A GEOMETRICAL THEORY OF MULTIPLE INTEGRAL
PROBLEMS IN THE CALCULUS OF VARIATIONS

H. RUND

1. Introduction. Let X, denote an n-dimensional differentiable manifold
referred to local coordinates x*. An m-dimensional subspace C, (m < n) of
X, can be represented parametrically in the form

1.1 x? = x'(t) z=1,...,na=1,...,m),

where {* denotes a system of independent parameters on C,,. It will be assumed
throughout that the functions (1.1) under consideration are of class C%, their
first derivatives being denoted by

(1.2) Ge = dx'/3t"

These define the elements of an # X m matrix, which is always supposed to
be of rank m.

The following notation is adopted. Lower-case Latin indices run from 1
to n, while all Greek indices assume the values 1 to m; the summation con-
vention is applied to both sets. If F(i¢, x?) is a given function of class C! in
all its arguments, we shall write

dF _ 9F |, OF .
7 VR Y

(1.3)

for the derivatives of F on C,,.

Now let us suppose that we are given a function L(x? %%) of the n + nm
variables x?, &%, these being defined as functions of # on C,, and let R, denote
a finite, simply connected region in the configuration space of the independent
variables . The fundamental m-fold integral

(1.4) I= fR L(x*, xd)dt*...di"
t

will, in general, depend on the choice of the subspace C, by means of which
the arguments (1.1) and (1.2) in the integrand are determined. Indeed, the
basic problem of the calculus of variations associated with (1.4) can be for-
mulated rather roughly as follows. Suppose that certain initial values X*(#*)
are prescribed for all values of #* on the boundary 4R, of R,; from amongst
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the distinct sets of functions such as (1.1), of which all assume the same
values X?(t¢) for t# on AR, one seeks that particular set which affords an
extreme value (usually a minimum) to the integral (1.4). It is well known
that in order that the functions x?(#) assign such an extreme value to (1.4)
it is necessary that they satisfy the following system of # Euler-Lagrange
equations:

(15) 2, <‘?—L> -
dt* \0x, 0x

In this article we shall be concerned with the geometrical theory of such
problems in the sense that we shall regard the integral (1.4) as the m-dimen-
sional ‘‘area’’ of the portion of the subspace C,, which is determined by R,. It
is natural to suppose that this area is positive and independent of the choice
of the parameters * of C,; consequently, it will be assumed throughout that
L > 0 and that the integral (1.4) is parameter-invariant.

Two special cases of the general geometry which is thus defined are well
known and have been studied exhaustively (2;7), namely, Finsler spaces
(when m = 1) and Cartan spaces (when m =z — 1). In both of these a
natural procedure for constructing a 2-index metric tensor in terms of the
derivatives of L presents itself, but when 2 < m < n — 2, the case of the
so-called areal spaces, formidable new difficulties emerge for reasons that we
shall outline very briefly. The condition that (1.4) be parameter-invariant
permits the introduction of simple m-vectors such that L can be replaced by
a function which is positively homogeneous of the first degree in the latter,
which gives rise to direct analogies with Finsler geometry. But, unless m = 1
or m = n — 1, these m-vectors are not independent as a consequence of the
so-called Pliicker relations, and thus they cannot give rise to suitable deri-
vatives of L. Still greater problems are encountered when one seeks a con-
nection in areal spaces. However, since we shall not in any way be concerned
directly with the method based on m-vectors, we shall not pursue these
matters any further, reference being made to the very extensive literature,
and, in particular, to the survey article of Kawaguchi (5), or to the intro-
duction of a recent paper by Davies (3), in which a connection is found for
a special class of areal spaces known as the submetric type.

An attempt is made here to develop an entirely different theory of the geo-
metry of spaces whose areal metric is defined by the integral (1.4). The insistence
on a 2-index metric tensor is abandoned altogether, and, instead, a 4-index
tensor, which has been recently introduced elsewhere (8, p. 288), is regarded
as the fundamental entity (although it must be emphasized that for m = 1
this tensor reduces to the usual metric tensor of Finsler geometry). As a
result of the parameter-invariance of (1.4) the metric tensor and its deriva-
tives satisfy certain identities, which are briefly described in §2. Further-
more, it is shown in §3 that this tensor can be used to construct quantities
which generalize the Christoffel symbols of classical differential geometry, by
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means of which the covariant derivatives of certain vector fields may be
formed. These are related to the expressions on the left-hand side of the
Euler-Lagrange equations (1.5), and thus the contact with the calculus of
variations as such is re-established. Section 4 is devoted to the derivation of
suitable connection coefficients which give rise to covariant partial deriva-
tives of arbitrary tensor fields. In §5 the corresponding theory of curvature
is briefly sketched. Two distinct curvature tensors appear in the theory: the
first emerges from the integrability conditions of the transformation law
satisfied by the connection coefficients, while the second results from a con-
sideration of the order in which repeated partial covariant differentiations
are carried out. Each tensor plays a fundamental role in the theory (although
they coincide when m = 1). Finally, some identities which these tensors satisfy
are derived, including the counterpart of the classical Bianchi identities.

It should be emphasized that none of the problems of the earlier theories
mentioned above are solved here, nor is an attempt made at this stage to
relate their known invariants to those of the present theory. This article
merely furnishes the beginnings of an alternative theory, and it is highly
probable that important modifications will become desirable in the light of
future developments.

2. Fundamental identities. The Lagrangian L(x? %.) of the funda-
mental integral (1.4) is supposed to satisfy certain conditions, some of which
have been motivated in the Introduction. It will be evident immediately that
these entail certain identities involving L and its derivatives on which the
entire theory is vitally dependent. We shall therefore begin by listing our
assumptions as follows:

1. The Lagrangian L is of class C* in all its arguments, and it is a scalar
with respect to transformations of the local coordinates x* of X,,.

2. The Lagrangian L(x7, %)) is positive for all independent sets of argu-
ments %7.

3. The integral (1.4) is independent of the choice of the parameters # of
the subspaces C,.

4. The nm X nm determinant

m aQLZ/'”]
o g 2L
det| 3 aii oxd
is non-vanishing for linearly independent x,’.
The reason for the last requirement will emerge presently. As regards con-
dition 3, it is well known (8, p. 268) that it is equivalent to the relations

oL o
2.1) a—ﬁxg =& L,

which are necessary and sufficient to guarantee the parameter-invariance of
the fundamental integral (1.4). Indeed, the assertion regarding the necessity
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of (2.1) is a special case of the following theorem, due to Douglas (4), which
is stated here in detail since we shall repeatedly have occasion to appeal to
it: If Fetarg o (x7, %)) are functions of class C! which constitute the com-
ponents of a tensor density of weight w, with co- and contra-variant valencies
s and 7 with respect to transformations of the parameters 2, then the deri-
vatives of F with respect to #j satisfy the following relations:

aFal... by ;

Loral.
(2.2) 63‘6; - w5 F .g‘

2 Q] ...Qa—1H0g +1+ 30
—Z(S“F e-ihdas ..Bs +26ﬁbF < Bo—1¥8b +1...Bs¢

Since condition 3 implies that L is a scalar density of unit weight with respect
to transformations of the #%, it is obvious how this result gives rise to (2.1).
The metric tensor is now defined as

m L&, &)}

2 0%y 0%% ’

the motivation for this definition being based (partly) on the fact that (2.1)
gives rise to the following identity:

(2.4) L(x", &) = [m g ", &h)ad 541",

from which it is evident that, if L is interpreted as a measure of the area
dA of an element of an m-dimensional subspace spanned by #,’ at the point
x? of X, in the sense that

(2.5) dA = L, zl)dt* . .. dim,

then the tensor (2.3) can be regarded as a suitable areal metric tensor (8,
p. 289).
In analogy with the usual notation of Finsler geometry, we shall now write

(2.3) ghe &) =

1 ag”

(2.6) Cik =3 i

where it is to be noted that g%, C‘ﬁz are symmetric in pairs of indices such

as (&, %), (B8,7), as is immediately evident from (2.3). The identity (2.2) is
now applied to the tensor density (2.3), which yields

Q) 1 @ o
(27) lelzxe = 6 g% 15/3 g]k - _6‘Yg]'k’

as may be verified also directly by repeated differentiation of (2.1). Con-
tracting over «, ¢, one obtains the fundamentally important identity

(2.8) Citda=0,

with similar relations involving the index pairs (8, j), (v, k).
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From (2.7), several other useful results can also be deduced. If (2.7) is
multiplied by %j, the identities (2.8) being taken into account, it is found

that
Y . 2 B . v o8 .
(2.9) g xe = 0e £rj xB Oc Lrj xﬂr
in contrast to
(2/m—1) aL
(2.10) gzk « = L ax7 ’

which is a direct result of the definition (2.3). Furthermore, if we contract
over 3 and € in (2.7), we obtain

o 1 m\ . @
(2.11) ot 3 (Zﬁ - §>gﬁ£ — 3
and hence, again by virtue of (2.8),

aff . j 2 LY
(2.12) gij xa = (E - >gd;] xa

This identity gives rise to a result of basic importance. It is obvious from
the definition (2.3) that in general

(2.13) e~ g

This is the source of many of the analytical difficulties which will be en-
countered later. One would therefore be inclined to consider a subclass of
Lagrangians for which (2.13) could be replaced by an equality. However, if
the latter were to hold, this would be compatible with (2.12) if and only if
(2/m — m) = 1, which is feasible only for m = 1. Thus the validity of the
inequality (2.13) must be accepted except for single integral problems (for which
it is meaningless).
Also, when (2.9) is multiplied by %}, we find, using (2.4), that

2 /m

(2.14) goslal =m gtk =L
while (2.7), taken in conjunction with (2.12), similarly yields the identity
(2.15) C¥raizl = 0.

Finally, we briefly indicate how the inverse of the tensor (2.3) may be
obtained. Defining the conjugate momenta by means of (2.10) as

2/m
a _ aff .3 . aL _
(2‘16) Vi = gi.f xXg = aﬂ‘COI‘ ’
it follows that we may express the %, as functions of (x7,57), for by virtue
of our condition 4 the equations (2.16) can be solved for the %%, which yields
a relation of the form

@.17) o = Ya(x’, y)).
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It has been shown by Martin (6) that the function defined by the substitution
of (2.17) in L, namely

(2.18) H(x', o) = Lix’, ya(@’, )},

can be regarded as a suitable Hamiltonian function for our given problem
in the calculus of variations, and, in particular, that the quantities defined

by
2 h  h\\2/m
1y _m I {HE", yol
(219) 8o = 2 aytlr 6yx;
satisfy the relations
(2.20) glg g‘iZ = 51c 5ﬁ

Clearly, this method of obtaining an inverse of (2.3) depends significantly
on our condition 4, which is obviously related to some form of generalized
Legendre condition. In this connection it is necessary that we refer to the
corresponding condition in the remarkable theory of multiple integrals due
to Carathéodory (1), whose canonical formalism depends on the analogous
requirement that the determinant A of the quantities defined by

L 9L 9L , AL 3L
0%l oxh ~ 0%l ox) " oxh 94l

(2.21) =

should be non-vanishing (1, § 22). However, by differentiation of (2.1)
with respect to & we find that

0L i WdL 9L
(2.22) 5t 0ah b T O g T O gl
which, together with (2.1), indicates that
(2.23) Q5 al =

identically. This is in direct contrast to the condition A # 0, and indicates
that the maximal rank of the matrices (Q%), each matrix with (a, 8) fixed,
is m — m. Needless to say, the theory of Carathéodory does not presuppose
the parameter-invariance of (1.4), from which (2.23) has been deduced.

3. The generalized Christoffel symbols. In analogy with the known
geometries associated with a metric tensor, our primary objective is the
construction of a set of connection parameters by means of which covariant
derivatives of tensors of arbitrary rank may be defined. This aim will be
realized partly in the present section by means of a direct investigation of the
transformation properties of the derivatives of the tensor (2.3).

Initially, we shall suppose that we are given an m-dimensional subspace
C,, (or, if necessary, a family of such subspaces). Under a twice differentiable
transformation

(3.1) =z (%)
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of the local coordinates of X,, the quantities (1.2) transform as follows:

(3.2) &= Blz,
where we have written
(3.3) Bl = ox'/oz".

I't will be assumed throughout that the transformation (3.1) is non-singular.
We shall also put

(3'4) Bhil = G=h a-0

and for future reference we note that the derivatives of %%, to be denoted
by %.%, satisfy the following transformation law:

(3.5) %a's = Biid's + By &1 5.

Let us denote by X{(x’) a set of m linearly independent differentiable
vector fields (e = 1,...,m) tangent to C,, so that
(3.6) Xi= Ut

where the U? represent the projections of the X! onto the % The values
of Ut are independent of the choice of the coordinate system in X,. Under
the transformation (3.1) we then have, by (3.2) and (3.6):

(3.7) X! = UlBjz} = BiXL.

showing that the X% obey the same transformation law as the &% Further-
more, the transform of the derivative of X, with respect to ## is given by

0Xa 19X P
atg =Bh +_thXZxﬂj.

(3.8) o

Clearly, these quantities do not represent components of a tensor field, and,
consequently, we must now endeavour to construct the corresponding co-
variant derivatives.

Since the given Lagrangian L is supposed to be a scalar with respect to
the transformation (3.1), it follows directly from (3.2) that the quantities
(2.3) represent components of a covariant tensor of rank 2 (as already anti-
cipated by our nomenclature and notation). We therefore have

(3.9) 8@, ) = ¢!, 21 BY Bl

This relation is now differentiated with respect to Z’, being noted that, as a
result of (3.2),

(3.10) 0%y /9% = B,', z}.

In terms of the notation (2.6) we thus obtain:

—af aB
s Ogj o j j o =0
(11 x-S pipIE: 4 8BS, BI+ BLB)) + 2CH(B. . #) B! B

https://doi.org/10.4153/CJM-1968-062-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-062-1

646 H. RUND

Here we replace the indices ¢, s, 7 by 7, {, s, respectively, and in the relation
thus obtained the indices s and ¢ are interchanged. The latter is then sub-
tracted from the sum of the former and (3.11). After some simplification, the
result of these operations is expressed in the following form:

(3.12) 70 =+ BIBIB, + 1 + &) B B,
+ CihB,', B, B + B,', B B — B,', B BlI&,
where we have written
1(9g5 | ag% "-f’)
@) _ 1(98kj y Ok _ 98ij
(3.13) ’Yi],k - 2<ax1 + ax] axk ’

these quantities representing the gemeralized Christoffel symbols of the first
kind (8, p. 291, equation (5.11)). The relation (3.12) thus represents the
transformation law of these symbols.

Let us multiply (3.12) by &%, noting (3.2) and the identity (2.8), to obtain

B.14) 7D =V wa BI B+ G BY B, 1l + CE(B.', & &) B} B,
where, for the sake of brevity, we have written
(3.15) Gif = 3(gf + ¢

We shall now eliminate the second derivatives B/, from (3.14). By means
of (3.5) the last term on the right-hand side of (3.14) can be expressed as

N/ 1 1= k j 13 j A . 1 S apN =
(3-16) C;:?l(x)\ a T Br x)\rzx)BtB.Z = BZB‘Z C/?fl XNa — C?sr T :zy

where we have used the fact that the quantities (2.6) represent the com-
ponents of a tensor of covariant valency 3 by virtue of (3.2). When (3.16)
is substituted in (3.14), the latter assumes the following form:

@B17) 7 a -+ O als = G BUB,, &)+ Bl Bllyifh ci 4 Cifian'd).
This is now multiplied by X!, equation (3.6) being taken into account,
which yields

(3.18) (0 z+ P 5 )X = G BB, X &l
+ BE(y$P xl + CE i )X

Using (3.8), the first term on the right-hand side can be written in the form

i o7 i A%
(3.19) Gt B’;(Z‘;i‘ _ B "f) = B Gee e (e X

a ki at“ ir ata )

where we have used the fact that the quantities defined in (3.15) are com-
ponents of a tensor.
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When (3.19) is substituted in (3.18), we obtain a relation of the type

(3.20) V=BV,
showing that the quantities defined by

Q 6X af @ .
(321) VeBIc lc? 6t + ( gjﬁl)c xa k?)l\ X\ a)Xj

are the components of a covariant vector. Clearly, the right-hand side of (3.21)
contains the required covariant derivative of X?.

A special case of fundamental importance is obtained when we put
X! = &l in (3.21), after which we contract over ¢ and 8. The first term on
the right-hand side then becomes

(3.22) Gy sgy = g8 itas

as a result of the symmetry of %7 in «, 8 and (3.15), while the last term
vanishes identically by virtue of (2.8). Denoting the results of these opera-
tions by V3, we have thus established that the quantities

%! «
(3.23) Vi = g8 T D &k %

are components of a covariant vector, which does, in fact, represent a general-
ized divergence. This vector is of particular importance, for, as has been shown
elsewhere (8, p. 292, equation (5.125)), itisidentically related to the expression
on the left-hand side of the Euler-Lagrange equation (1.5) as follows:

d <8L> OL _ pawmy, o (m—2) oL dL

dt* \oxf e T mL oxEdt*’

and it can easily be shown (ibid.) that the condition V; = 0 implies that
(1.5) is satisfied. We shall call those subspaces C, of V, for which ¥V, =0
geodesic subspaces: clearly, these are also extremal subspaces in the sense that
they satisfy the Euler—Lagrange equation of our variational problem.

In order to be able to solve (3.21) for the derivatives of X we must now
assume that the quantities (3.15) possess an inverse in analogy with that
of (2.3) in the sense of (2.20); i.e., we suppose that there exist quantities
Ghy such that

(3.24)

(3.25) G Gi = 836",
When (3.21) is multiplied by Gg we thus obtain the following contravariant
vector:
0X% k8 (aB) C o VX
(3'26) vy = Ugy Vf k + (Gﬂ‘Y Yij.k xa + G k]l X\ a)Xe-

- at’

Clearly this covariant derivative depends on the given subspace C, in that
the quantities %\’ appear on the right-hand side. This may, in fact, be useful
for certain special problems. For a general theory, however, it is desirable

av
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to avoid this type of dependence. We shall show in the next section how this
can be done. To this end we note already at this stage that differentiation
of (2.8) yields the identity

(3.27) C = — P sl
where we have put
(3.28) Cs = aClh/ ol

It therefore follows that (3.26) can be written in the following form:

5X’: GX’: « a . .1 j
(3.29) FEairT: GRS — Cons s \)wa X 2.

4. The connection coefficients. When we identify the arbitrary vector
field X%, which is defined over the subspace C,, with the field &% in (3.26),
we obtain a contravariant vector field, which is denoted as follows:

(4.1) £k =&k, + GE A &+ GE Gl )il

Clearly, these quantities are defined entirely by C, and can, in fact, be used
to describe important properties of the latter. In order to simplify (4.1), we
apply (2.7) to the last term on the right-hand side, which, because of the
symmetry of &% in \, @, can thus be written as

~ 1 aA . a a o
o[ Lot ot — b+ @b,
and this, if we use (3.15) and (3.25), is seen to be equivalent to
Glzz Ghl 'a ) O.Cek'y-
Thus (4.1) becomes
(4.2) £y =— G’;’: Gl a's + Gy v a1,

When this is multiplied by G}, the identity (3.25) being taken into account,
it is found that

1 o e, o
‘Ee'yGlci = 6);giﬁlxalﬂ + 7(17)\)1 xa xey
or, if we contract over )\, e and apply the definition (3.25),

(4‘3) Vi = Gl‘:: Sek'y = 1 ‘Yé(ge v + S‘y e)

In analogy with the well-known concept of ‘“‘autoparallel”’ curves of metric
differential geometry, this result suggests the following definition. An m-
dimensional subspace C, of X, is said to be autoparallel at a point P(x?) if
at P the conditions

(4.4) Edp + £ = 0
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are satisfied. Our definition is formulated in this particular manner for the
following reasons. First, with a view to our present needs, we are interested
in the validity of (4.4) merely at a single point, so that we may ignore the
integrability conditions which would be relevant if one were to require that
(4.4) be valid over a finite region of C,, (although such subspaces, if they exist,
will be called autoparallel surfaces). Secondly, it is obvious from (4.2) that
the &5, are not, in general, symmetric, although it is clear from (4.3) that
only their symmetric parts play a significant role in relation to the problem
in the calculus of variations under consideration. Thus, a symmetric formu-
lation is chosen for (4.4).

It follows from (4.4) and (4.3) that an autoparallel subspace (when it exists)
is a geodesic subspace, and hence also an extremal surface of the fundamental
integral (1.4). It need hardly be added that the converse need not hold in
general.

If (4.2) is substituted in (4.4), we see that the latter represents a set of
inm(m + 1) non-homogeneous linear equations in the imm(m 4+ 1) quan-
tities %.’s. We now make the additional assumption that this set of linear
equations can be solved for the latter. (This obviously entails the require-
ment that a certain determinant is non-zero at the point under consideration:
for m = 1 the corresponding matrix is simply the unit (# X #) matrix.) From
the form of these equations it is obvious that the solution must be of the
form ‘

(4.5) fa's = fa's (@, %0).
Furthermore, since (4.1) represents a vector field, condition (4.4) is in-
variant under the coordinate transformation (3.1), and the same must apply,

of course, to the relation (4.5); hence, the f,% transform under (3.1) in pre-
cisely the same way as the #.%, namely, as follows:

(4.6) fu's = BiFs + By & i
We now return to the last term on the right-hand side of (3.14), but instead
of using (3.5) to decompose it, we use (4.6) for this process. The latter is

again of the form (3.16), except for the replacement of %, by f.%; otherwise,
we continue as before, and instead of (3.29) we obtain the covariant derivative

DX axt « i
(4-7) 'DT" = ot" + ihj‘y xoi Xﬁ,
where we have put
4.8) ihj: = GI:;:('Y({;ﬂI)c — C(:f;:)z‘fa lx)-
Here it is to be noted that
(4.9) Py =P 5E" £,

in other words, these coefficients are independent of the second derivatives
%.’g; but, of course, the covariant derivative (4.7) differs from the vector
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(3.29) since the latter refers to a subspace C, for which (4.4) will not neces-
sarily be valid.

The transition from (3.29) to (4.7) can be interpreted geometrically as
follows. At the point P(x?) of the subspace C, atwhich the vector (3.29) is
constructed, one now considers another subspace C,*, which is tangent to
C, at P in the sense that the derivatives . which define the tangent planes
at P are common to both, where, however, it is assumed that C,* is auto-
parallel at P. The covariant derivative (4.7) bears precisely the same rela-
tionship to C,* that (3.29) bears to C,.

Once this transition has been achieved, we can adopt an altogether more
general point of view. Instead of basing our considerations on a given sub-
space C, (or a family of such subspaces), we now merely consider sets of m
linearly independent vectors %! at each point P of X,: the question as to
whether or not such sets define integrable subspaces C,, ceases to be relevant
to our subsequent analysis. (Of course, from the point of view of the calculus
of variations this question is not without relevance: with regard to these
matters we refer to some remarks made by Weyl (9; 10).) As before, how-
ever, the functions to be considered in the following are to depend on the
n + nm independent variables (x7, 1), being required that the x. trans-
form according to (3.2) under (3.1), and as covariant vectors under trans-
formations of the independent variables . Precisely the same behaviour is
prescribed for a set of components Xi(x/, #f), whose partial covariant
derivatives will now be obtained.

Since (4.7) represents a vector, the transformation law of the coefficient
of X7 in (4.7) can be derived directly, namely, by substitution from (3.8) in
the relation expressing the vector transformation property of (4.7). This

gives

(4.10) Skt X =BiPL X — B, X" &L

Since the X% appearing here are essentially arbitrary, we infer by means of
(3.7) that

(4.11) ByP/ 5%t = BiP,; 5 — B/, 1.

This relation is now differentiated with respect to &5. In the course of this
process use is made of (3.2), according to which

(4.12) 0%t/ 9%k = Biob.
After a little simplification we thus obtain
7T a ap
(4.13) B B! [%é” i1 P, M] - B;[—a”t’—’ i 4 B, } — B &

This immediately suggests that we should consider the quantities defined by

aPhJ’Y <h

(4.14) P15 =Pt ok s
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whose transformation law is expressed explicitly by (4.13). In the latter we
now contract over the indices 8 and v, at the same time putting

(4.15) Pki] -1 .P*k i ﬁ,
which yields
(4.16) B = BiT,';, — T/, B{ B..

But this is the usual transformation law which any set of connection co-
efficients must satisfy. We shall therefore regard the expressions (4.15) as
the components of our conmection, where it is to be noted that these are func-
tions of (x7, %2).

We shall now use these quantities to construct partial covariant deriva-
tives of a given vector field X7(x?, %) for which we have

(4.17) XI(x" &) = By X&', &

Differentiation of this with respect to %) gives

aX: r aX‘ 1
(4.18) prg B; 9z

where we have put
(4.19) Ay = 38'/9x".
In analogy with (3.10) we also have that

(4.20) 3%/ 0x’ = A}, 5,
where

. 62£l
(4.21) Ar's = 37000 7

and, since (4.19) is the inverse of (3.3), so that

(4.22) Aklj = —A4, B, AR A4S,

it follows that (4.20) can be expressed in the form

(4.23) oz /ox’ = —B,", R AL AL

Let us now differentiate (4.17) with respect to x’, obtaining
X’ i E) ¢ n _6X2 3_51_7)_3]

(4.24) = BLAL X+ B [ajhA,.+ 25l o

The last term on the right-hand side of this equation can be reduced as
follows. We substitute from (4.23), after which the B,", are replaced accord-
ing to (4.16). This gives rise to the following expression:

Xt
(4.25) —B;}

a—l AhA (BhI‘ e — Fu vBu q)x)d

and by means of (4.18) this is easily reduced to
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oX!i— oX! o
(426) _B A? a_v pvh x-f + h Pu ]x)\-

Thus (4.24) can be written in the form

aXe 0X: - . oofoXl eXi- .
ox 6 —7 L jx)\=BihAl;'Xz+BiA};'(aa-;h - 6" I‘phxf .

By means of (4.16) the first term on the right-hand side of this relation can
be expressed as

@.27)

(4.28) AVBIT, X -1/, X0,
and when this is substituted in (4.27) we obtain a transformation law accord-
ing to which the quantities defined by

>, S, ¢
(4:.29) elj = axj a.’)‘C)\

]x}‘+ P] le

emerge as components of a mixed tensor. This, then, represents the covariant
partial derivatives of the quantities X! (x%, %) with respect to x7.

We shall conclude this section with a few general remarks concerning the
process of covariant differentiation as exemplified by (4.29). First, it is easily
seen that the definition of covariant derivative can be extended as usual to
tensors of arbitrary rank, and that the usual sum and product rules hold,
although the covariant derivative of a scalar ¢ is not, in general, its ordinary
partial derivative (unless ¢ is independent of the 7).

Secondly, the relation between (4.7) and (4.29) may be established as
follows. According to (4.8) the P/,7 are the components of an absolute
mixed tensor of co- and contra-variant valencies unity under transformations
of the . According to (2.2) we therefore have

aPh]Bk

(4.30) it = O Pu'yy — 85 Py,

and hence, contracting over ¢, 8 and using (4.14) and (4.15), we find that
i - 6P
431) n5E=m I(Pk + == ”‘ z) &
= m-l(Pkifﬂxv + mPh’jiv'cZ - Phijgﬁbz) = Phii:xzy
and, in particular,
(4.32) IV, 6l = P S ah sl
Thus, with X% = &% in (4.7), we have
(4.33) Di?/Df =z, + T &% &,

However, for an arbitrary vector field X”(x?, #]) the partial derivative in
(4.7) has to be interpreted as follows:
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aX" ax .
+ l x)\ v

(4.34)

Thus, if (4.29) is multiplied by %5, the relations (4.31) and (4.33) being
taken into account, we obtain by subtraction from (4.7):

DX" 2 .y 0X% Dx.,

D7 T XerE = g pp

This is the relation we have been seeking.

Thirdly, it should be remarked that (4.29) is not the only possible defini-
tion of covariant derivative. Since T';*; is not, in general, symmetric in 7 and
J, an alternative tensorial expression results from (4.29) by the replacement
of the last term on the right-hand side by I';%; X!. This procedure would, in
fact, entail many advantages, but a reduction corresponding to (4.31) would
be more cumbersome since (2.2) could not be invoked directly.

Finally, it may be asked whether the connection constructed in this section
admits a counterpart of Ricci’s lemma, i.e., whether the covariant derivative
of the metric tensor vanishes identically. A little reflection shows that the
answer to this must, in general, be in the negative, for it is not difficult to
deduce that when m = 1 the connection coefficients (4.15) reduce to the
parameters defined by Berwald for Finsler spaces (7, p. 79), and it is known
that these give rise to a non-metric connection. Furthermore, a fairly long
but straightforward calculation indicates that for m > 1 there cannot in
general exist a symmetric connection for which the covariant derivatives of
the metric tensor vanish. Whether or not it is possible to construct a non-
symmetric connection for which the latter requirement is satisfied is still
an open question.

(4.35)

5. The curvature tensors. The existence of connection coefficients satisfy-
ing the transformation law (4.16) naturally suggests the existence of curva-
ture tensors with a corresponding theory of curvature. The present section
is devoted to a brief discussion of these concepts. It will be seen that two
distinct curvature tensors emerge from the theory mainly as a result of the
lack of symmetry of our connection. To some extent this could possibly be
avoided by suitably modifying our definition of covariant derivatives (for
instance, by simply formulating all definitions in terms of the symmetric parts
of the connection coefficients), but such a procedure does not seem to be very
natural and many rather novel features inherent in the general theory would
thus be obscured.

The first curvature tensor emerges directly from the integrability conditions
associated with the transformation law (4.16) which we shall now investi-
gate. To this end we differentiate (4.16) with respect to £". In the course of
this process we note that, in view of (3.10), we must write

i
(5.1) ALss i <3F”'B’C+ o1 g, '3)3 B,

oF axt Tl axk
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in which the term B, on the right-hand side is to be replaced according to
(4.16), so that this expression is equal to
el u
IT v z2

or,,  or} Ty
(5.2) B’;BﬁB"( o~ i IS -’>+Bi o5 L't T

where, in the last step, we have made use of the fact that oT';%,/9%% is a
tensor of rank 4. Thus the derivative B;%;, of B,%, with respect to I can
be expressed as

Tk, ol 2, — .

(53) Bsttr =B < 6:51 — 6; zrqu ;pg
ar;t or;’ .
_B Bth< xlh_ 6lph11]k a>

+ Fs tBuir - I‘lih(B’; ler + -leBthr)-
In this relation we replace B,},, B,'; according to (4.16). After some simplifi-
cation we thus obtain
a-f “ afs t =

T T+ )

ar.t,  ar’ o
— B! B"B"( x“’— 6;5!"1‘” J r,hr,k>

- Fp q Bs(rsut Bg + Fsur Bz) - Plih B.gBthr
The required integrability condition is tantamount to the stipulation that
the right-hand side be symmetric in ¢ and 7. Noting that the last three terms

on this side are symmetric in these indices, we see that this symmetry con-
dition is equivalent to the following:

(5.5) B,K;, — B;B1B;K,' = 0,

where we have written

or,,, oI’
(5-6) Klihk = ( 6xllch - 9P lh ij 41)

T T’ .
<axlk_ lkPJh a>+P:szh—PJhP1k

The relation (5.5) states that the quantities (5.6) are the components of a
tensor of contravariant valency 1 and covariant valency 3: this tensor is our
first curvature tensor.

The other curvature tensor is obtained from the commutation rules satisfied
by our covariant derivatives. Let us consider the covariant derivative of
X% with respect to x". By definition, this is

Xl aX!
o T axh

5.7 Zlklh = elk Fq %8+ Ph j elk — T, kXeli
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We substitute in this expression from (4.29) and carry out the operations
indicated in (5.7). After some rearrangement we obtain the following ex-
pression:

ar‘k YIRS o

(5-8) lelclh = Xi[ ax aﬂbl 1) 9.02 + Phip I‘kpj]

oXi| or,% AT’ i
_[_M_ ka‘]h Xa ijrph]xa

ool L oax” 9%l
X! (62X2 QX! ,),p
= D Xas + g — \ggian D' + o5 ig5] Lo'n ) ¥a
"X ax!? )¢
+5—a I‘pquhxaxﬁ_l_(]:‘kiya 0 +I‘h]a_
E)'¢l

- l(ij ph+Ph] pk)xa

In this relation we interchange the indices %, k, and subtract the result from
(5.8), noting that the sum of the last eight terms on the right-hand side of
(5.8) is symmetric in these indices. We thus obtain the following commuta-

tion rules:
i GX’
(5.9) lek]h — X = XiK*jikh z Kp o S+ X! T T,
where
(5.10) T =Ty — T,

is the torsiom temsor associated with our connection, and where the second
curvature tensor is defined by

; art;  ory
(5.11) K*' = ( a;h] - 89: ! Pph a)

(ar,, arh
dx® 6

! Pp I3 xa) + I‘hip Pkpj - Pkip Php]‘-

The tensor appearing in the second term on the right-hand side of (5.9) is,
of course, our first curvature tensor.

Clearly the two curvature tensors would coincide if the underlying con-
nection were symmetric. However, a straightforward calculation shows that
they are, in general, related according to the following identity:

(5-12) K*]'ikh = Kjikh + Tlcijlh - Thljlk + Tlij Thllc
+ (Tlcil Thl]’ - Thil Tklj)~

In conclusion we shall briefly derive the identities satisfied by our curvature
tensors. First, it is easily verified by direct calculation that

(5.13) K*jihk + Tjimk "I“ Tli]‘ Thlk + Cycl.(j, h, k) = 0,
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where cycl.(j, , k) denotes the sum of two sets of three terms each obtained
by replacing the indices (j, &, k) by first (&, k, j) and then by (%, j, k) in the
expression on the left-hand side of (5.13). If (5.12) is substituted in (5.13),
it is found that

(5.14) Kji},]c + Thi]'lk + Tjil T},lk + Cycl.(j, h, k) = 0.

In order to obtain the counterparts of the Bianchi identities, we consider
m linearly independent covariant vector fields ¥5(x’), which are functions
of the positional coordinates only. (Since 977 ;.. /dxs is always tensorial
if 7%, (x%, £{) is a tensor, this is an invariant and consequently justifiable
requirement which is imposed merely to simplify the analysis below.) As in
(5.9) we have

(5.15) Vi — Yigs = =YV K* 5+ Y3, T
In the relation obtained by taking the covariant derivative of (5.15) with
respect to x”* the indices j, %, k are cyclically interchanged, and the resulting
three equations are added. After some rearrangement one thus obtains
(5.16)  Yiiwmn — Yii + cyel. (G, by k) =
—YiE* o+ Yar T — Y50, K*
+ Y T + cycl.(G, k, k).

The commutation rule corresponding to Y5, is now applied to the left-hand
side of (5.16), which gives rise to the following expression:

€ T € T € T aye j . .
- Yi[rK*j kb Yfle*i kh + Yi[jlr Tk ) R ay;l“Kplkh xZ + CyCl.(], h, k)-
When this is substituted in (5.16), the latter can be simplified to read as
follows:

(5.17) Y: K*irjklh + CyCl.(j, h, k) =

€ T T a
Yilr (K*j wm+ Tj klh) +

+ 15 (Vi = Vi) A cyel. G, b B).
Again, it follows almost directly from (5.15) that
(5.18) T (Yiirn — Yims) + cyel. (G, b, k) =
Vi, T/0 T — YiK* 0y Ti% + cyel. (G, &, &),
while according to the definition of Y73|; we have

Vi,

6Fj71
e ol

(519) = - Yr axi .
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When (5.18) is substituted in (5.17), we see that the coefficient of Y73, on
the right-hand side vanishes identically by virtue of (5.13). Also, because
of (5.19), the remaining terms all involve Y7;. Since the latter are essentially
arbitrary, it follows that their coefficients must vanish, which is equivalent
to the relation

- r ar,” . r .
(020) K*z A + _a_le_iKplkh xg + lek K*i 113 + CyCl-(]y hr k) = 0.

These, then, are the generalized Bianchi identities we have been seeking. It
is easily verified that for m = 1 they reduce to the Bianchi identities of
Finsler geometry with respect to Berwald’s connection (7, p. 128), in which
case the tensor (5.10) vanishes.

These results suggest the investigation of several problems usually associated
with the theory of curvature. We hope to return to some of these matters
later.
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