1.1. The final equality is direct from Lemma 2.1.1. O
COROLLARY 2.1.6. If both x1, x2 satisfy (2.1.5) for the same ¢, then P(x1) = P(x2).

We use Lemma 2.1.4 and Corollary 2.1.6 to describe primitive ideals in S(g) and the corre-
sponding pseudo-orbits in g* explicitly. In the situation of Lemma 2.1.4, A may not necessarily
be a Poisson algebra. We abuse notation slightly, however, and say that if ker ¢ is a Poisson
ideal, then ¢ is a Poisson morphism. Further, given a morphism of varieties

¥ : MSpec(A) — MSpec(S(g)) = g",

we say that ¢ is Poisson if ¢¥* : S(g) — A is Poisson.

It is important to know under which conditions maps are Poisson and the answer is given
in Proposition 2.1.7. To explain the setup we need to use some concepts from (affine) algebraic
geometry. As mentioned, we, somewhat loosely, refer to infinite-dimensional vector spaces such
as g* as varieties, enlarging the class from standard usage. For any variety X and any point
€ X let T,X = (m;/m2)* denote the tangent space to X at x; this definition makes sense for
X = g* as well. Without further comment, we identify T;X with elements of m} which vanish
on m2. If there is a map v : X — Y between algebraic varieties X and Y, then, for all x € X,
there is an induced map ¢, : Ty X — Ty Y.

We canonically identify the tangent space to g* at x € g* with g*. For any derivation D of S(g)
and any x € g* we denote by D, the tangent vector defined by D at x; that is, D, (f) = x(Df)
for any f € m,. Now, g acts by derivations on S(g). For v € g and x € g* let u, be the tangent
vector defined by u at x. If v € g, then u, (v) = x([u,v]) and, thus, u, € Ty (g*) = g* is identified
with w - x. If u C g let u, = {u, |u € u}. Thus, g, = g-x = g/g¥ and 1k B, = dimg,.
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PROPOSITION 2.1.7. Let g be a Lie algebra with dimg < |k|. Let X be an affine variety and let
¢ : X — g be a morphism of varieties. Then ¢ is Poisson if and only if g4,y C 0. (T, X) for all
zeX.

Proposition 2.1.7 is a direct consequence of the following lemma.

LEMMA 2.1.8. Let g, X, ¢ be as in the statement of Proposition 2.1.7 and let D be a derivation
of S(g). Then ker ¢* is D-stable if and only if Dy(,) € ¢2(ToX) for all z € X.

Proof. Suppose that D,y € ¢.(T;X) for all z € X. Let f € ker ¢*. We show that ¢*(Df) = 0
or, equivalently, that Df € my, for allz € X. Fix x and let £ € T, X be such that Dy(,) = ¢ (£).
Then

(Df)(¢(x)) = £(¢7f) = £(0) = 0,

as needed.
Conversely, let x € X and let n, :=m, N ¢*(S(g)). If ker ¢* is D-stable, then D induces a
derivation D on ¢*(S(g)), defined by

D(¢"f) = ¢"(Df),

and, thus, defines an element D, € (n;/n2)*. Let £ € T, X be any extension of D, to m,/m2.
Then for f € my(,) we have

Dyy(f) = evy)(Df) = ¢*(Df)(x) = Dep* f = L f,
showing that Dy,) € ¢u(T2X). O

2.2 Some pseudo-orbits in W* and W;_l
This subsection is effectively an extended example, where we use the methods of the previous
subsection, particularly Lemma 2.1.4, to compute the Poisson cores of some particular functions
in W* and WZ_;. We show later (Proposition 4.3.14) that these give all of the prime Poisson
ideals of S(W) and S(Wx_1) of co-GK-dimension two.

Throughout the subsection fix z, o, v € k with  # 0 and o,y not both zero. Let x := Xz:a,y €
W* be defined by

for af(@)+vf'(x).
Further, given g € k[t,t!] let W(g) :=k[t,t~]g0 C W. Both sets of notation are generalised

and used more extensively in § 3.
We first compute the isotropy subalgebra of .

LEMMA 2.2.1. We have
WX = {W((t - x)Q) ¥ = 0’
{g0] g(x) = ag'(x) +v¢"(x) =0} ~#0.

Proof. Recall that x defines a bilinear form B, on W by By (v, w) = x([v,w]), and that WX =
ker B,. For all x, that is, for all choices of x, c, 7y, therefore, WX # W.
First assume that v = 0. If g0 € W((t — z)?), then

X([90, £0)) = a(g(x)f'(x) — f(2)g'(x)) =0,

so W((t—z)?) C WX. However, B, defines a nondegenerate bilinear form on W/WX, so
dim W/WX > 2 and, thus, W ((t — z)?) = WX.
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Now suppose v # 0. Let

V= {g e klt.t7"][ g(x) = x(¢'0) = 0},
which is a codimension-two subspace of k[t,t~!] and let g € V, f € k[t,t~!]. Then

x([f9,90)) = a(f(2)g'(x) — f'(z)g(x)) +v(f(2)g"(x) — ["(2)9(x)) = f(z)x(g'0) — g(z)x(f D),
which is zero by assumption on g. Thus, WX D V@ and, as before, the two must be equal. [

Note that in all cases WX D W ((t — z)3) and that if A # 0, then WX = WXazxaxy,

We now compute P(x). Let B = k[t,t!,y], and define a Poisson bracket on B induced from
defining {y,t} = 1.

Define p., : S(W) — B as the algebra homomorphism induced by defining

py(f0) = fy+~f" (2.2.2)
We verify

{p1(£0),p1(90)} = {fy +1f' 9y + 9"y =y(fg' = '9) +2(fg" = ["9) = p1((fd' = f'9)0).
Thus, p, respects Poisson brackets, so ker p, is a Poisson ideal of S(WW).

LEMMA 2.2.3. The Poisson core of x is equal to ker p., and, in particular, depends only on vy as
long as (a,7) # (0,0).

Proof. First, x(f0) = py(f0)|t=z,y=a, and it follows immediately that if we extend x to a homo-
morphism ev, : S(W) — k, it factors through p,. As a result, ev, (kerp,) = 0. As, in all cases,
WX has codimension 2 = GKdim(B) by Lemma 2.2.1, the result is a direct consequence of
Lemma 2.1.4. O

Remark 2.2.4. Let z,,7 € k with o, not both zero, and define v € WZ_; analogously to x:
that is, v(f0) = af(x) + v f'(x). One may similarly prove that P(v) = S(Wx_1) Nkerp, and, in
particular, that

P(xlw._,) = P(x) N S(W>-1).
We show in Proposition 4.3.6 that this is true for all elements of W*. Likewise, P(x|w.,) =
P(x) NS(W>1).

2.3 Pseudo-orbits versus orbits
We wish to relate the pseudo-orbits from §2.1 to orbits of an algebraic group acting on an
appropriate algebraic variety X. The next result gives us a general technique to do this.

PROPOSITION 2.3.1. Let g be a Lie algebra with dimg < |[k|. Let X be an irreducible affine
algebraic variety acted on by a connected algebraic group H with Lie algebra ) and let U C X
be an open affine subset. Fix a morphism of varieties ¢ : U — g*. Assume that for every © € U

we have gy(z) C ¢z (bz)-

(a) Forallx € U the pseudo-orbit of ¢(x) is contained in ¢(Hx N U), recalling that the topology
on g* is the Zariski topology.

(b) For x € U, let IY(Hz) be the defining ideal in k[U] of HxNU. Let x € U be such that
dim gg(,) = dim b,. Then P(¢(x)) is equal to the kernel of the induced homomorphism

S(g) — k[U]/1Y (Hz) = k[Hz N U], (2.3.2)
and
dim O(¢(z)) = GKdim S(g)/ P(¢(z)) = dim gy(s).- (2.3.3)
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In particular, if y € U is such that Hr = Hy and dim gy, = dimb,, then P(¢(r)) =
P(6(y)).

(c) Let x,y € U be such that dimgy,) = dimb, and dimgg,) = dimb,. Then P(¢(z)) =
P(¢(y)) if and only if there are open subsets U, C HxNU and U, C HyNU such that

O(Uz) = o(Uy).

Proof. (a) The kernel of (2.3.2) is Poisson by Proposition 2.1.7 and is contained in my(, by
definition. Thus, it is contained in P(¢(x)), which is what we need. Note also that this statement
is completely trivial if g is the Lie algebra of a finite-dimensional algebraic group.

(b) Let K be the kernel of (2.3.2). Then K is Poisson by part (a). We have

GKdim S(g)/K < dim Hz = dim b, = 1k By(,),
so K = P(¢(z)) by Lemma 2.1.4. Certainly
GKdim S(g)/ P(¢(z)) < GKdimk[U]/IY (Hz) = dim b, = dim g,

and the two are equal by Lemma 2.1.4. The final statement follows from Corollary 2.1.6.

(c) For any dense subset U, C Hx NU, by part (b) P(¢(z)) is equal to the kernel of the
induced map S(g) — k([U,|. This is determined by ¢(Uy,), so if ¢(U,) = ¢(Uy), then P(¢(z)) =
P(6(y).

Suppose now that P(¢(x)) = P(¢(y)). Consider the induced maps Hz — g*, Hy — g* and the
respective fibre product (Hz) x4+ (Hy). Note that (Hx) x g (Hy) is a closed subset of (Hz) x
(Hy) and, hence, the ideal defining (Hz) x g (Hy) is generated by a finite collection of elements.
This implies that there is a finite-dimensional subspace V' C g such that

(Hz) xg (Hy) = (Hz) <y~ (Hy).

As P(¢(x)) = P(¢(y)), the images of Hx and Hy in V* have the same closure in V*; call it Z.
The image of Hx in V* may not be open in Z, but it is constructible and, thus, contains an
open subset U(x) of Z. Likewise the image of Hy in V* contains an open subset U(y) of Z. We
pick U, to be the preimage of U(z) N U(y) in Hz and let U, be the preimage of U(x) N U(y) in
Hy; then they satisfy the desired property. ]

3. Primitive ideals and local functions

We now specialise to let g be one of W, W1, Wx_1 or Vir. The main goal of this section is to
determine which functions x € g* have nontrivial Poisson core P(y). We show that these x are
precisely those xy which measure the local behaviour of fO € g at a finite collection of points;
we call these functions local. (For example, the functions x € W* of §2.2 are local.) We provide
several equivalent characterisations of local functions and apply these to classify subalgebras of
g of finite codimension. As a consequence, we show that S(Vir)/(z — ¢) is Poisson simple for
¢ #0. -

More formally, consider g = W>_1. Let z,ap,...,0p € k with (ap,...,a,) # 0. Define a
linear function Xz:a,....an € WZ_; by

Xz:a0,...,00n fa = Oé(]f(l') + Otlf,($) —+ 4 Oznf(n)($) (3,0,1)

The same formula defines elements of W3, and W*, although in the last case we need to
require that = # 0.
We now formally define local functions.
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DEFINITION 3.0.2.

(a) A local function on Wx_1 or W is a sum of finitely many functions of the form (3.0.1)
with (possibly) distinct .

(b) A local function on W is a sum of finitely many functions of the form (3.0.1) with (possibly)
distinct x # 0.

(¢) A local function on Vir is the pullback of a local function on W via the canonical map
Vir — W.

A local function of the form (3.0.1) is called a one-point local function. Let X = Xz:a0,....an D€ @
one-point local function. We say that {z} is the support of x and that z is the base point of x.
If a, # 0, we say that n is the order of x.

Let x be an arbitrary local function. The support of x is the union of the supports of
the component one-point local functions. Further, the orders of the component one-point local
functions give rise to a partition A(). More explicitly, write x = x1 + - - - + X, where the y; are
one-point local functions based at distinct points. Let m; be the order of x;. By reordering the
x; if necessary, we may assume that mi > ms > --- > m,. The partition

)\(X) = (m1+1a'°'amT+1)

is called the order partition of x. (We add 1 here so that the partition (0) corresponds to the
zero function.) We call m; the order of x.

It follows from the Chinese remainder theorem that a local function is zero if and only if it
is zero pointwise and, thus, any local function x on W, Wx_1 or Vir has a unique presentation
as a sum of nonzero one-point local functions with distinct base points. This also shows that the
partition A(x) and the order of x are well-defined. For W it is easy to see that xo.1 = Xx0;0,1 = 0
and the presentation is unique under the assumption that the coefficients of f(0) and f’(0)
are zero.

Remark 3.0.3. Let g be Vir, W, Wx_1 or Wx;. Then g* and the subspace of local functions
are both uncountable-dimensional vector spaces; for local functions observe that any set of one-
point local functions with distinct base points is linearly independent. On the other hand, clearly
‘most’ elements of g* are not local. In fact, we show in Remark 5.2.3 that local functions are
parameterised by a countable union of algebraic varieties.

For a specific example of a nonlocal function, let ag, o, ... € k be algebraically independent
over Q, and define s € W3_, by #(t0) = .

As local functions are defined similarly for W, Wy, Wx_1 and Vir we sometimes discuss all
of them simultaneously. When we do so, we assume without comment whenever we talk about
a one-point local function on W or Vir that x # 0.

Pick x € W* or W%, or WX _,. In this section, we show that P(x) is nonzero if and only if
x is local and prove a similar statement for Vir*. The starting point here is the following result,
due in its strongest form to Iyudu and the second author.

THEOREM 3.0.4. Let g be W, Wx; or W>_ and let I be a nonzero Poisson ideal of S(g). Then
GKdim(S(g)/I) < oo.

In particular, if x € g* is such that (0) # P(x), then GKdim(S(g)/ P(x)) < oc.
Further, if x € Vir* is such that P(x) # (z — x(2)), then

GKdim(S(Vir)/ P(x)) < oo.
Proof. See [PS20, Theorem 1.4] for W, and [IS20, Theorem 1.3] for all other g. O
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Theorem 3.0.4 has the following extremely useful consequence.

COROLLARY 3.0.5. Let g be as before and let x € g*. If g=W, Wx_1 or Wy, assume that
P(x) # (0), and if g = Vir, assume that P(x) # (z — x(2)). Then dimg - x < oc.

Proof. Combine Theorem 3.0.4 and Lemma 2.1.1. O
We also recall the following result.

PROPOSITION 3.0.6. [LS08, Corollary 5.1] Let g be Vir, W, Wx_; or Wxy. Then S(g) satisties
the ascending chain condition on radical Poisson ideals and every Poisson ideal has finitely many
minimal primes above it, each of which is Poisson.

It is not known for any of these Lie algebras whether S(g) satisfies the ascending chain
condition on arbitrary Poisson ideals.

Although we use similar notation for W _1, W1, W and Vir, the details are slightly different,
so we analyse local functions in each of these cases separately.

3.1 Local functions on W>_; and W3,
In this subsection we set g = W>_; = k|[t]0. It is useful to consider Lie subalgebras of W>_; of a
particular form. For any f € k[z] \ {0} denote by W>_1(f) the space of vector fields of the form

1910} gex(a)-

In other words, Wx_1(f) = fWx_1 under the obvious notation. It is clear that Wx_;(f) is a Lie
subalgebra of Wx_; = W>_;(1).

We give five equivalent conditions for local functions. Similar conditions will hold for the
other Lie algebras we consider, see Theorems 3.2.1 and 3.3.1.

THEOREM 3.1.1. Let f ek[t]\ {0} and x € W>_1(f)*. Then the following conditions are
equivalent:

Remark 3.1.2. Fix a basis {ft'd|i > —1} of Wx_1(f) and consider a local function y €
Ws_1(f)*. Then x can be identified with a sequence

Xo = x(f0), x1 = x(f19), x2 = x(ft?0), x3 = x(ft*D), ... € k. (3.1.3)
Condition (3) can be restated as follows:
anXmtn + -+ aoxm =0

for all m > 0, where h = a,t" + - - - + ag. Therefore, local functions on Ws_;(f) can be identified
with sequences (3.1.3) obeying a linear recurrence relation. This shows, in particular, that the
function s¢ defined in Remark 3.0.3 is not local.

Part of the proof of Theorem 3.1.1 is a general technique that can allow us to show that
Poisson cores of elements of g* are nontrivial for any Lie algebra g.
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LEMMA 3.1.4. Let g be an arbitrary Lie algebra and let n € Zxo. There is a Poisson ideal I(n)
with the property that

I(n) Cm, <= dimg-x<n (3.1.5)
for any x € g*.

Proof. Recall the determinant D(ui,...,un;v1,...,0,) from (2.1.2), and note that dimg-
x < n— 1ifand only if for all uy,...,up,v1,...,v, € g, (2.1.2) evaluated at x is degenerate, i.e.

evy(D(ur,u2, ..., Uy v1,02,...,0,)) = 0.

Let I(n) be the ideal generated by the D(u1,us, ..., Unt1;01,02,...,05+1) for all possible
tuples

ULy vryUnt1,V1y---,Untr1 € 8.
By the previous paragraph,
I(n) Cm, <= dimg-x < n.

Let w € g. It is easy to check that

{D(uy,ug,...;v1,0v2,...),w}
= D([u1, w], ug,ug, ...;v1,v2,...) + D(u1, [ug, w],us, ...;v1,v9,...) + -
+ D(uy,ug,...; v, w],ve,vs,...) + D(ui,ug,...;v1, [ve,w],vs,...) + -+ € I(n).
It follows that I(n) is Poisson. O

Proof of Theorem 3.1.1. That (0) <= (3) is a straightforward application of the Chinese
remainder theorem. It is clear that (2) = (4); Corollary 3.0.5 gives that (1) = (2). We show
that (4) = (3) = (2) = (1). This will complete the proof.

We first show that condition (4) implies condition (3). Let hf0 € Wx_1(f)X \ {0} with h €
k[t]. Then

0 = x([hfd, hfrd]) = x(h*f*'9) (3.1.6)

for all 7 € k[t]. This is equivalent to x|y, ,(n22) = 0 as needed.
Next, we show that condition (3) implies condition (2). Let h satisfy condition (3). As

(Ws_1(f2h%), W 1] € Wx i (fh),

we have Ws_1(h%f?) C Wx_1(f)X and, thus, dim W (f)/W (f)X < co as needed.

Finally we show that condition (2) implies condition (1). Suppose that x € Wx_;(f) satisfies
condition (2). Let n =dim Ws_1(f)/W>_1(f)X =dimW>_1(f) - x and let I(n) be the ideal
defined in Lemma 3.1.4. By that lemma, I(n) is Poisson and I(n) C m,, so I(n) C P(x).

Therefore, if I(n) # 0, then P () # 0. To show that I(n) # 0 it suffices to find w € W>_1(f)*
with dim Wx_1(f) - w > n. In fact, we find w € WZ_; with

dimW>_1(f) - w = o0.

Indeed, as (2) = (3), if dim W>_;(f) - w < oo, then w can be represented by a linearly recurrent
sequence by Remark 3.1.2. On the other hand, the sequence 1, %, %, ... is clearly not linearly
recurrent. O
Remark 3.1.7. Similarly to Remarks 3.0.3 and 5.2.3, we should expect that ‘most’ sequences are
not linearly recurrent and that the linearly recurrent sequences are parameterised by a countable

union of affine varieties, although we do not formalise these notions here.
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Note that Ws_1(t?) = Wx; and that W>_1(t) is equal to the nonnegative Witt algebra Wxq.
Therefore, Theorem 3.1.1 gives a complete characterisation of local functions on W1 and Wxg.

3.2 Local functions on W and applications
In this subsection we set g = k[t,¢~1]0 and define W (f) similarly to Wx1(f). A partial analogue
of Theorem 3.1.1 holds for W.

THEOREM 3.2.1. For any fek[t]\{0} and x € W(f)* the following conditions are
equivalent:

(1) x is the restriction of a local function on W;

(2) P(x) # (0);
(3) dim W (f)/W(f)X < oo;
(4) there exists h € k[z] such that x|y fn) = 0.

Remark 3.2.2. The reason that Theorem 3.2.1 differs slightly from Theorem 3.1.1 is that the
function Resy(-) € W* satisfies condition (4) of Theorem 3.1.1 but does not satisfy the other
conditions (0), (1), (2), and (3).

Before proving Theorem 3.2.1 we give two lemmata on functions defined by residues. Denote
by k((t)) the field of formal Laurent power series in t. Fix f € k((¢)) and consider the map

(a,b) — (a,b)f := Reso(f(ab’ — a'b)), (3.2.3)
which defines a skew-symmetric bilinear form on k((¢)).

LEMMA 3.2.4. The kernel of (a,b)s is one-dimensional if f is a perfect square in k((t)) and is
trivial otherwise. In the first case, the kernel is generated by 1/+/f.

Proof. Let a be in the kernel of (-,-). Then
Reso(far') = Reso(f(a(ar) —d'(ar))) = (a,ar)f =0 (3.2.5)

for all 7 € k((¢)). This implies that fa? is constant. Thus, f is a perfect square in k((t)) and
a is proportional to 1/y/f. Equation (3.2.5) also gives that if f is a perfect square, then 1/y/f
belongs to the kernel of (-,-)¢. O

The second lemma proves part of (a more general version of) Remark 3.2.2.

LEMMA 3.2.6. Let g € k[t,t~!]\ {0} and define w € W (g?)* by

w = Res -,
0(92>

Then dim W (g?) - w = co.
Proof. For a,b € k[t,t] we have
B, (g%ad, g*bd) = Reso(g?(ab/ — a'b)).
Suppose that a € k - 1/g. Then by Lemma 3.2.4 there is a formal Laurent series b so that
(a, B)gg = Reso(g%(ab' — a'b)) # 0.

However, the computation of Resg(g? (alA)’ — a’l;)) needs only finitely many terms in the Laurent
expansion of b and so we may replace b by b € k[t,t~!] so that Resg(g?(ab’ — a’b)) # 0. Thus
ag?d ¢ ker B,, = W(g?)®. This means that W (g?)* C k - g9 and dim W (g?) - w = oo. O
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Proof of Theorem 3.2.1. The proofs of (0) <= (3), (1) = (2) and (3) = (2) = (1) are very sim-
ilar to the corresponding steps of the proof of Theorem 3.1.1. The only part which is significantly
different is (2) = (3).

Pick y satisfying condition (2) and h € W (f)X\ {0}. Then (3.1.6) holds for all r € k¢, t™1].
Unfortunately, this is not enough to show that x vanishes on W (h2f?), as the map r + 7’ is not
surjective on k[t, ¢~ 1].

Consider x|y (r2p2): we have

f2h2

X(f2h*pd) = X< 3) Reso(p)

for all p €k[t,t™']. Suppose that x((f?h?/t)0) # 0. Then dim W (f>h?)- x|y (s2p2) = 00 by
Lemma 3.2.6. Thus, dim W (h?f?) - x = oo, as dim W (f)/W (f?h?) < co. This contradicts our
assumption that x satisfies condition (2) and so x((f2h?/t)d) = 0, i.e. x|w (s2n2) = 0. O

To end the subsection, we apply Theorem 3.2.1 to obtain a structure result on finite
codimension subalgebras of W. For a polynomial f € k[t,t~!] set

vad(f) = [J{(t - @) |z € ¥, f(2) = O}.
PropPoOSITION 3.2.7. Let £ be a subalgebra of W of finite codimension. Then:

(a) there exists f € k[t,t™1] so that W (rad(f)) D &€ D W(f);
(b) we can choose f satisfying (a) so that f € k[t], f is monic and f(0) # 0;
(c) if we assume that f is of minimal degree then such a choice of f is unique.

Proof. The inclusion £ C W induces the dual map W* — €*. We identify (W/€)* with the kernel
of this map; that is, with elements of W* which vanish on £, so ¢ is the set of common zeros
of (W/&)* C W=. Let x1,...,xs be a basis of (W/€)*. Fix i € {1,...,s}; by definition, we have
B,,(€,€) =0, so ¢ is an isotropic subspace of W with respect to By,. Hence, the rank of By, is
at most 2dim(IW/€) and, thus, is finite. By Theorem 3.2.1, x; is local.

Theorem 3.2.1 implies that for all i there is h; € k[t,t71] \ {0} with x;(W (h;)) = 0. Therefore
W (hy - - - hs) is annihilated by all x; and therefore W (hy - - - hg) C £ as desired.

Let f € k[t,t~1]\ {0} with &€ D W (f); we may assume without loss of generality that f € k[t],
f is monic and f(0) # 0 as W (f) corresponds to an ideal of k[t,#~!]. Suppose, in addition, that
f has minimal degree among all such polynomials with ¢ O W (f). Thus, if ¢ O W (h), then by
the Euclidean algorithm f|h. This justifies uniqueness of f.

Write f =[], (t — 2;)* with the z; # 0 distinct and a; > 0; set h:=rad(f) = (t —x1)- -
(t — x,). It is clear that h | f | A™2x(@), Let kO € €. We wish to show that h | k. Indeed, for all r €
k[t,t~1] the element [kO, frd] = (k(fr' + f'r) — frk’)0 is in €. As € D W (f), thus kf'r € € for
all € k[t,t71]. Thus, € D W(kf') and so f| f'k. This forces k to vanish at all roots of f, which
is equivalent to h | k. O

3.3 Local functions on Vir
In this subsection we set g = Vir.

The natural map Vir — W extends to the morphism S(Vir) — S(W); the kernel is the
Poisson ideal (z) of S(Vir). The main goal of the subsection is to prove the following analogue
of Theorem 3.2.1 for Vir.
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THEOREM 3.3.1. For x € Vir* we have
P(x) # (z —x(z)) <= xislocal <=  dimVir/VirX < oo.
In particular, if P(x) # (z — x(2)), then x(z) = 0.

Remark 3.3.2. It follows from Theorems 3.2.1 and 3.3.1 that x € Vir* is local if and only if there
is some f € k[t,t!] such that y vanishes on W (f) +k -z C Vir.

Before proving Theorem 3.3.1, we consider arbitrary subalgebras of Vir of finite codimension
and show they are strongly constrained.

PROPOSITION 3.3.3. If ¢ is a subalgebra of Vir of finite codimension, then z € [¢,¢]. Thus,
dim Vir /€ < oo if and only if & contains some W (f) +k - z, where f € k[t,t~']\ {0}.

This result generalises [OW18, Proposition 2.3|, which considered subalgebras of Vir of codi-
mension one. We also note that [OW18] refers to subalgebras of Vir of the form W (f) + k- z as
polynomial subalgebras.

Proof of Proposition 5.3.3. Let £ be the image of £ in W. By Proposition 3.2.7 there is some
f €k[t,t71\ {0} so that € D W(f). Thus, for all p € Z, there is (, € k so that the element
vp = ftPO + (pz
is in €. Therefore, [£, €] contains the elements
1
H[vl,, vy = AP0 4 Reso(tPTI 3262 (f)2 + ff't(p+q— 1) — E2f " + f*pg))z (3.3.4)
for all p,q € Z. Fix d = p + q and consider p = d — ¢ as a function of ¢. The only part of (3.3.4)
that varies with ¢ is ¢(d — q) Reso(t?3f?).
If Reso(t4=3 £2) is not zero, then
Do ]~ 75|
d_2q1 Ud_‘h?v(h d—2q2
is a nonzero scalar multiple of z for almost all ¢, g2. If z & [€, €], we therefore have Resg(t?f?) = 0
for all d € Z. This implies that f? = 0, contradicting our assumption on f.
The final sentence is an immediate consequence of Proposition 3.2.7. O

vd—qu%] = (QI - QQ)(d —q1 — Q2) ReSO(td_ng)z

Proof of Theorem 3.3.1. Let x € Vir*. If x is local, then by definition y descends to a local
function X on Vir/(z) = W. By Theorem 3.2.1, P(x) 2 (z) and dim Vir/VirX = dim W/WX < cc.
If dim Vir/VirX < oo, then by Proposition 3.3.3, z € [VirX, VirX] and so x(z) = 0, as x van-
ishes, by definition, on [VirX, VirX]. We may, thus, factor out z and apply Theorem 3.2.1 again
to conclude that x is local.
Finally, suppose that P(x)# (z—x(z)). Then by Corollary 3.0.5 dimVir.-yx=
dim Vir /Virx < co. O

As an immediate corollary of Theorem 3.3.1, we obtain a powerful result on Poisson ideals
of S(Vir).
COROLLARY 3.3.5. If ( € k*, then S(Vir)/(z — () is Poisson simple, i.e. contains no nontrivial
Poisson ideals.

Proof. Let ¢ € k. If S(Vir)/(z — ) is not Poisson simple, then (z — () is strictly contained in some
proper Poisson ideal J of S(Vir). By the Nullstellensatz there is some x € Vir* with J C m,;
thus, x(z) = ¢ as z — ¢ € m,. Further P(x) 2 J 2 (2 — () and so by Theorem 3.3.1 we have
¢=0. O
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We thus show that almost all prime Poisson ideals of S(Vir) contain z.

COROLLARY 3.3.6. Let Q be a prime Poisson ideal of S(Vir). Then either:

(i) @=(0);
(ii) @ = (z — () for some ¢ € k*;
(i) @2 (2).

Proof. By Corollary 3.3.5 and primeness of @, it suffices to prove that if @ # (0), then @ contains
a nonzero element of k[z]. Let h € @ \ {0}; using primeness of Q we may assume that h is not
a multiple of any element of k[z| \ k. Let x € Vir* so that @ C m,. As h € P(x), we see that
P(x) # (2 — x(2)). By Theorem 3.3.1 P(x) 2 (z). Thus, applying Lemma 2.0.4(a),

Q=[NP | evy(Q) =0} 2 (2). O
Given Corollary 3.3.5 it is natural to conjecture as follows.
CONJECTURE 3.3.7. If ¢ # 0, then U(Vir)/(z — () is simple.

However, we as yet have no proof of Conjecture 3.3.7. Note that the obvious strategy of proof
by taking the associated graded of an ideal (z — ¢) & J <« U(Vir) does not work, because in this
case grJ > z and Corollary 3.3.5 is not directly relevant.

4. Pseudo-orbits and Poisson primitive ideals for the algebras of interest

Let g be one of Vir, W, Wx_1 or Wx. In this section, we describe the pseudo-orbits for
g, using the results on local functions from the previous section and the general strategy of
Proposition 2.3.1, and derive some consequences for the Poisson primitive spectrum of S(g).

We begin by describing the pseudo-orbits of non-local functions, where the results of §3
quickly give the answer.

PropoOSITION 4.0.1. Forg =W, Wx_y or W1, the nonlocal functions in g* form a pseudo-orbit.
If g = Vir, then for any ¢ € k the nonlocal functions x with x(z) = ¢ form a pseudo-orbit.

Proof. This is immediate from Theorems 3.1.1 (g = Wx_; or W), 3.2.1 (g=W) or 3.3.1
(g = Vir). By those results, if g=W, Wx_; or W, then x € g* is not local if and only if
P(x) = 0; and if g = Vir, then x is not local if and only if P(x) = (¢ — x(z)). O

We may thus restrict to considering pseudo-orbits of local functions. By Proposition 4.0.1 if
X € g" is local and w € O(x), then w is also local. As, by definition, local functions on Vir vanish
on z, the pseudo-orbits for W directly determine those for Vir.

Thus, for the rest of the section we let g be W, Wx_1 or Wx1. In §4.1 we introduce a
finite-dimensional action which determines the pseudo-orbits of one-point local functions on g,
in §4.2 we describe the orbits of this action explicitly and in §4.3 we use this action to describe
pseudo-orbits of arbitrary local functions.

4.1 An algebraic group acting on local functions
Set g to be W, W5 _4, or Wx1. We fix notation for the subsection.

DEFINITION 4.1.1. For z €k, n € Zxg, let Locf” denote the subspace of g* consisting of
one-point local functions based at z and of order <n. Let Loc, =, LocS™.

950

https://doi.org/10.1112/S0010437X23007030 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007030

POISSON PRIMES IN THE SYMMETRIC ALGEBRA OF THE VIRASORO ALGEBRA

Define Loc§” = Uyexx LocS™ if g =W, and Loc§" = Uyex LocS™ if g = Ws_1 or W>1. Let

k> x kntl

g=W
—<n 11
Locy = qk x k" g=W>_
kx k"t g=Ws.

<n
g

Proposition 5.1.1). If g = W, W>_1, then 7r§" is an isomorphism away from y = 0. If g = Wy it
is an isomorphism away from x = 0 and x = 0, due to the fact that xo.5,,3, = 0 for all 8o, 31 € k

——< .. ..
For all g there is a canonical map ngn : Locgn — Loc (this is, in fact, birational, cf.

. . gn X Ngn * . gn
in this case. Formally, we let ¢g" : Loc; — g* be the composition of 74

—<n
Loc§” C g*. There is an induced pullback morphism ((;5§")* :S(g) — k[Loc, .

with the inclusion

If x is a local function on g and v € g, then v -  is local and, in fact, the coadjoint action of g
preserves Loc, for all x. We now study the action of g on Loc,, and relate it to a finite-dimensional
action using Proposition 2.3.1.

We begin by defining a group action. Fix z € k (if g = W we assume that 2 # 0). Let £ :=
t — x. Clearly, (3.0.1) makes sense for every formal power series f0 € k[[f]|0, and so LocS" also
gives elements of (k[[f]]0)*. For every s € k[[f]] with s(z) = x we introduce a local change of
coordinates endomorphism End;_(-) of k[[t]] through the formula ¢ — s. Note that End;_ is
invertible if s'(x) # 0. Let DLoc,, the group of formal local diffeomorphisms at x, denote the
group of all End;s with s(z) =z and s'(z) #0. The group DLoc, has a subgroup of
transformations of the form ¢t — (t + (1 — {)z, for { € k*; we also write this transformation as
t — (t and let Dil, denote the group of such transformations, which we term dilations at x.

Pick s € k[[f]] with s(z) = x and s'(x) # 0. We extend End;_.s to an automorphism of k[[¢]]0
via the formulae

Lios, i éa (= d,). (4.1.2)

This gives actions of DLoc, on k[[]]d and on (k[[f]]0)*. We may consider LocS™ as a subset of
(k[[£]]0)*, and this subset is preserved by the DLoc,-action.

Denote by DLocS™ the image of DLoc, in the group Aut(LocS") of linear automorphisms of
Locf”. Although DLoc, is infinite-dimensional, its image in Aut(Locf”) is a finite-dimensional
solvable algebraic group. Let us consider the action of the corresponding (finite-dimensional) Lie
algebra, which we denote by lief”.

LEMMA 4.1.3. Identify lieS" with the tangent space to DLocS" at the identity. Let s € k|[[t]]
with s(z) =0 and denote by & the tangent direction at the identity defined by the line h —
End; s ps(-) for h € k. The action of DLocS"™ derives to an action of £ on LocS". Then:

(a) lieS" consists of vectors of the form &, with s(x) = 0;
(b) & - x =80 x for all x € Loc,.

Proof. Part (a) is clear from the definition of DLocS™. For part (b), as the action of & on Loc,

is induced by the action (4.1.2) on k[[¢]]0, it is enough to check that & - f0 = [s0, f0] for
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all f0 € g. However,

§s- fO=(& - [)O+ f(&-0)
= (Onf(t+ hs))|n=00 + f(On(Endi—iyns 0))|n=0

~ e+ nheao+ £ (o 15550) )
= f's0 — fs'0 = [s0, fO),

h=0

as needed. O
We now let g = W>_. For all x, n, the coadjoint action of W _;(t — x) preserves Locs", and

Lemma 4.1.3 shows that
Ws_1(t — ) - x = lieS" -y (4.1.4)

for x € LocS™. For z € k define

Shiftz (Xx;ao,ozl,...) = Xa+z;00,01,.0.

The set {Shift,|z € k} forms a one-dimensional algebraic group, which we denote by Shifts;
clearly Shifts = k™. Deriving the action of Shifts on Locyy,, _, and on LOCI§VZ,17 we have

ahShiﬁh (Xx;ao,.v-,an (f@))\h:()
= Oh(aof(x+h)+arf (x+h)+- 4 anf™(x+ h)|ro

= aof' (@) + - 4 anfO (@) = (0 Xaap...on ) (fO) (4.1.5)

and, thus, we may without ambiguity identify the Lie algebra of Shifts with k - .
For all x,z € k, Shift, gives a continuous homomorphism k[t — z|] — k[[t — 2 — 2]] and,
hence, induces an isomorphism
Shift, : DLocS™ — DLocS,.
In particular, we can take x = 1, and then for g = W>_1 and for all n the action map Shifts x

——<n

Locf” — Locﬁfi s clearly bijective. This allows us to introduce the action of DLoc :=
Shifts x DLocY" and DLoc := Shifts x DLoc; on

<n ~ <n
Locy,_ | =k x Loc,

— — < —<n :
componentwise. Note that DLoc and DLoc " also act on L00W7;1 in such a way that Wv<v2_1 is
equivariant. g

Let lie~" denote the Lie algebra of DLoc " From Lemma 4.1.3 we have the following result.
LEMMA 4.1.6. Let g=W, Wx_1 or Wy and fix z, n and x € LocS™ (recall that x # 0 if
g=W).
(a) If g=Wsx_y, then

g-x =lies" x +kd, - x.
~<n <
(b) Ifg=Wx_1, then g- x =lie " - x for all x € Locg".
(c) If z # 0, then we can identify LocS"™ for W, Ws_1 and Ws;. If g=W or g = W1, under
this identification we have g - x = Wx_1 - x.

(d) Ifg=Wyx1 andx =0, then g- x = lieS™ .
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Proof. Parts (a), (b) and (d) are straightforward from the previous discussion. For part (c) note
that the image of f0 in LocS"™ depends only on the Taylor series expansion of f around x up to
degree n + 1, which is not affected by the behaviour of f at 0. g

It is useful to have a more detailed description of DLoc, and DLocf". The main point here is
that DLocf” is a connected solvable algebraic group which has a filtration by normal subgroups
with one-dimensional quotients.

Pick k > 2. Let z € k (or x € kX if g = W), and recall that ¢ denotes ¢ — x. Elements of the
form

End; g ey, b€ K],

constitute a subgroup of DLoc, and we denote this subgroup by DLOCI;J'_. We use the notation
DLocS™** for the image of DLock™ in DLocS™. The following lemma is straightforward.

LEMMA 4.1.7. Let x €k and let g =W, W1 or W»_1 withx #0 for g = W.

(a) The group DLoc>tS" is the unipotent radical of DLocS" and Dil, is a maximal reductive
subgroup of DLocf”. In particular, the natural map

Dil, — DLocS"/DLoc% ™S

is an isomorphism.
(b) The group DLock*'S"/ DLock+ 1S is either isomorphic to k or {0} if 2 < k < n. Moreover,
the natural map

k — DLoci™S"/ DLock 1+ sn

induced by sending h — End;_; ;7. (-) is surjective.
(c) The group DLock*S™ is trivial for k > n.

4.2 Explicit description of DLoci"-orbits
We now compute the DLoc;-orbits of one-point local functions; in the next subsection we see
that this allows us to compute the pseudo-orbit of an arbitrary local function. If g = W>_1, then
the action of DLoc, is clearly homogeneous in x for all z € k, and similarly for W for x #£ 0. If
x =0 and g = Wy, the story is a bit more delicate.

Let g be Wx_1, W or W1 and let z € k. If g =W or W>_;, we additionally assume that

x # 0. For i € Zs we set e;(z) = (t — )"0 and define e;(x)* by the formula
fi—&-l(x)
0
fo= G
so that e;(x)*(e;(z)) = d;j. (We view the e;(z)* as elements either of (k[[t — x]]0)* or g*, depend-
ing on context.) The main goal of this subsection is to prove the following theorem, and to
consider its consequences.

THEOREM 4.2.1. Assumeg = Wx_1, W or Wy, and let x € k. If g = W or W5, we additionally
assume that x # 0. Fix n, o, ...,B, with B, # 0 and set x = Xz:3,,...8.- Let e; :=e;(v) and
ef = ei(x)* for all i € Zxy.

(a) Ifn is even, then DLocS™x = DLocS"e’ _, and dim DLocS"x = n + 1.
(b) If n is odd and n > 1, then there is 3 such that DLocS"x = DLocS"(e}_, + Be}) where
k = (n —1)/2. We have dim DLocS"y = n.

(b") If n =1, then DLOC§nX = DLocS"(B1ef) and dim DLocS™y = 1.
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(c) Pick 31,52 € k and k € Z>1. Then DLocS" (e}, + Bie}) = DLocS™ (€5, + Bae}) if and only if

P = £0s.
(¢)) Pick (1,2 € k. Then DLocS' (B1ef) = DLocS!(Bae) if and only if 31 = fBa.

Proof. The proof is the same for any base point; to reduce notation we give the proof for g =
Wx_1 and z = 0.
First we compute the dimensions of the corresponding orbits. Note that

dim DLoc§nx = dim lieogn x = dim Wxg - x,

see (4.1.4). Moreover, (4.1.5) implies that W>_1 - x € Locogn. Thus, dim Wx_1 - x = dim Wy -
X + 1. Further dim W _1 - x = rk B,. The rank of this form can be evaluated explicitly. Indeed,

(leires)) = 4 ifitj>n—1,
Xogonlene]) =4 o
P (=)@ +i+ D) B ifi+ji<n—1

From this formula it is clear that By (e;,e;) =0if i > n+ 1 or j > n + 1. Thus, the rank of this
form can be evaluated on the first (n 4 2) x (n + 2) entries corresponding to —1 < 4, j < n. This
block is skew-upper-triangular. If n is even, then all values on the skew-diagonal line are nonzero
(because 3, # 0); hence, the rank is n + 2 in this case. If n is odd, then this skew-diagonal line
contains zero only in the position corresponding to i = j = (n — 1)/2; hence the rank is n 4+ 1 in
this case. This provides the desired dimensions.
The idea of the rest of the proof is to use the subnormal series in Lemma 4.1.7 to reduce the
number of coefficients which we have to consider step by step.
Let i € Zxg. For j > 1 we have
(t + atit1)itl } o .
Endt_,t+atj+1 (el) = ma = (tz+1 + Oé(Z — ])tz+‘7+1 + hlgher)a
= e; + a(i — j)ei4; + higher.
Thus,
Endy ;1 qp+1(ef) = ef + a(i —2j)e;_; + a linear combination of eZ;_,. (4.2.2)

Likewise
End;_¢i(e}) = (el (4.2.3)

We apply these transformations to

X0;80,....0n = Poe’q + -+ Bn(nl)e, 4, (4.2.4)

noting that the coefficient of € _; in (4.2.4) is nonzero.

By applying End, ;2 with appropriate a; we may cancel the coefficient of ey ,, using
(4.2.2). This does not affect the coefficient of e}, ;. Then by applying the appropriate End; ;4,3
we can cancel the coefficient of e}, 5 without changing the coefficient of e;,_, or e}, ;. Repeating,
we may cancel the coefficients of all e | , with 1 <k < n, unless k = (n —1)/2.

Thus, in cases (a) or (b’) we obtain that w = fpef | € DLoc§”(X). In case (b) we obtain
some

w = €l 1yja + Bueiy € DLoc" ().

Now applying (4.2.3) to w we may rescale the coefficient of e’ _; by any ("1, so if n # 1 we
may set the coefficient of e _; to be 1. This proves the rest of the cases (a), (b) and (b').
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We now prove case (¢). It follows from (4.2.2) that applying any nontrivial element of the
unipotent radical of DLocO<1 to e will give a nonzero e* ; term. Thus, we must simply consider
acting by Dily, and rescaling as in (4.2.3) does not affect the coefficient of ef.

Finally, we prove case (c). Formula (4.2.3) implies that if 51 = +35, then

DLocS" (3 + Bie}) = DLoc™ (el + Bael).

Pick 1,62 €k and set x1 = el + Bief, x2 = €5, + Paej. Assume that DLoc§"(X1) =
DLOC§”(X2), so there exists s € k[[t]] with End;—s(x1) = x2, $(0) = 0 and s'(0) # 0.
If

s = s'(0)t, (4.2.5)
then the statement of case (c) is straightforward. Assume to the contrary that s # s'(0)¢. Then
s(t) # §'(0)t mod t?

for some d, and we choose d to be minimal.

If d > 2k + 2, then linear operators End;—,s and End;_(g); coincide after the restriction to

Loc§n, i.e. we can replace s by s'(0)¢, which is case (4.2.5).
If d <2k + 1, then
(d)
s=s(0)t+ i d'(o) 7 mod 4!
with s(4(0) # 0; set v = §'(0), 7 = s(D(0)/d!. Further (4.2.2) and (4.2.3) imply

End; .s(x1) = 7oy + 7271 (2k — 2d)egp—g mod Loc§2k_d.

This cannot give x2 unless d = k.
Thus, suppose d = k and note that

End; 4otk t1 4 (a2 (k41)—a(8/2)) 261 (€2 + Beg) = (3, + Bey,)
for every o € k. Thus, we can replace s by

s+ astT 4 <a2(kz +1)— a§> g2k tl (4.2.6)
for an arbitrary a. Pick o = —s@t1(0)/(d + 1)!(s'(0))!. Then (4.2.6) is equal to s'(0)t
mod ¢4 and we have reduced this case to the previous one. ]
Remark 4.2.7. If x € W* is a one-point local function, the beginning of the proof of
Theorem 4.2.1 provides an explicit description of WX. Indeed, if x = X4.3,,8:,....3, With 3, # 0,
then WX = W ((t — x)"*!) if n is even, and WX is the sum of W((t —z)"*!) with a one-
dimensional subspace if n is odd.

A modification of Theorem 4.2.1 holds for g = W>; and = = 0 with a very similar proof,
which we leave to the reader.

THEOREM 4.2.8. Assume g = Wxi. Fix n>2 and [,...,8, with 8, # 0 and set x =
X0;0707ﬂ27"'75n'
(a) Ifn is even, then DLocs™x = DLocs" e _,. We have dim DLocy"x = n — 1.
n is o and n > 1, then there is such that ocy X = ocy (eS 1+ Oer) where
b) If n is odd and n > 1, then there i h that DLocs™x = DLocs"(ef_, + (e}) wh
k = (n—1)/2. We have dim DLoc§"x = n — 2.
(c) Pick 1,82 € k and k € Zs,. Then DLocS"(e%, + Brel) = DLocs™ (e, + fael) if and only if
p1 = £pe.
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We next describe the ‘Bruhat order’ on DLocS™ orbits (that is, the inclusions of orbit
closures): it turns out that it can almost be computed just from the dimension of the orbit.

COROLLARY 4.2.9. Let g,z be as in the statement of Theorem 4.2.1. Let x—,x" be local
functions on g based at x and of order < n.
Then the following conditions are equivalent:

(1) DLocS™ - x~ is contained in the closure of DLocf” -xT and DLOCf” X~ # DLocS™ - x+;
(2) P(x*) S PO
(3) dim DLocgn X~ < dim DLocS™ - x* and x is not of order one.

Proof. We again give the proof for g = W>_; and x = 0. We show that (2) = (3) & (1) = (2).
Next, without loss of generality we assume that n is the order of y™.

We first show that (3) implies (1). As in Theorem 4.2.1, pick the related presentation
X0i85 B oot for x*, with 87 # 0. If n is even, then the closure of DL000<" -x T equals Loc§”.

On the other hand, all orbits of strictly smaller dimension belong to Loc§", so this completes
the proof in this case.

Ifn=2k+1isodd, thenk > 1 by the assumptions of condition (3). The closure of DLocogn .
x T is an irreducible subvariety of Loc of codimension one, i.e. a hypersurface deﬁned by some
function F;. We claim that this functlon is semi-invariant with respect to DLoc

To prove that F, is semi-invariant, we describe it in more detaﬂ. Let R=
k[Bo, B1, -+, Bn_1, B:E], where Bo, B1, . . ., Bn are free variables. Denote by (-)x_r the base change
from k to R. The arguments of Theorem 4.2.1(b) imply that there exists a group element
g € (DLocs™)i—.p and h € R such that

9 Xo,0,...,010,...,0,8, = X0;60,81,,0n"
——— ——
k times k times

Recall that k = (n —1)/2 > 1. By replacing each §; by e;_1/i! (cf (4.2.4)) we may identify R
with ]k[LocO< "legy ). (Here we regard the e; as functions on Locg™ in the obvious way.) Then
h=f/é, for some f € k[Locs™] and £ € Zsy.

Let X X € Loc0 with egr(x), e2r(x') # 0. As in the proof of Theorem 4.2.1(c), DLocé" X =
DLoc -x’ if and only if

2 201
1 (X o1 A0
e =e —_
Qk(X) 62/{}()()2@ (X ) er(X/)Qg
The rational function
F = f?/e2tr! (4.2.10)

is, thus, DLoc0 -invariant and separates orbits. Therefore, DLoc " . xT is the hypersurface in
L <n <n—1
ocy” \ Locy™ ™" defined by
Fyi=ean(x )22 = PO

Note that F; is semi-invariant, as claimed.

All orbits of dimension more than n belong to Locogn_2 We check that the closure of DLOCD<n .
xT contains Loc(f SN2 The orbit closure DLoc "yt is defined in Loc0 by F,, so we must
show that Fl| Locsm—2 = = 0. The restriction of F+ to Loc\" !is also a semi-invariant function;

in particular, thls restriction is invariant with respect to DLoc(1)+’<”, see Lemma 4.1.7. The

1+,<n

arguments of Theorem 4.2.1 imply that all n-dimensional DLoc, -invariant hypersurfaces
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of LocO<”_1 are defined by the equality e,_1 = 8,—1 for some (3,1 € k. This implies that the
restriction of F is a polynomial in e,_1. The fact that F is DLoc§”—semi—invariant implies
that F.| Locsn1 = c(en—1)™ for some m > 0 and c € k. This implies the desired condition that
F+|L0C§n72 = 0.

We now show that condition (1) implies condition (3), so suppose that condition (1) holds.
The dimension inequality in condition (3) is clear. Thus, we are left to deal with the case when
xT has order one; we want to show this cannot happen.

Suppose now that x™ = x4.q,3 has order one, so 3 # 0. By the dimension inequality, x~ = 0.
Now, Theorem 4.2.1(b’) shows that DLOCO<1 T = DLoc(f1 - (Begy) consists of all xo./ g for o’ €k,

and so is defined in Loco<1 \ Loco<0 = Speck|fo, 51, ﬂl_l] by 81 = 3. Thus, DLOC§1 - x Tt is defined
in Loco<1 = Speckl[fo, 51] by /1 = [ and does not contain 0 = x0.0,0, & contradiction.

We now show that (1) = (2). This is an application of Proposition 2.3.1. Let X = fochn
(recall that g =Ws>_;) and let H = mgn. Let h = G~ = Lie(H). Let ¢ = ¢§" : X — g~
Choose 7 € ¢~ 1(x") and 2~ € ¢~!(x7); note here that ¢ is bijective onto Loc§" \ {0} so z*
may be uniquely determined. By Lemma 4.1.6, dim b+ = dim g,+. Thus, by Proposition 2.3.1,
P(x™") is the kernel of the map ¢ : S(g) — k[H - ] induced from ¢* : S(g) — k[X] and P(x ")
is the kernel of ¢~ : S(g) — k[H - ~]. However, by assumption, H -z~ C H - T C X, giving the
following commutative diagram.

S(g) —(i k[H - z7]

>

k[H -2z~

Thus, P(x™) = ker ¢~ D ker ¢ = P(x™"). The two are clearly distinct.
We still must show condition (2) implies condition (3). If condition (2) holds, then
dim O(x~) < dim O(x ™). By the previous discussion and (2.3.3),

dim O(x*) = dim g+ = dim DLocS" - x* + 1.

Finally, note that if ™ = Xg.q,, has order zero or one, by the dimension inequality we must have
X~ = 0. We have seen in Lemma 2.2.3 that P(x™) is the kernel of

Py S(8) = k[t t 7yl fO— fy+af.
We compute
py([(t = 2)3]* = 8[(t — 2)?0]) = ((t = )y +7)* = y((t — )’y + 2y(t — x)) = °

and so [(t — x)0)? — 9[(t — 2)20] — 72 € kerp,. This element is contained in mg = P(0) if and
only if ¥ = 0, so x" cannot have order one. O

<
For future reference, we record that Corollary 4.2.9 also gives information about DLoc "

orbits. Let

n L <n <n—1
LOCW>_1 = LocW>_1 \ LocW>_1

and similarly define Locf,. We identify k[Locyy. | with klz, Bo, ..., Bn, B, 1. Note that each

——<n
n : =
Locyy, | is DLoc ~ -stable.
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The action of Shifts and, thus, the action of DLoc on Locyy is only partially defined, as
we cannot shift the base point to 0. We refer to orbits of this partial action with the obvious
meaning: the intersection of an orbit in Locy, _, with W*.

COROLLARY 4.2.11. Let g =W or W»_.

(a) Ifn is even, then Locy is a single mgn—orbit.

(b) Ifn > 3 is odd, there is F, ELk[i’i:;l’ﬂO’ oy By 371 (ifg = W) or inklx, Bo, - - -, Bn, B Y]
(if g = Ws_1) so that the DLoc  -orbits are precisely the fibres of the morphism F, :
Locy — Al

(c¢) Define F; : Locé — A\ {0} by Xz:ay = - Then the fibres of Fy are exactly the orbits of

—<1 1
DLoc on Locg.

Proof. This result is a consequence of Theorem 4.2.1 and the proof of Corollary 4.2.9. If n > 3
is odd, note that, by definition, applying an element of Shifts changes x but not any of the g;.
Thus, we may take F), to be the polynomial F' defined in (4.2.10), regarded as an element of
k[, B0, - -, Bn, By L]. The proof for n = 1 is similar. d

It is instructive to compute that for n = 3, the polynomial F3 given by Corollary 4.2.11 is a
scalar multiple of 35 /3. In particular, = does not occur.

— <
Remark 4.2.12. The dimension of a DLoc — -orbit in Corollary 4.2.11 is

2{n+2J_ n+2 n even,
2 ] |n+1 nodd

4.3 Implicit description of pseudo-orbits

Let g =W, Wx_1 or Wx;. We now consider arbitrary local functions on g. We provide every
pair of local functions x, v € g* with an affine variety X acted on by an algebraic group H, an
open subset U C X, a Poisson map ¢ : U — g* and a pair of points z,y € X which will satisfy
the conditions of Proposition 2.3.1. Thus, we reduce the mysterious infinite-dimensional case to
the more easily comprehensible action of an algebraic group on an affine variety. We use this to
determine the pseudo-orbits in g*.

THEOREM 4.3.1. Let g=Vir, g=W or Wx_1. Let x! and x'! be local functions in g*
represented by sums

l Y4
I I II 11 I II
X'=Yx XM =Y"xd" X €lLocy, xITe Locy,
i=1 =1

such that a:{ #* m§ and xZH %+ x‘gI for i # j. Then x' and x!! are in the same pseudo-orbit if and
only if it is possible to reorder x{ and xiH in such a way that

DLocy (Shift, _,1x}) = DLocy(Shift, ,iix!") for all i; (4.3.2)

that is,
@(X{) = D/L\oc(XiH) for all i.

In particular, if O(x") = O(x!!), then A(x') = AM(x!!) and, hence, the supports of x! and x!!
have the same cardinality.
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Remark 4.3.3. Let g = W or Wx_;. Fix a partition A = (my, ..., m,) and consider the set V)‘ of
all local functions y € g* with A(x) =A. Let x=x1+ -+ xm,v=v1+ - +1p € V)‘, Where
each y; (respectively, v;) is a one-point local function of order m; — 1. By Theorem 4.3.1,
O(x) =0(v) <= O(u) =0() for 1 <i<r (up to permutation of indices). Combining
Corollary 4.2.11 and Theorem 4.3.1 applied to one-point local functions we have

(a) if m; is odd, then Loc;”i*1 is a single pseudo-orbit;

i—1

(b) if m; is even and m; # 2, then the pseudo-orbits in Locg" ™" are parameterised by Al;

(¢) the pseudo-orbits in Locé are parameterised by A'\ {0}.

Thus, pseudo-orbits in VgA (and the corresponding Poisson primitive ideals of S(g)) are param-

eterised by a symmetric product (A1)*#=k2) x (A1\ {0})*#2, where k is the total number of even
parts of X and kg := [{i | m; = 2}|.

More specifically, let
k . _
AR = {ik—l x (A1 {0}) i Z £ 8
Let &) = {0 € & |m; = m,(; for all i}. The pseudo-orbits in Vg)‘ are parameterised by
[(AT) ¥R e (AT {0}) %] /&) 2= AN).
In §5.2 we refine this parameterisation to apply to arbitrary prime Poisson ideals of S(g).
To prove Theorem 4.3.1 we need two preparatory results.

LEMMA 4.3.4. Let x € W™ be a local function with x = x1 + - -+ + xs and x; € Loc,, such that
x; #xjifi#j. Then W - x = @; W - x;. Likewise, if x € W5 _, then Wx>_1 - x = @; Wx-1- xi-

Proof. This statement is basically implied by the Chinese remainder theorem, but we give the
details for W. It is easy to verify that W .x = {By(u,-) |u € W}. As x is local, there are
dy,....ds € Zx1 50 that X|yy(p (4—s;)a) = 0. Let f:=;(t — 2;)%*". Then Byly(s) = 0. By the
Chinese remainder theorem,

K[t ¢~ 1] /(H(t )% +1) @k J)aHL (4.3.5)

This leads to the decomposition

W/W(f) = EDW(£:)/W(f)], where f; := W

i
It is straightforward to verify that the partial restriction B,, (W (f;),-) is nonzero only if i = j.
Hence,

W x ={Bx(u,") [uec W} = @{Bx(ui’ ) [ ui € W(fi)}-

This implies the desired result. ]

We next apply the general results from §2 and the group action from §4.1 to the Poisson
cores of local functions and deduce some consequences.

PROPOSITION 4.3.6.
(a) Let x € W*. Then
P(x) NS(Wx_1) = P(x|w._,)
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(b) Let g be W, Wx_; or Wy and pick x € g*. Then
dim O(y) = GKdim S(g)/ P(x) = dimg - x.

We alert the reader that the proof of Proposition 4.3.6 establishes notation that is also used
in the proof of Theorem 4.3.1. (This notation generalises that used in the proof of the last part
of Corollary 4.2.9.)

Proof. (a) If x is not local, then by Theorems 3.2.1 and 3.1.1 P(x) and P(x|w,_,) are the zero
ideals, respectively, of S(W) and S(Wx_;).

Thus, we may assume that y is local. Write y = Zle Xi with x; € Loc,, and x; # x; if i # j;
further, assume that no x; = 0. Let n be the order of .

Let X := (fo/ci/zil)xe, let YV := (fo/cfvn)w and let U CY be the complement of all the
diagonals A;; in Y, where for i # j we define

Ay ={(al,. .. 2t af) e V|2t = o),
where o' stands for the sequence af),at,.... That is, U gives representations of local functions
as sums of one-point local functions based at distinct points. Note that U,Y are open sub-
——< .
sets of X, and H := (DLoc n)XZ acts on X. Let Ny : (W*)*¢ — W* be the summation map,
and likewise define ¥y, _,. Let ¢y : U — W* be Xy o (¢‘§Vn)Xz and let ¢y, _, : X — WZ_, be

Sw,_, © (¢§," )*¢. There is a commutative diagram

>-1
dwy
X w3
C T T (4.3.7)
U w*
Pw

where the right vertical arrow is restriction. This induces maps

¢9‘F’V>—1
k[X] . S(Wx_1)
C i l C (4.3.8)
k(U] . S(W)

By Lemma 4.3.4, dmW - x = &; dim W - x;, which is dim((ﬁ\egn)xz) -x by Lemma 4.1.6. Let
y € ¢y} (x). By Proposition 2.3.1, P(x) is the full preimage under ¢, of IV(Hy) and, likewise,
P(x|w._,) is the full preimage under Py, _, of IY(Hy). By commutativity of (4.3.8), this is
P(x) NS(Wx_1).

(b) If dim g - x = oo, then the result follows from Lemma 2.1.1. Thus, we can assume g - x <
oo. For g = W or Wx_; this follows from the previous discussion and Proposition 2.3.1; see, in
particular, (2.3.3). The proof for g = W, is similar. O

We now give the proof of Theorem 4.3.1.

Proof of Theorem 4.3.1. We give the proof for the case g = W.
By definition, O(x!) = O(x!!) if and only if P(x!) = P(x!!). Thus, we compute the Poisson
cores of x! and y!!.
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First, by changing ¢ and switching x! and x!! if necessary, we may assume that none of the
Xil are zero. Let n be the maximum of the orders of x! and of yx!/; thus, both are in the image
of (Locﬁ,")xg.

Define U,V, X, H as in the proof of Proposition 4.3.6, and set up maps as in (4.3.7) and
(4.3.8). Let ¢ = ¢ow. Then x! = o(y!), X! = ¢(y'!) for some y’,y’l € U. As in the proof of
Proposition 4.3.6, P(x!) is the full preimage under ¢* of the defining ideal of IV (Hy"). Likewise,
P(x!!) is the full preimage under ¢* of the defining ideal of IV (Hy!!).

Note that ¢ factors through the dominant map U — U/&y, where &y is the symmetric group.
It is clear that if we can reorder the x! and x!! as described, then P(x!) = P(x!!).

Suppose now that P(x!) = P(x!!). Then by Proposition 2.3.1(c), there are open sets U’ C
Hy! nU and U C Hy'' N U such that their images in W* are the same. In particular, there are
WnE . b T € DLoc, with (hixd,... hix!) € U and so that 3> hix! — SR =o.
Now, a set of one-point local functions with distinct base points is linearly independent. As, by
the definition of U, the base points of the one-point local functions hf Xif are distinct, the only
option is that the supports of ) hilxif and > h;UXiH are equal and we can reorder X{[, e ,ng
so that hix! = hHxH for all i. This is clearly equivalent to (4.3.2). O

Remark 4.3.9. Let g = Vir, W or W>_; and let x € g*. If x is not local, then P(x) = (0) (if
g=WorWs_y)orP(x) =(z—x(z)) (if g = Vir). If x is local, then by Lemma 2.0.4(a) we may
construct P(x) = ({m, |v € O(x)} from Theorem 4.3.1.

Further combining Corollary 4.2.11 with Theorem 4.3.1 one may, in principle, compute all the
Poisson primitive ideals of S(IW) or S(Wx_1); the function Fy,11 whose fibres by Corollary 4.2.11
give the pseudo-orbits of a one-point local function of order 2k 4+ 1 may be worked out using
Lemma 4.1.7 for any k. There is an example of this in §2.2, although we have not given a fully
general formula.

Note also that we have not studied generators (in any sense) for the Poisson prime ideals
P(x), and this might be an interesting subject of research.

A version of Theorem 4.3.1 holds for W; and W, with almost the same proof. We state it
as follows.

THEOREM 4.3.10. Let g = Wy or Wx1. Let ', x! € g* be Iocal functions. Then there are
unique local functions X{,V, X{,é e W* and X[IO],X[IOI} € Locy such that

X' =xivle+xp, X" = xitle + X
Moreover, P(x!) = P(x!!) if and only if P(x};,) = P(xif) and DLOCO(X[IO]) = DLOCQ(X[IOI]).

The description of pseudo-orbits in Theorem 4.3.1 has several immediate applications. We
start by comparing pseudo-orbits in W* and WZ_,.

COROLLARY 4.3.11. Let x', x' € W* be local functions. Then
o) =0("") <= OK'lw._,) =006 |ws )
Further, restriction induces a bijection

PSpec,im S(W) — PSpec,im S(W> _1). (4.3.12)

prim prim

In Corollary 5.2.14 we show that restriction also provides a bijection between Poisson prime
ideals of S(W) and S(W>_1).
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Proof. The first statement is immediate from Theorem 4.3.1. By that result, if x € W3 _, is a
local function, then there is v € Q(x) so that 0 is not in the support of v. Thus, restriction of
local functions induces a bijection on pseudo-orbits.

By Lemma 2.0.4 there are bijections

nonzero Poisson primitive ideals of S(IW) < pseudo-orbits in W*

« pseudo-orbits in W3 _; « nonzero Poisson primitive ideals of S(W> _1),

where the middle bijection comes from restriction of local functions as in the first paragraph of
the proof. By Proposition 4.3.6(a) P(x) N S(Wx>-1) = P(x|w. _,). Thus, the bijection from left
to right above agrees with restriction of ideals from S(W') to S(Wx_1). O

Remark 4.3.13. Let P = P(x) be a Poisson primitive ideal of S(Wx_1), where x € (Wx_1)* is
local. As we may apply elements of Shifts to x without affecting P(x), we may assume that x
does not involve any element of Locy. Then y extends uniquely to a local function X on W, and
we have seen that P(x) = P(x) N S(Wx_1).

Let v € k and recall the definition of the map p- of (2.2.2) and the fact, proved in Lemma 2.2.3
that kerp, = P(Xzia,)-

PROPOSITION 4.3.14. The ideals ker p,, are all of the Poisson prime ideals of S(W') of co-GK 2.

Proof. Let J(vy) =kerp, for all vy €k. Let J be a prime Poisson ideal of S(W) with
GKdim S(W)/J = 2. By Lemma 2.0.4

J=[{P(X) | x € W*,evy(J) = 0}.

Fix such x. By Lemma 2.1.1 rk B,, which must be even as B, is an alternating form, is zero
or two. The only x € W* with rtk B, = 0is x = 0; as J # P(0) = mq there is some v € W* with
evy(J)=0and rk B, = 2.
If JS P(v), then 2 = GKdimS(W)/J > GKdim S(W)/P(v), but this last is dim W - v by
Proposition 4.3.6, which must be an even positive integer. Thus, J = P(v) and dim W - v = 2.
Lemma 4.3.4 implies that v is a one-point local function, and by Theorem 4.2.1 we must
have v = Xg:a,4 for some z € k*, o,y € k. Thus, J =P(v) = J(7). O

Remark 4.3.15. The codomain of the maps p, of (2.2.2) is the localised Poisson-Weyl algebra
B =Kkt,t~!,y] with {y,t} = 1. Define a Poisson bracket on Bl[s] by setting s to be Poisson
central, and define

®:S(W)— Bls], fo— fy+sf'.

As in §2.2, it is easy to check that ® is a Poisson map. One can show using the methods of the
proof of Proposition 4.3.14 that ker ® is the unique prime Poisson ideal of S(W) of co-GK 3.
This is proved in Remark 5.2.11 with a different argument, so we do not give a proof here.

Let g be a Lie algebra and let x € g*. The closure of OQ() is, by definition, V' (P(x)). We call
V(P(x)) = O(x) the orbit closure of x. (Technically, this term should probably be ‘pseudo-orbit
closure’; we have used wording which we find more pleasant at the cost of a slight abuse of
terminology.) Note that u is in the orbit closure of x if and only if P(u) 2 P(x).

The orbit closure relations for one-point local functions are essentially given by
Corollary 4.2.9, but for arbitrary local functions they are quite complex. Consider the following
example, which for simplicity we give for W>_; only.
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Ezample 4.3.16. Let k =C, let = # y € C and let a,b,¢,d € C with (a,b) not both zero and
likewise for (c,d). Let X = Xa:ab + Xysc,d- We claim that Locﬁ}%l C O(x) and, in particular,

O(x) contains the functions 0, Xazap and Xy:c d-
To see this, let v, s € C*. Consider the local function

X(’Y? 8) = Xs;vy/s,b + X0;—v/s,d € W;fl‘
By Theorems 4.3.1 and 4.2.1, the x(v, s) are all in O(x). For f € k[t], we have

f(s) = f(0)

lim x (7, 5)(f9) = lim ¥ +bf'(s) +df'(0) = (v + b +d) f(0).

As Zariski closed sets are closed in the complex analytic topology,

lii% X (75 8) = X0:04+b+d € O(x)

for any ~. Applying Corollary 4.2.9, O(x) contains all of Locﬁ,l>

>-1

The same statement holds for arbitrary k by the Lefschetz principle.

Although arbitrary orbit closures are complicated, we are able to give a partial description
of orbit closures of general local functions in the next corollary.

COROLLARY 4.3.17. Let g = Vir, W, Wx_1 or Wx.

(a) Let p,x € g* be local functions with disjoint support and let v be in the orbit closure of p.
Then v + x is in the orbit closure of u + x.

(b) Let x be a local function. Then 0 is not in the orbit closure of x if and only if A\(x) = (2),
i.e. X = Xz:a,p for some € k*.

Proof. For part (a), by Theorem 4.3.1, the pseudo-orbit of p + x consists of all local functions
of the form p' + x' where p' € O(u), X' € O(x) and the supports of y/ and x' are disjoint. A
modification of Corollary 4.2.9 for the multipoint case implies that the orbit closure O(u + x)
contains v + x.

For part (b), Corollary 4.2.9 gives that if A(x) = (2), then 0 & O(x).

Assume now that 0 ¢ Q(y). Write

X=p1+ et v+ v,

where the p;, v; are 1-point local functions supported at distinct points, the p; have order zero
or one and the v; have order n; > 1. By part (a), 0 must not be in the orbit closure of at least
one of the component 1-point local functions of x, so £ > 1 by Corollary 4.2.9.

Write p; = Xz;:8;,; and vj = ij;aé,...,aﬁlj’ where a%j #0.If r > 1, then let 1) = xy,.8,7,- AS
we may move points within an orbit,

R S R Y

which is a 1-point local function of order ny > 1, is in the orbit closure of p; + -+ - + g + v1. By
part (a) and the previous paragraph, then 0 is in the orbit closure of y, a contradiction. Thus,

r=0.
If £ > 2, then, applying Example 4.3.16 and part (a) repeatedly, we have 0 € O(y). Thus,
£ =1, and by Corollary 4.2.9 x = p1 must have order 1. O

We now apply our results to classify maximal Poisson ideals of S(Vir).

COROLLARY 4.3.18. The maximal Poisson ideals of S(Vir) are the ideals (z — () for ( € k*, the
ideals P(x1;0,) for v € k*, and the augmentation ideal P(0).
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Proof. That (z — () is a maximal Poisson ideal if ¢ € k* is Corollary 3.3.5. If @) is any other maxi-
mal Poisson ideal, then we must have z € Q); it follows from the Nullstellensatz and Theorem 3.2.1
that there is a local function x with @ = P(x). If A(x) # (2), then by Corollary 4.3.17 we have
P(x) € P(0), so we must have y = 0 and @ must be the augmentation ideal P(0).

If A(x) = (2), then P(x) is maximal among Poisson primitive ideals by Corollaries 4.2.9
and 4.3.17, and thus maximal among Poisson ideals. O

5. Prime Poisson ideals

In this section we apply our results on Poisson primitive ideals to the structure of arbitrary
Poisson prime ideals of S(g), where g is one of our Lie algebras of interest. After a preliminary
subsection on birational maps in our context, we show that the partition data associated to local
functions may be used to parameterise Poisson primes of S(IW) and S(Ws). This will allow us
to show that the bijection PSpec,,;, S(W) — PSpec iy, S(W>_1) of Corollary 4.3.11 extends to
prime Poisson ideals. We then investigate when the Poisson analogue of the Dixmier—Moeglin
equivalence holds for S(g) and, in particular, when Poisson primitive ideals are locally closed in
PSpecS(g); we show that this is almost always, but not always, the case. Finally, we answer a
question of Leén Sanchez and the second author [LS08] on heights of Poisson prime ideals, and
in the process show that PSpec S(WW) has the somewhat counterintuitive property that every
proper radical Poisson ideal contains a proper Poisson primitive ideal.

5.1 Birational maps
Chevalley’s fundamental result that images of algebraic maps are constructible holds for mor-
phisms of finite presentation [SP22, Theorem 10.29.10, Tag 00FE] and, thus, applies to any
homomorphism from S(g) to an affine algebra. The main result of this subsection is related to
Chevalley’s theorem, and allows us to conclude that two domains are birational, even in our
non-noetherian context.

PrOPOSITION 5.1.1. Let A, B be commutative k-algebras which are domains, and let ¢ : A — B
be an injective homomorphism. Assume also that B is affine, (we make no additional assumption
on A) and that the map MSpec B — MSpec A is also injective. Then there is f € A\ {0} so that
the natural map A[f~'] — B[f~!] is an isomorphism.

Before proving Proposition 5.1.1 we provide a preliminary lemma.

LEMMA 5.1.2. Let A, B be commutative k-algebras which are domains, and let ¢ : A — B be an
injective homomorphism. Assume also that B is affine (we make no additional assumption on A).
Let b € B\ {0}. There is a € A\ {0} so that if x : A — k is a homomorphism with x(a) # 0,
then there is some x' : B — k with x'¢ = x and x'(b) # 0.

Proof. Without loss of generality A C B and ¢ is the inclusion. Denote by B[b~!] the localisation
of B by b. As B is affine, B[b~!] is finitely generated over A. By Chevalley’s theorem the image
of MSpec B[b~!] contains an open subset {m € MSpec A | a ¢ m} of MSpec A defined by some
element a € A\ {0}. This implies that a € A satisfies the desired property. O

Proof of Proposition 5.1.1. As dimyg A < dimg B < 8p < |[k|, A is a Jacobson ring and the
Nullstellensatz applies. In particular, if m € MSpec A, then the natural map k — A/m is an
isomorphism.

Without loss of generality A C B and ¢ is the inclusion. Let Q(A) and Q(B) be the quotient
fields of A and B, respectively. Assume that Q(B) is not algebraic over Q(A). Then there exists
x € B so that z is not algebraic over Q(A), i.e. the natural map A[t]| — B,t — =z is injective; we
denote the image of this map by A[zx].
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Choose p € A[x] \ {0} to be the element defined by Lemma 5.1.2 for A = A[z], B = B and
b= 1. Let pg € A be a nonzero coefficient of p. Then, for every m € MSpec A with pg &€ m there
are at most finitely many xo € k such that p(xzg) € m. Every other zy provides a maximal ideal
(m,z — z9) of A[x] which extends to a maximal ideal of B thanks to Lemma 5.1.2. Thus, every
such m has uncountably many preimages in MSpec B, contradicting our assumption.

Thus, we can assume that Q(B) is algebraic over Q(A). Let B be generated as a k-algebra
by bi,...,bp. If Q(A) = Q(B), then every b; can be written a; /a; with ai* € A\ {0}; further,
we have that A[f~'] = B[f!] for f =a] ---a; . Thus, we can assume that Q(A) # Q(B) and,
hence, there exists z € B\ Q(A).

As z is algebraic over Q(A) there are ag,aq,...,a, € A with ag # 0, a,, # 0 such that

F(z) = apx’ + a1z’ + agx® + - + apa” =0

with n > 2. Let p = p*/ad with pt € A\ {0}, d € Z>p be the resultant of F. Consider m €
MSpec A with a,,p™ € m. Then it is well-known that there are exactly n maximal ideals m’ of
Alz] with m =m’ N A. Pick y € Alx] to be the element defined by Lemma 5.1.2 for A = A[z],
B =B and b= 1. This element y is algebraic over A and thus there are af,d},... € A with
ap # 0 such that

apy’ + ajy' +aby? + - =0.
If m’ is a maximal ideal of A[z] such that aj, ¢ m = m’ N A, then we have y ¢ m’.

Pick m € MSpec A4 such that a,ptaj, ¢ m. Then there are at least n maximal ideals m” of B
such that m” N A = m. This contradicts the injectivity of MSpec B — MSpec A. O

5.2 Parameterising Poisson primes
Throughout this subsection, let g =W or Wx_;. We refine Remark 4.3.3 to a parameterisa-
tion of Poisson primes of S(g); we use this to show in Corollary 5.2.14 that the bijection of
Corollary 4.3.11 extends to prime Poisson ideals.

Given a local function y, recall the definition of the partition A(y) from § 3. Write A(x) = (m;)

and define
DGO =23 |,

By Proposition 4.3.6 and Remark 4.2.12,
dim O(x) = D)), (5.2.1)

and, in particular, dim O(x) depends only on A(x).
Fix a partition A = (m; > mg > --- > m,), where m; € Z>1, and let

V) ={xeg | A(x) = A}
Let

T
Loc;‘ = H Locg”*l,
i=1
Locg‘ — g* defined by Eé\(xl, .oy Xr) = Y. Xi- As in the proof of Proposition 4.3.6, let
U;‘ = {(Xarials > Xarsar) € Locg‘ | the x; are all distinct}
(here o' stands for a sequence of), al,...). Note that ES(UQ’\) is precisely Vg)‘, whereas ES(Locg‘)
usually includes other local functions.
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Let the partition
A® := (m; | m; is even)
consist of the even parts occurring in A (with the same multiplicity); set k := len(\®), kg := |{i |
m; = 2}|. For any m; € \° let
Al if m; > 2
T Locg@ﬁ1 =9 1 1 i
A\ {0} ifm; =2
be the morphism F),,_; defined in Corollary 4.2.11. The fibres of m; are pseudo-orbits (that is,
—<mi—1
DLoc " -orbits) in Loc;”i_l.
Let
my + Locy — A7 x (AT \ {0})*2
be the composition

Loc) —~ Lo M [ALx ] x [(AY\ {0}) x -] = ARk (AL {0})*F2,

where pr denotes projection.

Now, D/.L\ocgml_l-orbits in Locg“_1 are nonsingular and all are of dimension 2| (m; + 1)/2].
Further, m; is flat: any torsion-free module over k[z] or k[x,z~!] is flat. Thus, by [Har77,
Theorem I11.10.2], m; is smooth, and so 72 is also smooth.

Given a partition A = (m;) as before, we also write

A= (N1, ,N1,N2, e N2y ey gy ey Ny),
~~ S——
Ji J2 Je
where ni; >ng > --->ny. Note that m; =---=mj, =n1, mj 1 =mjy2=""-=mj 15, =

ng, etc., and r = len(\) = Zle Ji- The multisymmetric group &) := &;, x --- x &;, acts on
Locé\ and on UgA by permuting the factors. Further, &y also acts on A¥=%2 x (Al\ 0)**2 by
permutations (if n; is odd, the factor &, acts trivially). We name the action map

f Gy x AFTR2 5 (AL 0)%F2 — ARk (ALY )3k (5.2.2)

because we need to refer to it later. As in Remark 4.3.3, denote the quotient [(A1)*(F=F2) x (A1\
{03)7%2]/& by A(N).
Note that 773‘ is G -equivariant. There is thus an induced map

T 1 Up/Gx — AN).

We remark that Ug'/&y and A(X) are affine. Further, A()) is nonsingular (in fact, isomorphic

to &k or AF=1 x (A1\ {0})) because G, is a reflection group, see also Remark 4.3.3. The fibres

A

g and are thus nonsingular. Therefore,

of Wg‘ are isomorphic to fibres of the smooth morphism 7
U, é\ /6, is also nonsingular.
The summation map ES factors through Locg‘ /& . This induces a morphism of varieties

Py Uy /Gy — ",

which is injective, as any collection of one-point functions with distinct supports is linearly
independent. The image of ¢$‘ is precisely the set Vg)‘ of local functions with order partition .

Further note that wg‘ maps the tangent space to a DLoc-orbit of X € g at x* to 94 () (see
Lemma 4.1.6 and 4.3.4), i.e. it satisfies the conditions of Propositions 2.1.7 and 2.3.1.
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Remark 5.2.3. We may identify Vg)‘ with Ué‘ /G, as a set. This construction allows us to write the
set of local functions on g as a countable union of the affine varieties U, g/\ /Gy, further justifying
the statement in Remark 3.0.3 that most elements of g* are not local.

We abuse notation slightly, and identify Loc{}v, via restriction, with the subset of Loc%g_l
consisting of functions whose support does not contain 0. The diagram

res

wr Wi,
vy T Twé@_l
C
Uy /G Uy, /6 (5.2.4)
% 4
A\ .

commutes, and both maps to A(\) are surjective.
<My —

<y —1

Let DLoc := DLoc X ---x DLoc . The group DLoc acts on Locf,‘V%l, and there

=X \ N N ) ]
are partial DLoc -actions on Locy,, on Uy, and on UW>71; as usual, we speak of DLoc -orbits

on these varieties to mean the intersections with full orbits in LOCI)/\V>,1- This (partial) action
does not commute with the Gy-action. Nevertheless, it is compatible with the natural action

— A — A
of &) on DLoc and together these provide an action of the semidirect product DLoc % Gj.
_ /\A
Further, by Corollary 4.2.11 the fibres of 7r§\ are precisely the images in Ug‘/ Gy, of DLoc x
G -orbits in U, é\. (In particular, they all have dimension D(\).) It follows from Theorem 4.3.1 that
these fibres correspond under 1/13 precisely with pseudo-orbits of local functions with partition A.
— A — A
We refer to the image in U /&y of a DLoc x &y-orbit in UgA as simply a DLoc -orbit quotient.
— A
We abuse terminology and say a subset or subvariety of U*/&) is DLoc -invariant if it is a
— A
union of DLoc -orbit quotients.

We can use the maps z/zg‘ defined previously to strengthen Proposition 2.1.7 in our setting.

PROPOSITION 5.2.5. Let g=W or g=Ws>_;. Let Q be a proper radical ideal of S(g) and let
Z :=V(Q). Suppose also that for some \ the set VgA N Z is (Zariski) dense in Z. Then @ is

— )
Poisson if and only if (@bg‘)_l(Z N Vg/\) is DLoc -invariant.
Proof. Let 9 := 1/)3‘, let U := UQ)‘/GA, let X :=¢~1(Z) CU and let X be the preimage of X in
UIf‘V. As ZN V™ is dense in Z, thus Q is the kernel of the composition

S(g) —— K] —= K[X] = K[X]

and by Proposition 2.1.7, Q is Poisson if and only if gy ;) € ¢.(T:X) for all x € X.

Denote by A the image of S(g) in k[X]. The map U — g* is injective and therefore the
map X — MSpec A is also injective. Let f € A be the element given by Proposition 5.1.1. Then
the open subsets MSpec(A[f~!]) and MSpec(k[X][f~!]) of MSpec(A4) and X, respectively, are
isomorphic to each other. This implies that 1), identifies the tangent spaces 1, X and Ty(,)Z for
every x € MSpec(k[X][f~1]).
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Moreover, X = Xis finite and so by generic smoothness there are dense open affine subsets
X CX, X' C X so that X’ — X' is étale and so identifies tangent spaces.

Let X" = X' N MSpec(k[X][f~!]) and let X” C X be the preimage of X", which is also affine.
For every x € X” and every preimage T € X" of x, the map X - g* gives an isomorphism of
the tangent spaces T;f( and Ty 2.

— )
Let b be the Lie algebra of DLoc . The proofs of Lemma 4.1.6 and Lemma 4.3.4 show that
Vz(he) = 9y (z) for any x € U. By Proposition 2.1.7 applied to the morphism X" — g* and the

previous discussion, the ideal @) is Poisson if and only if b, C Tm)? for all # € X”. To finish the
proof we note that the following conditions are equivalent:

~ — A —
(a) by C T, X for all x € X" (that is, tangent spaces to DLoc -orbits of points of X are tangent

to X);
~ — _— ) —
(b) X = X" is DLoc -invariant; that is, a union of D Loc -orbits;
JR— — A
(c) the defining ideal of X = X" is DLoc -invariant. O

Let Jé\ =1 (Vg)‘). We immediately obtain the following.
COROLLARY 5.2.6. The ideal Jg’\ is a prime Poisson ideal.

Proof. That Jé\ is Poisson is an immediate application of Proposition 5.2.5. To see that it is
prime, note that Uﬁ\/G/\ is irreducible and that Jé‘ is the kernel of (1/13)* :S(g) — k[UQ\/G,\]. O

Remark 5.2.7. Recall that Vg)‘ C g* is the image of the affine variety Ug)‘ /& . Thus, by Chevalley’s
theorem Vg’\ contains a nonempty open subset of VgA. Let U be the union of all open subsets of
Vg)‘ contained in Vg’\. It is surely true that U is Poisson, in the sense that the defining ideal of

VT;)‘\ U is a Poisson ideal. However, we cannot prove this at this point.
We next show how to parameterise Poisson primes of S(g).
THEOREM 5.2.8. Let g=W org=W>_.

(a) Let Q be a nonzero proper prime Poisson ideal of S(g). There is a unique A := A\(Q) so that
V(Q)n Vg)‘ contains a nonempty open subset of V(Q). Further, Y (Q) := FS‘(”L/J;‘)_I(V(Q))
is a (nonempty) irreducible closed subvariety of A(\), and

GKdim $(g)/Q = dim Y(Q) + DA(Q)).
(b) The function Q — (AQ),Y (Q)) defines a bijection
V,: PSpecS(g) — {(A,Y)|Y is an irreducible subvariety of Vary )}

(¢) If Q,Q" are Poisson primes of S(g) with \(Q) = \(Q'), then Q C Q' if and only if Y(Q) 2

Y(Q).

We call the partition A\(Q) defined in Theorem 5.2.8 the generic order partition of @, in
other words the partition of a generic orbit in the associated variety. It is easy to check that the
construction of Theorem 5.2.8(a) guarantees that a Poisson prime @ is the kernel of the map

1
S(g) — k((mg) (Y(Q))], (5.2.9)
where A = A(Q). This provides the explicit inverse to the map ¥4 of Theorem 5.2.8(b).
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Proof. Let @ be a nonzero proper prime Poisson ideal of S(g) and let Z := V(Q). As @ is prime,
there can be at most one A so that Z N V;‘ contains a nonempty open subset of Z; it remains to
establish existence of some such A.

By Theorem 3.0.4 d := GKdim(S(g)/Q) < co. By (5.2.1) there are thus only finitely many
partitions A such that dim O(x) < d for any x with order partition \, and so for some A!,... A"
we have

AL A™
ZCV) U UV

Fix i and let A = A\’. Let @’ be a minimal prime of Q + Jé‘, which exists by Proposition 3.0.6,
and let Z' = V(Q'), which is an irreducible component of ZHVT;\. Let X' = (1/13)_1(2’). By
Chevalley’s theorem Vg)‘ N Z contains a dense subset U; which is locally closed in Z. As W =7,
by primeness of ) some U; has U; = Z: in other words, U; is open in its closure Z. Thus,
Q) = A

Let A:=XQ) =\, and let X := (1%\)*1(2). This is an irreducible closed subvariety of
UQ\/GSA, and by Proposition 5.2.5 it is a union of m)\—orbits. It therefore follows that Y (Q) :=

ma(X) is closed in A(A). This proves all but the last statement of part (a).
We now prove part (b). Fix a partition A and let k := len(\°). Let &) acts as in (5.2.2).

Let Y be an irreducible closed subvariety of A(\). Let X := (wg‘)_l(Y). As the fibres of 7773‘ are

— A — A
DLoc -orbit quotients and are therefore irreducible (note that DLoc is a connected algebraic

group), X is an irreducible ITL?CA—invariant closed subvariety of Ug)‘ /6y with Y = 7'(';‘ (X). Let Q
be the kernel of S(g) — k[X]; clearly @ is prime, and by Proposition 5.2.5 @ is a Poisson ideal
of S(g). Let Z := V(Q). By applying Chevalley’s theorem to the morphism 1/13 : X — Z we see
that T/JQ\(X ) contains a nonempty open subset of Z. This shows, in particular, that A = A(Q),
and it is clear that Y =Y (Q).

Conversely, given @) apply the procedure in the previous paragraph to A\(Q) and Y (Q); one
recovers @, see also (5.2.9). This shows that Wg is bijective, completing the proof of part (b).

Given a nonzero proper Poisson prime @ of S(g) let A := A(Q) and Y :=Y(Q). Let X :=
(ﬂ'é‘)_l(Y). We have seen that the fibres of 73 have dimension D()) and so dim X = dimY +
D()). It is shown in the proof of Proposition 5.2.5 that S(g) and k[X] are birational, so dim X =
GKdim S(g)/@. This completes part (a).

For part (c), let A =X\(Q) = A(Q') and let ¢ = wg‘ and 7 = WS‘. Now let Z =V(Q), X =
VN Z) =y H(ZNVy) and Y = Y (Q) = m(X). Likewise define Z’' = V(Q'), X' = ¢~(Z') and
Y =Y (Q).

By the Nullstellensatz,

QCQ <= z27.

Thus, if Q C Q" we have Z N Vg)‘ o7Z'n VgA and we see immediately that Y D Y’. Conversely,
if Y OV, then ¢(X)=2n VgA oYX =2Z'n Vg)‘. The proof of part (b) showed that Z =
Z N Vg, which clearly contains Z' NV} = Z'. O

It follows from Theorem 5.2.8 that PSpec(W) and PSpec(Ws_;) are partitioned into count-
ably many affine strata, corresponding to partitions. Given a partition A, the corresponding
stratum consists of prime Poisson ideals @ with A\(Q)) = A and is homeomorphic to the affine
variety A()), an open subset of a finite-dimensional affine space. However, we do not know how to
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tell in terms of the parameterisation @ < (\,Y) when @ C Q' for arbitrary @, Q'. In fact, we can-
not answer this question completely even when @, Q' are Poisson primitive; see Corollary 4.3.17
and Example 4.3.16 for some discussion of the complexities.

COROLLARY 5.2.10 (Cf. [PS20, Lemma 2.9]). Let g=W or g = W>_; and let Q be a prime
Poisson ideal of S(g). Then there exists f € S(g)\ Q such that (S(g)/Q)[f!] is a finitely
generated Poisson algebra.

Proof. Tt is clear that (S(g)/Q)[f '] is a Poisson algebra for every such f and, thus, we need to
choose f in such a way that (S(g)/Q)[f~!] is finitely generated. Set A = S(g)/Q, A = A(Q) and
B = k[(wg‘)il(Y(Q))]; note that B is finitely generated as it is easy to check that (Tg‘)il(Y(Q))
is affine. By (5.2.9) we have an injective map A — B and the induced map MSpec B — MSpec A
is injective as well because it is a restriction of an injective map Ug)‘ /& — g*. This together with
Proposition 5.1.1 guarantees the existence of f. 0

Remark 5.2.11. Let @ be a prime Poisson ideal of S(W) of co-GK 3. By Theorem 5.2.8 we have
3 =dimY(Q) + D(MQ)),

and, recalling that D(A(Q)) is even by definition, we must have dim Y (Q) = 1 and D(\(Q)) = 2.
(The case dim Y (Q) = 3, D(A\(Q)) = 0 cannot occur.) Thus, A\(Q) = (2) and A(\) = Al \ {0} =
Y(Q).

Now, if x € W*, then A(x) = (2) if and only if x = Xg:q,, for some z,v € k*, a € k, and so

Q = ﬂ Xw a,'y ﬂkerpw,

z,yek*
ack
using Lemma 2.2.3. However, from the definition of p, in (2.2.2) we see that [ ker p., is precisely
the kernel of the map ® from Remark 4.3.15. Thus, ker ® is the only prime Poisson ideal of S(W)
of co-GK 3.
We thank the anonymous referee for drawing our attention to this fact.

Remark 5.2.12. Fix a partition \. Taking Y = A()) in Theorem 5.2.8 we see that the pair (A,Y)
corresponds to the ideal Jg)‘. This is another way to see that Jg)‘ is prime.

Remark 5.2.13. By Corollary 3.3.6 any noncentrally generated prime Poisson ideal of S(Vir)
strictly contains (z) and thus corresponds to a nontrivial prime Poisson ideal of S(W) as given in
Theorem 5.2.8. On the other hand, centrally generated prime Poisson ideals of course correspond
to prime ideals of k[z]. Thus, PSpec S(Vir) is also partitioned into countably many strata, each
homeomorphic either to a finite-dimensional affine space or to some A* x (A!\ {0}).

We now prove that restriction from S(W') to S(W>_1) induces a bijection on arbitrary prime
Poisson ideals, not just Poisson primitive ideals. We conjecture that this bijection is, in fact,
a homeomorphism between PSpecprim(S(W)) and PSpecprim(S(W>_1)), but at this point we
cannot prove it.

COROLLARY 5.2.14. Restriction induces a bijection between prime Poisson S(W') and prime
Poisson ideals of S(W>_1), and a bijection between irreducible closed subsets of

PSpecprim S(W>—_1) and of PSpecprim S(W).
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Proof. We must show that restriction gives a bijection
res : {prime Poisson ideals of S(W)} — {prime Poisson ideals of S(W>_1)}.

Certainly, if J is a prime Poisson ideal of S(W), then J is closed under all {v, —} for v € W>_;
and so J N S(Wx_1) is a prime Poisson ideal. Thus, res is well-defined.

Let P € PSpecS(W). Let (A,Y) := ¥y (P) and let Q := \I/;Vl%l()\,Y). We claim that @ =
res(P).

For each y € Y choose a representative x,, € W* lying in the pseudo-orbit corresponding via
771))1, to y. Then Theorem 5.2.8 gives that

P =0y (0Y) = {mex € W00 = Ay (x) € Y
By Lemma 2.0.4, this is ner P(xy). Likewise, @ is equal to

Vit YY) =({m I x € WE_ A0 = Amy. (0 €Y} =[] Plwlw. ,)-
yey

By Proposition 4.3.6(a), this is

() Pxy) NS(Ws_1) = PNS(Wx_1) = res(P).
yey

As res acts on nonzero Poisson prime ideals as the composition of the bijections ¥y and \IJ;Vl>_1,

it is a bijection. O

5.3 The PDME

We next consider which Poisson prime ideals satisfy the PDME. This is the Poisson version
of the equivalent conditions for primitive ideals in enveloping algebras of finite-dimensional Lie
algebras, which are due to Dixmier and Moeglin. We describe the conditions here.

Let Q be a Poisson prime ideal in a Poisson algebra A, which we assume to be a domain.
Then Q is Poisson locally closed if it is locally closed in the Zariski topology on PSpec(A). We
say @ is Poisson rational if the Poisson centre of the field of fractions of A/Q is algebraic over k.
We say the PDME holds for A if for any prime Poisson ideal @) of A, the conditions

( is Poisson locally closed,
(Q is Poisson primitive,
Q is Poisson rational,

are equivalent. If g is a finite-dimensional Lie algebra, then the PDME holds for S(g) (see [LL19,
Theorem 2J).

On the other hand, the next result shows that the PDME fails for S(Vir), S(W) and S(Wx_1).
However, it almost holds: for all these algebras, there is only one Poisson prime for which the
PDME fails.

THEOREM 5.3.1. The PDME holds for all prime Poisson ideals of S(Vir) except for (z): that is,
if Q # (z) is a prime Poisson ideal of S(Vir), then Q is locally closed in the Poisson spectrum if
and only if @) is Poisson primitive, if and only if Q) is Poisson rational. However, (z) is Poisson
primitive and Poisson rational but not Poisson locally closed. Thus, the PDME for S(W) fails
but holds for all prime Poisson ideals except for (0). Likewise, the PDME for S(W>_,) fails but
holds for all prime Poisson ideals except for (0).

Remark 5.3.2. By Corollary 3.3.5, the Poisson spectrum of S(Vir)[z~!], which is in natural bijec-
tion with the set of prime Poisson ideals of S(Vir) that do not contain z, consists of (0) and
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the ideals (2 — \) for A € k*: in other words, PSpec(S(Vir)[z71]) = Al \ {0}. Therefore, the most
interesting structure of S(Vir) is concentrated above the ideal (z), which Theorem 5.3.1 shows
to be pathological in some sense.

To prove Theorem 5.3.1, we need notation for the Zariski topology on PSpecS(g). If A is
a Poisson algebra and N is a Poisson ideal of A, we denote the corresponding closed subset of
PSpec A by

Vp(N) :={P € PSpec A| N C P}.

We caution the reader that although V(N) C MSpec A consists of maximal ideals, Vp(N) C
PSpec A consists of prime (Poisson) ideals.

Before proving Theorem 5.3.1, we note that the standard equivalent condition for a Poisson
prime to be locally closed also holds in this infinite-dimensional setting.

LEMMA 5.3.3. Let A be a (possibly non-noetherian) Poisson algebra, and let (Q be a prime
Poisson ideal of A. Then Q is locally closed in PSpec A if and only if there is some f € A\ Q so
that (A/Q)[f '] is Poisson simple.

We leave the proof to the reader.

Proof of Theorem 5.5.1. Let g be any countable-dimensional Lie algebra. By [LSO08,
Theorem 6.3], for prime Poisson ideals of S(g), Poisson locally closed implies Poisson primi-
tive and Poisson primitive is equivalent to Poisson rational. Thus, to prove the theorem for
S(Vir) and S(W), it suffices to prove the following.

(a) Let @ be a prime Poisson ideal of S(Vir) with @ # (z). If @ is Poisson primitive, then @ is
Poisson locally closed.
(b) The ideal (z) is Poisson primitive but not Poisson locally closed.

We first prove part (b). Let v € Vir* be any nonlocal function with v(z) = 0 (for example, we
can take v to induce the nonlocal function > on W given in Remark 3.0.3). By Theorem 3.3.1,
P(v) = (z) and so (z) is Poisson primitive.

To prove that (z) is not Poisson locally closed, by Lemma 5.3.3 it is enough to prove that
S(W)[f~'] is not Poisson simple for any f € S(W)\ {0}. Suppose that S(W)[f~!] is Poisson
simple. Then f is contained in all proper Poisson ideals of S(IW). Let x € W* be a local function.
The Poisson core P(x) of x is nontrivial, so f € P(x) € m,. In other words, for any local function
x € W*, we have ev,(f) = 0, which is ridiculous.

We now prove part (a). Let x € Vir* with P(x) # (). We show that P(x) is Poisson locally
closed.

The ideals (z — ¢) with ¢ # 0 are maximal in PSpec S(Vir) by Corollary 3.3.5 and are, thus,
closed points of PSpec S(Vir). Thus, we may assume that P(x) # (z — x(z)). By Theorem 3.3.1
X is therefore local and d := dim Vir/VirX < oc.

Let I(d — 1) be the Poisson ideal of S(Vir) defined in Lemma 3.1.4. We claim that

Ve(POO))\ VP(I(d—1)) = {P(X)}
so P(x) is Poisson locally closed.
First, by (3.1.5) I(d—1)Zm, so P(x) € Vp(I(d—1)). By Proposition 4.3.6 d=
GKdim S(Vir)/ P(x). Thus, if v € O(x) \ O(x), we have
d—1> GKdim S(Vir)/ P(v) = dim Vir - v,

where we have used Proposition 4.3.6 again for the last equality. Thus, I(d — 1) C m, by (3.1.5),
so I(d—1) CP(v). It follows that if P is a Poisson prime ideal of S(Vir) with P 2 P(x),
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then writing
P=({P()|m, 2 P},

we have P D I(d — 1), establishing the claim.
The proof for S(Wx_;) is almost identical. O

We remark that we have used relatively few pieces of structure theory of Vir, W and W>_4
in the proof of Theorem 5.3.1 (the inputs are essentially that dimO(y) = dimg- x and that
dimg - x < oo for all x in which we are interested). Thus, similar results may hold for a wider
class of Lie algebras.

5.4 Radical Poisson ideals contain Poisson primitive ideals

Let g=W or Wx_;. From the bijection in Theorem 5.2.8 it is tempting to think of Poisson
primitive ideals of S(g) as analogous to closed points: by that result, a prime Poisson ideal @
is Poisson primitive if and only if Y (Q) is a single point. Note, however, that Theorem 5.3.1
also tells how to distinguish Poisson primitive ideals in PSpec S(W), and we saw there that, in
general, they are only locally closed. The next result shows how far most of the Poisson primitive
ideals are from being maximal in PSpec S(g); see also Corollary 4.3.18.

PropPOSITION 5.4.1. Let g =W, Wx_1 or W3 and let I be a nonzero radical Poisson ideal of
S(g). Then there is some local function v € g* with P(v) C I.

If I is prime and g = W or W_; this may be deduced from the bijection ¥ of Subsection 5.2.
We provide a direct proof, however.

Proof. Thanks to Theorem 3.0.4 we have that GKdim(S(g)/I) < oo; pick d € Z>; with 2d >
GKdim(S(g)/I). By Lemma 2.0.4 I is an intersection of a family of primitive ideals P(u), and

GKdim(S(g)/ P(1)) < GKdim(S(g)/1)

for each p with m, O I. We show that there exists v = 14 € g* such that if ; € g* with
GKdim(S(g)/ P(1)) < 24,

then P(v) C P(p).

Pick p € g* with dimg- p = GKdim(S(g)/ P(x)) < 2d, see Proposition 4.3.6(b). Then p is
local and, thus, is a sum of several (say ¢) nonzero one-point local functions u; € g* with distinct
supports z;. Recall that dimg-u = Zle dimg - u; by Lemma 4.3.4 and therefore dimg - u; <
2d together with ¢ < 2d. Pick n € Zx>o such that n > 2d and p; € Locfi" for all . Thanks to
Lemmata 4.1.3 and 4.1.6 we have dim DLocfZ_",u,i < 2d for all i.

Let Xi = X2;:0,0,...,0,1- Thanks to Theorem 4.2.1 we have dim DLOCE”)NQ‘ =2d+1>

—_———

2d times

dim DLocfZ_",u,-. This together with Corollary 4.2.9 implies that P(x;) C P(x;).
By Corollary 4.3.17, P(Zle Xi) € P(u).
Set x; := Xi0,0,...,0,1- By Theorem 4.3.1, P(Zf:1 Xi) = P(Zf:1 X:' ) and hence, applying
2d ti

Corollary 4.3.17, v = Z?ﬁl X; satisfies the desired properties.
By Lemma 2.0.4, P(v) C I. O

The statement of the above corollary can be rephrased as follows: every proper algebraic
collection of pseudo-orbits is (strictly) contained in the closure of a single finite-dimensional
pseudo-orbit. If dim g < oo, this means that g* contains a dense coadjoint orbit; such Lie algebras
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are called Frobenius Lie algebras and there are very few of them. For infinite-dimensional Lie
algebras this statement seems quite counterintuitive. We expect that only a few Lie algebras
satisfy it.

The next corollary answers Question 6.8 of [LS08].

COROLLARY 5.4.2. Let g =W, Wx_; or Wxy. Then S(g) has no nonzero prime Poisson ideals
of finite height.

Proof. For d € Z>o let v4 € g* be the local function defined in the proof of Proposition 5.4.1.
The crucial property of v4, established in that proof, is that

if GKdim(S(g)/P()) < 2d, thenP(vg) C P(p). (5.4.3)

Let @ be a nonzero Poisson prime ideal of S(g) and let d; := GKdim S(g)/Q, which is finite by
Theorem 3.0.4. By the proof of Proposition 5.4.1, P(r4,) C Q. Then define d; by induction: let
diy1 := GKdim(S(g)/ P(va;)) + 2. By (5.4.3), each P(vy,,,) & P(va,). O

By Corollary 3.3.5, if ¢ € k*, then (0) is the only prime Poisson ideal of S(Vir) which is
contained in (z — (); thus, the maximal Poisson ideal (z — () has height 1 as a prime Poisson
ideal.

6. Subalgebras of finite codimension

In this section we sharpen earlier results to classify subalgebras of Vir of small codimension.
By Proposition 3.3.3 we know any such subalgebra contains z, so we may reduce to considering
the corresponding subalgebra of W; by Proposition 3.2.7 this contains some W (f) with f # 0.
We refine these results and provide more precise statements on subalgebras of Vir and of W of
codimensions one, two and three.

Throughout this section we assume that ¢ is a subalgebra of W of finite codimension. Let
fe € kt] be the lowest-degree monic polynomial with ¢ D T (f), which exists by Proposition 3.2.7.
Proposition 3.2.7, in fact, gives us that

W(fe) €t C W(rad(fe)), (6.0.1)
where recall that rad(f) = [[{(t — =) | f(z) = 0}. Thus,
codimyy € > degrad(fe) = [{z € k* | fe(z) = 0}]. (6.0.2)

By the Euclidean algorithm, W (h) C ¢ if and only if fe | h.
We immediately obtain a classification of subalgebras of codimension one, a more conceptual
proof of a result originally due to Ondrus and Wiesner [OW18, Proposition 2.3].

COROLLARY 6.0.3. Let b be a subalgebra of Vir of codimension one. Then there is © € k* so
that

h=(t—a)k[t,t 1]0 & k=.
Proof. As remarked previously, by Proposition 3.3.3 z € § so it suffices to prove that € := h/(z2),
which is a subalgebra of W of codimension one, is equal to some W (¢t — ). By (6.0.2) fe must be

equal to some (t — x)* and by (6.0.1) ¢ C W (¢ — z). However, W (t — x) already has codimension
one. O

The problem of classifying general cofinite-dimensional subalgebras of Vir is equivalent, by
Proposition 3.3.3 and (6.0.1), to the problem of classifying subalgebras of an arbitrary Lie
algebra of the form W (rad(f))/W(f); note that W(f) is a Lie ideal of W (rad(f)) and that
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W (rad(f))/W(f) is finite-dimensional and nilpotent. In §§6.2 and 6.3 we give a complete clas-
sification of Lie subalgebras € C W of codimension two and three, illustrating the complexity of
the problem.

6.1 Notation and concepts
We begin by establishing some needed notation. We call the full list of subalgebras of W of
codimension one the spectrum of W. Corollary 6.0.3 implies that every such subalgebra is of the
form W (t — z) for an appropriate z € k* and, thus, we can identify the spectrum of W with
k*. Pick a subalgebra € of W of finite codimension. Denote by supp(€) the list of x € k* so that
tC W(t —x). By (6.0.1) supp(¥) is nonempty and finite. The picture is parallel to that of ideals
in a commutative k-algebra, where subalgebras of codimension one (maximal subalgebras) are
the natural analogues of ideals of codimension one (maximal ideals).

It will be useful below to carry out a more detailed analysis of subalgebras with | supp(¢)| = 1.
We establish notation for various invariants of such €.

Notation 6.1.1. Let £ be a finite-codimension subalgebra of W with |supp(€)| = 1. We define the
following invariants of £.
Let d := d(£) := codimyy ¢. As supp(¥) = {x} for some = € k* we have fy = (t — x)* for some
a>d. Let a(t) := a. If a = d, then £ = W((t — x)?). By the definition of fe, if @ # d, then
(t—z) o ¢t (6.1.2)
Assume that a # d. Set t :=t —x. Let fi, fa,..., fa_q be elements of k[t,¢71] so that the
images of the f;0 give a basis for £/W(f). We may write each f; as t"ik; where k;(z) = 1. By
cancelling leading terms in the Taylor expansion of f; around £ = 0 we may assume that

1< <no <~ <ngg<a-—1,
where we used (6.1.2) for the last inequality. Write {1,...,a—1}\{ni,...,nqe—q} =
{91,.-.,94-1} where g1 < g < ---. We say that

ldeg(€) :={n1 —1,...,n4-q — 1}
are the leading degrees of . We say that gaps(¢) := {g1 — 1,...,94 — 1} are gaps of ¢.

Note that we do not allow gaps(¢) ={0,...,a — 2} as this would mean that ldeg(t) =0,
contradicting the assumption that a(€) # d(¥).

LEMMA 6.1.3.

(a) Let t satisfy |supp(t)| =1 with a := a(¥) > d :=d(¥). Pick 1 <i# j < a —d. Then either
(ni—1)+(n; —1) = (a—1) or (n; — 1)+ (nj — 1) € ldeg(¥).
(b) Let S = {ni,...,ns} be asubset of {1,...,a — 2} satisfying the conclusion of part (a). Then

there exists a subalgebra € of W with a(t) = a and ldeg(t) = S.
Proof. For part (a), consider
fij0 = 1,0, £;0) = [["k;0, 1 ;0] = (j — i) 079 gy + 077 (ki — Kiky) € E.
It is easy to verify that k; ; = fi’j/f"i*”j*{ € k[t,t7!] and k; j(x) # 0. This implies part (a).

For part (b), it is clear that the space £ defined as the span of W (#*) and #0 with i € S is a
Lie subalgebra of . O]

The reason for subtracting 1 in the definition of the leading degrees of ¢ is that Lemma 6.1.3
shows that 1deg(€) has the structure of a partial semigroup under addition.
We deduce from Lemma 6.1.3 the following fact.
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TABLE 1. Subalgebras of W of codimension two.

Code gaps(t) fe Additional generators

W((t —x)(t —y)) - (t—2z)(t—y) -

w2l 1 (t—x)3 (t—2)0+ a(t — x)%0

w2 2 (t—ax)? (t —2)0 + a(t — z)30,
(t—x)%0

LEMMA 6.1.4. Let ¢ satisfy |supp(8)| = 1 with a := a(¥) > d:=d(¢). If g1 = 1, then g; < 2i — 1
foralli,1<i<d—1.1Ifgy # 1, then g; <2i+ 1 for all i,1 <i < d.

Proof. First assume that g; = 1. Next, assume to the contrary that g; = 2i — 1+ with J > 0.
Consider the list of pairs

(2,2 — 240, (3,2 —3+6),...,(i,i +9). (6.1.5)

For each pair (p, q) in (6.1.5) we have p + ¢ — 1 = g;; further, Lemma 6.1.3 implies that either
p — 1 or ¢ — 1 belongs to gaps(t) for each pair (p,q) from (6.1.5), it must be in {g2,...,gi—1} as
g1 =1 < p,q. There are i — 1 pairs in (6.1.5) but only ¢ — 2 gaps from g2 to g;—1. This contra-
diction completes the case g; = 1. In the case g; > 1 we have to do the same thing with a minor
modification: we have to add g¢; to the list {go2,...,gi—1}. O

Remark 6.1.6. Note that g3 = a — 1 < 2d + 1 and, hence, one can enumerate all the pairs (S, a)
satisfying the conclusion of condition (a) of Lemma 6.1.3 for a given codimension d. We believe
that such pairs (S,a) are in bijection with irreducible components of the moduli space of
subalgebras £ of codimension d with |supp(¥)| = 1.

6.2 Subalgebras of codimension two
The goal of this subsection is to show that all subalgebras of W of codimension two are listed in
Table 1.

Here z,y, a are parameters taking values in k with z,y # 0.

The proof consists of the following two statements.

PROPOSITION 6.2.1.

(a) If codimyy € = 2, then |supp(t)| € {1, 2}.
(b) If |supp(¥)| = 2, then ¢ = W((t — x)(t —y)) and supp(¥) = {x,y} for some x # y € k*.

PROPOSITION 6.2.2.

(a) If codimy ¢ =2 and |supp(t)| =1 (so supp(¥) = {z} for some x € k*), then either ¢ =
W((t — x)?) or gaps(¥) is {1} or {2}.

(b) If gaps(€) = {1}, then t = Wi for a unique o € k.

(c) If gaps(k) = {2}, then & = Wiz for a unique o € k.

Proof of Proposition 6.2.1. Theorem 3.2.7 implies |supp(f)| > 1, and (6.0.2) implies that
| supp(#)| < 2. This proves part (a).
Assume supp(t) = {z,y} for some distinct z,y € k*. We have ¢t C W ((t — x)(t — y)) and

codimpy W((t — x)(t — y)) = codimy € = 2.
Hence, ¢ = W((t — x)(t — y)) and part (b) is complete. O
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Proof of Proposition 6.2.2. We may assume that & # W ((t — x)?). Adopt the terminology of
Notation 6.1.1. We have |gaps(t)| = codim(€) — 1 and, hence, |gaps(¢)| = {g1 — 1} for a cer-
tain positive integer g;. Note that g; = a(¢) — 1 by (6.1.2). Thanks to Lemma 6.1.3 we have
g1 < 3. This proves part (a).

Note that g1 # 1 as by convention gaps(£) cannot be equal to {0,...,a — 2}. Assume g; = 2,
so a(t) = 3. Recall that t =t — z. Let f; = tk1 be as in Notation 6.1.1; as a(t) — d(£) = 1, the
image of f10 in €/W (#3) provides a generator of this one-dimensional vector space. We can assume
that fi is monic in ¢ and contains no terms in ¢ of degree three or more. Thus, f; =t + at? for
some « € k and £ = Wia. Further, « is unique as dim ¢/W (#3) = 1.

Assume g1 = 3,50 a(t) = 4. Let f; = tky, fo = t?ks € k[t] = Kk[f] be as in Notation 6.1.1, so the
images of f10, f20 in €/W ((t — x)?) give a basis. We can assume that f;, fo contain no terms in £ of
degree four or more and f; contains no terms in ¢ of degree two. Thus, fi =t + at>, fo = t2 + (3
for some «, § € k. We have

3 [f10, f20] = 120 + 26830 mod W ().

Hence, [f10, f20] = fo0 modulo W (¢*). This implies 3 = 0 and, therefore, £ = WxQO% Again « is
unique. ]
Remark 6.2.3. Similar proofs give a classification of subalgebras of W>_; of codimension two:
these are either of the form Ws_((t — z)(t — y)) or may be written (Ws_1)2i6, or (Ws_1)3,
where these last two are defined similarly to the analogous subalgebras of W. (Here, of course,
we allow z,y to be zero.) These subalgebras are all deformations of Wx_1 (%) = Wx;.

Deformations of W are classified in [Fia83] (see also [FF97]). These papers show that up
to isomorphism there are three such deformations, denoted in [Fia83] by Lgl), ng), ng). It can
be shown that

LY 2wt -y), L =Wsgh LY = Wsl)ih

05007 0o

for appropriate y, «. We thank Lucas Buzaglo for explaining this to us.

6.3 Subalgebras of codimension three
It can also be shown that all subalgebras of W of codimension three are listed in Table 2. Because
the methods are similar to those in §6.2 we omit the proof.

The notation here is as follows:

e £ is given in the final column as either an intersection of two explicitly given subalgebras or
is spanned by W ( f¢) and a few more explicit generators;

e «, (3 are parameters taking arbitrary values in k for all cases but Wi’é; .8 (for this case the
required restrictions on «, 3 are given in the table);

e 1,y are parameters taking arbitrary values in k™ except when restrictions are given in the
table.

It is easy to verify that a subalgebra ¢ of W of codimension three belongs to only one type
and, moreover, the parameters defining ¢ are unique if & # W34 and unique up to scaling

z,y;0,0
(o, B) — (A, AB) in the case ¢ = W34 8

T,y
Remark 6.3.1. (1) Recall the analogy between subalgebras of W of codimension one and max-
imal ideals. It is natural to ask whether or not an analogue of the Lasker—Noether primary
decomposition theorem holds in this setting. However, this statement fails as we can easily see
that the Lie algebra Wi’;; o5 18 not an intersection of subalgebras ¢, and &, with supp(t;) = {z}

and supp(ty) = {y}-
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TABLE 2. Subalgebras of W of codimension three.

Code gaps(t) fe Additional generators or description
W (fe) - (t—z)(t—y)(t—2) -
W o - (t—2)°(t —y)? (t = 2)(t = y)(at + B)0,
ax+ B,ay+ 0 #0,2#y
Wzsgloz - (t - x)g(t - y) sz;;ci N W(t - y)a
rF#y
Woi - (t—2)'(t—y) WZEINW(t —y),
rFY
w3 0,2 (t - )" (t - 20+ alt - 2)°
W3, 1,2 (t —x)? (t—2)0+ a(t — )20 + B(t — )30
wiCs, L3 (t - 2’ (t— )0+ alt — 220+ B(t — )
(t—2)20 — a(t — 2)*0
WL 1 (t— 2)° (t = 2)0 -+ a(t - 20+ 6(t - %0
(t— )30 — o?(t — x)%0,
(t — )40 — 2a(t — 2)%0
Wi 2,3 (t—=)° (t =)0+ a(t — 2)°0 + B(t — x)*0,

(t — )29 + %(t —2)%9

(2) Recall that every subalgebra ¢ of finite codimension in W lies between W ( f¢) and W (rad(fe)).
One can construct a sequence of polynomials

hO = radf?) h17h27 cee 7hS = fE
with deg hj+1 = degh; + 1 and h; | hiy1 and consider the filtration of W (rad f¢) by the Lie ideals
W (h;). The associated graded algebra
Dizo([W(hi) N E/[W (his1) NE])

is isomorphic to a graded algebra £ with

W(ho) 2 £ 2 W(fe), codimy & = codimy £ and fe = f.

The subalgebras £ can be described in purely combinatorial terms and, thus, they give a col-

lection of discrete invariants for €. This generalises the notation of gaps and leading degrees for
subalgebras with one-point support.

6.4 Some general comments on finite codimension subalgebras of W
The lattice of subalgebras ¢ with supp(¢) = {z} and a(t) < a can be naturally identified with
the subalgebras of

Wt —2)/W((t —z)%) = W(H)/W(E);

in particular, the isomorphism class of this lattice is independent of x.

A similar result holds true in a greater generality. Pick s > 0, @ > 1 and distinct z1,...,z5 €
k*;set h:= (t —x1) -+ (t — x5). Consider subalgebras £ satisfying W (h) D & D W (h*). It is clear
that W (h®) is a Lie ideal of W (h) and the quotient W (h)/W (h®) is a finite-dimensional solvable
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Lie algebra. A version of the Chinese remainder theorem implies that
W (h)/W(h") = @&:W (t — z3) /W ((t — @:)") = [W(t)/W (7). (6.4.1)

In particular, the isomorphism class of W (h)/W (h®) depends only on a and s but not on the
particular choice of the x;. This immediately gives the following corollaries.

COROLLARY 6.4.2. Let & be a subalgebra of finite codimension of g =W, Wx_1, Wy or Vir.
Then there are subalgebras €+, ¢~ with

E-CeCtt and codimg(t) + 1 = codimg(t) = codimgy(€") — 1.

Proof. A similar statement is well-known for subalgebras of solvable Lie algebras so (6.4.1)
implies the desired result if € £ W (fe). If € = W (fe) the result follows from a similar fact on
ideals in k[t,t71]. O

COROLLARY 6.4.3. The lattices of subalgebras of finite codimension of Vir, of W and of Wx_;
are all isomorphic.

Proof. Lemma 3.3.3 implies that the lattices of subalgebras of finite codimension are isomorphic
for W and Vir; hence, we left to show that the lattices are isomorphic for W and W_;.
Theorem 3.2.7 implies that the lattices of subalgebras of finite codimension for both W and
Ws_; are direct limits of the sublattices of subalgebras ¢ containing W ((t — z1)*--- (t — z4)%)
for all tuples (a;1,...,zs); the only difference between W and W _; here is that in the first
case x; # 0. These lattices are isomorphic for W and Wx_; and the embeddings between them
are the same for W and Wx_; (they essentially depend only on the integer-valued parameters s
and a and on the cardinality of k). O

7. Implications of our results for U(g)

In this final section, we shift, for the first time in this paper, to considering the universal envelop-
ing algebra U(g) of one of our Lie algebras of interest. We apply a version of the orbit method to
relate the Poisson primitive ideals ker p, = P(xz:a,y) of S(g) to primitive ideals of U(W) obtained
as kernels of maps to the (localised) Weyl algebra. We end with some conjectures about ideals
in U(Vir), UW), and UWx_1).

7.1 Constructing primitive ideals through the orbit method
Kirillov’s orbit method for nilpotent and solvable Lie algebras attaches to x € g* the annihilator
in U(g) of the module induced from a polarisation of x and the induced character. We apply the
same construction to g = W and x = Xu;a,y- We denote the corresponding induced W-modules
by M.

A description of the annihilators of M, . is given in Proposition 7.1.5. The main result here
is that

Anny ) My

depends only on +; thanks to Theorem 4.2.1 (or Lemma 2.2.3) the same holds for P(xz:q:y). This
shows that the constructions of Kirillov’s orbit method give rise to a map from a certain class of
Poisson primitive ideals of S(I¥) to a certain class of primitive ideals of U(W), which are known
in the literature [CMO07, SW16] as kernels of maps to the localised Weyl algebra. We believe this
map extends to a surjection from Poisson primitive ideals of S(g) to primitive ideals of U(g); this
is the subject of ongoing research.

Throughout this section, we write the localised Weyl algebra as A = k[t, ¢!, ], with Ot =
to+ 1.
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We first describe a polarisation for xz:.a,. Let z,a,v € k with = # 0, (o, y) # (0,0) and let
X = Xazsa,y- Recall the computation of WX in Lemma 2.2.1, and consider the Lie subalgebra
W (t — z) of W, which contains WX. We have

dmW/WX =2 = W(t—uz)=k(t —x)0 s WX.

As B, ((t — x)0, (t — x)0) = 0, thus W (¢t — z) is a totally isotropic subspace of (W, B, ); by dimen-
sion count it is maximal totally isotropic. Thus, W (t — z) is a polarisation of W at x, as in [Dix96,
1.12.8]. Further, W (t — x) is the unique polarisation of W at y: because any polarisation of W
at y must be a codimension-one subalgebra of W, by Corollary 6.0.3 it must be equal to some
W (t —y) and it is easy to see that we must have y = z.

Note that x is a character of W (¢t — x); let kmg., be the corresponding one-dimensional
representation of W(t — ), with basis element m,.,. (The restriction x|y (¢—z), Which sends
p0 — ~p'(x), depends only on x and ~: this is the reason to omit « in the notation kmy..) Put

My = UW) @uw (t—2)) kM-

Ase_; =0 g W(t —x), thus W =ke_; & W(t — z) and by the Poincaré-Birkhoff-Witt theorem
the set {e*my.|k € Z>o} is a basis for M.
We now give an alternative construction of M,.,. Set

Ny = k[t t74 (t — )7 /K[t, t71].
For every =, N, is a simple (faithful) left A-module.

Remark 7.1.1. The space N, can be thought of as a space of distributions on k*; for, setting
6. = (t —x)~' € N, we have (t — 2)6, = 0 so &, behaves like a é-function at x. The elements
95, form a basis of N,.

Recall that, for any v € k, the map
T W —= A fO— fO+Af (7.1.2)

is a Lie algebra homomorphism; see [CMO07]. Thus, 7, extends to define a ring homomorphism
U(W) — A. Note that the map p, defined in (2.2.2) is not the associated graded map attached
to m, even though they are clearly analogous.

The images of 7, have been computed in [CM07, Lemma 2.1], and we give them here.

LEMMA 7.1.3. We have:

(a) im(mp) =k ® A0, and imm =k @ 0A;
(b) im(m,) = A ify#0,1.

Remark 7.1.4. The restriction of 7, to U(W>1) was considered, under slightly different notation,
in [SW16]; see [SW16, Remark 3.14]. It was shown there that the ideal ker mo|w-,, = ker m1|w-,
is not finitely generated as a left or right ideal of U(W>1).

For every v € k the map ., from (7.1.2) induces the structure of a W-module on N,; we
denote the space N, with the corresponding W-module structure -, by N7.

PROPOSITION 7.1.5. Let x # 0,a,y € k. Then N = M,.,_1. Moreover, N7 is a simple
W-module if and only if v # 1. There is an exact sequence

0— N2 — Nl - k—o.

For all v the annihilator of N is equal to ker 7., which is primitive.
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Proof. Let p € k[t,t~!] with (t — z)|p. By taking the Taylor expansion of p about = one may
verify that

(p0) - b6z = (v — 1)p' ()0, (7.1.6)

This immediately implies that there exists a surjective module homomorphism M.,—1 — NJ
which sends mg.y—1 — d,. The basis element e’ilmxw_l maps to 9%, so this map is an
isomorphism.

Assume v # 0, 1. In this case 7, is surjective by Lemma 7.1.3, so simplicity of N7 follows
from simplicity of IV, as an A-module.

We claim that N? is simple. To see this, let 0 # n € N, which we recall is a simple A-module.
By construction of N, there is some 0 # f(t) € k[t,t~!] so that fn =0 and, thus, On # 0 as
Ad + Af(t) = A. Thus, AOn = N, proving the claim because by Lemma 7.1.3 A9 C mo(U(W)).

Finally, we consider N!. Lemma 7.1.3 implies 9A <imm; = k @ dA and, thus, N := AN, =
ON, is a submodule of N}, with N!/N 2 k. We claim that N is simple. Let 0 # n € N. As N, is
a simple A-module, 9An = N and so UW) -1 n = (k@ dA)n = N, as needed. The reader may
verify that as in (7.1.6)

p0 1 00y = _p/(x)aéxa

and so N = My = Ng. The claim about annihilators follows from the fact that N, is a faithful
module over the (simple) ring A. That ker 7, is primitive is immediate for v # 1; for v =1 it
follows from the fact that ker m; = ker 7. ]

Remark 7.1.7. (a) Note that the primitive ideal ker 7, is completely prime. We do not know of
a primitive (or prime) ideal of U(WW') which is not completely prime.

(b) We believe that the ideals kerm, above are all of the primitive ideals of U(W) of
Gelfand-Kirillov codimension two.

(¢) By Remark 7.1.4, kermy = kerm;. However, kerpy # kerp;. To see this, note that
if kerpg = kerp; then X1;1,0 € V(kerpl) = @(Xl;Ll)‘ Thus, either @(Xl;LO) = (O)(Xl;l,l) or
dim O(x1;1,0) < dim O(x1,1,1). Neither is true.

Thus, the orbit method does not give a bijection from Poisson primitive ideals of S(WW) to
primitive ideals of U(W).

7.2 Conjectures for U(g)

We have focused almost entirely on the symmetric algebra of g, where g is one of Vir, W or
several related Lie algebras. However, our results are at a minimum suggestive for the enveloping
algebras of these Lie algebras. In this final subsection, we make several conjectures for U(g).
Broadly speaking, these are instances of the meta-conjecture.

The ideal structure of U(g) is closely analogous to the Poisson structure of S(g).

For each conjecture, we give the Poisson result which suggested it to us.

CONJECTURE 7.2.1 (Cf. Corollary 3.3.5). If { # 0, then U(Vir)/(z — () is simple.

CONJECTURE 7.2.2 (Cf. Corollaries 4.3.11 and 5.2.14). Restriction gives a bijection between
primitive (respectively, prime) ideals of U(W) and U(W>_;), and a homeomorphism

PSpec i U(W) = PSpec i U(Ws_1).
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CONJECTURE 7.2.3 (Cf. Proposition 5.4.1). Every proper prime ideal of U(W) contains a

proper primitive ideal.

CONJECTURE 7.2.4 (Cf. Proposition 4.3.14). The ker m, are all of the prime ideals of U(W) of

co-GK-dimension two.

CONJECTURE 7.2.5 (cf. §7.1). Kirillov’s orbit method, i.e. the assignment

a local function y — a polarization of xy — the annihilator of the induced module

always produces a primitive ideal, is independent of polarisation, and depends only on O(x).
There is thus an induced map PSpec,,;,, S(§) — Spec,in, U(g) for g = Vir, W, W>_1. This map

is surjective onto Spec,;, U(g).

These conjectures are the subject of ongoing research.

(a7 b)f
a(t)
AV
Bx(x» Y)

Xxz;a0,...,000

DLoc,
DLocS"

DLoc*™ | DLocS™"*

P’

DLoc , DLoc

D/L\oc)\—orbit quotient

D(u1, .-y Up; V1, Up)

e;(x), e;(x)*

End;—(+)

evy

e

gaps(£), gaps of a subalgebra

gx

I(n)

I(X)CA

Jg =1(Vy)

A(x), order partition of x

A(@), generic order partition of @
ldeg(t), leading degrees of a subalgebra
lieS"

—~<n

lie

947
975

959, 966

939
943
975
940
965
951
951
951

953

967
952

967
939
953
951
937
974
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938
968
944
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975
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952
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